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PREFACE

Control theory originated around 150 years ago when the performance
of mechanical governors started to be analysed in a mathematical way. Such
governors act in a stable way if all the roots of some associated polynomi-
als are contained in the left half of the complex plane. One of the most
outstanding results of the early period of control theory was the Routh al-
gorithm, which allowed one to check whether a given polynomial had this
property. Questions of stability are present in control theory today, and,
in addition, to technical applications, new ones of economical and biologi-
cal nature have been added. Control theory has been strongly linked with
mathematics since World War II. It has had considerable influence on the
calculus of variations, the theory of differential equations and the theory of
stochastic processes.

The aim of Mathematical Control Theory is to give a self-contained
outline of mathematical control theory. The work consciously concentrates
on typical and characteristic results, presented in four parts preceded by
an introduction. The introduction surveys basic concepts and questions of
the theory and describes typical, motivating examples.

Part I is devoted to structural properties of linear systems. It contains
basic results on controllability, observability, stability and stabilizability. A
separate chapter covers realization theory. Toward the end more special
topics are treated: linear systems with bounded sets of control parameters
and the so-called positive systems.

Structural properties of nonlinear systems are the content of Part II,
which is similar in setting to Part I. It starts from an analysis of control-
lability and observability and then discusses in great detail stability and
stabilizability. It also presents typical theorems on nonlinear realizations.

Part III concentrates on the question of how to find optimal controls.
It discusses Bellman’s optimality principle and its typical applications to
the linear regulator problem and to impulse control. It gives a proof of
Pontriagin’s maximum principle for classical problems with fixed control
intervals as well as for time-optimal and impulse control problems. Exis-
tence problems are considered in the final chapters, which also contain the
basic Fillipov theorem.

Part IV is devoted to infinite dimensional systems. The course is lim-
ited to linear systems and to the so-called semigroup approach. The first
chapter treats linear systems without control and is, in a sense, a concise
presentation of the theory of semigroups of linear operators. The following
two chapters concentrate on controllability, stability and stabilizability of



linear systems and the final one on the linear regulator problem in Hilbert
spaces.

Besides classical topics the book also discusses less traditional ones. In
particular great attention is paid to realization theory and to geometrical
methods of analysis of controllability, observability and stabilizability of
linear and nonlinear systems. One can find here recent results on positive,
impulsive and infinite dimensional systems. To preserve some uniformity
of style discrete systems as well as stochastic ones have not been included.
This was a conscious compromise. Each would be worthy of a separate
book.

Control theory is today a separate branch of mathematics, and each of
the topics covered in this book has an extensive literature. Therefore the
book is only an introduction to control theory.

Knowledge of basic facts from linear algebra, differential equations and
calculus is required. Only the final part of the book assumes familiarity with
more advanced mathematics.

Several unclear passages and mistakes have been removed due to re-
marks of Professor L. Mikotajczyk and Professor W. Szlenk. The presen-
tation of the realization theory owes much to discussions with Professor B.
Jakubczyk. I thank them very much for their help.

Finally some comments about the arrangement of the material. Suc-
cessive number of paragraph, theorem, lemma, formula, example, exercise
is preceded by the number of the chapter. When referring to a paragraph
from some other parts of the book a latin number of the part is added.
Numbers of paragraphs, formulae and examples from Introduction are pre-
ceded by 0O and those from Appendix by letter A.

Jerzy Zabczyk



INTRODUCTION

In the first part of the Introduction, in a schematic way, basic questions
of control theory are formulated. The second part describes several specific
models of control systems giving physical interpretation of the introduced
parameters. The second part is not necessary for the understanding of the
following considerations, although mathematical versions of the discussed
models will often appear.

§0.1. Problems of mathematical control theory

A departure point of control theory is the differential equation

y=f(y,u), y(0)==z€R" (0.1)

with the right hand side depending on a parameter u from a set U C R™.
The set U is called the set of control parameters. Differential equations
depending on a parameter have been objects of the theory of differential
equations for a long time. In particular an important question of continuous
dependence of the solutions on parameters has been asked and answered
under appropriate conditions. Problems studied in mathematical control
theory are, however, of different nature, and a basic role in their formulation
is played by the concept of conirel. One distinguishes controls of two types:
open and closed loop. An open loop control can be basically an arbitrary
function u( - ): [0,+00) — U, for which the equation

¥(t) = f(y(¥),u(®), t20, y(0) ==z, (0-2)

has a well defined solution.
A closed loop control can be identified with a mapping k: R” — U,
which may depend on t > 0, such that the equation

9(t) = fu(®), k(y(1))), t=0, y(0) ==, (0-3)

has a well defined solution. The mapping k( -) is called feedback. Controls
are called also strategies or inputs, and the corresponding solutions of (0.2)
or (0.3) are outputs of the system.

One of the main aims of control theory is to find a strategy such that
the corresponding output has desired properties. Depending on the prop-
erties involved one gets more specific questions.
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Controllability. One says that a state z € R” is reachable from z in time
T, if there exists an open loop control u( -) such that, for the output y( -),
y(0) = =, y(T) = z. If an arbitrary state z is reachable from an arbitrary
state z in a time T, then the system (0.1) is said to be controllable. In several
situations one requires a weaker property of transfering an arbitrary state
into a given one, in particular into the origin. A formulation of effective
characterizations of controllable systems is an important task of control
theory only partially solved.

Stabilizability. An equally important issue is that of stabilizability. As-
sume that for some z € R” and 4 € U, f(z,%) = 0. A function k: R® — U,
such that k(Z) = 4, is called a stabilizing feedback if Z is a stable equilibrium
for the system

y(t) = fy(@), k(y())), t20, y(0) ==. (0.4)

In the theory of differential equations there exist several methods to deter-
mine whether a given equilibrium state is a stable one. The question of
whether, in the class of all equations of the form (0.4), there exists one for
which Z is a stable equilibrium is of a new qualitative type.

Observability. In many situations of practical interest one observes not
the state y(¢) but its function h(y(t)), t > 0. It is therefore often necessary
to investigate the pair of equations

v=f(y,u), y0)=gz, (0.5)
w = h(y). (0.6)

Relation (0.6) is called an observation equation. The system (0.5)-(0.6) is
said to be observable if, knowing a control u( - ) and an observation w( - )}, on
a given interval [0,7T7], one can determine uniquely the initial condition z.

Stabilizability of partially observable systems. The constraint that
one can use only a partial observation w complicates considerably the sta-
bilizability problem. Stabilizing feedback should be a function of the obser-
vation only, and therefore it should be “factorized” by the function h(.).
This way one is led to a closed loop system of the form

y= f(y» k(h(y)))) y(O) =z (07)

There exists no satisfactory theory which allows one to determine when
there exists a function k( -) such that a given 7 is a stable equilibrium for
(0.7).

Realization. In connection with the full system (0.5)- (0.6) one poses the
problem of realization.
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For a given initial condition 2 € R", system (0.5)- (0.6) defines a map-
ping which transforms open loop controls u( - ) onto outputs given by (0.6):
w(t) = h(y(t)), t € [0,T]. Denote this transformation by R. What are
its properties? What conditions should a transformation R satisfy to be
given by a system of the type (0.5)-(0.6)? How, among all the possible
“realizations” (0.5)-(0.6) of a transformation R, do we find the simplest
one? The transformation R is called an input-output map of the system

(0.5)-(0.6).

Optimality. Besides the above problems of structural character, in control
theory, with at least the same intensity, one asks optimality questions. In
the so-called time-optimal problem one is looking for a control which not
only transfers a state x onto z but does it in the minimal time T'. In other
situations the time T > 0 is fixed and one is looking for a control u(-)
which minimizes the integral

T
/0 o(y(t), u(t)) dt + G(y(T)),

in which g and G are given functions. A related class of problems consists
of optimal impulse control. They require however a modified concept of
strategy.

Systems on manifolds. Difficulties of a different nature arise if the state
space is not R™ or an open subset of R" but a differential manifold. This is
particularly so if one is interested in the global properties of a control sys-
tem. The language and methods of differential geometry in control theory
are starting to play a role similar to the one they used to play in classical
mechanics.

Infinite dimensional systems. The problems mentioned above problems
do not lose their meanings if, instead of ordinary differential equations, one
takes, as a description of a model, a partial differential equation of parabolic
or hyperbolic type. The methods of solutions, however become, much more
complicated.

§0.2. Specific models

The aim of the examples introduced in this paragraph is to show that
the models and problems discussed in control theory have an immediate
real meaning.

Example 0.1. Electrically heated oven. Let us consider a simple model of
an electrically heated oven, which consists of a jacket with a coil directly
heating the jacket and of an interior part. Let Tp denote the outside tem-
perature. We make a simplifying assumption, that at an arbitrary moment
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t > 0, temperatures in the jacket and in the interior part are uniformly
distributed and equal to T1(t), T3(t). We assume also that the flow of heat
through a surface is proportional to the area of the surface and to the differ-
ence of temperature between the separated media. Let u(t) be the intensity
of the heat input produced by the coil at moment £ > 0. Let moreover a;,a;
denote the area of exterior and interior surfaces of the jacket, ¢y, ¢c; denote
heat capacities of the jacket and the interior of the oven and ry, ry denote
radiation coefficients of the exterior and interior surfaces of the jacket. An
increase of heat in the jacket is equal to the amount of heat produced by the
coil reduced by the amount of heat which entered the interior and exterior
of the oven. Therefore, for the interval [t,f + At], we have the following
balance:

Cl(Tl(i +At) -—T1 (t)) ~ u(t)At— (T1 (t) ——Tg(t))al'l‘l At— (Tl (t)— To)agrzAt.

Similarly, an increase of heat in the interior of the oven is equal to the
amount of heat radiated by the jacket:

62(T2(t + At) - Tz(t)) = (Tl(t) - Tz(t))alrzAt.

Dividing the obtained identities by At and taking the limit, as At | 0, we
obtain

Ci T u- (Ty — T2)arry — (Th — To)azrs,
dT:
02—a—t2- = (T1 - TZ)alrl'

Let us remark that, according to the physical interpretation, u(t) > 0 for
t > 0. Introducing new variables £; = T} — Ty and 23 = T3 — Tp, we have

r1a; + 7102 1104

d Tyt _ B 1 (4] T Cl—l
dt [22]— ria; r1a) zy + I

c2 c2

It is natural to limit the considerations to the case when z1(0) > 0 and
z2(0) > 0. It is physically obvious that if u(t) > 0 for ¢ > 0, then also
z1(t) > 0, z5(t) > 0, t > 0. One can prove this mathematically; see §1.4.2.

Let us assume that we want to obtain, in the interior part of the oven,
a temperature T and keep it at this level infinitely long. Is this possible?
Does the answer depend on initial temperatures 7y > Tp, T> > 17

The obtained model is a typical example of a positive control system
discussed in detail in § 1.4.2.

Example 0.2. Rigid body. When studying the motion of a spacecraft it
as convenient to treat it as a rigid body rotating around a fixed point O.
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Let us regard this point as the origin of an inertial system. In the inertial
system the motion is described by

I:I=F,

where H denotes the total angular momentum and F the torque produced
by 2r gas jets located symetrically with respect to O. The torque F is equal
to uib; + ...+ u,.b,, where by, ...,b, are vectors fixed to the spacecraft and
ui,...,u, — are thrusts of the jets.

Let {e1,e2,es3} and {ry,rz,r3s} be orthonormal bases of the inertial
system and the rotating one. There exists exactly one matrix R such that
r; = Re;, i = 1,2,3. It determines completely the position of the body.
Let © be the angular velocity measured in the inertial system, given in the
moving system by the formula w = RQ. It is not difficult to show (see [2])
that

i 0 w3 —Ww2
R=SR, where S= | ~w3 0 wr
Wao —Wi 0

Let J be the inertia matrix. Then the total angular momentum H is
given by H = R~1J. Inserting this expresion into the equation of motion

we obtain .
d
E(R-‘Jw) =R} (Zu;b;) )

i=1

After an elementary transformation we arrive at the Euler equation

Jw=SJw+ Er:u,-b,-.

=1

This equation together with )
R=SR

characterizes completely the motion of the rotating object.

From a practical point of view the following questions are of interest:

Is it possible to transfer a given pair ( Rp,wp) to a desirable pair (Ry, 0),
using some steering functions u;(-),...,u,(-)?

Can one find feedback controls which slow down the rotational move-
ment independently on the initial angular velocity?

While the former question was concerned with controllability, the latter
one was about stabilizability.

Example 0.3. Wait’s governor. Let J be the moment of inertia of the
flywheel of a steam engine with the rotational speed w(t), ¢ > 0. Then

Jw=u-—p,
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where u and p are torques produced by the action of steam and the weight
of the cage respectively. This is the basic movement equation, and Watt’s
governor is a technical implementation of a feedback whose aim is a stable
action of the steam engine. It consists of two arms with weights m at their
ends, fixed symetrically to a vertical rod, rotating with speed I, where [ is
a positive number. Let ¢ denote the angle between the arms and the rod,
equal to the angle between the bars supporting the arms and attached to
the sleeve moving along the rod and to the rod itself. The position of the
sleeve determines the intensity of the steam input. If b is the coefficient of
the frictional force in the hinge joints and g the gravitational acceleration,
then (see [45])

mgp = ml%w?sin g cos p — mg sin p — bp.
One is looking for a feedback of the form
u=a+ k(cosyp — cosp),

where 4,9 and k are fixed numbers. Introducing a new variable ¥ = ¢, one
obtains a system of three equations

Sb:wy

S, . b
Y = Fw smgocosgo—-gsxmp—;lby
w=kcosp+ (1t —p— kcosp).

Assume that p is constant and let (g, %o, wo)* be an equilibrium state of
the above system. For what parameters of the system is the equilibrium
position stable for values p from a given interval? This question has already
been asked by Maxwell. An answer is provided by stability theory.

Example 0.4. Electrical filler. An electrical filter consists of a capacitor
with capacity C, a resistor with resistance R, two inductors with inductance
L and a voltage source [45]. Let U(t) be the voltage of the input and I(t)
the current in one of the inductors at a moment ¢ € R. From Kirchoff’s law
0 A3 d’I dI
L Cdt3 +RLCdt2 +2Ldt +RI=U.

The basic issue here is a relation between the voltage U( - ) and current
I(-). They can be regarded as the control and the output of the system.

Let us assume that the voltage U( - ) is a periodic function of a period w.
Is it true that the current I( - ) is also periodic? Let a(w) be the amplitude
of I(-). For what range of w is the amplitude a(w) very large or conversely
very close to zero? In the former case we deal with the amplification of the
frequences w and in the latter one the frequences w are “filtered” out.
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Example 0.5. Soft landing. Let us consider a spacecraft of total mass M
moving vertically with the gas thruster directed toward the landing surface.
Let h be the height of the spacecraft above the surface, u the thrust of
its engine produced by the expulsion of gas from the jet. The gas is a
product of the combustion of the fuel. The combustion decreases the total
mass of the spacecraft, and the thrust u is proportional to the speed with
which the mass decreases. Assuming that there is no atmosphere above the
surface and that g is gravitational acceleration, one arrives at the following
equations [26]:
Mh = —gM +u, (0.8)
M = —ku, (0.9)
with the initial conditions M(0) = My, h(0) = hq, h(0) = hy; k a positive
constant. One imposes additional constraints on the control parameter of
the type 0 < u < a@ and M > m, where m is the mass of the spacecraft
without fuel. Let us fix T > 0. The soft landing problem consists of finding
a control u( - ) such that for the solutions M(-), h(-) of equation (0.8)
M(t)>m, h(t)>0, te[0,T], and h(T)=h(T)=0.
The problem of the existence of such a control is equivalent to the control-
lability of the system (0.8)-(0.9).
A natural optimization question arises when the moment 7T is not fixed
and one is minimizing the landing time. The latter problem can be formu-

lated equivalently as the minimum fuel problem. In fact, let v = h denote
the velocity of the spacecraft, and let M(t) > 0 for t € [0,T]. Then

M(t) ,

—£L = —ko(t) - .

M) o(t) — gk, t€[0,T]
Therefore, after integration,

M(T) — e—v(T)k—ng+v(0)kM(0)_
Thus a soft landing is taking place at a moment T > 0 (v(T) = 0) if and
only if

M(T) = e~ 9T "0k p(0).

Consequently, the minimization of the landing time T is equivalent to the
minimization of the amount of fuel M(0) — M(T) needed for landing.

Example 0.6. Optimal consumption. The capital y(¢t) > 0 of an economy
at any moment ¢ is divided into two parts: u(t)y(t) and (1 —u(¢))y(t), where
u(t) is a number from the interval {0, 1]. The first part goes for investments
and contributes to the increase in capital according to the formula

y=uy, y0)=z>0.
The remaining part is for consumption evaluated by the satisfaction

T
Ir(zu(-)) = / (- w(t)y®)" dt +ay™(T).  (0.10)
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In definition (0.10), the number a is nonnegative and o € (0,1). In the
described situation one is trying to divide the capital to maximize the
satisfaction.

Example 0.7. Heating a rod. To fix ideas let us denote by y(t, £) the
temperature of a rod at the moment ¢ > 0 and at the point £ € [0, L],
heated with the intensity u(¢)b(§), where the value u(t) can be arbitrarily
chosen: u(t) € R. Assuming additionally that the ends of the rods are
insulated: u(¢,0) = u(¢,L), t > 0, and applying elementary laws of the
heat conduction, one arrives at the following parabolic equation describing
the evolution of the temperature in the rod:

o 0?2
26O =GO+ uONE), t>0,£€(0.),  (011)

y(t,0) =y(t,L)=0, t>0, (0.12)
¥(0,8) = z(¢), £€[0,L] (0.13)

The parameter o in (0.11) is the heat capacity of the rod, and the
function z( -) is the initial distribution of the temperature.

Let us assume that #(£), £ € [0, L] is the required distribution of
the temperature and T > 0 a fixed moment. The question, whether one
can heat the rod in such a way to obtain y(T,&) = #(€), £ € [0,L], is
identical to asking whether, for system (0.11)-(0.12), the initial state z( )
can be transferred onto £(-) in time T". A practical situation may impose
additional constraints on the control parameter u of the type u € [0,#].
Under such a constraint, the problem of finding control transferring z(-)
and £(-) in minimal time is mathematically well posed and has a clear
physical meaning.
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PART I
ELEMENTS OF CLASSICAL CONTROL THEORY

Chapter 1
Controllability and observability

In this chapter basic information about linear differential equations
are recalled and the main concepts of control theory, controllability and
obervability, are studied. Specific formulae for controls transferring one
state onto another as well as algebraic characterizations of controllable and
observable systems are obtained. A complete classification of controllable
systems with one dimensional input is given.

§1.1. Linear differential equations

The basic object of classical control theory is a linear system described
by a differential equation

W o A+ But), w0)=zeER", (1.1)

and an observation relation
w(t) = Cy(t), t>0. (1.2)

Linear transformations A: R® — R"”, B: R — R, C: R™ — R*
in (1.1) and (1.2) will be identified with representing matrices and elements
of R*, R™, R* with one column matrices. The set of all matrices with n rows
and m columns will be denoted by M(n, m) and the identity transformation
as well as the identity matrix by I. The scalar product (z, y) and the norm

|z, of elements z,y € R™ with coordinates &;,...,&, and ny,...,7,, are
defined by

1/2
(,9) =) &nj, =l = (Zﬁf) :
i=1 j=1
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The adjoint transformation of a linear transformation A as well as
the transpose matrix of A are denoted by A*. A matrix A € M(n,n) is
called symmetric if A = A*. The set of all symmetric matrices is partially
ordered by the relation A; > A, if (A1z,z) > (Aqz,z) for arbitrary z € R™.
If A > 0 then one says that matrix A is nonnegative defintte and if, in
addition, (Az,z) > 0 for = # 0 that A is posilive definite. Treating z € R"
as an element of M(n, 1) we have z* € M(1,n). In particular we can write
(z,y) = z*y and |z|?> = z*z. The inverse transformation of A and the
inverse matrix of A will be denoted by A~1.

If F(t) = [fi;(t); i=1,...,n, j=1,...,m] € M(n,m), t € [0,T],
then, by definition,

T T
/ F(t)dt = [/ fis)dt, i=1,....n; j=1,...,n|, (1.3)
0 0

under the condition that elements of F( -) are integrable.
Derivatives of the 1st and 2nd order of a function y(t), ¢t € R, are

denoted by %—'ti, %:—éﬁ or by y, § and the nth order derivative, by %.
We will need some basic results on linear equations

Z_ft’ = A(t)q(t) +a(t), q(to) = g0 € R”, (14)

on a fixed interval [0,T); to € [0,T], where A(t) € M(n,n), A(t) = {a;;(t);
i=1,...,n,j=1,...,m],a(t) € R", a(t) = (ai(t);i=1,...,n), t € [0,T].

Theorem 1.1. Assume that clements of the funclion A(-) are locally
integrable. Then there erists eractly one function S(t), t € [0,T] with
values in M(n, n) end with absolutely continuous elements such that

%S(t) = A(t)S(t) for almost all t € [0,T], (1.5)
S(0) =1 (1.6)

In addition, a matriz S(t) is invertible for an arbitrary t € [0,T), and
the unique solution of the equation (1.4) is of the form

ot) = St)S~(to)0 + /, S()S~'(s)a(s)ds, te€[0,7).  (L7)

Because of its importance we will sketch a proof of the theorem.
Proof. Equation (1.4) is equivalent to the integral equation

q(t) = ao +/t A(s)q(s)ds + /; a(s)ds, tef0,T].
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The formula

Ly(t) = ag + /t a(s)ds +/ A(s)y(s)ds, tel0,T],

to

defines a continuous transformation from the space of continuous functions
C[0,T; R™] into itself, such that for arbitrary y(-),#(-) € C[0,T; R"]

T
sup |Ly(t) — L(t)] < ( / IA(S)ldS) sup |y(t) — #(t)].
tef0,7T) 0 tefo,T)

If f(;r |A(s)|ds < 1, then by Theorem A.1 (the contraction mapping prin-
ciple) the equation ¢ = Lq has exactly one solution in C[0,T’; R"] which
is the solution of the integral equation. The case f(;r |A(s)|ds > 1 can be
reduced to the previous one by considering the equation on appropriately
shorter intervals. In particular we obtain the existence and uniqueness of a
matrix valued function satifying (1.5) and (1.6).

To prove the second part of the theorem let us denote by ¥(t), t € [0,T],
the matrix solution of

ditt/)(t) = —yp(t)A(t), ¥(0)=1I,te[0,T).

Assume that, for some t € [0,T7], det S(t) = 0. Let Tp = min{t € [0,T7;
det S(t) = 0}. Then Ty > 0, and for t € [0,Tp)

0= 2 (SWs™() = (dits(z)) S0 + 502 57().
Thus d
~A(t) = S() 3,571 @),

and consequently
d
7S @ =-STI(DAR), tel0,Ty),

so S~1(t) = ¥(t), t € [0, To).
Since the function det ¢(t), t € [0,T], is continuous and

det 9(t) = t € [0,Tq),

det S(t)’

therefore there exists a finite tl%rqr‘l det ¥(t). This way det S(Tp) = tlgx_l S(t) #
0 0

0, a contradiction. The validity of (1.6) follows now by elementary calcula-
tion. =
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The function S(t), t € [0, T} will be called the fundamental solution of
equation (1.4). It follows from the proof that the fundamental solution of
the “adjoint” equation

g .
T=-AaWp0, teloT),
is (5°(1)", t € [0,T].
Exercise 1.1. Show that for A € M(n,n) the series
+00 4n
> A—,t", tER,
n!

n=]

is uniformly convergent, with all derivatives, on an arbitrary finite interval.
The sum of the series from Exercise 1.1 is often denoted by exp(tA) or
e'4, t € R. We check easily that

etAecA - e(t-}-:)A, t,s € R,

in particular
(ctA)—l - e—tA, teR.

Therefore the solution of (1.1) has the form

y(t) = etz + /t e(*~")4 Bu(s) ds (1.8)
0
= S(t)z + /t S(t - s)Bu(s)ds, t€[0,T],
0

where S(t) = exptA, t > 0.

The majority of the concepts and results from Part I discussed for
systems (1.1)-(1.2) can be extended to time dependent matrices A(t) €
M(n,n), B(t) € M(n,m), C(t) € M(k,n), t € [0,T), and therefore for
systems

% = A()y(t) + B()u(t), ¥(0)=z €R", (1.9)
w(t) = C(t)y(t), telo,T). (1.10)

Some of these extensions will appear in the exercises.
Generalizations to arbitrary finite dimensional spaces of states and
control parameters E and U are immediate.
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§1.2. The controllability matrix

An arbitrary function u(-) defined on [0, +00) locally integrable and
with values in R™ will be called a control, strategy or input of the system
(1.1)-(1.2). The corresponding solution of equation (1.1) will be denoted
by ¥*¥(-), to underline the dependence on the initial condition z and the
input u(-). Relationship (1.2} can be written in the following way:

w(t) = Cy™*(t), te€[0,T)

The function w(-) is the output of the controlled system.

We will assume now that C = I or equivalently that w(t) = *%(t),
t>0.

We say that a control u fransfers a state a to a state b at the time
T>0if

y**(T) = b. (1.11)

We then also say that the state a can be steered to b at time T or that the
state b is reachable or attainable from a at time T'.

The proposition below gives a formula for a control transferring a to
b. In this formula the matrix Qr, called the controllability matriz or con-
trollability Gramian, appears:

T
Qr = / S(ryBB*S*(r)dr, T > 0.
0
We check easily that Qr is symmetric and nonnegative definite (see

the beginning of §1.1).

Proposition 1.1. Assume that for some T > 0 the malriz Qp is nonsin-
gular. Then

(1) for arbitrary a,b € R™ the control
i(s) = —B*S*(T - 5)Q7'(S(T)a—b), se€0,7], (1.12)

transfers a to b at time T,
(ii) among all controls u(-) steering a to b at time T the control 4
minimizes the integral f(;r lu(s)|2ds. Moreover,

T
/0 la(s) ds = (Q5X(S(T)a - b), S(T)a —by. (1.13)

Proof. It follows from (1.12) that the control 4 is smooth or even analytic.
From (1.8) and (1.12) we obtain that

T
y**(T) = S(T)a — ( /0 S(T - s)BB*S*(T ~ s) ds) (Q7'(S(T)a — b))

= 5(T)a — Qr(Qr*(S(T)a - b)) = b.
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This shows (i). To prove (ii) let us remark that the formula (1.13) is a
consequence of the following simple calculations:

T T
[ta@rds= [* 155 - 907 (5(T)a - )P ds =

T
= ([ S -9)BBS"(T - Q7! (S(T)a - b)) ds, Q7 (S(T)a— 1)
= (QTQ7'(S(T)a - b), Q7' (S(T)a ~ b))
= (QF'(S(T)a —b), S(T)a —b).

Now let u( -) be an arbitrary control transferring a to b at time T'. We can
assume that u(-) is square integrable on [0,T]. Then

T T
/0 (u(s), i(s)) ds = — ] (u(s), B*S*(T - $)Q7 (S(T)b — a)) ds

T
= —-(/0 S(T - s)Bu(s)ds, Q7' (S(T)a ~ b))
= (S(T)a - b, Q7'(S(T)a - b)).
Hence r r
/0 (u(s), a(s)) ds = /0 (a(s), a(s)) ds.

From this we obtain that

/OT lu(s)]? ds = /OT a(s)[? ds + /OT lu(s) — (s)[? ds

and consequently the desired minimality property. O

Exercise 1.2. Write equation

d? d
dTZ =u, y(O) = gls E%(O) = E?s [g;] € Rz,

as a first order system. Prove that for the new system, the matrix Qr is

nonsingular, 7' > 0. Find the control u transferring the state [21] to [g]
2

at time T > 0 and minimizing the functional foT lu(s)|? ds. Determine the
minimal value m of the functional. Consider §; =1, £ = 0.

Answer. The required control is of the form

2
i(s) = -;1—?, (5_122_!_&2;1" - i%—s&), s€[07],
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and the minimal value m of the fuctional is equal to

2
m = 51123 ((51)2 + 66T — '2%:'(52)2) .

In particular, when &§; = 1, €, =0,

R 12 T 12
a(s) = ﬁ(s - E)’ s€[0,T], m= 73

We say that a state b is attainable or reachable from a € R™ if it is
attainable or reachable at some time T > 0.

System (1.1) is called controllable if an arbitrary state b € R" is at-
tainable from any state a € R” at some time T > 0. Instead of saying that
system (1.1) is controllable we will frequently say that the pair (4, B) is
controllable.

If for arbitrary a,b € R” the attainablity takes place at a given time
T > 0, we say that the system is controllable at time T. Proposition 1.1
gives a sufficient condition for the system (1.1) to be controllable. It turns
out that this condition is also a necessary one.

The following result holds.

Proposition 1.2. If an arbitrary state b € R™ is aitainable from 0, then
the matriz Qr ts nonsingular for an arbitrary T > 0.

Proof. Let, for a control u and T > 0,
T
Lru= / S(rYBu(T — r)dr. (1.14)
o
The formula (1.14) defines a linear operator from Ur = L'[0,T; R™]
into R™. Let us remark that
Lru = y>*(T). (1.15)

Let Er = Lr(Ur), T > 0. It follows from (1.14) that the family of the

linear spaces Er is nondecreasing in T > 0. Since |J Er = R", taking
T>0

into account the dimensions of E, we have that E'f = R" for some T. Let
us remark that, for arbitrary 7 > 0, v € R” and u € Ur,

T
(Qrv,v) = ((/0 S(r)BB*S*(r) dr) v,v) (1.16)
T
- /0 |B*S* (r)o|2 dr,

T
(Cru,v) = /o (u(r), B*S*(T — r)v) dr. (1.17)
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From identities (1.16) and (1.17) we obtain Qrv = 0 for some v € R" if
the space Er is orthogonal to v or if the function B*S*(-)v is identically
equal to zero on [0,T]. It follows from the analiticity of this function that
it is equal to zero everywhere. Therefore if @Qrv = 0 for some T > 0 then
Qrv =0 for all T > 0 and in particular @~v = 0. Since Ex= R” we have
that v = 0, and the nonsingularity of Qr fT llows. a

A sufficient condition for controllability is that the rank of B is equal
to n. This follows from the next exercise.

Exercise 1.3. Assume rank B = n and let Bt be a matrix such that
BBt = 1. Check that the control

u(s) = —B+e(’ DA —eT4a), sel0,T],

transfers a to b at time 7" > 0.

§1.3. Rank condition

We now formulate an algebraic condition equivalent to controllability.
For matrices A € M(n,n), B € M(n,m) denote by [A|B] the matrix
[B,AB,...,A""1B] € M(n,nm) which consists of consecutively written
columns of matrices B, AB,..., A" 'B.

Theorem 1.2. The following conditions are equivalent.

(i) An arbitrary state b € R™ is attainable from 0.

(i1) System (1.1) is controllable.

(iii) System (1.1) is controllable at a given time T > 0.

(iv) Matriz Qr is nonsingular for some T > 0.

(v) Matriz Qr is nonsingular for an arbitrary T > 0.

(vi) rank [A|B]} = n.

Condition (vi) is called the Kalman rank condition, or the rank condi-
tion for short.

The proof will use the Cayley-Hamilton theorem. Let us recall that a
characteristic polynomial p( -) of a matrix A € M(n, n) is defined by

p()) = det(AI — 4), AeC. (1.18)
Let
pA)=A"+a; A" 1+ ... +a,, reC. (1.19)

The Cayley~Hamilton theorem has the following formulation (see [3, 358-
359)):

Theorem 1.3. For arbitrery A € M(n,n), with the characteristic polyno-
mial (1.19),
A"+ a1 A" 4 tan ] =0.
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Symbolically, p(A) = 0.

Proof of Theorem 1.2. Equivalences (i)-(v) follow from the proofs of
Propositions 1.1 and 1.2 and the identity

y**(T) = Lru + S(T)a.

To show the equivalences to condition (vi) it is convenient to introduce a
linear mapping I, from the Cartesian product of n copies R™ into R™:

n-1
li(uo,...,un-y) = ZAjBUj, u; ER™, j=0,...,n—1.

i=0

We prove first the following lemma.

Lemma 1.1. The transformation L7, T > 0, has the same image as I,;,.
In particular L1 is onto if and only if I, is onto.

Proof. For arbitrary v € R®, u€ L'[0,T; R™}, u; eR™, j=0,...,n—1:
T
(Lru,v) = /0 (u(s), B*S*(T — s)v) ds,
(In(uo, - - ., tn—-1),v) = (ug, B*v) + ... + {up—1, B*(A*)* " v).
Suppose that (I,(ug,...,u,-1),v) = O for arbitrary uo,...,u,-; € R™.

Then B*v = 0,...,B*(A")* 1v = 0. From Theorem 1.3, applied to matrix
A*, it follows that for some constants ¢gp,...,¢n_1

n-—-1
(An-)n = ch(A‘)k.
k=0

Thus, by induction, for abitrary I = 0,1, ... there exist constants ¢, ...,
¢i,n—1 such that

n—1
(A*)n-H - ch,k(A*)k~
k=0
Therefore B*(A*)¥v =0 for k = 0,1,.... Taking into account that

tk

k!) tZO)

400
B'S'(tjy =Y _B*(A")*v
k=0

we deduce that for arbitrary T'> 0 and t € [0, 7]

B*S*(t)v =0,
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so (Cru,v) = 0 for arbitrary u € L'[0,T; R™].
Assume, conversely, that for arbitrary « € L1[0,T; R"], (Cru,v) = 0.
Then B*S*(t)v = 0 for t € [0,T]. Differentiating the identity

+00 t*
ZB*(A*)"v-k—i =0, telo,T],

=0

0,1,...,(n — 1)-times and inserting each time t = 0, we obtain that
B*(A*)*v =0 for k=0,1,...,n — 1. And therefore

(ln(uo, ... ,un—1),v) =0 for arbitrary ug,...,un—; € R™.

This implies the lemma. a

Assume that the system (1.1) is controllable. Then the transformation
Lt is onto R™ for arbitrary 7' > 0 and, by the above lemma, the matrix
[A]|B] has rank n. Conversely, if the rank of [A|B] is n then the mapping
I, is onto R" and also, therefore, the transformation Lr is onto R™ and the
controllability of (1.1) follows. a

If the rank condition is satisfied then the control @( -) given by (1.12)
transfers a to b at time T'. We now give a different, more explicit, formula for
the transfer control involving the matrix [A}B] instead of the controllability
matrix Qr.

Note that if rank [A]|B] = n then there exists a matrix X € M(mn, n)
such that [A|B]JK = I € M(n,n) or equivalently there exist matrices
Ki,K,,..., Ky € M(m,n) such that

BK, + ABKy+ ...+ A" 'BK, = L. (1.20)

Let, in addition, ¢ be a function of class C*~! from [0,7] into R such that

di diyp .
ﬁ(O)z-‘}g(T)=0, j=0,1,...,n—1, (1.21)

T
/ p(s)ds =1 (1.22)
0

Proposition 1.3. Assume that rank [A|B] = n and (1.20)-(1.22) hold.
Then the control

m—1
i(s) = Kio(s) + Ko So() 4. + K,.%;;_—'f(s), s€0,7]

where

$(s) = S(s = T)(b - S(Ta)e(s), s€[0,T] (1.23)
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transfers a to b at time T > 0.

Proof. Taking into account (1.21) and integrating by parts (j — 1) times,
we have

T ! QAT -
/0 S(T = 5)BK; 15— ¥(s)ds = /

0

T
= / e"(T-’>AJ'-lBI<,-¢(s) ds
0

T
- / S(T — s)Ai =1 BK;4(s) ds,
0
i=12,...,n

Consequently
T T
/ S(T = s)Bii(s)ds = / S(t - $)[A|BIK (s)ds
0 0
T
=/0 S(T — s)y(s)ds.

By the definition of 3 and by (1.22) we finally have
T
y>*(T) = S(T)a + / S(T — s)(S(s — T)(b — S(T)a))p(s)ds
o

T
=S(T)a+ (b—- S(T)a)/o p(s)ds
=b.

O
Remark. Note that Proposition 1.3 is a generalization of Exercise 1.3.

Exercise 1.4. Assuming that U = R prove that the system describing the
electrically heated oven from Example 0.1 is controllable.

Exercise 1.5. Let Lg be a linear subspace dense in L1[0,T; R™]. If system
(1.1) is controllable then for arbitrary a,b € R" there exists u(-) € Lo
transferring a to b at time 7.

Hint. Use the fact that the image of the closure of a set under a linear
continuous mapping is contained in the closure of the image of the set.

Exercise 1.6. If system (1.1) is controllable then for arbitrary 7" > 0 and
arbitrary a,b € R" there exists a control u( - ) of class C* transferring a to
b at time T and such that

dWy dWy

0 —(0) = F7Ie) (T) =0 forj=0,1,.
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Exercise 1.7. Assuming that the pair (A, B) is controllable, show that
the system

y=Ay+ Bv

v =u,
with the state space R"*™ and the set of control parameters R™, is also
controllable. Deduce that for arbitrary a,b € R”, ug,u; E R™ and T > 0
there exists a control u(-) of class C* transferring a to b at time T and
such that u(0) = ug, u(T) = u;.
Hint. Use Exercise 1.6 and the Kalman rank condition.

Exercise 1.8. Suppose that A € M(n,n), B € M(n,m). Prove that the

system
d’y n 4y n
Et-z- = Ay + Bu, y(O)GR , dt(O)GR ,
is controllable in R%" if and only if the pair (A4, B) is controllable.

Exercise 1.9. Consider system (1.9) on [0,7] with integrable matrix-
valued functions A(t), B(t), t € [0,T]. Let S(t), t € [0,7T] be the funda-
mental solution of the equation ¢ = Ag. Assume that the matrix

T
Qr = /0 S(T)S~Y(s)B(s)B*(s)(S'(s))"S™(T) ds
is positive definite. Show that the control
i(s) = B*(S_l(s))'S*(T)Q;I(b - S(TMa), se€[0,T],

transfers a to b at time 7" minimizing the functional 4 — foT lu(s)|? ds.

§1.4. A classification of control systems

Let y(¢), t > 0, be a solution of the equation (1.1) corresponding to a
control u(t), ¢t > 0, and let P € M(n,n) and S € M(m, m) be nonsingular
matrices. Define

g(t) = Py(t), ﬁ(t) = Su(t), t>0.

Then d d
ﬁy(t) = Pay(t) = PAy(t) + PBu(t)
= PAP7'§(t) + PBS~'a(t)
= Ag(t) + Bi(t), t>0,
where

A=PAP'!, B=PBS. (1.24)
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The control systems described by (A, B) and (Z, 5) are called equivalent
if there exist nonsingular matrices P € M(n,n), S € M(m, m), such that
(1.24) holds. Let us remark that P~ and S~! can be regarded as tran-
sition matrices from old to new bases in R® and R™ respectively. The
introduced concept is an equivalence relation. It is clear that a pair (A, B)
is controllable if and only if (4, B) is controllable.

We now give a complete description of equivalent classes of the intro-
duced relation in the case when m = 1.

Let us first consider a system

dm d(»-1
@it u eyt tanz =1, (1.25)

with initial conditions

dz dn-1y
(0)=6, —O0)=& ... ZeH0) =6 (1.26)
Let 2(2), %(t), vy %'(:;-—:);f-(t), t > 0, be coordinates of a function y(t),t > 0,
and £, ...,&, coordinates of a vector . Then
y=Ay+ Bu, y(0)==z€eR", (1.27)

where matrices A and B are of the form

0 1 ... 0 0 0
0 0 ... 0 0 :
A= | ¢ ... 11|, B= (1.28)
0 0 0 1 ?
~dy —QAn_-1 ... =—G2 —ai

We easily check that on the main diagonal of the matrix [A|B] there are
only ones and above the diagonal only zeros. Therefore rank [le}] = n and,
by Theorem 1.2, the pair (Z, E) is controllable. Interpreting this result in
terms of the initial system (1.21)-(1.22) we can say that for two arbitrary
sequences of n numbers £;,...,&, and 7,...,7, and for an arbitrary pos-
itive number T' there exists an analytic function u(t), t € [0,T], such that
for the corresponding solution z(t), t € [0, 7], of the equation (1.25)-(1.26)

dz d("-l)z
Z(T) =M, E{(T) =12, ey W(T) =n.

Theorem 1.4 states that an arbitrary controllable system with the one
dimensional space of control parameters is equivalent to a system of the
form (1.25)- (1.26).
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Theorem 1.4. If A € M(n,n), b € M(n,1) and the system
y = Ay + bu, y(0) =z € R" (1.29)

is conirollable then it is equivalent o ezactly one system of the form (1.28).
Moreover the numbers a,,...,a, in the represeniation (1.24) are identical
to the coefficients of the characteristic polynomial of the mairiz A:

p(A) =detAI — Al = A" +a; A" ' +...+a,, A€C. (1.30)

Proof. By the Cayley-Hamilton theorem, A™ + ;A" ! + ...+ a,I = 0.
In particular
Atb = —a A" b — ... — a,b.

Since rank [A[b] = n, therefore vectors e; = A"~1b,..., e, = b are linearly
independent and form a basis in R™. Let &;(t),...,£,(f) be coordinates of
the vector y(¢) in this basis, ¢ > 0. Then

—Qai 1 0 00 0

—a 01 0 0 0
R P (131)

dt — : N : u. .

—ap—; 0 0 ... 0 1 0

—-a, 00 ... 0 0 1
Therefore an arbitrary controllable system (1.29) is equivalent to (1.31) and
the numbers ay,...,a, are the coefficients of the characteristic polynomial

of A. On the other hand, direct calculation of the determinant of [A] — A]
gives -
det(AI — A) = A"+ A" 1+ ... +a,=p(}), AeC.

Therefore the pair (,Z, §) is equivalent to the system (1.31) and conse-
quently also to the pair (A4, b). O

Remark. The problem of an exact description of the equivalence classes
in the case of arbitrary m is much more complicated; see [39] and [67].

§1.5. Kalman decomposition

Theoremn 1.2 gives several characterizations of controllable systems.
Here we deal with uncontrollable ones.

Theorem 1.5. Assume that
rank [A|B] =1l < n.

There ezists a nonsingular matriz P € M(n,n) such that

-1 _ A A2 _{1B
PAP “[0 An]’ PB_[O],
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where Ay, € M(I,1), A2s € M(n—~1,n 1), B, € M(l,m). In addition the
pair

(All) Bl)
ts controllable.

The theorem states that there exists a basis in R™ such that system
(1.1) written with respect to that basis has a representation

& = Anés + Anfa+ Biu, &(0)€R',
€y = Agaés, £1’(0) € Rn_l’

in which (A1, B;) is a controllable pair. The first equation describes the
so-called controllable part and the second the completely uncontrollable part
of the system.

Proof. It follows from Lemma 1.1 that the subspace Ey = L7(L'[0,T; R™])
is identical with the image of the transformation !,,. Therefore it consists of
all elements of the form Bu;+ ABuy+...4+ A" ' Bu,, uy,...,u, € R™ and
is of dimension I. In addition it contains the image of B and by the Cayley—
Hamilton theorem, it is invariant with respect to the transformation 4. Let
E, be any linear subspace of R” complementing Ey and let e;,...,e; and
€l41,-..,€n be bases in Ey and F; and P the transition matrix from the
new to the old basis. Let A= PAP~! B = PB,

2[51] _ [A11€1+A12€2] B [Blu]
&2 Ay + Aéa ]’ Byuj’
& eR, & € R"~' u € R™. Since the space Ly is invariant with respect to

A, therefore
& _ [An& !

Taking into account that B(R™) C E,,
Byu=0 dlau€R™.

Consequently the elements of the matrices Ay and B, are zero. This
finishes the proof of the first part of the theorem. To prove the final part,
let us remark that for the nonsingular matrix P

rank[A|B] = rank (P[A|B]) = rank [4|B].
Since -

[/‘i',g]: I:l(?)l Al(l)BI A” Bl]
so

= rank[ﬁ[g] =rank [4),|B,].
Taking into account that Ay; € M(I, 1), one gets the required property. O
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Remark. Note that the subspace Ey consists of all points attainable from
0. It follows from the proof of Theorem 1.5 that Ej is the smallest subspace
of R" invariant with respect to A and containing the image of B, and it is
identical to the image of the transformation represented by [A|B].

Exercise 1.10. Give a complete classification of controllable systems when
m = 1 and the dimension of Fy is l < n.

§ 1.6. Observability

Assume that B = 0. Then system (1.1) is identical with the linear
equation

:=Az, 2(0)==z. (1.32)
The observation relation (1.2) we leave unchanged:
w=Cz. (1.33)

The solution to (1.32) will be denoted by z*(t), t > 0. Obviously
2*(t)=S(t)z, zeR".
The system (1.32)-(1.33), or the pair (A4, C), is said to be observable if for
arbitrary z € R", z # 0, there exists a £ > 0 such that
w(t) = C2°(t) # 0.
If for a given T > 0 and for arbitrary z # 0 there exists ¢t € [0,7] with
the above property, then the system (1.32)-(1.33) or the pair (A4,C) are

said to be observable at time T. Let us introduce the so-called observability
malriz:

T
Ry = / S*(r)C*CS(r)dr.
0
The following theorem, dual to Theorem 1.2, holds.

Theorem 1.6. The following condilions are equivalent.
(i) System (1.32)-(1.33) is observable.
(ii) System (1.32)-(1.33) is observable at a given titme T > 0.
(iii) The matriz Ry is nonsingular for some T > 0.
(iv) The matriz Ry is nonsingular for arbitrary T > 0.
(v) rz[A*]C*] = n.

Proof. Analysis of the function w(-) implies the equivalence of (i) and
(ii). Besides, '
T T
/ |w(r)|2dr::/ |Cz%(r)|? dr
0 0
T
=/ (S*(r)C*CS(r)z,z)dr
0

= (Rrz,z).
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Therefore observability at time T > 0 is equivalent to {Rrz,z) # 0 for arbi-
trary z # 0 and consequently to nonsingularity of the nonnegative, symmet-
ric matrix Rr. The remaining equivalences are consequences of Theorem
1.2 and the observation that the controllability matrix corresponding to
(A*,C*) is exactly Rp. ]

Example 1.1. Let us consider the equation

d(")z d(n"'l)z

dt(”) +a dt("-l) +...4+a2 = 0 (134)
and assume that
w(t) = z(t), t>0. (1.35)
Matrices A and C corresponding to (1.34)-(1.35) are of the form
0 1 ... 0 0
0 0 ... O 0
A=1 : P - |, c=[,0,...,0].
0 0 ... 0 1
-y =—Qpn-1 ... —az —ay

We check directly that rank [A*|C*] = n and thus the pair (4,C) is ob-
servable.

The next theorem is analogous to Theorem 1.5 and gives a decompo-
sition of system (1.32)- (1.33) into observable and completely unobservable
parts.

Theorem 1.7. Assume that rank [A*{C*] = 1 < n. Then there exists a
nonsingular matriz P € M(n,n) such that

A1 0
Az Az

where A1y € M(,1), Ay € M(n - I,n—1) and C; € M(k,l) and the pair
(A1, Cy) is observable.
Proof. The theorem follows directly from Theorem 1.5 and from the ob-

servation that a pair (A, C) is observable if and only if the pair (A*,C") is
controllable. Im|

PAP™! = [ ] , CP™1=[C,0],

Remark. It follows from the above theorem that there exists a basis in R”
such that the system (1.1)-(1.2) has representation

€ = Ak + B,
&2 = Anéi + A20és + Bau,
n = Ciéy,
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and the pair (411, C}) is observable.
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m leads to the so-called controllability indices discussed in [59] and [61].



Chapter 2
Stability and stabilizability

In this chapter stable linear systems are characterized in terms of asso-
ciated characteristic polynomials and Liapunov equations. A proof of the
Routh theorem on stable polynomials is given as well as a complete descrip-
tion of completely stabilizable systems. Luenberger’s observer is introduced
and used to illustrate the concept of detectability.

§2.1. Stable linear systems

Let A € M(n,n) and consider linear systems
z=Az, z(0)=zeR" (2.1)

Solutions of equation (2.1) will be denoted by 2*(t), ¢t > 0. In accordance
with earlier notations we have that

2°(t) = S(t)x = (exptA)z, t>0.
The system (2.1) is called stable if for arbitrary z € R
2°(t) — 0, astt +oo.

Instead of saying that (2.1) is stable we will often say that the matrix A is
stable. Let us remark that the concept of stability does not depend on the
choice of the basis in R™. Therefore if P is a nonsingular matrix and A is
a stable one, then matrix PAP~1! is stable.

In what follows we will need the Jordan theorem [4] on canonical rep-
resentation of matrices. Denote by M(n, m; C) the set of all matrices with
n rows and m columns and with complex elements. Let us recall that a
number A € Cis called an eigenvalue of a matrix A € M(n, n; C) if there
exists a vector a € C", a # 0, such that Aa = Aa. The set of all eigenvalues
of a matrix A will be denoted by g(A). Since A € o(A) if and only if the
matrix Al — A is singular, therefore A € o(A4) if and only if p(A) = 0, where
p is a characteristic polynomial of A: p(\) = det[AI — A], A € C. The set
o(A) consists of at most n elements and is nonempty.
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Theorem 2.1. For an arbilrary mairiz A € M(n,n; C) there ezists a
nonsingular matriz P € M(n,n; C) such that

Ji 0 ... 0 0
0 Jo ... 0 0
PAP~'=|: : - il =A4, (2.2)

6 0 ... J_1 O

o o0 ... 0 Jr

where J1,J2,...,J, are the so-called Jordan blocks
X ™% ... 0 O
C X ... 0 O

Jg = E E : E , 7k#00er=[Ak],k=1,...,T.

0 0 /\k Tk
0 0 ... 0 X

In the representation (2.2) at least one Jordan block corresponds to
an eigenvalue A\ € o(A). Selecting mairiz P properly one can obtain a
representation with numbers v, #£ 0 given in advance.

For matrices with real elements the representation theorem has the
following form:

Theorem 2.2. For an erbilrary matriz A € M(n,n) there ezists a non-
singular matriz P € M(n,n) such that (2.2) holds with “real” blocks I.

Blocks I, k= 1,...,r, corresponding to real eigenvalues A\ = o, € R are
of the form
o v ... 0 0
0 o ... O 0
[ak] or : ' e, E E y Tk ;é O; T € Ry
0 0 ... ar T
0 0 .- 0 (£33

and corresponding lo complex eingenvalues Ay = oy + 16, B # 0, ar, B €
R,

Ky Ly ... 0 0

0 Ky ... 0 0

Do where1<k=[°';; ﬂ"],Lk=["; 0],
0 0 ... K& L TP ™
0 0 ... 0 K
compare [4].

We now prove the following theorem.
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Theorem 2.3. Assume that A € M(n,n). The following conditions are
equivalent:

(i) 2%(t) — 0 as t T +oo, for arbitrary z € R™.

(ii) z%(t) — O ezponentially as t 1 +o0, for arbitrary x € R".

(iii) w(A) =sup{ReX; A €0(A)} < 0.

(iv) f0+°° |27 ($)]2 dt < +oo for arbitrary z € R™.

For the proof we will need the following lemma.
Lemma 2.1. Let w > w(A). For arbitrary norm || - || on R" there ezist
constants M such that

122(®))] < Me*!||z|| for t >0 and z € R™.
Proof. Let us consider equation (2.1) with the matrix A in the Jordan
form (2.2)
z=Aw, w(0)=ze€C".
For a = aj + iaz, where aj,a; € R” set [|a]| = |la1|] + |laz]]- Let us
decompose vector w(t), t > 0 and the initial state z into sequences of vectors
wi(t), ..., wr(t),t > 0 and zy, ..., 2z, according to the decomposition (2.2).
Then
ti)kZkak, wk(O)zzk, k:l,...,r.

Let ji,...,jr denote the dimensions of the matrices Jy,...,Jy, j1 + jo +
oot dr=n.

If jx = 1 then

wi(t) = e*'zg, t>0.

So [lwe(®)| = e®eX|lz], ¢ > 0.

If jx > 1, then

0 v o o1
x-110 0 ... 0 g
we@=eM™ D 1 ] my
=010 0 ... 0 m
0 0 0 0
So ]
Jx—1 #

e @)l < 20Xy | I}:(Mk)‘ﬁ, t>0,
=0

where M} is the norm of the transformation represented by

0 % ... 0 0
00 ... 0 0
00 ... 0
00 ...0 0
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Setting wo = w(A) we get

r r
> lwe(®ll < eta(®) Y- llzell, >0,
k=1 k=1

where ¢ is a polynomial of order at most max(jy — 1), ¥ = 1,...,r. If
w > wg and

M, = sup {q(t)e(“'”“’)‘, t> 0} ,

then My < +00 and
r r
> lwn(t)ll < Moe* 3 llzill, ¢ 0.
k=1 k=1

Therefore for a new constant M;
lw(®)ll < M llall, ¢ 0.

Finally
1= @l = |Pw®) P~ < Mie | P{IP~ I Izll, ¢ 20,

and this is enough to define M = M;||P||||P~}|l. ]

Proof of the theorem. Assume wg > 0. There exist A = a + i3, Re A =
a > 0 and a vector a # 0, a = a; + iaz, a;,az € R” such that

A(ay + iaz) = (o + if)(ay + iaz).
The function
z(t) = 21 () + iz(t) = €*+PVa, 1 >0,
as well as its real and imaginary parts, is a solution of (2.1). Since a # 0,

either a; # 0 or a, # 0. Let us assume, for instance, that a; # 0and 8 # 0.
Then

z1(t) = e**[(cos Bt)a; — (sin Bt)as], t>0.
Inserting t = 2xk /83, we have
lz1(8)] = e**|as]

and, taking k { 400, we obtain z(t) /4 0.
Now let wg < 0 and a € (0, —wg). Then by the lemma
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|27 (t)| < Me~*!|z| fort > 0 and z € R".

This implies (ii) and therefore also (i).

It remains to consider (iv). It is clear that it follows from (ii) and thus
also from (iii). Let us assume that condition (iv) holds and wo > 0. Then
jz1(2)] = e**|ay], t > 0, and therefore

+00
/ 21 (®)? dt = +oo,
0

a contradiction. The proof is complete. 8]

Exercise 2.1. The matrix

=[5 2

corresponds to the equation 7+ 22+ 2z = 0. Calculate w(A). Forw > w(A)
find the smallest constant M = M(w) such that

IS(t)| < Me*t, t>0.

Hint. Prove that |S(t)| = ¢(t)e~*, where

1/2
o(t) = -;- (2+ 5sin®¢ + (20sin® ¢ + 25sin4t)‘/2) , t>0.

§2.2. Stable polynomials

Theorem 2.3 reduces the problem of determining whether a matrix A
is stable to the question of finding out whether all roots of the charac-
teristic polynomial of A have negative real parts. Polynomials with this
property will be called stable. Because of its importance, several efforts
have been made to find necessary and sufficient conditions for the stability
of an arbitrary polynomial

pA)=A"+a X"+ 4a,, A€C, (2.3)

with real coefficients, in term of the coefficients ay,...,a,. Since there is
no general formula for roots of polynomials of order greater than 4, the
existence of such conditions is not obvious. Therefore their formulation
in the nineteenth century by Routh was a kind of a sensation. Before
formulating and proving a version of the Routh theorem we will characterize
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stable polynomials of degree smaller than or equal to 4 using only the fun-
damental theorem of algebra. We deduce also a useful necessary condition
for stability.

Theorem 2.4. (1) Polynomials with real coefficients:
(i) A +a,
(i) A2 +aX +9,
(iii) A3 +ar? + 8+,
(iv) M +ad3 4+ 02 +ed+d
are stable if and only if, respectively
i)* a>0,
@i)* >0, 5> 0,
(ii})* a>0, 5> 0, c> 0 and ab > ¢,
(iv)* a>0,b>0, c>0, d>0 and abc > c? + a?d.
(2) If polynomial (2.3) is stable then all its coefficients ay,...,a, are
postlive.
Proof. (1) Equivalence (i)¢==(i)* is obvious.
To prove (ii)<=>(ii)* assume that the roots of the polynomial are of
the form A} = —a +i8, Ay = —a — iB, B # 0. Then p()) = A2 + 2a + 42,
A € C and therefore the stability conditions are a > 0 and b > 0. If the
roots Aj, Az of the polynomial p are real then a = —(A; + A2), b = A1 Aq.
Therefore they are negative if only ifa > 0, b > 0.
To show that (iii) <=>(iii)* let us remark that the fundamental theorem
of algebra implies the following decomposition of the polynomial, with real
coefficients «, 3, v:

PA) = +ar+br+c=(A+a)A+8r+7), AeC.

It therefore follows from (i) and (ii) that the polynomial p is stable if only
ifa >0, 8> 0and v > 0. Comparing the coefficients gives

a=a+f, b=v+af, c=a7,

and therefore ab ~ ¢ = B(a? + v + apf) = B(a® +b).

Assume that a > 0, 5> 0, ¢> 0 and ab — ¢ > 0. It follows from b > 0
and ab — ¢ > 0 that 8 > 0. Since ¢ = ay, a and v are either positive or
negative. They cannot, however, be negative because then b = v+ af < 0.
Thus o > 0 and v > 0 and consequently @ > 0, 8 > 0, ¥ > 0. It is clear
from the above formulae that the positivity of «, 8, ¥ implies inequalities
(ii1)*. To prove (iv)<=>(iv)* we again apply the fundamental theorem of
algebra to obtain the representation

Mya¥B 4+ 2+ed+d=(02+ad+ A2+ 92+ 6)

and the stability conditiona >0, 8> 0,v> 0,6 > 0.
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From the decomposition
a=a+y, b=ay+p+6 c=ab+py, d=ps,
we check directly that
abc — ¢ — a’d = ay ((B — 6)* + ac) .

It is therefore clear that « > 0, 8 > 0, ¥ > 0 and é > 0, and then (iv)*
holds. Assume now that the inequalities (iv)* are true. Then ay > 0,
and, since a = a + v > 0, therefore @ > 0 and § > 0. Since, in addition,
d=p6>0andec=ab+8y>0,508>0,6 >0. Finally a > 0, 8 > 0,
¥ > 0, 6 > 0, and the polynomial p is stable.

(2) By the fundamental theorem of algebra, the polynomial p is a
product of polynomials of degrees at most 2 which, by (1), have positive
coefficients. This implies the result. O

Exercise 2.2. Find necessary and sufficient conditions for the polynomial

A rad4b

with complex coefficients ¢ and b to have both roots with negative real
parts.

Hint. Consider the polynomial (A%2+aX+b)(A2+aA+b) and apply Theorem
2.4.

Exercise 2.3. Equation
L*Ci+ RLC3+2L: 4+ Rz=0, R>0,L>0, C>0,

describes the action of the electrical filter from Example 0.4. Check that
the associated characteristic polynomial is stable.

§2.3. The Routh theorem

We now give the theorem, mentioned earlier, which allows us to check,
in a finite number of steps, that a given polynomial p(A) = A" + a; A"~ 4
...Fayn, A € C, with real coeflicients is stable. As we already know, a stable
polynomial has all coefficients positive, but this condition is not sufficient
for stability if n > 3. Let U and V be polynomials with real coefficients
given by

U(z)+1iV(z) = p(iz), z€R.

Let us remark that degU = n, degV = n — 1 if n is an even number and
degU =n—1,degV = n, if nis an odd number. Denote f; = U, fo = V if
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degU =n,degV=n—1land fi=V, fo=UifdegV =n,deglU =n—-1.
Let f3, f4,..., fm be polynomials obtained from f;, fo by an application of
the Euclid algorithm. Thus deg fi41 < deg fx, £ = 2,...,m — 1 and there
exist polynomials ki, ..., K, such that

Je—1 =k fe — fixr, Sf-1=Kmfm.

Moreover the polynomial f,, is equal to the largest commun divisor of f;, f»
multiplied by a constant.
The following theorem is due to F.J. Routh [51].

Theorem 2.5. A polynomial p is stable if and only if m = n+ 1 and the
signs of the leading coefficients of the polynomials fy, ..., fny1 allernate.

Proof. Let I'(r), » > 0 be an counterclockwise oriented curve composed of
the segment I(r) with ends ir and —ir and the semicircle S(r), S(r,8) =
re'?, —%r <6< in

We will use the following result from elementary complex analysis:
Lemma 2.2. If a polynomial p has no roots on the curve I'(r) and D, is

the number of all roots inside of T'(r), taking into account their mulliplicity,
then

1 P2
/F(r) p(2) 4A = 2D

Let us assume that p is a stable polynomial. Then D, = 0 for arbitrary
r > 0. Let us remark that

v _
p(})

(1-q(2)),

>3

where
A2 4 b A" 3 4 4 bg

A) =
9V A4 e A2 4 4oy
for some constants by,...,bn_2, €1,...,¢n_2. There exist numbers M > 0
and ro > 0 such that

AeC,
M
sup |gA)| < —, r>rg.
A€ES(r) r

Therefore

7
1/ AG)] d) = f‘. ld)\._ﬁ./ ﬂd,\,
s P(A) S(r) A i /sy A

lim 1 / LAGY PP (2.4)

ritoo 2 Jy(r) p(/\)
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Let 4(r) be the oriented image of I(r) under the transformation A —

p(}A). Then
! / PA L[ Ly
1y PO by A

Let us assume that the degree of p is an even number n = 2m. Con-
siderations for n odd are analogical, with the imaginary axis replaced by
the real one, and therefore will be omitted. Let z1 < 2 < ... < 1z
be real roots of the polynomial f; = U. Then 0 < ! < n, and points
1 = p(iz1), ..., p1 = p(iz;) are exactly intersection points of the arc y(r)
and of the imaginary axis. The oriented arc ¥(r) consists of oriented subarcs
Y1(7), v2(7), - .., 1i(r), i+1(r) with respective endpoints po(r) = p(-ri),
P1,--.,p1, p(ri) = piy1(r), and » > 0 is a positive number such that
—r<z,r<r.

Denote by C,; and €. respectively the right and the left closed half-
planes of the complex plane C. If v is an oriented smooth curve, not passing
through 0, contained in C,, with initial and final points a and b, then

1/ d)\——ln b
tJ, A

where Arga, Argb denote the arguments of @ and b included in [—%w,
Similarly, for curves ¥ contained completely in C_

l,/ld;\:l,m
i JyA i

where arga, argb € [37, 27]. It follows from the above formulae that

+ Argb — Arga,

7).

[

.
—| + argb — arga,
a

Lemma 2.3. If the oriented smooth curve v is contained in C; and b = if3,
B#0, BER, then

ﬂ’-{- gsgnﬂ—- Arga.

l,/ldzzl,ln -
i),z i a

If, in addition, a = ia, a # 0, a € R, then

/ dz = :-{-6(0 B)x,

1 fora<?0, >0,
€(a,ﬂ)={ 0 foraf>0,

-1 fora>0, f<0.

where
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If the curve 7y is in C_ then the above formulae remain true with Arga

replaced by arga, %sgnﬂ replaced by = — %1&' sgn # and € replaced by —¢.
From Lemma 2.3

IR }31/ L (2.5)
Py 3 =i A
= / d/\+Z(e,+ln il )+1/ 1o,

it Sy A [pj-1l yaa(r) A

whereeg; =1,-1orOfor j=2,...,1L
Let us assume additionally that n = 2k, where k is an even number.
Since

of e

po(r) = p(—ir) = r"(1 + co(r)), (2.6)
piyr(r) = p(ir) = (1 + ex(r)), (2.7)
where lim ¢p(r) = lim ¢;(r) = 0, therefore po(r) € C;+, piy1(r) € C4 for
ri400 ri4o0
sufficiently large r > 0 and
Jim Argpo(r) = lim Argpiys(r) = 0. (2-8)

From (2.5) and by Lemma 2.3

1/ 1 {p1l ( Ipil )
- —d/\-l -—e — Ar r +§ e;im+1In
; 7(r) [Po(r)] 1 — Arg po(r) 7

‘Jll

P11 (r)l
A = + A
2| 2€l+1 rg piya(r),

|P1+1(")|
+ &0 + &;T™+ €
ol ,z_; ™+

with £;,...,e141 = 0, 1 or —1. Using (2.6), (2.7) and (2.8) we have

+1In

+ Argpiya(r), r>0,

i
1 1 T T
Iim —,/ —dd=€1=+€41=+ E; 7.
rf4+oo 1 .y(,.)A 12 l+12 J:ZZ J

Taking into account (2.4)

1 1
€y §7l'+€1+1 . §1r+26j1r=n7r.
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This way l = nand £y = ... = €541 = 1. Similarly, we obtain the identical
result for an odd number k.

The following considerations are analogous to those in the proof of the
classical Sturm theorem or the number of roots of a polynomial contained
in a given interval.

If ey = ... = €p41 = 1 then for sufficiently large r > 0 the curve
¥(r) crosses the imaginary axis passing either from the first to the second
quadrant of the complex plane or from the third to the fourth quadrant.
Therefore for any number z close to but smaller than z;, the signs of
U(z), V(z) are identical and for any number z close to but greater than
zy the signs of U(x), V(z) are opposite. Denote by Z(z) the number of
sign changes in the sequence obtained from fi(z),..., fm(z) by deleting
all zeros (two neighbouring numbers, say fi, fi+1, form a sign change if
fefr+1 < 0). Let us remark that the function Z(z), z € R, can change its
value only when passing through a root of some polynomial fi,..., fi,. If,
however, for some k=2,...,m—1and Z € R, fi(Z) =0, then

fi-1(Z) = = fes1(3).

Since polynomials f; and f, have no common divisors the same is true for
fr—1, fr41 and, in particular, fi_1(£) # 0, fi+1(F) # 0. Consequently,
Fe-1(2)fe4+1(2) < 0, and for z # # but close to # the sequence of the
signs of the numbers fi_1(z), fu(z), fe+1(z) can be one of the following
types: +, 4+, —; +, —, —; —, 4+, +; —, —, +. Therefore, the function
Z(z), x € R does not change its value when z passes through Z. Since the
polynomial f,, is of degree zero, Z may change its value only at the roots
of fi. In particular, it takes constant values Z(—o00), Z(+o00) for z < z;
and z > z, respectively. But for = close to but smaller than a root z; the
signs of fi(z) and fo(z) are the same, and for z close to but greater than
zi, they are opposite. Therefore the function Z increases at z; by 1. So
Z(+00) — Z(—o0) = n. Since for arbitrary z, Z(z) > 0, Z(z) <m—1< n,
hence Z(+00) = n+Z(~o00) > nand m = n+1, Z(+00) = n, Z(—~o0) = 0.
It is easy to see that Z(+400) is equal to the number of sign changes in the
sequence of the leading coeflicients of the polynomials fi,..., fu4+1, and
since Z(+00) = n, these signs alternate. This shows the theorem in one
direction.

To prove the opposite implication let us remark that the equality m =
n + 1 implies that U/ and V have no common divisors. In particular the
polynomial p has no purely imaginary roots, and Lemma 2.2 is applicable.
From the first part of the proof

!
mI/ p(/\)d/\zmr,

ri+oo i Jsery P(N)

7
1/ Q) x D,
t JI) p(2)

SO
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On the other hand, for z sufficiently large, Z(z) = Z(+00) = n, and,
consequently, Z(—oo) = 0. Again, from the first part of the proof, the
function Z can change its value only at the roots of the polynomial f; = U,
and the change in fact takes place only when the signs of the pair fi, f2
alternate. Each such change implies that the curve y(r) passes either from
the first to the second or from the third to the fourth quadrants of the
complex plane (we use here that n is an even number). The number of
such passages must be equal exactly to n, and the arguments of the initial
and final points of the curve v(r) tend either to 0 or 7, as r T +o0, so

/
l/ B—(-’}-)-d/\z-l,-/ ldz——-»mr, r T 4oo.
t JI(r) () P Jy(r) %

Hence finally D, = 0 for r > 0. 0
Let us apply the above theorem to polynomials of degree 4,
pA) =2 +aX3+b22+cr+d, AeC.
In this case

U(z) = 24 — b2? + d = fi(2),
V(z) = —az® 4+ cz = fo(z), z€R.

Performing appropriate divisions we obtain
={p-S),2_
fa(@) = (-2} 2?4,
ey -1
fa(z) = - (c——ad(b— ;) ) z,

f5(£) =d.
The leading coefficients of the polynomials fi, fa,..., fs are

e, (5= 2), = (e-aa(6-£) 7). 4

We obtain therefore the following necessary and sufficient conditions
for the stability of the polynomial p:

a>0,b-S>0, c—ad(b—f) >0, d>0,
a a

equivalent to those stated in Theorem 2.4.

We leave as an exercise the proof that the Routh theorem leads to an
explicit stability algorithm. To formulate it we have to define the so-called
Routh array.
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For arbitrary sequences (ag), (Bi), the Routh sequence (vi) is defined

by
1 ay Oyl ]
= —— det i k=1,2,...
™= T8 [ﬂl B
If ay, ..., a, are coeflicients of a polynomial p, we set additionaly a; =

0 for k > n = degp. The Routh arrayis a matrix with infinite rows obtained
from the first two rows:

1,(12,04,06,. LR
a,,4a3,as5,47,. ..,

by consequtive calculations of the Routh sequences from the two preceding
rows. The calculations stop if 0 appears in the first column. The Routh
algorithm can be now stated as the theorem

Theorem 2.6. A polynomial p of degree n is stable if and only if the n+ 1
first elements of the first columns of the Routh array are positive.

Exercise 2.4. Show that, for an arbitrary polynomial p(A) = A" 4-a; A"~} +
...+ an, A € C, with complex coefficients a,,...,a,, the polynomial (A" +
aiA® 1+ 4a,)(A" +a@; A" +. .. +a,) has real coefficients. Formulate
necessary and sufficient conditions for the polynomial p to have all roots
with negative real parts.

§2.4. Stability, observability, and the Liapunov equation

An important role in stability considerations is played by the so-called
matriz Liapunov equation of the form

A*Q+QA=—R, (2.9)

in which are given a symmetric matrix R € M(n,n) and a matrix A €
M(n, n) and unknown is a symmetric matrix Q@ € M(n,n). A connection
between the equation (2.9) and the stability question is illustrated by the
following theorem:

Theorem 2.7. (1) Assume that the pair (A, C) is observable and R = C*C.
If there exists a nonnegative definite matriz Q satisfying (2.9) then the
matriz A is stable.

(2) If the matriz A is stable then for an arbilrary symmelric matriz
R the equation (2.9) has ezactly one symmetric solution Q. This solution
is posilive (nonnegative) definite if the matriz R is posilive (nonnegative)
definite.
Proof. (1) It follows from (2.9) that

dits'(t)QS(t) = —S*(t)RS(t), t>0. (2.10)
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Let (see §1.6)
T T
Rr = / S*(r)RS(r) dr = / S*(r)C*CS(r)dr, T > 0.
] 1]

Integrating equation (2.10) from 0 to T we obtain that
Q = Rr + 57(T)QS(T).

It follows from the observability of (A, C) that the matrix Ry is positive
definite and therefore the matrix Q is also positive definite. Let 2 € R” be
a fixed vector different from 0. Define

v(t) = (Q2" (1), 2" (1)), t>0.

It is enough to show that v(t) — 0 as t T +oo.

Let us remark that

(;_It)(t) = —(R2%(t), 2°(t))
—lc= @), t20,
0.

A

The function v is nondecreasing on [0,+00), and therefore the trajectory
2®(t), t > 0, is bounded and sup(]2*(¢)|; t > 0) < +oo for arbitrary z € R".
This implies easily that for arbitrary A € o(A4), ReA < 0. Assume that
for an w € R, iw € o(A). If w = 0 then, for a vector a # 0 with real
elements, Aa = 0. Then 0 = ((A*Q + QA)a,a) = —|Ca|?, a contradiction
with Theorem 1.6(v). If w # 0 and aj,az € R" are vectors such that
ay +iaz # 0 and
iw(a; + ia;) = Aa; + iday,

then the function
2%1(t) = a) coswt — azsinwt, t>0, (2.11)
is a periodic solution of the equation
z= Az

Periodicity and the formula

L@ (1), W) = ~ICm WP <0, 20,
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imply that for a constant v > 0

(Qz1(1),z2**(t)y =, t>0.

Hence |C2%(t)] = 0 for t > 0. However, by the observability of (A, C) and
(2.11), ay = a3 = 0, a contradiction. So ReA < 0 for all A € 6(A) and the
matrix A is stable.

(2) Assume that the matrix A is stable. Then the matrix

+o0
Q= A S*(r)RS(r)dr = TlTl-E-noo Ry

is well defined. Moreover
+o0
AQ+Qa= [ ('S (")RS() + 5" (DRS(r)A) dr
[}

+00 d
—_-/ E—S"'(r)RS(r) dr
o r
= TlTiinoo(S' (TYRS(T) - R)
= R,

and therefore @ satisfies the Liapunov equation. It is clear that if the
matrix R is positive (nonnegative) definite then also the matrix @ is positive
(nonnegative) definite.

It remains to show the uniqueness. Assume that é is also a symmetric
solution of the equation (2.19). Then

(S O@-QSW) =0 for 20,
Consequently
S W@ -QSt)=0-Q for t>0.

Since S(t) — 0, S*(t) — O as t | 400, 0 = Q — Q. The proof of the
theorem is complete. D

Remark. Note that the pair (A, I) is always observable, so if there exists
a nonnegative solution @ of the equation

A‘Q+QA= _I)

then A is a stable matrix.

As a corollary we deduce the following result:
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Theorem 2.8. If a pair (A, C) is observable and for arbitrary z € R”
w(t) = C2°(t) — 0, ast ! +oo,

then the matriz A is stable and consequently z°(f) — 0 ast 1 +oo for
arbitrary z € R".

Proof. For arbitrary # > 0 a nonnegative matrix
+o00
Qs = / =P S (1O CS() dt
0

is well defined and satisfies the equation

(A-p)yQ+QA-p)=-CC.

Since, for sufficiently small 8 > 0, the pair ((A — 8), C) is also observable,
therefore for arbitrary 8 > 0, sup{Re A; A € 0(A)} < B. One has only to
show that the matrix A has no eigenvalues on the imaginary axis. For this
purpose it is enough to repeat the reasoning from the final part of the proof
of Theorem 2.7(1). D

Exercise 2.5. Deduce from Theorem 2.8 the following result:
If for arbitrary initial conditions

d d-D
)=b, TO=&, ., 0=t

solutions z(t), t > 0 of the equation (1.30) tend to 0 as £ — +o0o then for
arbitrary £k =1,2,... ,n—-1

%—;— —+0, astt 4oo.
§2.5. Stabilizability and controllability
We say that the system
y=Ay+Bu, y(0)=z€R", (2.12)
is stabilizable or that the pair (A, B) is stabilizable if there exists a matrix
K € M(m, n) such that the matrix A + BK is stable. So if the pair (A, B)

is stabilizable and a control u(-) is given in the feedback form

u(t) = Ky(t), t>0,
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then all solutions of the equation
u(t) = Ay(t) + BKy(t) = (A+ BK)y(t), »(0)=z,t>0, (2.13)

tend to zero as t | +oo.

We say that system (2.12) is completely stabilizable if and only if for
arbitrary w > 0 there exist a matrix K and a constant M > 0 such that for
an arbitrary solution y*(t), t > 0, of (2.13)

v ()] < Me=*Jal, &> 0. (2.14)

By px we will denote the characteristic polynomial of the matrix A+ BK.
One of the most important results in the linear control theory is given by

Theorem 2.9. The following conditions are equivalent:

(i) System (2.12) is completely stabilizable.
(ii) System (2.12) is controllable.
(iii) For arbitrary polynomial p(A) = A" + oy A"~ 1 + ...+ a,, A €C,
with real coefficients, there exists a matriz K such that

p(A) =pk(A) for AeC.

Proof. We start with the implication (ii)==-(iii) and prove it in three
steps.

Step 1. The dimension of the space of control parameters m = 1. It
follows from §1.4 that we can limit our considerations to systems of the

form - (
an)z d n-1
dt(")( )+ dt(" 1) (t) +...4apz{t) =u(t), t>0.

In this case, however, (iii) is obvious: It is enough to define the control u
in the feedback form,

d(r-1)
u(t) = (a1 — ) T (O + -+ (an —@n)2(1), 120,

and use the result (see § 1.4) that the characteristic polynomial of the equa-
tion
d)z d*—1;

dt(n) +al dt(n-l) + ...+anz = 0’
or, equivalently, of the matrix
0 1 0 0
0 0 0 0
0 0 0 1

—Qp, —Qnp1] ... =—0Q3 —Oi
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is exactly
p(A) = A"+ a A" +anA, A€C.

Step 2. The following lemma allows us to reduce the general case tom = 1.
Note that in its formulation and proof its vectors from R" are treated as
one-column matrices.

Lemma 2.4. If a pair (A, B) is controllable then there ezist a matriz
L € M(m,n) and a vector v € R™ such that the pair (A + BL,Bv) is
controllable.

Proof of the lemma. It follows from the controllability of (A, B) that
there exists v € R™ such that Bv # 0. We show first that there exist vectors
#1,...,U%n—1 in R™ such that the sequence ey, ...,e, defined inductively

ey = Bv, ej41 = Aey+ By forl=1,2,... . n—1 (2.15)

is a basis in R”. Assume that such a sequence does not exist. Then for
some k > 0 vectors ey, .. ., e, corresponding to some uy, ..., u; are linearly
independent, and for arbitrary u € R™ the vector Aex + Bu belongs to the
linear space Ep spanned by ej,...,ex. Taking u = 0 we obtain Aex € Ejp.
Thus Bu € Ej for arbitrary u € R™ and consequently Ae; € Eg for j =
1,...,k. This way we see that the space E; is invariant for A and contains
the image of B. Controllability of (A, B) implies now that E; = R", and
compare the remark following Theorem 1.5. Consequently ¥ = n and the

required sequences ey, ...,e, and uy,..., u,_ exist. Let u,, be an arbitrary
vector from R™.
We define the linear transformation L setting Le; = uy, forl=1,...,n.

We have from (2.15)

eip1 = Aer+ Bleg=(A+ BL)e

=(A+ BL)e

=(A+BL)Bv, 1=0,1,...,n—1.
Since

[A+ BL|Bv] = [e1,ea,...,€n],
the pair (A + BL, Bv) is controllable. O

Step 3. Let a polynomial p be given and let L and v be the matrix and

vector constructed in the Step 2. The system

y = (A+ BL)y + (Bv)u,

in which u(-) is a scalar control function, is controllable. It follows from
Step 1 that there exists k¥ € R™ such that the characteristic polynomial of
(A+ BL) + (Bv)k* = A+ B(L + vk™) is identical with p.
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The required feedback K can be defined as
K =L + vk*.

We proceed to the proofs of the remaining implications. To show that
(iii) = (ii) assume that (A, B) is not controllable, that rank [A|B] =l < n
and that K is a linear feedback. Let P € M(n, n) be a nonsingular matrix
from Theorem 1.5. Then

pk(A) = det[A] — (A + BK)]
= det[A — (PAP™! 4+ PBKP™1))

_ det, (AI - (All + Bl]ﬁ’l)) —A12
- 0 (/\I - Azz)

= det[A] — (A1; + B1K1)]det[A] — Az}, A €C,

where K; € M(m, n). Therefore for arbitrary K € M(m, n) the polynomial
Pk has a nonconstant divisor, equal to the characteristic polynomial of As,,
and therefore px can not be arbitrary. This way the implication (iii) =
(ii) holds true.

Assume now that condition (i) holds but that the system is not con-
trollable. By the above argument we have for arbitrary X € M(m, n) that
o(A22) C 0(A + BK). So if for some M > 0, w > 0 condition (2.14) holds
then

w < —sup {Re); X € 0(A422)},

which contradicts complete stabilizability. Hence (i) = (ii). Assume now
that (ii) and therefore (iii) hold. Let p(A) = A" + ;A" 1 4+.. . +a,, A€ C
be a polynomial with all roots having real parts smaller than —w (e.g.,
P(A) = (A+w+€)",e > 0). We have from (iii) that there exists a matrix K
such that px(-) = p(-). Consequently all eigenvalues of A+ BK have real
parts smaller than —w. By Theorem 2.3, condition (i) holds. The proof of
Theorem 2.9 is complete. 0

§2.6. Detectability and dynamical observers

We say that a pair (A, C) is detectable if there exists a matrix L €
M(n, k) such that the matrix A + LC is stable. It follows from Theorem
2.9 that controllability implies stabilizability. Similarly, observability im-
plies detectability. For if the pair (4,C) is observable then (A*,C*) is
controllable and there exists a matrix K such that A* + C*K is a stable
matrix. Therefore the matrix A + K*C is stable and it is enough to set
L=K*.

We illustrate the importance of the concept of detectability by dis-
cussing the dynamical observer introduced by Luenberger.
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Let us consider system (1.1)-(1.2). Since the observation w = Cy, it is
natural to define an output stabilizing feedback as K € M(m, k) such that
the matrix A + BKC is stable. It turns out, however, that even imposing
conditions like controllability of (A, B) and observability of (A,C) it is
not possible, in general, to construct the desired K. In short, the output
stabilizability is only very rarely possible.

Consider for instance the system

d(n)z d(n—l)
dt(")(t) + di(n-1

‘)’(t)+...+a,.z=u (2.16)

with the observation relation
w(t) = z(t), t>0. (2.17)

We know from earlier considerations that if system (2.16)-(2.17) is written
in the form (1.1)-(1.2) then pairs (A, B), (A, C) are respectively control-
lable and observable. Let a feedback strategy u be of the form u = kw
where k is a constant. Then the system (2.16) becomes

d™)z dn-1),
dt(») ta dt(n—1) +...+a,z=—kz,

and the corresponding characteristic polynomial is of the form
p(A) = N ta A" 4. +ap_A+a,—k, A€C.

So if some of the coefficients ai,...,a,_1 are negative then there exists no
k such that the obtained system is stable.

Therefore it was necessary to extend the concept of stabilizability al-
lowing feedback based on dynamical observers which we define as follows:
We say that matrices F € M(r,r), H € M(r,n), D € M(r, m) define an r-
dimensional dynamical observer if for arbitrary control u( - ), solution z(-)
of the equation

#(t) = Fz(t) + Hw(t) + Du(t), t>0, (2.18)
and the estimator
§(t) = Vu(t) + Wz(t), 120, (2.19)

one has
y(t) —g(t) — 0, as t T +oo. (2.20)

The equation (2.18) and the number r are called respectively the equation
and the dimension of the observer.
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The following theorem gives an example of an n-dimensional observer
and shows its applicability to stabilizability.

Theorem 2.10. (1) Assume that the pair (A, C) is detectable and let L be
a matriz such that the matriz A+ LC is stable. Then equations

:=(A+LC)z - Lw + Bu,
j=z

define a dynamical observer of order n.
(2) If, in addition, the pair (A, B) is stabilizable, K is a matriz such
that A+ BK is stable and a conirol u is given by

(2.21) u=Kj,
then y(t) — 0 ast ] +oo0.
Proof. (1) From the definition of the observer
d
a(g_y) =(A+ LC)y+ Bu—~ LCy - Ay - Bu
=(A+ LC)H—v).

Since the matrix A+ LC is stable, therefore §(t) — y(t) — 0 exponentially
ast T 4oo0.
(2) If the control u is of the form (2.21), then

§=(A+BK)j+ LC@H —y).
Therefore

#(t) = Sk ()(0) + [ Sk(t— s)p(s)ds, >0,

where

Sk (t) = expt(A + BK),

e(t) = LC((t) — y(t)), t>0.
There exist constants M > 0, w > 0, such that

ISk (8)] < Me™!, t>0.

Consequently for arbitrary T >0 and t > T

/0 Skt — s)p(s)ds

T
- ws M
< e [ e lpolds+ sup oo T
0 T<s<t w

So we see that §(t) — O as ¢ 1 +oo and by (1), y(t) — O ast | +oo. O
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Remark. The obtained result can be summarised as follows. If the pair
(4,C) is detectable and the pair (A, B) is stabilizable then the system
(1.1)-(1.2) is output stabilizable with respect to the modified output 2(t),
t > 0, based on the original observation w(t), £ > 0.

Bibliographical notes

In the proof of the Routh theorem we basically follow Gantmacher [28].
There exist proofs which do not use analytic function theory. In particular,
in [43] the proof is based on Theorem 2.7 from § 2.4. For numerous mod-
ifications of the Routh algorithm we refer to [61]. The proof of Theorem
2.9 is due to M. Wonham [60]. The main aim of § 2.6 was to illustrate the
concept of detectability.



Chapter 3
Realization theory

This chapter is devoted to the input—output map generated by a linear
control system. The input—output map is characterized in terms of the
impulse response function and the transfer function.

§3.1. Impulse response and transfer functions

The connection between a control u(-) and the observation w(-) of
the system (1.1)-(1.2) is given by

w(t) = CS(t)z + /t CS(t — s)Bu(s)ds (3.1)
0
= CS(t)z + Ru(t), t>0.

The operator R defined above is called the input-output map of (1.1)- (1.2).
Thus

Ru(t) = /0 "Wt - s)u(s) ds, (3.2)

where
¥(t) = CS(t)B = Ce**B, t>0. (3.3)

The function ¥ is called the tmpulse response function of the system
(1.1)-(1.2). Obviously there exists a one-to-one correspondence between
input-output mappings and impulse response functions. However, differ-
ent triplets (A, B, C) may define the same impulse response functions. Each
of them is called a realization of ¥ or, equivalently, a realization of R.

The realization theory of linear systems is concerned with the struc-
tural properties of input—output mappings R or impulse response functions
¥ as well as with constructions of their realizations. The theory has prac-
tical motivations which we will discuss very briefly.

In various applications, matrices A, B and C defining system (1.1)-
(1.2) can be obtained from a consideration of physical laws. It happens,
however, that the actual system is too complicated to get its description
in such a way. Then the system is tested by applying special inputs and
observing the corresponding outputs, and the matrices A, B, C are chosen
to match the experimental results in the best way.

Observed outputs corresponding to the impulse inputs lead directly to
the impulse response function defined above. This follows from
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Proposition 3.1. Let v be a fized element of R™, ui(-), k = 1,2,...,
controls of the form

kv forte[0,}),
ue(t) = {0 fort> 1,

and y(-) the corresponding solutions of the equations

d
V= Ayr + Bur, %(0) = z.

Then the sequence (yr) converges almost uniformly on (0, +00) to the func-
tion

y(t) = S(t)z + S(t)Bv, t>0. (3.4)
Proof. Let us remark that

) = Stz + Icf; S(r)Bvdr - fortelo, 1],
W= Uswe + 5t~ 1)k [ S(r)Budr fort > }.

Therefore, for ¢t > %,

1, [/* 1
le(®) — w(0)| =[S = Pt [ St)Bodr - (Bl

Moreover
I/k 1
|k/ S(r)Bvdr — S(;)Bvl-——r 0, as kT +oo,
0

and the lemma easily follows. O

The function
w(t) = CS(t)z + CS(t)Bv, t>0,

can be regarded as an output corresponding to the impulse input u(-) =
v80}(-), where 8(}(-) is the Dirac distribution. If z = 0 then w(f) =
¥(t)v, t > 0, and this is the required relation between the observation w( -)
and the impulse response function ¥.

It is convenient also to introduce the transfer function of (1.1)-(1.2)
defined by

®(\) = C(AI - A)~'B, e C\o(A). (3.5)

Let us notice that if ReA > sup{Reyu; pu € o(A)}, then



52 3. Realization theory

(N =C Uﬂm e"“S(t)dt] B = /:co e MW (t)dt.

Hence the transfer function is the Laplace transform of the impulse response
function, and they are in a one to one correspondence.
The transfer function can be constructed from the observations of out-
puts resulting from periodic, called also harmonic, inputs u(-):
u(t) =e™v, veR™ weR,t>0. (3.6)

For them
t
w(t) = CS(t)z + ! / e"*rCS(r)Bvdr, t>0. 3.7
0

Practical methods are based on the following result.

Proposition 3.2. Assume thai A € M(n,n) is a stable matriz. Let
u: R — R™ be a bounded, periodic function with a period v and y*(t),
t > 0, the solution of the equation

y(t) = Ay(t) + Bu(t), t2>0, y0)==z.
There exists exactly one periodic function §: R — R™ such that
() — ()] — 0, as t T +oo.

Moreover, the period of § is also v and

+o00
(1) = /0 S(r)Bu(t - r)dr, teR. (3.8)

The function #(-) is called sometimes a periodic component of the
solution y.

Proof. The function §(-) given by (3.8) is well defined, periodic with
period -y. Since

¥ ()= S{t)z + /0 S(t — s)Bu(s)ds = S(t)z + /0 S(r)Bu(t — r)dr

=Stz + i S(r)Bu(t — r)dr — e S(r)Bu(t — r)dr
0 t

+o00
= S(t)z + i(t) — S(t) /0 S(r)Bu(-r) dr
= S(t)e + (1) - S(1)3(0), t>0,
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therefore
ly* (@) — 9()] < [S@)] |z — §(0)] — 0, as t T +oo.

If #, is an arbitrary function with the properties specified in the proposi-
tion, then

[5() — @O < 19(1) — " Ol + lv° () -~ 1)}, ¢ 20.

Consequently |§(-) — §1(-)] — 0 as t 1 +oo. By the periodicity of 3,
9(t) — (1) =0forallt > 0. O

It follows from Proposition 3.2 that the observed outputs of a stable
system, corresponding to harmonic controls e*“*v, t > 0, are approximately
equal, with an error tending to zero, to

+oo .
w(t)=C [/ S(r)e* =) dr] By
0
. oo
= eviC [/ e S(r) dr] By, t>0.
0
Taking into account that
+oo
/ e T S(r)dr = (iwl — A)~!, we€R,
0

we see that the periodic component of the output w(-) corresponding to
the periodic input (3.6) is of the form

w(t) = e P(iw)v, t>0. (3.9)
Assume that m = k£ = 1. Then the transfer function 1s meromor-

phic. Denote it by ¢ and consider for arbitrary w € R the trigonometric
representation

pliw) = lp(iw)le”®),  §(w) € [0,27).
If v = 1 then the output @(-) given by (3.9) is exactly
(t) = [p(iw))|e!C*D), £ > 0.

Thus, if |p(iw)| is large then system (1.1)-(1.2) amplifies the periodic os-
cillation of the period w and, if |¢(iw)] is small, filters them off.

Exercise 3.1. Find the transfer function for system (2.16)- (2.17).



54 3. Realization theory

Answer:
e(A) =p7'(A), gdy pA)=A"+a A" P+ .. ta, #0.

Exercise 3.2. Consider the equation of an electrical filter, Example 0.4,
d3z d?z dz

LF g juiiad — ==

L Cdt3 +RLCdt2 +2Ldt

where C, L, R are positive numbers. Find ¢(iw), w € R. Show that

2, .3
limlpG)l =1, lim_Jp(i)] S = 1.

+ Rz = u,

§3.2. Realizations of the impulse response function

A not arbitrary smooth function ¥( - ) with values in M(k, m), defined
on [0, +00), is the impulse response function of a linear system (1.1)-(1.2).
Similarly, a not arbitrary operator R of the convolution type (3.2) is an
input—output map of a linear system. In this paragraph we give two struc-
tural descriptions of the impulse response function and we show that among
all triplets (A, B, C) defining the same function ¥ there exists, in a sense,
a “best” one. Moreover, from Theorem 3.1 below, the following result will
be obtained:

An operator R of the convolution type (3.2) is an input—-output map of
a linear system (1.1)-(1.2) if and only if it is of the form

Ru(t) = H(t) /0 " Gs)yu(s)ds, 10, (3.10)

where H(-) and G(-) are functions wilh values in M(k,n) and M(n,m),
for some n.

Let us remark that operator (3.10) is the product of an integration and
a multiplication operator.

Before formulating the next theorem we propose first to solve the fol-
lowing exercise.

Exercise 3.3. Continuous, real functions g, h and r defined on [0,400)
satisfy the functional equation

gt —s)y=h(t)r(s), t>s>0,

if and only if either g and one of the functions h or r are identically zero,
or if there exist numbers a, # # 0, ¥ # 0 such that

g(t) = ve*, h(t) =B, r(t) = %e“"‘, £>0.
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Theorem 3.1. A function ¥ of class C' defined on [0,+00) and with
values in M(k, m) is the impulse response function of a system (A, B,C)
if and only if there ezist a natural number n and functions G: [0,+00) —
M(m,n), H: [0,400) — M(n, k) of class C! such that

¥(t—s)= H(t)G(s) fort>s>0. (3.11)

Proof. If ¥(t) = CeA*B, t > 0, then it is sufficient to define
H(@)=Ce?, t>0, and G(s)=e **B, s>0.

The converse implication requires a construction of a number n and matri-
ces A, B, C in terms of the functions G, H. We show first the validity of
the following lemma:

Lemma 3.1. Assume that for some functions ¥, G, H of class C?, with
values respectively in M(k,m), M(n,m), M(k,n), relation (3.11) holds.
Then for arbitrary T > 0 there ezist a natural number @t and functions
G(t), H(t), t > 0 of class C' with values in M(7i,m) and M(k, ) such
that

¥(t—s) = H()G(s), s<t 0<s<T,
and the matriz

/o " ()G (s) ds

s nonsingular and thus positive definite.
Proof of the lemma. Let i be the rank of the matrix

T
W=/0 G(s)G*(s)ds.

If W is nonsingular then we define ## = n, and the lemma is true. Assume
therefore that #i < n. Then there exists an orthogonal matrix P such that
the diagonal of the matrix PWP~! = PW P* is composed of eigenvalues
of the matrix W. Therefore there exists a diagonal nonsingular matrix D
such that

V= [é g] = (DP)W(DP)* = PWP",

where T € M(#i, #1) is the identity matrix and Pisa nonsingular one.
Consequently, for Q = (DP)™1,

QVE*r=Ww.
This and the definition of W imply that

T
/0 (@QVQ~'G(s) - G())(QVQG(s) — G(s))" ds = 0.
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Therefore QVQ~1G(s) = G(s), for s € [0,T).
Define G(t) = Q-'G(t), H(t) = H(t)Q, t > 0. Then
Y(t —s) = H(t)VG(s) fort>sandse€[0,T]

It follows from the representation

Ay = [0, Fav)], G() = [28] :

where H1(t) € M(k,#), Hy(t) € M(k,n — i), G1(s) € M(fi,m), Ga(s) €
M(n — #i,m), t,s > 0, and from the identity V2 = V that

w(t - 5) =(HOV)(VE(s)) = [(),0] [Glés)]
= H (1)Gy(s), t > s, s €[0,T].
Hence
T _ T
V= /0 (QG(5))(Q"'G(s))" ds = /0 &(s)B(s)" ds,
and thus T
I=/o Gi(s)Gi(s)ds

is a nonsingular matrix of the dimension fa. The proof of the lemma is
complete. O

Continuation of the proof of Theorem 3.1. We can assume that
functions H and G have the properties specified in the lemma. For arbitrary
t>s50<s<T

ov ov . .

0= —(—s)+ —(t —s) = HX)G(s) + H{t)G(s).

ot Os

In particular
fl(t)G(s)G‘(s) = —H(t)G(s)G‘(S), t>s, s€[0,7],

and thus for t > T we obtain that

. T T .
H(t) /0 G(s)G*(s)ds = —H(2) /0 G(5)G*(s) ds.

T T -1
A=— ( /0 G(5)G™(s) ds) ( /0 G(s)G" (5) ds) .

Define
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Then H(t) = H(t)A, t > T and therefore H(t) = H(T)S(t—-T), t > T,
where S(r) = e”4, r > 0. However, for arbitrary r > 0.

¥(r) = ¥((r+T) - T) = H(r + T)G(T) = H(T)S(r)G(T), r=>0,
Consequently, defining B = G(T') and C = H(T'), we obtain
¥(r) = Be'C, r>0,

the required representation. 0

We now give a description of impulse response functions in terms of
their Taylor expensions.

Theorem 3.2. A function ¥:[0,+00) — M(k,m) given in the form of
an absolutely convergenl series

+o0 U
¥(t) = W',—, tZO,
® Zj i5i

is the impulse response funclion of a certain system (A, B,C) if and only
if there exist numbers ay,a.,...,a, such that

%4_,- :81Wj+r..1 +...+0,-VVJ‘, ]:0,1, (312)

Proof. (Necessity.) If ¥(t) = C(exptA)B, t > 0, then
+oo .4
U(t) = ECA’Bﬁ, t>0,
j=0

and therefore W; = CA'B,j=0,1,....
Ifp(A) = A" —a; A"~ 1~ ... —a;, X € C, is the characteristic polynomial
of A then, by the Cayley—Hamilton theorem,

AT=a1A" 4. +a (3.13)

and
A =g AT y  pa A

Therefore
CA™¥iB=qa,CA"'B+ ... +a,CAB, j=0,...,

the required relationship.
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(Sufficiency.) Define

0 I ... 0 0
0 0 ... 0 0 Wo
A= s B:[ :’, C=[l0,...,0],
0 0 ... 0 I Wy _1
a,I a,_ll azl 01[

where I is the identity matrix of dimension k. Permuting rows and columns
of the matrix A properly we can assume that it is of the form

Ag ... 00 0 1 ... 0 0
0 A ... 00O 0o 0 ... 0 0
:ow ¢ i whereA=|: ¢ .. . (3.14)
00 ... 40 0 0 ... 0 1
0 o ... 0 Z a az ... Ge.1 Gy
Since the characteristic polynomial of Ais Ar —ag A1 - — a., A€ C,

therefore A™ = a1A""1 + ...+ a,]. The same equation holds for matrix
(3.14) and consequently for A. We also check that

CA'B=W; forj=0,1,...,r—1.

By (3.12),
CA™B =alCA'"lB+ o.ta,CB=a\We_ 1 +...+a, W, = W,.
Similarly, CA'B = W; for j > r. O

The next theorem shows that there exists a realization of an impulse
response function with additional regularity properties.

Theorem 3.3. For arbitrary matrices A € M(n,n), B € M(n,m), C €
M(k, n) there ezist a natural number # and matrices A € M(#, 1), Be
M(n, m), Ce M(k, i) such that the pairs (Z, B) and (A, 5’) are respectively
controllable and observable and

CS(t)B=CS(t)B fort>0,

where S(t) = exptA, §(t) = expt;f, t>0.

Proof. Assume that the pair (A, B) is not controllable and let | =
rank[A|B]. Let P, Ay;, A12, A2; and B, be matrices given by Theorem
1.5 and let S(t) = exptA4, Su(t) = exp(Aut), ng(t) = eXp(Aggt), t>0.
There exists, in addition, a function Sy5(t), t > 0, with values in M(I,n—1),

such that
-1 _ [Su@® Slz(t)]
PS@yp~t = |°U t>0.
( ) [ 0 522(t) 3 = 0
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Therefore,

cs()B = cp- [ Su® S”(‘)]PB

0 Saa(t)
_ -1 [Su Si2(d) 1
—cr [ %]

=cp-! S“(g)B‘] =CiSu(t)B;, t>0,

L

for some matrix C;.

So we can assume, without any loss of generality, that the pair (A4, B)
is controllable. If the pair (A, C) is not observable and rank[4|C] = | <
n then, by Theorem 1.7, for a nonsingular matrix P, an observable pair
(A11, C1) € M({, 1) x M(k, l) and matrices B; € M(l,n), B € M(n—1, m),

An 0

PAP!
[A21 A2z

-1 _ _ B
] , CP'=[Cy,0], PB= [32] .
It follows from the controllability of (A, B) that the pair (A1, By) is con-
trollable as well.
If S(t) = exp tA, S11(t) = exptAyy, Sza(t) = exptAzz, t > 0, then for
an M(n — 1,1) valued function Sy (t),t > 0,

CS(t)B = [C,,0) PS(t)P~'PB = [C),0] [218 Szg(t)] [B;]

= C1S11(t)B:, t>0.

This finishes the proof of the theorem. (=]
The following basic result is now an easy consequence of Theorem 3.3.

Theorem 3.4. For any arbitrary impulse response functlion there exists
a realization (A, B,C) such that the pairs (A, B), (A,C) are respectively
controllable and observable. The dimension of the matriz A is the same
Jor all controllable and observable realizations. Moreover, for an arbitrary
realization (A B ,C), dimA > dim A.

Proof. The first part of the theorem is a direct consequence of Theorem 3.3.
Assume that (4, B,C) and (A, B,C) are two controllable and observable
realizations of the same impulse response function and that dimA = 1,
dim A = n. Since

¥(t) = ZCA’B—— = 257{1 ”t t>0,
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SO

CAB=CAB for j=0,1,.... (3.15)

Moreover, the pair (A4, B) is controllable and (A, C) is observable, and
therefore the ranks of the matrices

C
A
C: , [B, AB, ..., A""'B]
CA™!

are n for arbitrary r > n. Consequently the ranks of the matrices

c CB CAB ... CA™'B
CA . CAB CA2B ... CA'B
. [B, 4B, ..., A"'B] = : I :
CA™1 CA™'B CA"B ... CA¥-?B
(3.16)
are, for r > n, also equal to n. On the other hand, by (3.15), (3.16),
C. c
A - o CA i
C: [B, AB, ..., A"“B] = 7 |8, 4B, ..., 451B],
&An-1 cAR-1

and therefore #i < n. By the same argument n < 7, so n = 7. The proof
that for arbitrary realization (A4, B,C), # > n is analogical. 0

§3.3. The characterization of transfer functions

The transfer function of a given triplet (A, B,C) was defined by the
formula

®(A\) = C(MI - A)"'B, XeC\o(A).

Let ®(A) = [per(A), ¢ =1,...,k, r=1,2,...,m], A € C\ 0(A). It
follows, from the formulae for the inverse matrix (A — A)~!, that functions
®qr are rational with real coefficients for which the degree of the numerator
is greater than the degree of the denominator. So they vanish as |A] —
+00. Moreover,

+o0
1 .
LIOVED) :M.“CAJB for |A| > |A], (3.17)
j=0

and the series in (3.17) is convergent with its all derivatives.
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Theorem 3.5. If ®(-) is an M(k, m; C) valued function, defined outside of
a finite subset of C, with rational elements having real coefficients vanishing
as |A| — 400, then the function ®(-) is of the form (3.9). Consequently,
®(-) is the transfer function of a system (A, B,C).

Proof. There exists a polynomial p(A) = A\ + ;)" ! 4 ...+ a,, A € C,
with real coefficients, such that for arbitrary elements ¢4,, ¢ = 1,...,k,
s=1,...,m, of the matrix ®, functions pyp,, are polynomials. Since ®(-)
is rational for some 7y > 0 and arbitrary A, |A] > v,

+o0 1
N =3 Wi
j=0
The coefficients by A~1, A=2 ... of the expansion of p(A)®(}A), A € C, are

zero, therefore

aWota,_ Wi +...+a W1 + W, =0,
aWita_1Wodt...+a1W, +Wr+l =0,

aer -+ ar—lVVj+1 + ... +01Wr+j_1 + Wr+j =0.

Hence the sequence Wy, Wi, ... satisfies (3.12). Arguing as in the proof of
Theorem 3.2, we obtain that there exist matrices A, B, C such that

W; =CA’B, j=0,1,....

The proof is complete. 0

Exercise 3.4. Assume that k = m =1 and let

p(A) = Aia+(/\—1b)2’ A €C\{a,b},

where a and b are some real numbers. Find the impulse response function
W( -) corresponding to . Construct its realization.
Answer. ¥(t) = e +tebt, ¢ > 0.
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Chapter 4

Systems with constraints

This chapter illustrates complications which arise in control theory
when control parameters have to satisfy various constraints. Controllable
systems with the set of controls being either a bounded neighbourhood of
0 € R™ or the positive cone R are characterized.

§4.1. Bounded sets of parameters

In the preceeding chapters sets of states and of control parameters were
identical with R™ and R™. In several situations, however, it is necessary to
consider controls taking values in subsets of R™ or to require that the system

evolves in a given subset of R*. We will discuss two types of constraints for
linear systems.

y=Ay+ Bu, y(0)==. (4.1)
We start from the null controllability.

Proposition 4.1. Assume that 0 € R™ is an interior point of a control
sel U C R™. Then there ezisis a neighbourhood V of 0 € R™ such that all
its elements can be transferred to 0 by controls taking values in U.

Proof. Let T > 0 be a given number. By Proposition 1.1 the control
a(s) = —B*S*(T - s)Q7'S(T)=, s€[0,T],

transfers the state z to 0 at the time T'. Since the function t — S*(t) is
continuous, therefore, for a constant M > 0,

la(s)] < M|z] for all s € [0,T], = € R".

So the result follows. o

A possibility of transferring to 0 all points from R” is discussed in the
following theorem.

Theorem 4.1. Assume that U is a bounded set.

(i) If 0 € R™ is an interior point of U, (A, B) is a controllable pair
and the matriz A is stable, then arbitrary x € R can be transferred to 0 by
controls with values in U only.

(ii) If the matriz A has al least one eingenvalue with a positive real

part then there are states in R™ which cannot be transferred to 0 by controls
with values in U only.
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Proof. (i) If the matrix A is stable then the control u(t) = 0, for all
t > 0, transfers an arbitrary state, in finite time, to a given in advance
neighbourhood U of 0 € R™. It follows from Proposition 4.1 that if the
neighbourhood V is sufficiently small then all its elements can be transferred
to 0 by controls with values in U. Hence (i) holds.

(ii) Let A = a + i be an eigenvalue of A* such that a > 0. Assume
that 8 # 0. Then there exist vectors e;,¢; € R”, |e;| + |e2] # 0, such that

A%e; + iA%e; = (a +if) e +ie3)
or equivalently
A'ey = ae; — Bey, A'ey = fe; + ae,.
Let u( - ) be a control taking values in U and y( - ) the corresponding output:
y= Ay + Bu, y(0)=z=z.
Let v be the absolutely continuous function given by the formula
v(t) = (y(t),e1)” + (y(t),e2)?, 2 0.

Then, for almost all ¢t > 0,

(t) = 2((9(2), e {y(2), €1) + (9(2), e2)(y(t), €2))
=2((y(t), A"er /(y(t), €1) + (y(t), A"e2){(y(?), €2))
+ 2({Bu(t), e1)(y(t), 1) + (Bu(?), e2)(y(?), e2))
= I(t) + I2(2).

From the definition of e; and ez, I1 (t) = 2av(t). Since the set U is bounded,
therefore, for a constant K > 0, independent of u(-) and z,

()] < K/v(?).

Consequently, for almost all £ > 0,
o(t) > ¥(v(2)),

where ¥(£) = 2a€ — K&, £ > 0. Since ¥(¢) > 0 for £ > & = (£)?
therefore if v(0) = (z,e1)? + (z,e3)? > & the function v is increasing and
v(t) #+ 0 as t T +o0o0. Hence (ii) holds if 8 # 0. The proof of the result if
B = 0 is similar. 0
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Exercise 4.1. System

dm) din-1)
dt(")z + ay dt("‘l)z +.

.t anz =u,

studied in §1.4, is controllable if U = R. It follows from Theorem 4.1 that
it is controllable to 0 also when U = [-~1,1] and the polynomial p(A) =
A" 4+ ay A"~ 1 4+ 4 a,, A €C, is stable. In particular, the system

d?z dz
EE+EZ+Z=‘U, l‘u'Sl,

is controllable to 0 € R%. Note however that the system

d?z
d_tz— = u, ‘u‘ < 1,

is also controllable to 0 € R?, see Example I11.3.2, although the correspond-
ing polynomial p is not stable.

§4.2. Positive systems

Denote by E4 and U the sets of all vectors with nonnegative coordi-
nates from R™ and R™ respectively. System (4.1) is said to be positive if for
an arbitrary, locally integrable control u( - ), taking values in U, and for an
arbitrary initial condition z € E, the output y*:* takes values in E,.

Positive systems are of practical interest and are often seen in ap-
plications to heat processes. In particular, see the system modelling the
electrically heated oven of Example 0.1.

We have the following:

Theorem 4.2. System (4.1) is positive if and only if all elements of the
matriz B and all elements of the matriz A outside of the main diagonal are
nonnegative.

Proof. Assume that system (4.1) is positive. Then for arbitrary vector
a€Uy andt>0

t
%/ S(s)Buds € E4, where S(s) = e4*, s> 0. (4.2)
0

Letting ¢ tend to 0 in (4.2) to the limit as ¢ | 0 we get Bi € E,. Since @
was an arbitrary element of Uy, all elements of B have to be nonnegative.
Positivity of (4.1) also implies that for arbitrary £ € E4 and t > 0, S(t)z €
E,. Consequently all elements of the matrices S(t), t > 0, are nonnegative.
Assume that for some i # j the element a;; of A is negative. Then, for
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sufficiently small ¢ > 0, the element in the #-th row and j-th column of the

matrix roo o
150 = (r+4) +1 ( -A—t""l)
t t k!
k=2
is also negative. This is a contradiction with the fact that all elements of
S(t), t > 0, are nonnegative.

Assume conversely that all elements of the matrix B and all elements
of the matrix A outside of the main diagonal are nonnegative. Let z € £
and let u( - ) be a locally integrable function with values in U} . There exists
a number A > 0 such that the matrix AT + A has only nonnegative elements
and therefore also the matrix e(*’+4)* has all nonnegative elements. But

e(AM+A) CMS(t), t>0,

and we see that all elements of S(t), t > 0, are nonnegative as well. Since
24
v (1) = S(t)z + / S(t — s)Bu(s)ds, 130,
0

vectors y*'“(t), t > 0, belong to E. This finishes the proof of the theorem.
O

To proceed further we introduce the following sets of attainable points:

Of = {z € E4;z = y**(s) for some s € [0,1] and u € L'[0,s;U4]},t >0

ot = UO;"
>0

System (4.1) is called positively controllable at time t > 0 if the set OF
is dense in E*. System (4.1) is called positively controllable if the set Ot
is dense in E*.

Theorem 4.3. Letey,...,e, and €;,...,&n be standard bases in R* and
R™ respectively.

(i) A positive system (4.1) is positively controllable at time t > 0 if
and only ¢f for arbitrary i = 1,2,... ,n there exists j = 1,2,...,m and a
constant pu > 0 such that

e = [lBEj.

(ii) A positive system (4.1) is posilively controllable if and only if for
arbitrary i = 1,2,...,n there ezists j = 1,2,...,m such that either

e; = pBé; for some pu >0
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or

S(tk)BEj

= _— t .
o S Be,] o7 fome e T oo

€;

We will need several lemmas.

Lemma 4.1. A positive system (4.1) is positively controllable, respectively
positively controllable at time t > 0 if the cone generated by

S(s)Bé;, s>0,j=1,2,...,m,
respectively generated by
S(s)Beé;, s€(0,t], j=1,2,...,m,

are dense in E .

Proof of the lemma. Fix s > 0. Then

S(s)Bé; = 1}11(1)1 youe(s),

where sBs & (s~ 6.
_ € orr € |s—o0,s|,
us(r) = {0 for r € [0,s — 6].

On the other hand, piecewise constant functions are dense in L'[0,s; U],
and vectors y%*(s), where u(-) € L'[0,s;U,], are limits of finite sums of
the form

]
zk:suca) /0 S(r)Busy dr,

where ugr € Uy, for § > 0, k = 1,2,.... Consequently, y*¥(s) is a limit of

finite sums m
33 v S(k6)Be;,

=1 k&

with nonnegative numbers v;s;. Hence the conclusion of the lemma follows.
O

For arbitrary « € £ define
5(z) = {z € Ey; (5,2) = 0}.

The set s(z) will be called the side of U, determined by z.

Lemma 4.2. Let K be a compact subset of E, and let x € E4, z # 0. If
s(z) contains a nonzero element of the conver cone C(K), spanned by K,
then s(z) contains at least one element of K.
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Proof of the lemma. We can assume that 0 ¢ K. Suppose that

z € (C(K))N(s(z)), z#0.

110

Then lilm S ajizjy = z for some ajy > 0,z € K, j=1,...,k(I), I =
j=1

1,2,.... Setting

Bj1 = ajllxﬂ' >0, yu= z,-:lx,-zl“‘,

we obtain
k(D)
0=(x,2)= li{n;aﬂ(z,xﬂ)
J:
k(1)
= liplzﬂjz(x, Yj1)-
i=1
Moreover
k() k(1) k(D)
Zﬁ,z =Y Bilyjtl > Zﬂ,zyﬂ [z, 11 +oo,
ji=1

and we can assume that for I =1,2...

X K1)
3 fnte,u | < 2, ICE i)

j=1

Therefore for arbitrary [ = 1,2,... there is j(I), such that (z,y;u),) < 1/1.
Since the set K is compact, there exists a subsequence (zj(1),1) convergent
to g € K. Consequently there exists a subsequence (y;) of the sequence
(yj1y1) convergent to xol|zo|~!. But

(z, zolzo|™") lim(z, y;) = 0,

so finally o € s(z) as required. O

Proof of the theorem. Sufficiency follows from Lemma 4.1. To show
necessity we can assume, without any loss of generality, that Bé; # 0 for
i=1...,m.

(i) The set {S(s)Bé;; s € [0,t}, j =1,...,m} does not contain 0 and
is compact, therefore the cone C; = C{S(s)B¢;; s € [0,2], j = 1,...,m}
is closed. So if system (4.1) is positively controllable at time ¢ > 0 then
the cone C; must be equal to E;. Taking into account Lemma 4.2 we
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get in particular that for arbitrary i = 1,2,...,n there exist s € [0,1],
J=1,2,...,mand p > 0 such that e; = uS(s) Bé;.

Let A > 0 be a number such that the matrix AI + A has all elements
nonnegative. Then

+o0
X S(s)Bé; = eM1*4) Be; = Be; + ) 7:—'(,\1 + A)*Bé; > Bé;.
k=1

Consequently for a positive v > 0
S(s)Bé; = vBE;j,

or equivalently
e; = v Bé;.

(i1) Assume that the system (4.1) is positive by controllable and denote
by K the closure of the set {S(s)Be;/|S(s)Be;l; s >0, =1,2,...}. It
follows from the positive controllability of the system that C(K) = FE,.
Therefore, by Lemma 4.2, for arbitrary i = 1,2,...,n there exists j =
1,2,..., m such that either

e; = pS(s)Bé; forsome >0, s>0

o S(tx)Bé
T k eJ'
“ = W S Bey|

Repeating now the arguments from the proof of (i) we obtain that the
conditions of the theorem are necessary. (W]

for some tx T +o00.

We propose now to solve the following exercise.

Exercise 4.2, Assume that n = 2, 8,7 > 0 and that 4 = [_701 -ﬁ6]’

see Example 0.1. Let S(t) = e4*, t > 0. Prove that for arbitrary z € E,,
z #£ 0, there exists

lim Sz _ e

A4 [S(O)z]

and e is an eigenvector of A.

Hint. Show that the eigenvalues A;, A; of A are real. Consider separately
the cases Ay = Ay and Ay # A,.

Example 4.1. Continuation of Exercise 4.2. Let

A:[j{" f’é], B:[(l)], B,y > 0. (4.3)
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It follows from Theorem 4.3 that system (4.1) is not positively controllable
at any t > 0. By the same theorem and Exercise 4.2, the system is positively
controllable if and only if

lim
t14o00

00| _to "
wolg

In particular, see Exercise 4.2, the vector [(1)] must be an eigenvector of A

and so # = 0. Consequently

e—ot 0 .
[,ﬂe—at e"“] ; fa=256,

S@t) =
et 0 :
[(7e—at _ 6—61)(6 - a)‘l e..u] ’ if 7’-’ 6.

We see that (4.4) holds if ¥ > 0, 8 = 0 and § < a. These conditions are
necessary and sufficient for positive controllability of (4.3). Let us remark
that the pair (A, B) is controllable under much the weaker condition vy # 0.
The above example shows that positive controllability is a rather rare
property. In particular, the system from Example 0.1 is not positively
controllable. However in situations of practical interest one does not need
to reach arbitrary elements from E, but only states in which the system
can rest arbitrarily long. This way we are led to the concept of a positive
stationary pair. We say that (z,4) € E4y x U; is a positive stalionary pair

for (4.1) if
AZ + Ba = 0. (4.5)

It follows from the considerations below that a transfer to a state & for
which (4.5) holds with some @ € U} can be achieved for a rather general
class of positive systems.

Theorem 4.4. Assume that system (4.1) is posilive and the matriz A is
stable. Then
(i) for arbitrary @ € Uy such that Bu # 0 there ezists ezactly one
vector £ € E such that
AZ 4+ Bu = 0;

(i) if (z,4) ts a positive stationary pair for (4.1) and 4(t) = 4 for
t > 0 then, for arbitrary xz € E

viE) — 2, t1+oo.
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Proof. (i) If A is a stable matrix then for some w >0 and M > 0
jeAt] < Me™vt, t>0.

Therefore the integral f;' ~° eA dt is a well defined matrix with nonnegative

elements. Since
+o00
—A“:/ et dt,
o

the matrix —A~! has nonnegative elements. Consequently the pair

(%,4) = (~A~'Ba, )
is the only positive stationary pair corresponding to u.
(i) If %(¢) = @ for t > 0 and
= Ay — Az, y(0)=r¢,
then 4 (y(t) — z) = A(y(t) — £) and y(t) — Z = S(t)(z - Z), t > 0. Since

the matrix A is stable we finally have S(¢t)(z — ) — 0 as t 400 and
y(t) — Z as t 1 +oo. O

Conversely, the existence of positive stationary pairs implies, under
rather weak assumptions, the stability of A.

Theorem 4.5. Assume that for a positive system (4.1) there ezists a sta-
tionary pair (Z, @) such that vectors  and B have all coordinates positive.
Then malriz A ts stable.

Proof. It is enough to show that S(t)z — 0 as ¢ { +o00. Since
t+r d
S(t+r)i=S(t)i+/ E;S(s)i:ds
rt+r
= S{t)E + / S(s)Az ds
r

t4r
= S()E — / S(s)Biids
<S8z, t,r>0,
the coordinates of the function ¢ — S(¢)Z are nondecreasing. Conse-
quently t%la{n S(t)z = z exists and S(t)z = z for all ¢ > 0. On the other
o0
t
hand, for arbitrary ¢ > 0, the vector [ S(r)Budr has all coordinates posi-
0

tive. Since

t
F-2>%~5(t)E = / S(r)Badr,
0
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for a number u > 0,

z< p(z-2).
Finally
0<S@®)z < p(St)z—2) —0,
and S(t)Z — 0 as t | +o00. This finishes the proof of the theorem. 0

The question of attainability of a positive stationary pair is answered
by the following basic result:

Theorem 4.6. Assume that (Z,1) is a posilive stationary pair for (4.1)
such that all coordinates of 4 are positive, and let (A, B) be a controllable
pair. For an arbitrary x € E; and an arbitrary neighbourhood V C Uy of
i there ezists a bounded control @i -) with values in V and a numberto > 0
such that

v (s) =2z for s> tp.

Proof. Let § > 0 be a number such that {u; |& ~ u| < §} C V. It follows
from formula (1.12) that for arbitrary ¢; > 0 there exists % > 0 and that for
arbitrary b € R", |b| < v, there exists a control v*(-), |v*(8)] < 6, t € [0,11],
transferring b to 0 at time ¢;. Assume first that |[z—Z] < yand let z—% = b,
@(t) = v*(t) + @ and y(t) = y*%(t), t € [0,;]. Then

d _ d
) —2) = 2u(t)
= Ay(t) + Bv*(t) + Bu
= A(y(t) - 2)+ Bo'(1), te (0,1,
and y(0) — % = z — Z. Hence y(t1) — Z = 0 or y(t;) = Z. It is also obvious
that i(t) € V for t € [0,t,]. Setting 4(t) = u for t > t; we get the required
control.
If z is an arbitrary element of E; then, by Theorem 4.5, there exists
t2 > 0 such that the constant control u(t) = @, t € [0,%2] transfers z into

the ball {z; |z — 2| < v} at the time £3. By the first part of the proof all
points from the ball can be transferred to Z in the required way. Do

Example 4.1. (Continuation.) Let a,8,v,6 > 0. The matrix A is stable
if and only if & — B8y > 0. A positive stationary pair is proportional to

o= (at) (1)

So if aé > B~ then the state [g] is attainable from [g] using only non-

negative controls.
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Bibliographical notes
Results on positive systems are borrowed from the paper [53] by

T. Schanbacher. In particular, he is the author of Theorem 4.3 and its
generalizations to infinite dimensional systems.



PART 11

NONLINEAR CONTROL SYSTEMS

Chapter 1
Controllability and observability of nonlinear systems

This chapter begins by recalling basic results of nonlinear differential
equations. Controllability and observability of nonlinear control systems
are studied next. Two approaches to problems are illustrated: one based
on linearization and the other one on concepts of differential geometry.

§1.1. Nonlinear differential equations

The majority of the notions and results of Part 1 have been generalized
to nonlinear systems of the form

g:f(y,u), y(O):zGR", (11)
w = h(y). (1.2)

Functions f and & in (1.1) and (1.2) are defined on R® x R™ and R" and
take values in R” and R¥ respectively.

In the present chapter we discuss generalizations concerned with con-
trollability and observability. The following two chapters are devoted to
stability and stabilizability as well as to the problem of realizations.

As in Part I by control, strategy or input we will call an arbitrary locally
integrable function u( - ) from [0, +00) into R™. The corresponding solution
y( -) of the equation (1.1) will be denoted by y**(t) or y*(t,z),t > 0. The
function h(y( -)) is called the output or the response of the system.

To proceed further we will need some results on general differential
equations

z= f(2(¢),t), z2(tg) =z €R", (1.3)

where 1 is a nonnegative number and f a mapping from R” x R into R™. A
solution z(t), t € [0, T}, of equation (1.3) on the interval [0,T], ¢, < 7', is an
arbitrary absolutely continuous function z( - ): [0,T] — R” satisfying (1.3)
for almost all t € [0,T]. A local solution of (1.3) is an absolutely continuous
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function defined on an interval [tg, 7), 7 > to, satisfying (1.3) for almost all
[to, 7). If a local solution defined on [to, 7) cannot be extended to a local
solution on a larger interval [to, 1), 71 > T, then it is called a mazimal
solution and the interval [tg, 7) is the mazimal interval of existence. An
arbitrary local solution has an extension to a maximal one.

The following classical results on the existence and uniqueness of solu-
tions to (1.3) hold.

Theorem 1.1. Assume that f is a continuous mapping from R” x R into
R™. Then for arbitrary o > 0 and r € R™ there exists a local solution to
(1.3). If z(t), t € [to, 7), is a mazimal solution and 7 < +0co then

ltlTnTl |z(8)] = +o0.

Theorem 1.2. Assume thal for arbitrary z € R™ the function f(-,z): [0,T]
— R"™ is Borel measurable and for a nonnegative, integrable on [0,T],
function ()

£, 0)] < c(t)(lz] + 1), (1.4)
@) - fwO < cOle—yl, z,yeR", tel0,T].  (15)

Then equation (1.3) has exactly one solution z(-,z). Moreover, for arbitrary
t € [0,T] the mapping £ — 2(t,z) is a homeomorphism of R* into R™.

Proofs of the existence and uniqueness of the solutions, similar to those
for linear equations (see [46]) will be omitted. The existence of explosion,
formulated in the second part of Theorem 1.1, we leave as an exercise.

The above formulated definitions and results can be directly extended
to the complex case, when the state space R™ is replaced by C”.

The following result is a corollary of Theorem 1.2.

Theorem 1.3. Assume that the transformation f: R® x R™ — R" is
continuous and, for a number ¢ > 0,

|f(z, u)| < e(le] + lul + 1), (1.6)
|f($,u)—f(y,u)|ﬁcl$"y‘y z,yGRn; ueRm‘ (17)

Then for an arbitrary control u( -) there exisis exactly one solution of the
equation (1.1).

Proof. If u(-): [0,7] — R™ is an integrable function then f(z,u(t)),
z € R", t € [0,7], satisfies the assumptions of Theorem 1.2 and the result
follows. ]
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Corollary 1.1. If conditions (1.6), (1.7) hold then the control u(-) and the
initial condition ¢ uniguely determine the output y*(-, z).

In several proofs of control theory a central role is played by theorems
on the regular dependence of solutions on the initial date.

Theorem 1.4. Assume that the conditions of Theorem 1.2 hold that for
arbitrary t € [0,T] the function f(-,t) has a continuous derivative fr(-,1)
and that the functions f(-,-), fz(-,:) are bounded on bounded subsets of
[0,T) x R®. Then the mapping x — z(-,z) acting from R" into the space
of continuous functions C(0,T; R™) is Fréchet differentiable at an arbitrary
point xo and the directional derivative in the direction v € R” is a solution
£(-) of the linear equation

é = f,(Z(t,:to),t)f, 5(t0) =v. (18)

In particular, the function t — z,(1, z0) ts absolutely conlinuous and sat-
isfies the equation

%zz(t,xo) = fe(2(t,z0),t)2,(t,z0) for a.a. t € [0,T], (1.9)

zz(to,z0) = I. (1.10)

Theorem 1.4 is often formulated under stronger conditions, therefore we
will prove it here. We will need the classical, implicit function theorem,
the proof of which, following easily form the contraction principle, will be
omitted. See also Lemma IV.4.3.

Lemma 1.1. Let X and Z be Banach spaces and F' a mapping from a
neighbourhood O of a point (xg, 29), with the following properties:

(l) F(zo,Zo) = 0,

(ii) there erist Gateauz derivatives  Fp(-,-), F.(-,-) continuous at
(0,0), and the operator F,(zo,20) has a continuous inverse F, (o, z0).

Then there ezist balls O(zg) C X and O(2g) C Z with centres respec-
tively at zo, 20 such that for arbitrary € O(xg) there exists exactly one
z € O(2p), denoted by 2(z), such that

(iii) F(z,z) = 0.

Moreover the function z(-) is differentiable in the neighbourhood O(zq)
and

2z(z) = —F; ' (z, 2(2)) Fe(z, 2(2)).

Proof of Theorem 1.4. Let X = R", Z = C(0,T; R") and define the
mapping F: X x Z — Z by the formula

Fz,2(-))(t) =z + j f(z(s),s)ds — =(t), €0, T].
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The mapping Fy(z, z) associates with an arbitrary vector v € R" the func-

tion on [0, 7] with a constant value v. The Gateaux derivative F,(z,z2) in
the direction £ € Z is equal to

(Fu(z,2)6) (©) = / Fo(x(s), )(s) ds — €(8), te[0,T].  (L11)

To prove (1.11), remark that if A > 0 then by Theorem A.6 (the mean
value theorem)

sup ;1;|F(x,z+h€)(t)—F(%Z)(t)—/ f=(2(s), 5)h&(s) ds|
1€[0,7] to

T
< ‘,1;/ [£(2(s) + h&(s), 5) — f(2(s), 8) — fo(2(s), 8)hE(s)| ds
0

T
5/ sup |fz(n,8) — fz(2(s), s)| ds.

0 n€l(z(s),z(s)+h€(s))

By the assumptions and the Lebesgue dominated convergence theorem
we obtain (1.11). From the estimate

T
[1F: (2, 2)€ — F.(2, 2)]| < /0 1f=(2(s), 8) — f=(2(s), s)ll ds < [i€]]
valid for z,Z € R” and 2,z € Z, £ € Z and again by the Lebesgue domi-

nated convergence theorem the continuity of the derivative F,(-,-) follows.

Assume that
4
20+ / f(z0(s), 8) ds = zo(t) = 2(t,z0), t € [0,T].
to

To show the invertability of F,(zg, 20) assume n( -} € Z and consider
the equation

o +/¢ Fy(20(s),s)é(s)ds — &(t) = n(t), te][0,T].

Denoting ¢(t) = n(t) + €(t), t € [0,T), we obtain the following equivalent
differential equation on (- ):

¢ = fo(20(t),1)¢ — fo(20(2), )n(t), t€[0,T], (1.12)
¢(to) = =0,
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which, by Theorem 1.1.1, has exactly one solution. Therefore, the trans-
formation F satisfies all the assumptions of Lemma 1.1, and, consequently,
for all z € R" sufficiently close to zp, the equation (iii) — equivalent to
(1.3) — has the unique solution z(-,z) € Z, with the Fréchet derivative at
zo given by

f = z,(zo)v = —-F:I(ZO, zo)F,(zo,zo)v.

Since n(t) = Fz(xo,20)v = v, t € [0,T], by (I1.1.7) and (1.12):

£(t) = ¢(t) = £:(20(), t)(ER) + v) = fu(20(2), t)v
= f:(20(t),1)E(), &(to) =v.
@]

Let us finally consider equation (1 3) which depends on a parameter
v € R' and denote by z(-,7,2), vy € R, a solution of the equation

z= f(z,7,1), z(to) =z. (1.13)

We have the following:

Theorem 1.5. Assume that a function f(z,v,t), (z,7) € R* xR, t €
[0,T), satisfies the assumptions of Theomm 1.4 with R™ replaced by R™ xR'.
Then for arbitraryt € [0,T], yo € R', 2o € R™, the function v — 2(t,7, o)
s Fréchet differentiable at vy and

d
3¢ 27 (& 70, Z0) =F2(2(t, Y0, Z0), 70, 8) 21 (5 Y0, o) (1.14)
+ f+(2(t, 70, %0), Y0,t), t €[0,T).

Proof. Consider the following system of equations:
z= f(Z, s t)y :Y = 0) z(tO) =z, 7(t0) =7 (1'15)

The functlon (z,7,t) — (f(zx,7,t),0) acting from R” x R’ x [0,T] into
R” x R satisfies the assumptions of Theorem 1.4 with R® replaced by
R™ x R'. Consequently the solution t —» (2(t,7,%),7) of (1.15) is Fréchet
differentiable with respect to (z,v) and an arbitrary point (zp,v0). It is
now enough to apply (1.9). (=]

§1.2. Controllability and linearization

Let B(a,r) denote the open ball of radius r and centre a contained
in R®. We say that the system (1.1) is locally conirollable at  and at
time T if for arbitrary € > 0 there exists § € (0,¢) such that for arbitrary
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a,b € B(Z,6) there exists a control u( - ) defined on an interval [0,t] C [0,T]
for which

vy (1) = b, (1.16)

y*¥(s) € K(z,¢), for all s €[0,1]. (1.17)

We say also that the point b, for which (1.16) holds, is attainable from

a at time t.

Exercise 1.1. Assume that the pair (A, B) where A € M(n,n), B €
M(n, m), is controllable, and show that the system

y=Ay+Bu, y(0)=z, (1.18)

is locally controllable at 0 € R™ at arbitrary time 7" > 0.
Hint. Apply Proposition 1.1.1 and Theorem 1.1.2.

The result formulated as Exercise 1.1 can be extended to nonlinear
systems (1.1) using the concept of linearization. Assume that the mapping
f is differentiable at (Z,u) € R” x R™; then the system (1.18) with

A= f(z,4), B= fu(Z,) (1.19)
is called the linearization of (1.1) at (&, @).
Theorem 1.6. Assume that the mapping f is continuously differentiable
in e neighbourhood of a point (Z,4) for which
f(&,4) = 0. (1.20)

If the linearization (1.19) is conirollable then the system (1.1) is locally
controllable at the point  and at arbilrary time T > 0.

Proof. Without any loss of generality we can assume that = 0, 4% = 0.
Let us first consider the case when the initial condition a = 0. Controllabity
of (A, B) = (£4(0,0), f.(0,0)) implies, see Chapter 1.1.1, that there exist
smooth controls u!(-),...,u"(-) with values in R™ and defined on a given
interval [0, T1], such that for the corresponding outputs y*(-),...,y"(-) of
the equation (1.1), with the initial condition 0, vectors y!(T), ..., y*(T) are
linearly independent. For an arbitrary v = (11,...,7)* € R® we set

u(t, ) = (On+...+u ()., t€[0,T].

Let y(t,7,z),t € [0,T], y € R*, £ € R", be the output of (1.1) correspond-
ing to u(-,v). Then

U9 = [ty ), telo T, (12
y(t,v,z) =z.
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By Theorem 1.5 applied to (1.21), with zo = 0, 7 = 0, ¢ € [0, T], we obtain

Ln(,0,0) = 2L (4(2,0,0),u(1, 034 (1,0,0)
+ 3L (v(1,0,0),u(t, 0) Z (6, 0)
= Ay,(t,0,0) + B [u!(t),...,u"(?)] .

Consequently the columns of the matrix y,(t,0,0) are identical to the vec-
tors y'(t),..., y"(t), t € [0,T], and the matrix y, (T, 0, 0) is nonsingular. By
Lemma 1.1, the transformation ¥ — y(T',v,0) maps an arbitrary neigh-
bourhood of 0 € R™ onto a neighbourhood of 0 € R", so for ¢ > 0 and
r > 0 there exists § € (0,€) such that for arbitrary b € B(0, ) there exists
y€R® |yl < r, and

y(T,7,0) = b.

This proves local contollability if @ = 0. To complete the proof let us
consider the system

y=—-f#%), §0)=0, (1.22)

and repeat the above arguments. If

u(t)=u(T-1t), y@)=§T~-t), tel0,T},
then
() = f(y(t),u(?)), telo,T],

and y(0) = #(T'). Taking into account that the state a = y(T') could be an
arbitrary element from a neighbourhood of 0 we conclude that system (1.1)
is locally controllable at 0 and at time 2T, the required property. a

Condition (1.20) is essential for the validity of Theorem 1.5 even for
linear systems.

Theorem 1.7. System (1.18) is locally controllable at £ € R" if and only
if
the pair (A, B) is controllable, and (1.23)

Az + Bu=0 for some & € R™. (1.24)

Proof. Taking into account Theorem 1.6 it remains only to prove the
necessity of conditions (1.23)-(1.24).

To prove the necessity of (1.23) assume that Az + Bu # 0 for arbitrary
u € R™. Let v be a vector of the form AZ + Bu with the minimal norm.
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Then |v| > 0 and, for arbitrary u € R™, (Az+ Bu—v,v) = 0. Consequently,
for z € R®, u € R™,

(Az + Bu,v) = (AZ + Bu + A(z — Z),v)
= |of? + (A(z - £),v) > [v]* - |Al|z - 2] |o].

If 6 is a number such that 0 < § < [v]?, then
(Az + Bu,v) > é for z € B(z,7), u € R,

where 7 = (Jv|? — §)/(|Al|v]) > 0. Therefore for arbitrary control u(-) and

the output y*'* we have

gt—(yf'“(t),v) > 6, provided t € [0,7],

where t = inf{t; |y**(t) — ] > ©}. So an arbitrary state b = £ — fv/|v],
B € (0,7) can be attained from Z only after the output exits from B(z, 7).
The system (1.1) can not be locally controllable at Z.

Assume now that the system (1.1) is controllable at £ € R" and (1.24)
holds. If y(-, ) is the output corresponding to u( -) then §(-,0) = y(-,z)—Z
is the response of (1.1) to 4(-) = u(-) — 4. Therefore we obtain that
the system (1.1) is locally controllable at 0 and that the pair (A, B) is
controllable, see 1.1.2. m|

Exercise 1.2. Let a function g(§;,€2,...,€n,6n41), €1,---,€ns1 € R be of
class C! and satisfies the condition: ¢(0,...,0) = 0, 89/8¢,41(0,...,0) #
0. Show that the system

n l
o0 =0 (GO 0u0), 120 (29)

treated as a system in R™ is locally controllable at 0 € R™.
Hint. Show first that the linearization (1.2) is of the form

d*z 09 dr-1z dg
T o,...,O)——t,,_l(t)+... 20, 0:0)  (126)

0,...,0)u(t), t > 0.
+ (0 0u), £ 2

0O
There exist important, locally controllable systems whose linearizations are

not controllable. A proper tool to discuss such cases is the Lie bracket
introduced in the next section.
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§1.3. Lie brackets

A vector field of class C* we define as an arbitrary mapping f, from
an open set D C R" into R®, whose coordinates are k- times continously
differentiable in D. Let f and g be vector fields of class C, defined on D,
with coordinates fl(z),..., f*(z) and ¢'(2),...,9"(z), ¢ € D, respectively.
The Lie bracket of f, g is a vector field denoted by [f, g] and given by

[f»gl(x) = f,(z)g(:c) - gz(z)f(t), z€D.

Thus, the i-th coordinate, [f, gJ'(z), of the Lie bracket is of the form

n

oy (O o
i@ = (Frere-ghere). o

Ty
= []ED
Zn

A subset P of R” is called a k-dimensional surface, k = 1,2,...,n,in
short, a surface, if there exists an open set V C R* and a homeomorphism
¢ mapping V onto P with the properties:

ql

g=1| : | is of class C, (1.28)

vy
d
vectors ﬁ(v), cesy —i(v) are linearly independent, v = [ : } evV.
61)1 Vg )
Uk
(1.29)
The transformation ¢ is called a parametrization of the surface and the
linear subspace of R™ spanned by vectors a%’l—(v),... 24 () is called the

Y Qug
tangent space to the surface P at the point ¢(v).
We will need the following proposition.

Proposition 1.1 (i) If ¢(-) is a mapping of class C* from an open set
V € RF into a Banach space E such that the derivative ¢,(3):R* — E
at a point b is one—to—one then there exists a neighbourhood W of v such
that the mapping ¢ resiricted to W is @ homeomorphizm.

(i) If, in addition, E = RF, then the image (W) of an arbitrary
neighbourhood W of v contains a ball with the centre ¢(v).
Proof. (i) Without any loss of generality we can assume that ¥ = 0,
¢(v) = 0. Let A = ¢,(?). Since the linear mapping A is defined on a finite
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dimensional linear space and is one—to—one, there exists ¢ > 0 such that
[|Av]] > ¢]v| for v € RE. Define §(v) = q(v) — Av, v € RE. Then §,(%) = 0
and by Theorem A.6 (the mean value theorem), for arbitrary € > 0 there
exists 6§ > 0 such that

llg(u) — Gl < elu—of, if ful,]v] <6
Let € € (0,¢) and W = B(0,6). For u,v e W

clu — v| - {lg(u) — (V)| < |A(u — V)]l - llg(v) — g(v)]|
< l1g(w) — q(v)ll < elu —v|.

So
(c-8)u—v|<|lg(u) —q()l|, uw,veW,

and we see that q restricted to W is one—to—one, and the inverse transfor-
mation satisfies the Lipschitz condition with the constant (¢ — ¢)~!. This
finishes the proof of (i). The latter part of the proposition follows from
Lemma 1.1. O

As far as Lie brackets are concerned, we will need the following basic
result.

Theorem 1.8. Let g(v), v € V, be a parametrization of class C? of the
surface P in R®. Let f and g be vector fields of class C' defined in a
neighbourhood of P. If for arbitrary v € V vectors f(q(v)), g(q(v)) belong
to the tangent space to P at ¢(v), then for arbitrary v € V the Lie bracket
[f, 9l(g(v)) belongs to the tangent space to P at q(v).

Proof. Let ¢'(v),...,¢"(v), f'(q(v)),---, f*(a(v)), 9" (a(v)), - .-, 9" (a(v))
be coordinates respectively of ¢(v), f(¢q(v)), g(q(v)), v € V. By (1.29) and
Cramer’s formulae, there exist functions a'(v),...,o*(v), B(v),. .., B*(v),
v € V, of class C! such that

fg(v)) = Z (v)a’ (v), (1.30)

k

9(g(v)) = 5%(”)@(!’), veV. (1.31)

Therefore

k
%(f"(q(v))) = 5‘9— g a"(v)) (1.32)

t 8%
Z (v)a’(v)+z (v)——(v)
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(y*(q(v)»— av s )+): H o). 1)

On the other hand
gf,—,(f‘(q(v))) =Y L Ew, (1.34)
-(.,‘%,(g‘(q(v)» P DEECOL AT D
Taking into account definition (1.27)

.90 = 3 (FE @) - @), vev.

r=1

From (1.30), (1.31) and (1.34), (1.35) we have
If, o (a() = 2[—@( ) (E (v)ﬂ'(v)>
-2 (o) (; %(v)a'(v)) ]

- : 1 4, k \ s .
= gﬂ (v)'a‘;);(f (¢(v))) - Ig;a (0)51—);(y (g(v))).

Hence by (1.32), (1.33)

k
If, 9 (a(v)) =Y _ B'(v) [

l_

i ¢ [ 0dd
Z(a,, o)l (o) + j(")‘g;;(v))}

j=1

—Za‘(v) (ot ) + S0 2o ))]
Since functions ¢*, i = 1,...,n are of class C? we obtain finally
[f, 91 (a() = 2 (v) (2 2. - 5 (v)a'(v))
i=1,2,...,n, vEV.

Therefore the vector {f, g](¢(v)) is in the tangent space to P at g(v). The
proof of the theorem is complete. o
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Exercise 1.3. Let A;, A2 € M(n,n), aj,a2 € R” and f(2) = A1z + a,,
g9(z) = Asz + as, z € R”. Show that

[f,9l(2) = (A1 42 — Az A1)z + Araz — Aza;, z€R™

§1.4. The openness of attainable sets

Theorem 1.9 of the present section gives algebraic conditions for the
set of all attainable points to be open. The property is slightly weaker
than that of local controllability. Under additional conditions, formulated
in Theorem 1.10, the local controllability follows.

Let U be a fixed subset of R™ and assume that mappings f(-,u),
u € U, from R" into R”, defining system (1.1), are of class C*. By elemen-
tary control we understand a right continuous piecewise constant function
u: Ry — U, taking on only a finite number of values. Denote by £q the
set of all vector fields defined on R” of the form f(-,u), u € U, and by £;,
j=1,2,..., the set of all vector fields which can be obtained from vector
fields in Lo by an application of the Lie brackets at most j times:

Lo ={f(-,u); ue U},
L;=L;-1U{[f,9](-); fF(-)€ Lj—1and g(-) € Lo
or f(:)ELoand g(-) € L1}, j=1,2,....

Let us define additionally for z € R” and j =0,1,2,...
Li(z) = {f(z); f € L;},
and let dim £;(z) be the maximum number of linearly independent vectors

in L;(z).
The following result holds.

Theorem 1.9. Assume that fields f(-,u), u € U, are of class C* for some
k > 2 and that for some x € R"™ and j < k

dimCj(z) = n. (1.36)

Then the set of all points attainable from x by elementary controls,
which keep the system tn a given in advance neighbourhood D of z, has a
nonempty interior.

Proof. Since the fields f(-,u), u € U, are smooth, we can assume that
condition (1.36) is satisfied for any z € D. For arbitrary parameters
uy,...,u; € U, for a fixed element ut € U and for positive numbers
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vy, v9,...,u, | = 1,2,..., denote by u(t; uy,...,u;v1,...,9), ¢ >0, a
control u( - ) defined by:
vy, f0<t<m,
u®)=< u,, foy+...+v,1<t<n+...4v, r=2,...,1 (1.37)
ut, ift>vi4...40.
Let us fix parameters uy, ..., u; and element z € R® and let
glvy,...,») = y"(‘;""""“”"""""')(vl +...4+v,2), v5,...,01>0.
Note that
q(v1, ..., o) = 2% (v, 2%V (v, 2% 2 (L., 2% (0, 2) .1 0L)), (1.38)

where z%(t,y), t > 0, y € R” denote the solution of the equation

z=f(z,u), 2(0)=y. (1.39)
Let I < n be the largest natural number for which there exist control
parameters uj, ...,w; € U and positive numbers a3 < fB1,..., < B such

that the formula (1.38) defines a parametric representation,

v
V= ;a,'<v.-<ﬂ,~, i:l’2,._"l ,

L]

of a surface of class C¥, contained in D.

We show first that I > 1. Note that there exists u; € U such that
f(z,u1) # 0. For if f(z,u) = 0 for all u € U, then the definition of the
Lie bracket implies that g(z) = 0 for arbitrary ¢ € Lo and more gener-
ally g(z) = 0 for arbitrary ¢ € £, j = 1,2,.... This contradicts the
assumption that dim £;(z) = n. If, now, f(z,u;) # 0 then, by Proposition
1.1(i), for small a; > 0 the function z%!(v, z), v € (0, 1), is a parametric
representation of a one—dimensional surface contained in D.

Assume that { < n and let P be a surface given by (1.38). There exist

v = eV, devU,

such that the vector f(g(v’),u’) is not included in the tangent space to
P at ¢(v'). This follows from Theorem 1.8 and from the assumption that
dim C;(gq(v)) = n > I for v € V. Since the function f(-,u’) is continuous,
there exists 8§ > 0 such that if a} —§ < v; < eoj+6,j=1,...,1 then vector
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f(g(v),u") is not in the tangent space to P at the point g(v). It follows
from Proposition 1.1(i) that for some positive numbers aj4; < fi41 the
transformation ¢'( - ),

1
¢ (v1,-..,v,v41) = 2% (vig1, g(v1, . .., 1)),

a;-—6<vj<a;-+6, i=1,...,1, O’[+1<‘U{+1<ﬁ1+1,

is a parametric representation of an (I + 1)-dimensional surface included in
D. By the regular dependence of solutions of differential equations on initial
conditions (see Theorem 1.4), the transformation ¢’( -) is of the same class
as ¢( - ) and consequently of the same class C* as fields f(-,u), u € U. This
contradicts the definition of the number [, so ! = n. Hence, by Proposition
1.1(ii), the image ¢(v) has a nonempty interior. This finishes the proof of
the result. 0

Example 1.1. Consider the system g; = 1, y, = u(y;)? with the initial
condition z = 0 and U = R. In this case

1 0
f(:!:,U)z [0]+u[(zl)2], ‘UGR,
and the fields

0=y, =[] ==[2]ew,

belong to L£g. By direct calculations,

0

Iy

o) == ,0, ] =@ ke =[5]. =ere

Hence dim £y(z) = 2 for arbitrary £ € R%. By Theorem 1.7, the set of

has a nonempty interior. However, since

0

all attainable points from [0

g . Therefore, in
general, the conditions of Theorem 1.9 do not imply local controllability at
x.

11 > 0, points [il], z; < 0, can not be attained from
2

Example 1.2. Let f(z,u) = Az+Bu, z € R”, u € R™. Then (see Exercise
1.3),
[f('r u)y f(') U)] = AB('U - U).

We easily see that

Lo(z) = {Az + Bu; u € R™},
Li(z) = Lo(z)U{A'Bu;;j=1,...,k, u; € R™}.
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So dim £,,_1(0) = n if and only if the pair (A, B) is controllable. If the pair
(A, B) is controllable then

dim L, _1(z) =n for arbitrary z € R".

This way condition (1.36) generalizes Kalman’s condition from Theorem
12

Under additional assumptions, condition {1.36) does imply local con-
trollability. We say that the system (1.1), with U C R™, is symmetric if for
arbitrary u € U there exists ' € U such that

f(z,u) = —f(z,u'), z€R". (1.40)

Theorem 1.10. If system (1.1) is symmetric and conditions of Theorem
1.9 hold, then system (1.1) is locally controllable at z.
Proof. Let us fix a neighbourhood D of z. By Theorem 1.7, there exists a
ball B(Z,r) € D such that arbitrary b € B(Z,r) can be attained from z at
a time 7(b) using elementary controls u®(t), t € [0,7(b)], and keeping the
system in D. In particular there are numbers v; > 0 and parameters u; € U,
i=1,2,...,1, such that strategies u*(t) = u(t,uy,...,ur; v1,...,91), t > 0,
transfer z to Z at time 7(Z) =v; +vo + ...+ 1.

Let u}...,u} € U be parameters such that f(z,u;) = —f(z,u]) and
Z': R® — R™ — transformations given by

Zi(z) = z":(v,-,z), zeR” i=1,2,...,1

compare (1.39). It follows from Theorem 1.2 that these transformations are
homeomorphic.

For b € B(%,r) we define new controls

ub(t), ifte0,r(b)],
#(t) = { ul, ifrd)+vipr+...Fu<t <)+ vi +vigg + ...+ v,
i=1,2,...,1, vy = 0.

Then the set
{ya"(r(b) +v+...+u,z) b€ K(i,r)}

consists of states attainable from = and is equal to the image of the ball
B(%,r) by the transformation composed of Z!,Z'-1,..., Z!. Therefore,
this set contains a nonempty neighbourhood of = and local controllability
of (1.1) at = follows. o
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Example 1.3. Consider the following system (compare also §2.8):
gl =u,
y2 = v,

. u
Y3 = y1v — yau, [v] eU=R.

Let us remark that the linearization of the system at (z,0) is of the

form
0 0 0 1 0
A=1]0 0 0], B= 0 11,
0 0 O -T2 I

so the linearization is not controllable and Theorem 1.6 is not applicable.
On the other hand, the system is symmetric. Let

1 0
f(:t)::[O}, g(x):[l].
at! 3] r

Then f(z),g(z) € Lo(z) and

0 X1
[f,g](z): [ 0 :I , T = {32} GRS.
-9 z3

Therefore dim£Ly(z) =3, z € R3, and the system is locally controllable at
arbitrary point of R3.

§1.5. Observability

We will now extend the concept of observability from § 1.1.6 to nonlin-
ear systems. Let us assume that the stated equation is independent of the
control paremeter

z2=f(z), 2(0)==z¢€R", (1.41)

and that the observation is of the form
w(t) = h(2(t)), t>0. (1.42)

We say that the system (1.41)-(1.42) is observable at a point z if there
exists a neighbourhood D of z such that for arbitrary z; € D, r; # z,
there exists £ > 0 for which

h(z(t, ) # h(2(t, z1)).
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If, in addition, t < T then the system (1.41)- (1.42) is said to be observable
at point x and at the time T.

We start from a sufficient condition for observability at an equilibrium
state, based on linearization. To simplify notation we assume that the
equilibrium state is 0 € R".

Theorem 1.11. Assume that transformations f: R® — R" and h: R —
R® are of class C!. If the pair (fz(0), hz(0)) is observable then the system
(1.41)-(1.42) is observable at 0 and at any time T > 0.

Proof. Let us fix T > 0 and define a transformation K from R” into
C(0,T; R™) by the formula

(Kz)(t) = h(z(t,z)), z€R" te[0,T]

It follows from Theorem 1.4 that the transformation K is Fréchet differen-
tiable at arbitrary # € R™. In addition the directional derivative of K at %
and at the direction v € R" is equal to

(K:(%;v))(#) = ho(2(t, 2))2-(t, Z)v,
and d
G226 8) = f(2(,2))z(t,2), te[0,T],
2:(0,2) = I.

In particular, for z =0, v € R,
K. (0;v)(t) = ho(0)e/=(P*y, te(0,T].

Since the pair (f;(0), h;(0)) is observable therefore the derivative K.(0,-) is
a one—to—one mapping onto a finite dimensional subspace of C(0,T; R").
By Proposition 1.1 we have that the transformation K is one—to—one in a
neighbourhood of 0 and the system (1.41)-(1.42) is observable at 0 at time
T. o

We will now formulate a different sufficient condition for observability,
often applicable if the linearization is not observable. Assume that the
system (1.41)-(1.42) is of class C” or equivalently that the mappings f
and h are of class at least C", r > 1. Let

fi(=) h'(z)
fmy=) + |, =] : |, zer
(=) h*(z)

and let Hy be the family of functions A!,...,h%:

Ho = {h}, ... h*}.
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Define families H;, 1 < j < k, as follows:

n ,-39
Hj = HJ'_IU{Zf 5;;; gE Hj—l}a
i=1

and set
2 (z)
dH;(z) = : ;9€H; 3, z€eR” j=0,...,r-1
2L (2)

Let dimdH;(z) be the maximal number of linearly independent vectors in
dHj(z).

Example 1.4. Assume that f(z) = Az, h(z) = Cz, ¢ € R", where
A € M(n,n), C € M(k,n). Then fi(z) = (a},2z), hi(z) = (cj,z), i =
1,2,...,n,3=1,2,...,k, z € R®, where a,,...,a,, ¢1,...,c are the rows
of matrices A and C respectively. Thus for arbitrary z € R®

dHo(z) = {c],..., i},
dHi(z) = dHo(z) U {A%c],..., A"},

dHj(z) = dH;_1(z) U {(A*Yer,..., (A" Y ex, 1=1,2,...}.

Theorem 1.12. Assume that system (1.41)-(1.42) is of class C", r > 1,
and
dimdH,_i(z) = n. (1.43)

Then the system s observable at = at arbitrary time T > 0.

Proof. Assume that condition (1.43) holds but the system (1.41)-(1.42)
is not observable at z and at a time 7" > 0. Then, in an arbitrary neigh-
bourhood D of # there exists a point z; such that

9(z*(1)) = 9(=*(1)), t€[0,T), g € Ho. (1.44)

By an easy induction argument (1.44) holds for arbitrary g € H,_;. Since

dimdH,_;(z) = n, there exist in H,_; functions §!,...,§" such that the
3'(-)

derivative of G(-) = : at z is nonsingular. In particular, for ar-
g*()

bitrary z; sufficiently close to z, G(z) # G(z;) and, for some j < n,

# (25(0)) # ¢ (2°*(0)), a contradiction with (1.44). O
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Example 1.4. (Continuation.) Condition dimdH,_1(z) = n is equivalent
to the rank condition of Theorem 1.1.6.

Bibliographical notes

Theorem 1.6 is due to E. Lee and L. Markus [36] and Theorem 1.9 to
H. Sussman and V. Jurdjevic [54]. The proof of Theorem 1.9 follows that of
A. Krener. Results of § 1.4 and 1.5 are typical for geometric control theory
based on differential geometry. More on this topic can be found in the
monograph by A. Isidori [31]. Example 1.3 was introduced by R. Brockett

[11].



Chapter 2
Stability and stabilizability
Three types of stability and stabilizability are studied: exponential,
asymptotic and Liapunov. Discussions are based on linearization and Lia-

punov’s function approaches. When analysing a relationship between con-
trollability and stabilizability topological methods are used.

§2.1. Differential inequalities

The basic method of studying asymptotic properties of solutions of
differential equations in R™ consists of analysing one dimensional images
of the solutions by appropriately chosen transformations from R™ into R.
These images do not satisfy, in general, differential equations but very often
are solutions of differential or integral inequalities. This is why we start
with such inequalities. We consider first the Gronwall lemma.

Lemma 2.1. Let k be a nonnegative, bounded, Borel measurable func-
tion on an interval [to,t;] and | @ nondecreasing one. Let v be a function
integrable on [to,t1] such that for almost allt € [to, 1)

t
v(t) < I(t) +/t k(s)v(s) ds. (2.1)
Then for those t € [tg, 1] for which (2.1) holds one has
v(t) < exp (/‘ k(s) ds) (). (2.2)

In particular, (2.2) holds almost surely on [tg, t4].
Proof. Assume first that I(t) = I(to) for t € [to,?1] and define

u(t) = I(to) + /z: k(s)v(s)ds,
w(t) = exp (— /t: k(s)ds) u(t), tE€ [to,t1).

Functions u and w are absolutely continuous and
u(t) = k(t)v(t) < k(t)u(?),
w(t) = 4(t)exp (-/t k(s) ds) ~ k(t)u(t) exp (—- k(s) ds) <0,

to
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almost surely on [to,?;]. Therefore,

w(t) < w(to) < u(to) < l(to),

u(t) = w(t) exp /: k(s)ds < l(to) exp /: k(s)ds,

and, consequently,

v(t) < u(t) < exp (/‘t k(s) ds) l(to) almost surely on [to,t,].

If | is an arbitrary nondecreasing function on [tg,?1] and t2 € (o,11),
then I(t) < l(2) on [to,t2]. Moreover

v(t) < I(t2) + [t k(s)v(s)ds almost surely on [to,12]. (2.3)

Assume additionally that (2.1) holds for t = t2. Then (2.3) holds for t = t,,
as well. By the above reasoning,

12
v(ty) < exp < k(s) ds) I(t,).
to
The proof of the lemma is complete. 0

The following result will play an important role in what follows.

Theorem 2.1. Assume that ¢: [tg,1;] X R — R is a continuous function
such that for some M >0

l‘)o(t’z) - ‘P(t, y)l S Mlz - yl» te [tOytlL T,y € R. (24)

If v is an absolutely continuous function on [to, 1] such that

o(t) < p(t,v(t)) a.s. on [to.t4], (2.5)
or

o(t) > (L, v(t)) a.s. on [to, 1], (2.6)
then

v(t) < u(t) for all t€ [ty,ti] 2.7

or, respectively,
v(t) > u(t) for all t € [ty, 1], (2.8)
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where u is a solution of the equation

u(t) = e(t,u(t)), te [tO)tll) (2'9)

with the initial condition
u(to) > v(to)

or, respeclively,
u(to) < v(to).

Proof. By Theorem 1.2 there exists exactly one solution of the equation
(2.9) on [to, t;]. Assume that 9(t) < ¢(t,v(t)) a.s. on [to,t;] and consider
a sequence u,g(-), n=1,2,..., of functions satisfying

. 1
un(t) = 4p(ty Un(t)) + ;a te [tOvtIL
un(to) = u(to), n=12,....
Let K > 0 be a number such that |p(s,0)] < K, s € [to,t;]. From (2.4),

le(s, z)| < (s, z) — ¢(s,0)| + lp(s,0)| < Mz|+ K, (2.10)
s € [t(), tI], z €R.

Since
up(t) = u(to) + (¢ — to)% + /:: p(s,un(s))ds, t € to,ty], (2.11)
therefore
)] )+ (4 230 = )+ M [ fun(ell s, 1€ Lt
Hence, by Lemma 2.1
tun(®)] < fu(to)] + (K + i’)(tl —to)eMU=t) 1€ [to, 1],

and functions u,(t), t € [to,t1], n = 1,2,..., are uniformly bounded. They
are also equi-continuous as

fun(®) = 1 (@) < [ Tt un(D]dr 4 2t - 0) < (L4 Dye - 9)
o <sSt<ty,

for a constant L > 0, independent of n.
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It follows from Theorem A.8 (the Ascoli theorem) that there exists
a subsequence of (un(-)) uniformly continuous to a continuous function
@(-). Letting n in (2.11) tend to +oo we see that the function #(-) is
an absolutely continuous solution of the equation (2.9) and therefore it is
identical with u(-). To prove (2.7) it is sufficient to show that

ua(t) > v(t) forn=1,2,..., t €[to, 1]

Assume that for a natiural number m and for some 2 € (fo,%1), um(t2) <
v(t2). Then for some t € [to,12),

um(f) = v(f) and un(t) <v(t) fort € [i,t2).

Taking into account the definitions of v(-) and um(-) and the continuity
of ¢(-,-) we see that for some § > 0 and arbitrary t € (¢, + 6)

020 < L [t o) do < pli v @)+ 3,

t—t = t—t
0= oy L
= > p(t,v(t)) + oy
Therefore um(t) > v(t), t € (t,t+6), a contradiction. This proves (2.7). In
a similar way (2.6) implies (2.8). ]

Corollary 2.1. Ifv(-) is an absolutely continuous function on [to,t;] such
that for some x €R

o(t) < av(t) a.s. on [to,t4],

then
v(t) < ea(‘—tO)v(tO), t€ [to,h].

Similarly if 9(t) > av(t) a.s. on [to,11] then

v(t) > e*=%)y(to), € [to, t1]).

§2.2. The main stability test

In the present section we study the asymptotic behaviour of solutions
of the equation

z= Az + h(t,z), (2.12)
2(0)=z€C”,
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where A is a linear transformation from C" into C", identified with an
element of M(n,n;C), and h is a continuous mapping from R} x C" onto
C" satisfying
h(t
Sup' ( ’z)l ___’0’
20 |z

As in Part I (see §1.2.7), we set

if |z| — 0. (2.13)

w(A) = max{Re); X € 6(A)},

and if z, y are vectors with complex coordinates &;,...,&, and ny,...,9,,

(x,y) = Z&'ﬁiv |x|2 = Z‘&P
i=1 g1

Under the imposed conditions, for arbitrary z € C” there exists a maximal
solution z(t), t € [0,7), z(0) = z of (2.12).

The following theorem is of basic importance in the theory of nonlinear
systems.

Theorem 2.2. (i) If (2.13) holds and w(A) < 0, then for arbitrary w >
w(A) there exist M > 0,6 > 0 such that an arbitrary mazimal solution
z(-) of (2.12), with initial condition 2(0) satisfying |2(0)| < &, is defined
on [0,+00) and

l2(t)] < Me“*|2(0)], ¢>0.

(i) If (2.13) holds and w(A) > O then there exists r > 0 such that
for arbitrary § > O one can find a solution 2(t), t € [0,7) with an initial
condition 2(0), {2(0)| < 8, and a number s € [0,7), such that |2(s)] > r.
If, in addition, transformations A and h(t,-}, t > 0, restricted to R™ take
values in R™ then there ezists a solution z(-) with values in R™ having the
described properties.

Before proving the result we prove a lemma on Jordan blocks. Let us
recall (see Theorem 1.2.1) that a complex Jordan block corresponding to a
number A = a+iB, 8 #0,0r A = a, a,8 € R, is a square matrix of
arbitrary dimension m = 1,2, ... or of dimension 1, of the form

Ay 0 0 0 07
0 A v 0 0 0
00 A ..00 0

J=1: : ¢ .0 it orJ=1[)],
00 0 Ay 0
000 ... 0 A 7
00 00 ... 0 0 AJ

respectively, where v is a number different from 0.
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Lemma 2.2. For arbitrary complez Jordan block J and for arbitrary z €
Cn
(Re) — IyD)|z]? < Re(Jz,z) < (ReA + [7])|=.

Proof. It is sufficient to consider the case of matrix J with the parameter

v # 0. Then
(Jz,2) = Mz + 7(6€y + .- -+ Embmy)
and therefore
Re(Jz,z) = Re Mz|® + Re(y(€26; + ... + €mEpm1))-

By the Schwartz inequality

| Re(v(2€, + - - -+ €mEm- ) < 17l 1212,

and the required inequality follows. a

Proof of the theorem. (i) By Theorem [.2.1 there exists a nonsingu-
lar matrix P such that the matrix A = PAP~! consists of only complex
Jordan blocks Jy, ..., J, corresponding to the eigenvalues of A and to each
eigenvalue X € o(A) corresponds at least one block. Parameters v # 0 can
be chosen in advance.

Function #(t) = Pz(1), t € [0, 7), is a solution of the equation

F= Az 4+ h(t,7), 2(0) = Pz(0),
in which the transformation k(t,z) = Ph(t,P~'z), t > 0, z € C", satisfies
also the conditions of the theorem. Since the matrix P is nonsingular,
therefore, without any loss of generality, we can assume that the matrix A
consists of Jordan blocks only with parameters ¥ # 0 chosen arbitrarily.
Since w(A) < 0 we can assume that w <0. It follows from Lemma 2.2 that
Re(Az,z) < (w(A) +7)|z|?, zeC".
For arbitrary maximal solution z(t), t € I = [0, 7), define
o(t) = |2(t)?, tel.

Then

d

zzv(t) = 2Re(Az(t), 2(t)) + 2Re(h(t, 2(t)), 2(t))

< 2Aw(A) + D@ + 20h(t, 2 W) [2(@)], teT.
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By (2.13) there exists § > 0 such that
Jh(t,z)| <elz] fort >0, |z] < 6.
Let |2(0)] < 6 and 7 = inf{t € [0,7); |2(t)] > 6} be the first exit time of

the solution from the ball B(0,6), (inf® = +00). Then (see Theorem 1.1)
either ¥ = +oo or 7 < 7 and

Lo(t) S2(4) +7+ew(0), tel=[0,7).

By Corollary 2.1 of Theorem 2.1

u(t) < e™'w(0), tel,
or equivalently )

[z(¢)] < e**|2(0)|, tel. (2.14)
If ¥ < 400, then

§ < Timlz(t)] < e*712(0)] < &,

a contradiction. Thus ¥ = 400 and inequality (2.14) completes the proof
of part (i).
(ii) We can assume that the matrix A is of the form

A= [’g g] (2.15)

where matrices B € M(k, k,C), C € M({,1,C), k+1 = n, consists of Jordan
blocks corresponding to all eigenvalues of A with positive and nonpositive
real parts. Let

a = min{Re \; X € ¢(B)}.

Identifying C" with the Cartesian product of C* and C', we denote by
21(-), z2(-) and hy, hs projections of the solution z(-) and the function h
on C* and C/, respectively. Define

n(t) = lzl(t”zr va(t) = ’22(”'21 te [0! T) =1
Then fort eI
gt-vl(t) = 2Re(Bz(t), z1(1)) + 2 Re(hi(t, z), 21(2)),

ditvg(t) = 9Re(Ca(t), 22(t)) + 2 Re(halt, 2), za(2)).
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It follows from Lemma 2.2 and the Schwartz inequality that
d 1/2
301 (1) 2 2 — 7)) — 20,7 @)1, 2 (@),

Loa(t) < 2y(t) + 32 Oalt, O, tE L

We can assume that @ > 4 > 0. For arbitrary £ > 0 there exists § > 0,
compare (2.13), such that for z € C*, |z| < §,

|h1(t, )| < elzl,  |hat, 2)] < €lz].
Assume that |2(0)] < 6 and let
7 =inf{t € [0, 7); {2(¥)] > 6}
Fort eI =[0,7)
IR (t, 2(1))] < e(vr(2) + v2(1))/?,
lha(t, ()] < e(ua () + v2(1))'/?, tel
This and the inequality (vi/? + v}/%) < V/2(v; + v2)'/2 imply

2 (010) = wa(0) 2 2(a — Vs (1) = 2yoal) - (v} *(0)
+ 52 @) (i (1) + v2()'V?
> 2o — 7)1 () — 27v4(t) — 26V2(vy(2) + vo(2)), fort € I.
Selecting € > 0 and v > 0 properly, we can find ¢ > 0 such that for all ¢ € T

2 (01(0) = va(1)) 2 e{oa(2) - va(t)).
By Theorem 2.1
n(®) - va®) 2 e (02(0) — a(0)), te .
Therefore, if
00 —02(0) = |1 OF 2 [=OF ad |HO)<s  (216)

then ¥ < 400 and |2(t)] > é for some t € (0, 7).
This way part (ii) of the theorem has been proved for the complex
case. To show the final part of (ii), we apply the representation theorem

from §1.2.1. Since the matrix A is real, one can find invertible matrices
Py € M(n,n), P, € M(k, k; C), P, € M(l,1; C) such that A= PAP~! and

(A 0
P—[o Py

8 > 0, one can find £ € R" such that (2.16) holds for [223;] = Pz. The
proof of (ii) is complete. O

] , Pg is of the form (2.15). It is therefore clear, for arbitrary
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Exercise 2.1. Find a matrix A € M(n,n) with w(4) = 0, n > 3 and
vectors ¢, 2,23 € R, such that

lim |e?'z)] = +00, 0< lim |eA'zs] < 400, lim |eA'z3] = 0.
tT+o0 tt+oo tT+o0

Exercise 2.2. A continuous mapping f: R" — R" is called dissipative if
(f(z) — f(y),z —y) <0 for arbitrary z,y € R", (2.17)

where (-,-) is the scalar product on R".

Show that if f is a dissipative mapping then an arbitrary maximal
solution of the equation

= f(2), 2(0)==z, (2.18)

is defined on [0,+00), and for arbitrary z € R” equation (2.12) has exactly
one solution z%(t),¢ > 0. Moreover

[2°(t) - 2Y(@)| < |z —y] fort >0, z,y €R". (2.19)

Conversely, if f: R* — R" is a continuous mapping and equation (2.18)
has for arbitrary z € R" exactly one solution z%( -) for which (2.19) holds,
then f is dissipative.

Hint. If z(-) is a solution to (2.19) defined on [0,7) then function
v(t) = |2(t)|?, t € [0, T), satisfies inequality ¥ < |f(0)|v!/2 on [0, 7). For two
arbitrary solutions zy(t), t € [0,71), and 22(t), t € [0,72), of (2.18), investi-
gate the monotonic character of the function |z1(t) — z2(¢)|%, t € [0, 71 A T2).

§2.3. Linearization
Let us consider a differential equation:
z=f(2), 2z(0)==z€R". (2.20)

Assume that f(Z) = 0 or equivalently that % is an equilibrium state for
(2.20). We say that the state Z is ezponentially stable for (2.20) if there
exist w < 0, M > 0, § > 0 such that arbitrary maximal solution z(-) of
(2.20), with the initial condition z(0), |2(0) — | < §, is defined on [0, 4-00)
and satisfies

|2(t) — ] < Me**|2(0) — |, t>0. (2.21)

The infinum of all those numbers w < 0 for which (2.21) holds will be called
the ezponent of z.



§ 2.3. Linearization 101
The next theorem gives an effective characterization of exponentially
stable equilibria and their exponents.

Theorem 2.3. Assume that a continuous function f is differentiable at an
equilibrium state £. Then % is ezponentially stable for (2.20) if and only if
the Jacobi matriz

A= f(z)
is stable. Moreover the exponent of T is w(A).
Proof. We can assume, without any loss of generality, that Z = 0. Define

h(z) = f(z) - Az, z €R".
It follows from the assumptions that

pEl o
!

If matrix A is stable then the equation

when |z| — 0.

2= f(z)= Az +h(z), 2(0)==,

satisfies the conditions of Theorem 2.2(i). Therefore the state 0 is expo-
nentially stable and its exponent is at least equal to w(4). The following
lemma completes the proof of the theorem.

Lemma 2.3. Assume that condition (2.21) holds for some w < 0, 6 > 0,
M >0 and £ =0. Then for arbitrary N > M and v > w

leA*] < Ne™t, t>0. (2.22)

Proof. We show first that (2.22) holds for some and then for arbitrary
N > M. We can assume that ¥ < 0. Let n be an arbitrary number from
the interval (w,v) and let

y(t) = e "z(t), t>0.

Then
§(t) = (—n + A)y(t) + e h(eMy(t), 12 0.
Since
le=" h(ez)] [h(e™z)| .
su = su — 0, if |z|—0,
R s P a

therefore, by Theorem 2.2 (ii), w(—nI + A) < 0 and consequently w(A4) < 7.
There exists N; > 0 such that, for arbitrary ¢ > 0,

le'"l S Nle"'.
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Moreover, for the solution z( ) of (2.20),
t
2(t) = e*2(0) + / AC-Dp(z(s))ds, >0,
(]
and, assuming that £ = 2(0),
t
A2l < T+ [ 1A h(a(s))lds, ¢ 0.
0
For arbitrary £ > 0 there exists §; > 0 such that if |z| = |2(0)] < §; then

Ih(z()] < elz®)], t>0.

Hence, for [z| < §;

t
leAtz] < Me“!|z| + M Nye (/ e7(t=2)ew? ds) |z}
[

")

(M + J,‘:N‘e) e"zl, t>0.

< (Mewt +MN1€7 !

Number £ > 0 was arbitrary and the lemma follows. o

Theorem 2.3 reduces the problem of stability of an equilibrium state
% € R"” to the question of stability of the matrix A obtained by the lin-
earization of the mapping f at £. The content of Theorem 2.3 is called
the linearization method or the first method of Liapunov of stability theory.
The practical algorithm due to Routh allowing one to determine whether
a given matrix A is stable was given in §1.2.3.

Exercise 2.3. Watt’s regulator (see Example 0.3) is modelled by the
equations

z=acosy—>b, z(0)= =z,

§ = cx’sinycosy —dsiny —ey, y(0) = yo, ¥(0) = 20,
where a, b, ¢, d, e are some positive constants, a > b. Show that there exists
exactly one equilibrium state for the system, with coordinates £ > 0, § €
(0,17), 2 = 0. Prove that if evV/da > 2V/cb3 then the equilibrium state
is exponentxa.lly stable and if ev/da < 2v/¢b3 then it is not stable in the
Liapunov sense; see § 2.4.

Hint. Apply Theorems 2.3, 2.2 and 1.2.4.
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§2.4. The Liapunov function method

We say that a state Z is stable in the Liapunov sense for (2.20), or
that z is Liapunov stable, if for arbitrary » > 0 there is § > 0 such that if
|2(0) — | < 6 then |2(t) — Z| < r for t > 0. It is clear that exponentially
stable equilibria are stable in the Liapunov sense.

Assume that a mapping f: R® — R" is continuous and G C R"
is a neighbourhood of a state # for which f(Z)} = 0. A real function V
differentiable on G is said to be a Liapunov funclion at the state  for
equation (2.20) if

V(iz)=0, V(z)>0 forzeG, z#7z, (2.23)
Vi)=Y g—:(z) fi(z)<0, zeG. (2.24)
ij=1

The function V; defined by (2.24) is called the Liapunov derivative of V
with respect to f.

Theorem 2.4. (i) If there exists a Liapunov function at Z for (2.20), then
the state Z is Liapunov stable for (2.20).

(ii) If £ is exponentially stable at  and f is differentiable at %, then
there exists a Liapunov function at T for (2.20), being a quadratic form.

For the proof of part (i) it is convenient to introduce the concept of
an invariant set. We say that a set K C R" is invariant for (2.20), if for
arbitrary solution 2(2), t € [0,7), then 2(0) € K, z(t) € K for allt € [0, 7).

We will need the following lemma:

Lemma 2.4. If for an open selt Gy C G and for an o > 0 the sel
Ko ={z € Gy; V(z) < o}

1s closed, then il is also invariant for (2.20).

Proof. Assume that the lemma is not true and that there exists a point
z € Ky and a solution z(t), t € [0, 7), of the equation (2.20), with values in
G, z(0) = z such that for some s € [0, 7), 2(s) € K§.
Let
to = inf{s > 0; s < 7, z(s) € K§} < +o0.

Since the set Ky is closed z(tg) € Ko and ¢y < 7. For some s € (t0,7),
V(z(s)) > V(z(t0)). Since

d_V(Jzt@ = Vy(z() <0 fort<r,

the function V(z( -)) is nonincreasing on [0, 7), a contradiction. a
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Proof of the theorem. (i) Let » > 0 be a number such that the closure
of Go = B(Z,r) = {z; |z — | < r} is contained in G. Let # be the minimal
value of the function V on the boundary S of the ball B(z,r). Let us fix
a € (0,3) and define

Ko = {z € B(z,r); V(z) < a}.

Let £ be the limit of a sequence (z,,) of elements from Ky. Then
V(2) < a < B and consequently £ € B(Z,r) and £ € K¢. The set Ky
is closed and, by Lemma 2.4, is also invariant. Since the function V is
continuous, V(£) = 0 and there exists § € (0,7) such that V(z) < o« for
z € B(z,6). This implies (i).

(ii) Matrix A = f.(2) is stable by Theorem 2.3. It follows from The-
orem 1.2.7 that there exists a positive definite matrix @ satisfying the Lia-
punov equation

A"Q+QA=—1.

To simplify notation we set ¥ = 0 and define
V(z) = (Qz,z), h(z)= f(z)— Az, =z €R".

It is clear that the function V satisfies (2.23). To show that (2.24) holds as
well remark that

Vi(2) = 2Qz, f(2)) = 2(Qz, Az + h(z))
= (A" Q+ QA)z, 2) + 2(Qz, h(=))
< —[z1? + 21Ql |zl |h(2)], = € R™.

Since f is differentiable at 0, there exists a number § > 0 such that |h(z)] <
7j071%|, provided || < 6. Consequently

Vi(z) < -éw, for |z] < .

Hence the function V is the required Liapunov function in the ball G =
B(0,98).

a
Exercise 2.4. Let f: R® — R", f(0) = 0, be a continuous mapping
differentiable at 0 such that all eigenvalues of A = f,(0) have positive real
parts. Show that there exists a number » > 0 such that, for arbitrary
maximal solution 2(t), t € [0, 7), of the equation (2.20), one can find ¢, €
[0,7) such that, for all t € [tg, 7), |2(2)] > r.

Hint. Matrix — A is stable. Follow the proof of part (ii) of Theorem 2.4.

Exercise 2.5. Let a matrix A € M(n,n) be stable and a continuous
mapping F: R" — R” be bounded. Then, for arbitrary solution z(t),
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t € [0,7), of the equation z = Az + F(z), there exists M > 0 such that
|2(t)] < M for t € [0, 7).

Hint. Examine the behaviour of V(z) = (Qz,z), 2 € R", where A*Q +
QA = —1, along the trajectories of the equation.

A closed invariant set K for the equation (2.20) is called nonattainable
if one cannot find a solution z(t), t € [0, 7), of (2.20) such that 2(0) ¢ K
and 2(t) € K for some t € [0, 7).

Exercise 2.6. (i) Assume that the mapping f: R® — R" satisfies the
Lipschitz condition in a neighbourhood of a point Z € R", f(z) = 0. Show
that the set K = {Z} is nonattainable for (2.20).

(ii) Construct a mapping f: R — R" satisfying the Lipschitz condi-
tion and an invariant compact set K for (2.20) which is not nonattainable.

(iii) Assume that f: R® — R" satisfies the Lipschitz condition and
K is a closed invariant set for (2.20). Let moreover for arbitrary y € K
there be £ € K and a solution z(t), t > 0, of (2.20) such that 2(0) = z and
2(s) = y for some s > 0. Prove that K is nonattainable for (2.20).

(iv) Let z2(t), t > 0, be a solution of the following prey-predator equa-
tion in RZ:

2y = azy — Briza, Z3 = —722 + 62129,

in which a, 8, v, § are positive numbers. Show that if 2;(0) > 0, z2(0) > 0
then 2;(t) > 0, 22(¢t) >0 for allt > 0.

§2.5. La Salle’s theorem

Besides exponential stability and stability in the sense of Liapunov it
is also interesting to study asymptotic stability. An equilibrium state z for
(2.20) is asymptotically siable if it is stable in the sense of Liapunov and

there exists § > 0 such that, for any maximal solution (2.25)
2(t), t € [0,7), of (2.20), with |2(0) — Z| < &,

one has 7 = oo and lim z(t) = Z.
t14o00

For the following linear system on R?
21 = 22, 2;2 = -2 (226)

the origin is stable in the sense of Liapunov but it is not asymptotically
stable. The function V(z) = |z|?, £ € R?, is a Liapunov function for (2.26)
and Vy(z) = 0, z € R%. Hence the existence of a Liapunov function does
not necessarily imply asymptotic stability. Additional conditions, which we
discuss now, are needed.
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We will limit our considerations to equations (2.26) with the function
f: R® — R" satisfying the local Lipschilz condition. Let us recall that a
function f: G — R" satisfies the Lipschilz condition on a set G C R" if
there exists ¢ > 0 such that

[f(z) - fW) <cle—y| farallz,yeqG.

If the Lipschitz condition is satisfied on an arbitrary bounded subset of R™
then we say that it is satisfied locally.

Exercise 2.7. If a function f: R® —— R" satisfies the local Lipschitz
condition then for arbitrary r > 0 the function

R f(z), for [z < r,
f=) = {f (ﬁ[r) , forlz|>r,

satisfies the Lipschitz condition on R",

It follows from Theorem 1.1 and Theorem 1.2 that if a mapping
f: R® — R" satisfies the local Lipschitz condition then for arbitrary z €
R" there exists exactly one maximal solution z(t,z) = 2%(t), t € [0, 7(z)),
of the equation (2.20). The maximal solution (see Exercise 2.7 and The-
orem 2.2) depends continuously on the initial state: If klriir;o zr = z and

t € [0, 7(z)) then for all large k, 7(z¢) > ¢ and klti«{-n z(t, k) = z(t,2).
(o 0]
If 7(z) = +oo, then the orbit O(z) and the limit set K(z) of r are
given by the formulae,
O(z) ={y eR™ y = z(t,z), t > 0},
K(z) ={y e R™; lignz(t,,,z) = y for a sequence t; | +00}.

It is clear that the limit set K(z) is contained in the closure of O(z).

Lemma 2.5. If O(z) is a bounded set then
(i) the set K(z) is invariant for (2.20),
(i1) the set K(z) is compact,
(iii) t%l{l-rolo o(z(t,z), K(z)) = 0, where o(-,-) denotes the distance be-

tween a point and a sel.

Proof. (i) Assume that y € K(z) and ¢t > 0. There exists a sequence
tm T 4oosuch that y,, = z(t;mz) — y. The uniqueness and the continuous
dependence of solutions on initial data imply

z(t + tm, z) = 2(Yym,t) — z(y,t), when m — +o0.

Hence z(y,t) € K(z).

(ii) Assume that (ym ) is a sequence of elements from K (z) converging
toy € R™. There exists a sequence ¢, { +00 such that |z(ty,,z)—ym| — 0.
Consequently z(t,,,z) — y and y € K(z).
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(iif) Assume that g(2(¢,z), K(z)) /> 0 when ¢ { +00. Then there exists
€ > 0 and a sequence (t,,), tm T +00, such that

|z(tm, ) —y)| > 0 for arbitrary y € K(z), m=1,2,.... (2.27)

Since the set @(z) is bounded, one can find a subsequence (k) of (t,,) and
an element § € G such that z(f;,2) — §. Hence § € K(z) and, by (2.27),
|y — §] > € for arbitrary y € K(z). In particularfory =9, 0= |§—§| > ¢,
a contradiction. This way the proof of (iii) is complete. O

We are now in a position to prove the La Salle theorem.

Theorem 2.5. Assume that a mapping f: R® — R”™ is locally Lipschitz,
f(z) = 0 and there exists a Liapunov function V for (2.20) in a neighbour-
hood G of £. If, for an z € G, O(z) C G, then

K(z) C {y € G; Vy(y) = 0}.

Proof. Let v(t) = V(2(t,z)),t > 0. Then v( - ) is a nonnegative, decreasing
function and

lim v(t) =9 > 0.
tT400

If y € K(z) then for a sequence t,, T +00, 2(tm,z) — y. Thus V(y) = 4.
It follows from Lemma 2.5(i) that for an arbitrary y € K(z) and t > 0,
V(z(t,y)) = V(y). Hence

Vi) = lim (Vo) — V() = 0.

a
We will now formulate a version of Theorem 2.5 useful in specific ap-
plications.

Let
L = {y € G; Vy(y) = 0} (2.28)

and
K be the maximal, invariant for (2.20), subset of L (2.29)

Since the sum of invariant subsets for (2.20) is also invariant for (2.20) as
well as the set {z} is invariant, therefore K is a well defined nonempty
subset of G.

Theorem 2.6. (i) Under conditions of Theorem 2.5,

o(2(t,z),K) — 0, for t 1 +o0.
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(i1) If, in addition, V;(y) < 0 for y € G\ {£}, then Z is an asympioti-
cally stable equilibrium for (2.20).
Proof. (i) Since K(z) C K, it is enough to apply Lemma 2.5(iii).
(ii) In this case L = {z} = K.
O

Exercise 2.8. Show that maximal solutions of the Liénard equation % +
(2a+(2)?)z+v*z = 0, v # 0, exist on [0,4+00). Find the unique equilibrium
state for this system and prove that

(i) if a > 0, then it is asymptotically stable, and

(ii) if a < 0, then it is not stable.

Hint. Let V(z,y) = 3(v*2? +3?), 2,y € R. Show that £V(z,%) < |af%.
To prove (i) apply Theorem 2.5. Base the proof of (ii) on Theorem 2.3.

§2.6. Topological stability criteria

We proceed now to stability criteria based on the concept of the degree
of a vector field. They will be applied to stabilizability of control systems
in §2.8.

Let S be the unit sphere, i.e., the boundary of the unit ball B(0,1) =
{v € R*; ly| < 1}. With an arbitrary continuous mapping F: S — S one
associates, in topology, an integer called the degree of F, denoted by deg F,
see [25]. Intuitively, if n = 1, the degree of F' is the number of times the
image F(z) rotates around S when z performs one oriented rotation. We
will not give here a precise definition of the degree of a map but gather
its basic properties in the following proposition. For the proofs we refer to
[29].

Let us recall that if Fy and F; are two continuous mappings from S
into S and there exists a continuous function H: [0,1] x § — S such that

H(0,z) = Fo(z), H(l,z)= Fi(z), z €S,

then Fp and F; are called homotopic and H is a homotopy which deforms
Fy to Fy. If Fy and Fy are homotopic we symbolically write Fy =~ Fy.

Proposition 2.1. (i) For arbitrary continuous mappings Fy, Fy from S
onlo S:

If Fo~ Fi, then deg F = deg F;.

(ii) If a mapping F is constant: F(z) = & for some £ € S and all
€S, then deg FF = 0.
(iii) If F is an antipodal mapping: F(z) = —z, z € S, then deg F =
(=1,
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Assume that f is a continuous mapping from a ball B(z,§) C R” onto
R", f(z) = 0 and f(z) # O for z # Z. For arbitrary r € (0,8) define a
mapping F, from S onto S by the formula

f(rz + %)
Ft)= =——=, z€8.
@)= {frz + 2)
If 0 < rg < r; < & then the transformation
H(S, .’L') = f((ro + 3(1’1 - 1’0))2 + 2) s€E [O, 1]’ re€ S’

[f((ro + s(r1 — ro))z + 2|’

defines a homotopy deforming F,, to F,,. By Proposition 2.1(i), all the
mappings F,., r € (0,6), have the same degree, which is called the indez of
f at z and denoted by Indz f. Thus

Indz f =degF,, 0<r<é.

The following theorem concerns asymptotically stable equilibria and
altracting points. A point Z is attracting for (2.20) if an arbitrary maximal
solution z(-) of (2.20) is defined on [0, +00) and ‘}lin z(t) = %.

o0

Exercise 2.9. Construct an equation with an attracting point which is
not asymptotically stable.

Hint. See [15, page 59, picture 1.7.9].

Theorem 2.7. If a point T is either asymptotically stable or aliracting
for equation (2.20) with the right hand side salisfying the local Lipschilz
condttion then

Indz f = (—-1)".

Proof. Without any loss of generality we can assume that z = 0. It
follows from the assumptions that f(0) =0 and f(z) #0forallz #0ina
neighbourhood of 0.

We show first that there exist numbers R > r > 0 and {3 > 0 such
that for all solutions z(-, z), || = R, of (2.20)

|z(to,z)] < 1.
Moreover, in the case of an asymptotically stable point, the numbers R > 0
and r > 0 can be chosen arbitrarily small.

It follows from the assumptions of the theorem that there exist numbers
Ry > r; > 0 such that for all z € R, |z| = Ry:

Ty, (z) = inf{t > 0; |2(t,z)] < r1} < +oo0.
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Fix ro € (r1,Ry). If |2| = Ry, then T,,(z) < T;,(z). Since the solutions
of (2.20) depend continuously on initial data, for arbitrary z, |z| = R,
one can find 8 > 0 such that 7;,(y) < T;,(2z) < +oo provided ly| = R;
and |y — z| < 8. Consequently the function 7,,( -) is locally bounded on a
compact set {y; [yl = Ry} and therefore it is globally bounded:

T = sup{T.,(v); ly] = R1} < +o0. (2-30)

If O is an asymptotically stable equilibrium, numbers R = Ry > ro >
r; and r € (r2, R) can be chosen arbitrarily small and such that

|z(t,z)] <r fort >0 and |z|=r,.

It is therefore enough to take as tp an arbitrary number greater than 7.

If O is an attracting point then for arbitrary R; > 0 the set-theoretic
sum K of all orbits O(z), |z| = Ry, is bounded and invariant. To see this
choose a number T > T. Then

KC{y; Iyl <r}U{y; y=z2(s,2), s<T, |z| = Ry}.

Since the sets K; and K; are compact, the boundedness of K follows. It
is also obvious that the set K is invariant. Let R be an arbitrary number
such that
K C {y; |z| < R}
and let .
r=sup{lyl; y € K}.
Then
T = sup{Tg,(z); |z] = R} < 400.

It is therefore clear that it is enough to choose as ¢y an arbitrary number
greater than T.

The proof of the theorem follows immediately from the following
lemma.

Lemma 2.6. Assume that for some R>r >0, 13 > 0,

lim |z(t,z)] < R, where |z] < R, (2.31)
tT4o0
|2(to, 2)] < r, where |z| = R. (2.32)
Then
Indo f = (=1)".

Proof of the lemma. Define for t € (0, ¢o)

z(t, Ry) — Ry

Filv) = |2(t, Ry) — Ry|’

YyES. (2.33)
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It follows from (2.31) that solutions z(-, z), |[z| = R, are not periodic func-
tions. Consequently the formula (2.33) defines continuous transformations
from S onto S which are clearly homotopic. Taking into account the fol-
lowing homotopy

az(to, Ry) — Ry
H s = )
(@0 ¥) = o 2(to, Ry) = Ry]

aef0,1], ye S,

we see that the transformation H(1,-) = Fy, is homotopic to the antipodal
map H(0,y) = -y, y € S. So deg F, = (—1)*. On the other hand,
%(z(t, Ry) — Ry) — f(Ry) uniformly on S, when t | 0 so for sufficiently
smallt > 0, F; ~ f(R-)/{f(R-)|. Consequently by Proposition 2.1 the result
follows. O

As a corollary from Theorem 2.7 we obtain that the vector field f
defining a stable system is “rich in directions”.

Theorem 2.8. Assume thal the condilions of Theorem 2.7 are satisfied.
Then for sufficiently small r > 0, the transformation F,.: S — S given by

flrz + %)
[f(rz + 2)’

transforms S onio S. In addition, the mapping f transforms an arbitrary
neighbourhood of T onto a neighbourhood of 0.

Proof. It follows from Theorem 2.7 that deg F, # 0 for sufficiently small
r > 0. Assume that the transformation F, is not onto S and that a point
T € S is not in the image of F,. One can easily construct a homotopy
deforming S \ {Z} to the antipodal point Z. Consequently the transfor-
mation F, is homotopic to a constant transformation and, by Proposition
2.1(ii), deg F, = 0, a contradition. Thus F, is a transformation onto
S. To prove the final statement of the theorem assume that # = 0. Let
r > 0 be a number such that f(z) # 0 for all z € B(0,r) \ {0}. If
0 < 6 < min(]f(z)], |z] = r) then for arbitrary A € [0,1] and y € R",
lyl <8,

A (=) —y) + (1 = N f (@) = |f(z) = Ay| 2 [/(2)| — ol = 0.

F.(z) = z€S, r>0,

Let us fix y € R", 0 < [y| < & and define

(= N(ra) + M (rz) — ) .
HO2) = (i 0 fry + 2 ra) —wy * E 01k z€5

Then H i.s a homotopy deforming G(z) = &E%T to G.(z) = &%%—:—3-[,
z € S. Since degG # 0, deg G, # 0 as well. Assume that for arbitrary
s € (0,7] and arbitrary z, |z| < s, f(z) # y. Then the transformation G, is
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homotopic to all, defined analogically, transformations G,, s € (0,r]. Since
f(0) = 0 and f is continuous, for sufficiently small s > 0 the image G, is
included in a given in advance neighbourhood of —y/|y|. Hence for such
s > 0 the transformations G, cannot be onto S and therefore deg G, = 0,
contrary to deg G, = deg G, # 0. This finishes the proof. a

§2.7. Exponential stabilizability and the
robustness problem

In this section we begin our discussion of the stabilizability of nonlinear
systems
y=Ff(y,u), y(0)==z, (2-34)

Let U C R™ be the set of control parameters and assume that the contin-
uous function f: R® x U — R” is such that f(%,a) = 0 for some £ € R®
and # € U. Then a feedback is defined as an arbitrary continuous function
v: R® — U such that v(z) = 4. Feedbacks determine closed loop systems

z=g(z), 2(0)==z¢€R", (2.35)

where

9(z) = f(z,v(z)), z€eR" (2.36)
A feedback v is stabilizingif Z is a stable equilibrium for (2.35). A feedback v
stabilizes (2.34) exponentially or asymptotically or in the sense of Liapunov
if the state Z is respectively exponentially stable or asymptotically stable
or stable in the sense of Liapunov for the closed loop system. If for system
(2.34) there exists a feedback with one of the specified properties, then
system (2.34) is called stabilizable exponentially, asymptotically or in the
sense of Liapunov.

The stabilization problem consists of formulating checkable conditions
on the right hand side of (2.34) implying stabilizability and of constructing
stabilizing feedback.

To simplify notation we assume that £ =0, u = 0.

We first examine exponential stabilizability and restrict considerations
to the case when 0 € R™ is an interior point of U and the function f as well
as admissible feedbacks are differentiable respectively at (0,0) € R” x R™
and 0 € R". According to our definitions, system (2.34) is ezponentially
stabilizable if there exists a feedback v and numbers w < 0, § > 0 and M
such that for arbitrary solution z(t), t € [0, 7), of (2.34), with |2(0)] < &,

[2(t)] < Me**|z(0)], telo,r). (2.37)

The infimum of all w < 0 from (2.37) is called the ezponent of stabilizability
of (2.34). Let us recall that the linearization of the system (2.34) is of the
form

y = Ay + Bu, (2.38)
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where

A= £(0,0), B = f£i(0,0). (2.39)

The following theorem gives a complete solution to the question of
exponential stabilizability.

Theorem 2.9. (i) System (2.34) is exponentially stabilizable if and only if
the linear system (2.38)-(2.39) is stabilizable.
(ii) An ezponentially stabilizing feedback can always be found to be
linear.
(iii) System (2.34) and its linearization (2.38)-(2.39) have the same
stabilizabilily exponents.
Proof. Assume that v is a feedback such that (2.37) holds. It follows from
the differentiability of f and v that

(=) = (:(0,0) + £u(0,0)vz(0))z + h(z), =z €R”,

where ()|
el

By Lemma 2.3 the matrix A = f;(0,0) + f.(0,0)v.(0) is stable, and,
for arbitrary N > M and w < v < 0,

if {z| — 0.

leA| < Net, t>0. (2.40)

Therefore the linearization (2.38)-(2.39) is exponentially stabilizable by
the linear feedback # — v,(0)z and the stabilizability exponent of the
linearization is not greater than the stabilizability exponent of (2.34).

Assume that a feedback v is of the form v(z) = Kz, £ € K, and that
(2.40) holds for the matrix A = £,(0,0) + f,(0,0)K. Then the derivative
of §(-) = f(-,v(-)) at 0 is identical with A. By Theorem 2.3 the state
0 has identical exponent stability with respect to the following linear and
nonlinear systems:

:=Az and z=§(2)

Consequently the stabilizability exponent for (2.34) is not greater than the
stabilizability exponent of its linearization, and a linear feedback which
stabilizes the linearization of (2.34) also stabilizes the system (2.34). This
way the proof of the theorem is complete. a

It follows from the proof of Theorem 2.9 that

Corollary 2.2. If the pair (f:(0,0), f.(0,0)) is stabslizable and for a matriz
K the matriz f-(0,0) + f4,(0,0)K is stable then the linear feedback v(z) =
Kz, z € R", stabilizes (2.34) exponentially.
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Corollary 2.3. If the pair (f(0,0)), fu(0,0)) is not stabilizable then for
arbitrary (differentiable at 0) feedback there exist trajectories of the closed
loop system which start arbitrarily close 1o 0 but do not tend to 0 exponen-
ttally fast.

We will now discuss the related problem of the robustness of exponen-
tially stabilizable systems.

Assume that (2.37) holds for the closed -loop system (2.35)-(2.36)
and let 7 be a transformation from R” into R™ of class C! and such that
r(0) = 0. We ask for what “perturbations” r the system

z=g(2)+r(z), z(0)=-=z, (2.41)

remains exponentially stable. The following lemma holds.

Lemma 2.7. Assume that

i 1) _ Jol
lim =55 <A (2.42)

Then system (2.41) is ezponentially stable.
Proof. Let A = 92(0), C = r;(0). The linearization of (2.41) is of the form
:=(A+0)z. (2.43)

Note that |C| < lim klifll and therefore

|

18]

ICl< 5 (2.44)

where § > w and N > M are numbers sufficiently close to w and M
respectively. By Lemma 2.3

leA| < NeP* for t > 0. (2.45)

It follows from (2.44) and (2.45) that for a solution z(-) of (2.43)
~ t .
2(t) = e?*z(0) +/ eAt-9Cz(s)ds, t>0, z €R",
0

and

|2(1)] < NeP*|2(0)| + N|C]| / Pt=9)|(s)| ds,

e P z(1)] < N|z(0)| + N[CI/O e P*|z(s)|ds, t>0.
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Taking into account Lemma 2.1 we see that
e™?|2(t)] < NeM1U|2(0)],
l2(t)] < NePHNICD! ()], ¢ > 0.

Since 8 + N|C| < 0, system (2.43) is exponentiably stable.

The supremum of |w|/M, where w and M are arbitrary numbers from
the definition (2.37) of exponential stabilizability, will be called the robust-
ness indez of system (2.34).

The following theorem gives an upper bound on the robustness index.
In its formulation,

8 = sup{g(z,Im A); z € ImB, |z| =1},

where Im A and Im B are the images of the linear transformations A4 =
f-(0,0) and B = f£,(0,0).
Theorem 2.10. If, for a feedback v, relation (2.37) holds, then

ol _ 14

M~ é
Proof. Taking into account Lemma 2.3, we can assume that system (2.34)
and the feedback v are linear, v(z) = Kz, # € R". The theorem is trivially

true if § == 0. Assume that § # 0 and let Z be a vector such that Az+Bu # 0
for all u € R™. Define the control @(-) by the formula

a(t) = K(y(t) - 2), 120,

where

y=Ay+ Bu, y(0)=zZ.
Let (t) = y(t) — Z and A= A+ BK. Then
y=(A+ BK)j+ Az (2.46)
= Aj+ A%, §(0)=0.
It follows from (2.37) and (2.46) that

lo(t) - 2| = l3(0)] = | [ Fe-oiazias

M
|l

(2.47)
<

|Az], t>o0.

On the other hand, repeating the arguments from the first part of the
proof of Theorem 1.7, we obtain that for an arbitrary control u(-) and the
corresponding output y*(-) satisfying

y= Ay + Bu, y(0)=1z,
one has

sup ()~ 21 > (|a|— ﬁ) A, (2.48)
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where a is the vector of the form Az + Bu with the minimal norm and
v € (0, |a}?). Comparing formulae (2.47) and (2.48) we have

(1= ) < 14zt ial

~ lwl

Taking into account constraints on vy and # and the definition of § we easily
obtain the required estimate. O

It follows from the theorem that the robustness index is in general
finite. Hence, if all solutions of the closed —loop system tend to zero fast
then some of the solutions will deviate far from the equilibrium on initial
time intervals.

Corollary 2.4. If Im A is nol contained in Im B then

M < l—é—l < +o00

M- § '
Corollary 2.5. The robustness indez of (2.34) is bounded from above by
|A|/8.

§2.8. Necessary conditions for stabilizability

We will now deduce necessary conditions for stabilizability. The follow-
ing theorem is a direct consequence of the result from § 2.6 and is concerned
with systems (2.34), (2.35) with f and v satisfying local Lipschitz condi-
tions.

Theorem 2.11. If system (2.34) is asymplotically stabilizable then the
mapping f(-,-) transforms arbitrary neighbourhoods of (0,0) € R x R™
onto neighbourhoods 0 € R™.

Proof. If v is a feedback stabilizing (2.34) asymptotically then the closed-
loop system (2.35)-(2.36) satisfies all the assumptions of Theorem 2.8.
Hence the mapping £ — f(x, v(z)) transforms an arbitrary neighbourhood
of 0 € R™ onto a neighbourhood of 0 € R". 0

Taking into account Theorem 2.11 one can show that for nonlinear
systems local controllability does not imply, in general, asymptotic stabi-

lizability. Such implication is of course true for linear systems, see Theorem
1.29.

Example 2.1. Consider again the system
gl =u,

Ya = v,

Y3 = Y1v — You, [:] e U =R%
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We know, see § 1.4, Example 1.3, that the system is locally controllable at
an arbitrary point, in particular, at 0 € R3. Let us remark, however, that
0

the image of f(-,-) does not contain vectors of the form § 0 |, v # 0, so the

Y
necessary condition for stabilizability is not satisfied. Hence the system is

not asymptotically stabilizable. This is a suprising result as it concerns a
system which differs only slightly from a linear one.

The following theorem is also an immediate consequence of Theorem
2.8.

Theorem 2.12. Assume that there exists a feedback which either asymp-
totically stabilizes (2.34) or for which 0 € R” is an atlracting point for
the closed-loop system (2.35)-(2.36). Then, for sufficiently small r > 0,
transformations F.: S x U — S given by

Fu(z,u) = Hrz,w) o es we, (2.49)

|f(rz, w)l’

are onto S.

Example 2.2. It is not difficult show that the following system on R?
h=0@A-1u, Hh=yp-e, (2.50)

with U = {[:] €ER%; u>0, -1<v< 1} is controllable to 0 € R? from

an arbitrary state in RZ. Let us also remark that the first coordinate of
the right side of (2.50) is nonnegative for state vectors close to 0 € RZ.
Therefore, for sufficiently small r > 0, transformation (2.49) cannot be
onto S. Thus, although system (2.50) is exactly controllable to 0 € R?,
one cannot find a feedback v such that the state 0 is attracting for the
closed-loop system determined by v.

§2.9. Stabilization of the Euler equations

We will now apply the obtained results to an analysis of an important
control system described by the Euler equations from Example 0.2.
Let us recall that the stated equation was of the form

Ju = S(w)Jw + Bu, w(0) €R?, (2.51)
where
L 0 0 0 w3z —Ww2
J=|0 L 0}, Sw=|-ws 0 w |, weR}

0 0 13 wo —Wi 0
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by
B = [bl) b21 b3] » bt' = [b2i} € R3, i= 1,2,3.
b;

The control set is U = R®>. We assume that I; #0, L #1;,i,5 =1,2,3,
i # j. Vectors b;, i = 1,2,3 will be called the control azes.

We will look for conditions under which system (2.51) is stabilizable
and for formulae defining stabilizing feedbacks v: R® — R?, v(0) = 0.

The closed —loop system corresponding to v is given by the equation

w= F(w), (2.52)
where
F(w) = J7'S(w)Jw + J ! Bv(w).

The question of exponential stabilizability has, in the present case, a
simple solution. The linearization of (2.51) is given by

w=J"1Bu. (2.53)

Since the pair (0,J~! B) is stabilizable if and only if the matrix J~1B is
invertible therefore, by Theorem 2.9, system (2.51) is exponentially stabi-
lizable if and only if det B # 0.

Let
W(w) = %w']w = % (Ilwf + Izwg + I;,wg) , weR3.

Then W is the kinetic energy of the system and the Liapunov derivative
Wr of W, see (2.24), is given by

Wr(w) = w*JJ 1S(Ww)Jw + w* JJ "' Bo(w)
= det[Jw, w, w] + w* Bu(w)
=w*'By(w), weR%.
If v = 0 then Wp < 0 and W is a Liapunov function for (2.52). By
Theorem 2.4, the constant feedback v = 0 stabilizes system (2.51) in the

sense of Liapunov.
Let us remark that if a feedback v is given by

v(w) =-B'w, weR> (2.54)

then
Wr(w) = —w*BB*w = —|B*w|* <0, weR? (2.55)

and W is a Liapunov function for (2.52) also in this case.
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The following theorem shows that for a large class of systems (2.51)
feedback (2.54) is asymptotically stabilizing.

Theorem 2.13 Feedback v(w) = —B*w, w € R3, stabilizes system (2.51)
asymptotically if and only if every row of the mairir B has a non-zero
element.

Proof. By (2.55) the closed-loop system
w=J"1SWw)Jw-J 'BB*w (2.56)

is stable in the sense of Liapunov. It follows from the La Salle theorem
that an arbitrary trajectory (2.56) converges, as t 1 +00, to the maximal
invariant set K contained in

L= {w € R®; Wr(w) = 0} = ker B*.
In particular the set M of all stationary points for (2.56) is in L:
M={weR%} Flw)=0}={weL; Sw)Jw=0}=NnL,

where N = {w € R®; S(w)Jw = 0}.
Let us denote by g¢; the i-th coordinate axis and by P; the hyperplane
orthogonal to the j-th control axis b;, {,7 = 1,2,3. Then L = ker B* =

3
) P; and
j=1

Moreover

} . {0}, ifd;; #0,
Fing= {q:’: if b; ; =0,

Therefore, if b; ; = 0 for j = 1,2,3, then M = ¢;. Consequently M = {0} if
and only if for arbitrary ¢ = 1,2,3 there exists j = 1,2, 3 such that b; ; # 0.

If system (2.56) is asymptotically stable then M = {0} and therefore
every row of B has a non-zero element. This proves the theorem in one
direction.

To prove the converse implication assume that M = {0}. We will
consider three cases.

(i) rank B = 3. Then L = {0} and since K C L we have K = {0}.

(ii) rank B = 2. In this case L is a straight line. If w( - ) is an arbitrary
trajectory of (2.56), completely contained in K, then, taking into account
that K C L,

d . -
ZW®) =-[Bu®)? =0, t>0,
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and, consequently, for a constant ¢
W(w(t)) =c = W(w(0)), t20.

Since the trajectory w(-) is contained in the line L and in the ellipsoid
{w € R?; W(w) = ¢}, it has to be a stationary solution: w(t) = w(0), t > 0.
Finally we get that ¢ = 0 and

M c K c Ln {0} = {0}.

We see that K = {0}.
(iii) rank B = 1. Without any loss of generality we can assume that
by #£0, b2 = bs = 0. Note that

KcP={wel; Flw)e€ L}
={w e L; }}(J"'S(w)Jw — J ! BB*w) = 0}
= {w €R? bJ71S(w)Jw = 0 and bjw = 0}.

Therefore the set P is an intersection of a cone, defined by the equation
bi1Ia3wows + by I31waw; + bay I1swiws = 0,

where I3 < (12 - 13)/11, I3 = (I3 — Il)/Ig, I = (Il - 12)/13 and of the
plane
briwy + baiws + bawz =0, weE R3.

Consequently P can be either a point or a sum of two, not necessarily
different, straight lines. As in case (ii), we show that

KcPn{weR} Ww)=c} forc=0,

and finally K = {0}. a
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Chapter 3

Realization theory

It is shown in this chapter how, by knowing the input-output map
of a control system, one can determine the impulse-response function of
its linearization. A control system with a given input-output map is also
constructed.

§3.1. Input-output maps

Let us consider a control system

v=f(y,u), y(0)==z€R" 3.1
w = h(y), 3.2)

with an open set of control parameters U C R™. Assume that the function
[ satisfies the conditions of Theorem 1.3 and that h is a continuous function
with values in R, Let us fix T" and denote by B(0,T; U) and C(0,T; R")
the spaces of bounded, Borel and continuous functions respectively de-
fined on [0,T] and with values in U and in R*. For an arbitrary function
u(-) € B(0,T; U) there exists exactly one solution y*(t,z), t € [0,T], of
the equation (3.1), and thus for arbitrary Z € R" the formula

Ru(t) = w(t) = h(y"(t,%)), te€[0,T], (3.3)

defines an operator from B(0,T; U) into C(0,T; R¥). As in the linear case
(compare §1.3.1, formula (3.2)), the transformation R will be called the
input-outpul map of the system (3.1)-(3.2). Realization theory is concerned
with the construction of a system (3.1)-(3.2) assuming the knowledge of
its input-output map. The linear theory was discussed in Chapter 1.3. The
nonlinear case is much more complicated, and we limit our presentation to
two typical results.

The same input-output map can be defined by different linear systems
(3.1)-(3.2). On the other hand, input-output maps determine uniquely
several important characteristics of control systems. One of them is the
impulse-response function of the linearization we now show.

Assume that U = R™ and that a state T and a parameter @ € R™ form
a stationary pair, f(Z,u) = 0. Let us recall (see (1.19) and Theorem 1.11)
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that if the mappings f and k are differentiable at (Z, %) and Z respectively,
then the linearization of (3.1)-(3.2) at (Z, @) is of the form

y= Ay + Bu, y(0)= =z, 3.9)
w = Cy, (3.5)

where A = f,(Z,2), B = fu(%,1), C = hy(Z).
The function

¥(t) = Ce!AB = h,(z)et=®0f,(z,4), t>0, (3-6)

is the impulse-response function of the linearization (3.4) - (3.5).

Theorem 3.1. If mappings f: R* x R™ — R", h: R® — R* are of
class C' and f satisfies the linear growth condition (1.6), then the input-
output map R of (3.1)-(3.2) is well defined and uniquely determines the
impulse-response function (3.6) of the linearization (3.4)-(3.5).

Proof. Let u: [0,7] — R™ be a continuous function such that u(0) = 0.
For an arbitrary number v and ¢ € [0, 7]

R(@ +yu)(t) = h(y™(2, 2)) = h(z(t, 7)),

where 2(t) = z(t,7), t € [0,T], is a solution to the equation
1) = f(2(t), a +7u(t)), t€[0,T], 2(0) ==

By Theorem 1.5, solution z(-, -) is differentiable with respect to y. Moreover
derivatives z,(t) = z,(t,0), t € [0,T), satisfy the linear equation

Lo(0) = £(2, D)5 () + fulZ But), 2(0) = 0.
Consequently
Jim, ~(R(@+ 70)(®) = RE@) = hal(D)2 (1)
= ./t ho(2)e(—2)=@D) ¢ (2 G)u(s)ds, te€(0,T],
(1]

and we see that R determines ¥( -) uniquely. O

§3.2. Partial realizations

Given an input-output map R, we construct here a system of the type
(3.1)- (3.2), which generates, at least on the same time intervals, the map-
ping R. To simplify the exposition, we set k = 1.
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Let
u(t):u(t, V1,...,05; ul)'-')u')f (37)
w'(t) = u(t; vi,...,v; ul,...,up), t>0, (3.8)

be inputs defined by (1.37); see §1.4. We define a new control function v’ou
setting

t f ,
u’ou(t):{“,() orte0,v1+...4v)
W(it—(vy+...4v)) fort>2vi+...4+v.
Hence
' ou(t) = u(t; vy,..., v, 00, .., 005 U, ..., U Uy, .., up), T2>0.
Let us fix parameters (u1,...,u;) and inputs
W()= u(-;v{,...,v{j; u{,...,u{j), j=1,...,r (3.9)
Define, on the set A = {(vy,...,u)*; i +...+u < T, v1 >0,...,9 > 0},
91
a mapping G = | | with values in R in the following way:
gr

gj(vl,...,vl):'R,(ujou)(vl+...+v,+v{+...+v{j)
=h(y* (v + ...+ u+ v+ +,,2)),

Ui
v= [ : ] €A, j=1,...,r.
17

The mapping G is a composition G = G2G! of transformations
G!: A — R" and G%: R” — R", given by

v
G'(v) = yu(‘,m...A,m;m,..v,u:)(v1 +...4v,3), v= [ ] €A, (3.10)
7]
G¥(z) = (h(y"’(v{ b+ vf;,,:l:))) _ , zeR" (3.11)
i=12,..r

The following lemma holds.
Lemma 3.1. If h and f are of class C?, then

vy
rankG,(v) <n, v= [ : } €A.
v
Proof. The derivative G,(v) of G at v € A is the composition of the

derivatives Gl(v) and G2(G'(v)) which have ranks not greater than the
dimension of R". a



124 3. Realization theory

An input-output map R is said to be regular if there exist parameters
uy,...,u, € U, controls ul,...,u" of the form (3.9) and # € R" such that

rank G,(9) = n.
In addition, coordinates ¥, ...,%, of v should satisfy the constraints
61+...+i3,,+v’;+...+v{j <T, j=1,...,n

Controls () = u(-; 91,...,0n; U1,.-.,Us), u*(+),...,u"(-) and the
sequence (9y,..., 9, ) are called reference inputs and a reference sequence.

Let D be abounded open subset of R®, ¥ € R, f a continuous mapping
from Dx U inR" and h a real function on D. Assume that there exists a
constant ¢ > 0 such that |f(v,u)] < c(jv] + |u] + 1), | f(v,u) — f(w,u)} <
clv—w), v,we D, u€ U. Let T > 0 be a positive number. Then for an
arbitrary bounded control u(t), £ > 0, there exists a unique maximal in D
solution #(t) = §(t,v), t € [T, r(u)), of

¥ = fFt),u(®), telT, r(w), (3-12)
9(T) =v;
see Theorem 1.3 and Theorem 1.1.
If there exist a bounded control #(t), t > 0, a vector ¥ € D and a

number T < T such that, for all controls u(-) € B(0, T; U) which coincide
with @(-) on [0,T], one has

R(u)(t) = h(F*(t,5)), t € [T, min(T, r(w)), (3.13)
then one says that the system
3:; = f(gv u)

w(t) = h(§(t)), te€0,r(u)), (3.14)

is a partial realization of the input-output map R.
If a partial realization of an input-output map R can be constructed,
then one says that the map R is partially realizable.

The following theorem holds.
Theorem 3.2. Assume that all transformations f(-,u), u € U, are of class

C? and that an input-output map R is reqular. Then the map R is partially
realizable.
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Proof. Assume that R is regular. Let @i(-), u},...,u™ and (#,...,9,) be
the corresponding reference inputs and the reference sequence. Define

and fix a neighbourhood D of ¥ in which the mapping G is a homeomor-
phism. For z = G'(v), v € D, u € U and sufficiently small n > 0 the
equation

¥ (t,z) = G'(§*(t,v), te(o,n),

determines a function #*(:, v) which satisfies the differential equation

L0 = (G o] SE e, teln). (3.15)
We claim that the formulae

f(v,u) = [GL()] ! F(G}(v),u), (3.16)

h(v) = H(G'(v)), ve D, uel, (3.17)

define a partial realization of R.
To show this note first that

KO (w)) = Ay snissrao 4 v, 7)

L1
=R(ul~; v1,-..,Vn; U1, .., un)) Vs + ...+ vn), v= [ f :| )

Un

Hence the function k can be defined in terms of the mapping R only.

Let uw/(v; s; u)(-) be a control identical to u(-; uy,...,un; v1,...,,)
on the interval [0,v; + ...+ v,), and to u,u’l,...,u',’j, ji=12,...,n, 0n
consequtive intervals of lengths s,v’;,... ,v{j respectively. Let us remark
that

R(w (v; s; u))(v1+...+v,,+s+v{+...+v{;,)

Therefore, for sufficiently small s > 0 and all u € U, the transformations
G?*y*(s, G}(v))), v € D, are also given in terms of R. Moreover, denoting
by G~1, (G!)~! the inverses of G and G! respectively, we obtain that

GHG*(y"(s,G' (")) = (G) ' (4" (s,G* (v)))- (3.18)

The derivative at s = 0 of the function defined by (3.18) is identical with
f. Hence the function f is expressible in terms of the transformation R. It
follows from (3.15) and (3.17) that the functions f and h define a partial
realization of R. a
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We finally show that the family of all regular input-output maps is
rather large.

Proposition 3.1. Assume that h(-) and f(-,u), u € U, are of class C!
and C¥, k > 2, respectively, and that for some j < k, dimL;(Z) = n. If
f(z,4) = 0 for some & € U and the pair (fr(Z, ), hz(Z)) is observable,
then the inpul-output map R corresponding to the system (3.1)-(3.2), with
z =z, is regular.
Proof. We see, using similar arguments to those in the proof of Theorem
1.9, that for arbitrary neighbourhood V of the point Z, there exist parame-
vy
ters uy,...,u, € U and a point v = | : |, such that the derivative G1(v)
Un
of the transformation G' defined by (3.10) is nonsingular and G'(v) e V.
Define v/ (t) = u(t; @; v/),t >0and j = 1,...,n. It is enough to show that
the derivative of G(-) at ¥ is nonsingular as well. However this derivative
is of the form -
he(Z)ev/=(2.9)
hz(i)evnfx(i»ﬁ)

Consequently, to complete the proof of the theorem, it remains to establish
the following lemma.

Lemma 3.2. If a pair (A,C), A € M(n,n), Ce M(n, k), is observable,

then for arbitrary 6 > O there exist numbers v/, 0 < v/ < 6§, j=1,...,n
such that ,
Cev 4
rank =n.
Cev™ A

Proof. Taking into account that the pair (A*,C*) is controllable, it is
enough to show that for an arbitrary controllable pair (4, B), A € M(n, n),
B € M(n,m), there exist numbers v/, 0 < v/ < §, j = 1,...,n such
that rank [e"l“B,...,e"""B] = n. Denote by b,;,...,b,, the columns of
the matrix B. It easily follows from the controllability of (A, B) that the
smallest linear subspace containing {e*4b,; s € (0,6), r = 1,...,m} is
identical with R”. Hence this set contains n linearly independent vectors.
(]

Bibliographical notes
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PART III
OPTIMAL CONTROL

Chapter 1
Dynamic programming
This chapter starts from a derivation of the dynamic programming
equations called Bellman’s equations. They are used to solve the linear
regulator problem on a finite time interval. A fundamental role is played

here by the Riccati-type matrix differential equations. The stabilization
problem is reduced to an analysis of an algebraic Riccati equation.

§1.1. Introductory comments

Part III is concerned with controls which are optimal, according to
a given criterion. Our considerations will be devoted mainly to control
systems

v=f(yu), y(0)==z, (1.1)

and to criteria, called also cost functionals,

T
Jr(z,u(-)) = / o(u(t), u()) dt + G(y(T)), (1.2)

when T < +00. If the control interval is [0, +00], then the cost functional

+00
(2, u(-)) = /0 oy (), u(t)) dt. (1.3)

Our aim will be to find a control @( - ) such that for all admissible controls
u(-)
Jr(z,4()) < Jr(z, u(-)) (1.4)

or

I(z,4(-)) < J(z,u(-)): (1.5)

In Chapter 2 and § 3.3 we will also consider the so-called impulse con-
trol problems.
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There are basically two methods for finding controls minimizing cost
functionals (1.2) or (1.3). One of them embeds a given minimization prob-
lem into a parametrized family of similar problems. The embedding should
be such that the minimal value, as a function of the parameter, satisfies
an analytic relation. If the selected parameter is the initial state and the
length of the control interval, then the minimal value of the cost functional
is called the value function and the analytical relation, Bellman’s equation.
Knowing the solutions to the Bellman equation one can find the optimal
strategy in the form of a closed loop control.

The other method leads to necessary conditions on the optimal, open-
loop, strategy formulated in the form of the so-called maximum principle
discovered by L. Pontriagin and his collaborators. They can be obtained
(in the simplest case) by considering a parametrized family of controls and
the corresponding values of the cost functional (1.2) and by an application
of classical calculus.

§1.2. Bellman’s equation and the value function
Assume that the state space E of a control system is an open subset of
R" and let the set U of control parameters be included in R™. We assume

that the functions f, g and G are continuous on E x U and E respectively
and that g is nonnegative.

Theorem 1.1. Assume that a real function W(-,-), defined and conlinuous
on [0,T] x E, is of class C* on (0,T) x E and satisfies the equation
ow .
—az-(t, z) = '}1615(9(::,11) + (W:(t,z), f(z,u))), (,z)€(0,T)x E, (1.6)
with the boundary condition
W(0,z) =G(z), z€E. (1.7)

(i) If u(-) is a control and y(-) the corresponding absolutely continu-
ous, E-valued, solution of (1.1) then

Jr(z,u(-)) > W(T, z). (1.8)
(ii) Assume that for a certain function 9: [0, T} x E — U:

9(z, 9(t, @) + (Wz(t, z), f(z, (¢, 2))) (1.9)
< g(z, u) + (We(t,2), f(z,u)), t€(0,T), z€E, uel,
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and that § is an absolutely continuous, E-valued solution of the equation

%ﬁ(t) = f(9(), (T - t,§(1))), te[0,T), (1.10)
9(0) = =.

Then, for the control ii(t) = (T —t,¥(t)), t€][0,T}],
Ir(z,4(-)) = W(T,z).

Proof. (i) Let w(t) = W(T —t,y(t)), t € [0,T]. Then w(-) is an absolutely
continuous function on an arbitrary interval [a, 8] C (0 T) and

D)= -2 (€ -ty + WaT -0, 2 (1)
= ——ét—(r — £, y(t)) + (Wa(T ~ ,18)), F((2), u(®)))
for almost all ¢ € [0,T]. Hence, from (1.6) and (1.7)
P dw
WT - B,4(6) - W(T ~a,(e)) = w(f) —wie) = [ Gryas
/ (-5 — 9(0) + Wl — .40, S0, o) e

> - / o(u(e), u(t)) dt.
Letting a and 3 tend to 0 and T respectively we obtain
T
W) - WT,2)> - [ alult)ue))at.
This proves (i).

(ii) In a similar way, taking into account (1.9), for the control @ and
the output g,

GH(T)) - W(T,z)= [0 ’ [—%K(T —£,3(t) + (Wa(T — £, 3(2)), F@(D), a(t)))]dt

T
ORI

Therefore r
G(T)) + / 9(i(s), i(s)) ds = W(T, z),

the required identity. o]
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Remark. Equation (1.6) is called Bellman’s equation. It follows from
Theorem 1.1 that, under appropriate conditions, W(T, z) is the minimal
value of the functional Jr(z,-). Hence W is the value function for the
problem of minimizing (1.2).

Let U(t,z) be the set of all control parameters u € U for which the
infimum on the right hand side of (1.6) is attained. The function #(-,-)
from part (ii) of the theorem is a selector of the multivalued function U(-,-)
in the sense that

ot z)eU(tz), (t,z)e[0,T]xE.

Therefore, for the conditions of the theorem to be fulfilled, such a selector
not only should exist, but the closed loop equation (1.10) should have a
well defined, absolutely continuous, solution.

Remark. A similar result holds for a more general cost functional
T
() = [ e, ) d+ e TGWT).  (L12)

In this direction we propose to solve the following exercise.
Exercise 1.1. Taking into account a solution W(-,-) of the equation

Qg(t,z) = uirelli;(g(:c,u) —aW(t, z) + (W:(L, 2), f(x,u))),

W(0,z)=G(z), z€E, te(0,T),

and a selector ¥ of the multivalued function
Ut,z) = {u €U, g(z,u) + (W(t, z), f(z,u))
= i (s(e.0) + (Wa(t,2), Sz ) .

generalize Theorem 1.1 to the functional (1.12).

We will now describe an intuitive derivation of equation (1.6). Similar
reasoning often helps to guess the proper form of the Bellman equation in
situations different from the one covered by Theorem 1.1.

Let W(t,z) be the minimal value of the functional Ji(z,-). For ar-
bitrary h > 0 and arbitrary parameter v € U denote by u”(-) a control
which is constant and equal v on [0,k) and is identical with the optimal
strategy for the minimization problem on [h,t + h]. Let 2°*(t), t > 0, be
the solution of the equation # = f(z,v), 2(0) = z. Then

h
Jegn(z, () = /0 9(2%Y(s), v) ds + W(t, z*°(h))
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and, approximately,
A
W(t+h,2) = inf Jign(e,uw"(-)) ~ inf / 9(z5%(s), v) ds + W(t, 25 (h)).
v v [i]
Subtracting W{t, z) we obtain that
LW(t+h,z) - W(t,2))

< ing |5 [ o= 0) 0)ds + ROV (L 55 (W) — WEt,2)
~1}2Uhogz 5),v)ds + & ,25%(h)) — 2l .

Assuming that the function W is differentiable and taking the limits as
h | 0 we arrive at (1.6). a

For the control problem on the infinite time interval we have the fol-
lowing easy consequence of Theorem 1.1.

Theorem 1.2. Let g be a nonnegative, conlinuous function and assume
that there exists a nonnegative function W, defined on E and of class C*,
which satisfies the equation

ig{j(g(z,u) + (W(2), f(z,u))) =0, z€E. (1.13)

If for a strategy u(-) and the corresponding ouiput y, lim W(y(t)) = 0,
tf4oo

then
J(z,u(-)) 2 W(=). (1.14)

If 6: E — U is a mapping such that
9(z,9(z)) + (Wz(z), f(2,9(2))) =0 forz € E,
and § is an absolutely contlinuous, E-valued, solution of the equation
d . aray AfA
L9 = JGD, 96, 120, (1.15)

for which lim W(g(t)) =0, then
tt+oo

I(z,4(-)) = W(=),

Proof. We apply Theorem 1.1 with

G(z)=W(z), z€E.
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Since the function W(t,z) = W(z), t € [0,T], ¢ € E, satisfies all the
conditions of Theorem 1.1 we see that, for an arbitrary admissible control
u(-) and the corresponding output,

T
/0 g(y(), u())dt + W(y(T)) > W(z), T >0.

Letting T tend to +oo and taking into account that lim W(y(T)) = 0 we
Tt4+o00

obtain the required inequality. On the other hand, for the strategy (),

T
/0 o(3(2), a(®)) dt + W(H(T)) = W(z), T>0.

Hence, if lim W(§(T)) = 0, then
TT400

J(z, 1) = W(z).

O
Let us remark that if a function W is a nonnegative solution of equation
(1.13) then function W + ¢, where ¢ is a nonnegative constant, is also a
nonnegative solution to (1.13). Therefore, without additional conditions of
the type lim W{y(t)) = 0, the estimate (1.14) cannot hold.
t14o00

Theorem 1.2 can be generalized (compare Exercise 1.1) to the cost
functional

+00
()= [ et uw) at
0
The corresponding Bellman equation (1.13) is then of the form

inf((9(e,w) + (Wal2), f(z,)) = aW(2), z€F.

Exercise 1.2. Show that the solution of the Bellman equation correspond-
ing to the optimal consumption model of Example 0.6, with o € (0,1), is
of the form

W(t,z) =p(t)z*, t>0,z>0,

where the function p(-) is the unique solution of the following differential
equation:

1, forp<1,
p = af(l—-a)
P ap+(1—a) (}%) , forp>1,

p(0) = a.
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Find the optimal strategy.
Hint. First prove the following lemma.

Lemma 1.1. Let ¢p(u) = aup+ (1 —u)*, p >0, u € [0,1]. The mazimal
value m(p) of the function vp(-) is atlained at

{0, fp>1,
u(p) = (l)l/(l—a)

I 3 zfp E [07 1]‘
Moreover
1 ifp>1,
m(p) = af(1-a) .
ap+(1-a)(3) 7, ipep,1]

§1.3. The linear regulator problem
and the Riccati equation

We now consider a special case of Problems (1.1) and (1.4) when the
system equation is linear

y = Ay + Bu, y(0) ==z €R", (1.16)

A € M(n,n), B € M(n, m), the state space E = R" and the set of control
parameters U = R™. We assume that the cost functional is of the form

Jr = /o ((Qy(8), ¥(s)) + (Ru(s), u(s))) ds + (Poy(T), y(T)),  (1.17)

where @ € M(n,n), R € M(m,m), P; € M(n, n) are symmetric, nonnega-
tive matrices and the matrix R is positive definite; see § I.1.1. The problem
of minimizing (1.17) for a linear system (1.16) is called the linear regulator
problem or the linear-quadratic problem.

The form of an optimal solution to {1.16) and (1.17) is strongly con-
nected with the following matriz Riccati equaiion:

P=Q+PA+ A*P-PBR™!B'P, P(0)= P, (1.18)

in which P(s), s € [0,T1], is the unknown function with values in M(n, n).
The following theorem takes place.

Theorem 1.3. Equation (1.18) has a unique global solution P(s), s > 0.
For arbitrary s > 0 the matriz P(s) is symmelric and nonnegative definite.
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The minimal value of the functional (1.17) is equal to (P(T)z,z) and the
optimal control is of the form

a(t)= -R™1B*P(T - )i(t), te[0,T), (1.19)
where

§(t) = (A— BR™'B*P(T - t))§(t), t€{0,T], #(0)==z.  (1.20)

Proof. The proof will be given in several steps.

Step 1. For an arbitrary symmetric matrix Py equation (1.18) has
exactly one local solution and the values of the solution are symmetric
matrices.

Equation (1.18) is equivalent to a system of n? differential equations
for elements p;;(-), {,j = 1,2,...,n of the matrix P(-). The right hand
sides of these equations are polynomials of order 2, and therefore the system
has a unique local solution being a smooth function of its argument. Let us
remark that the same equation is also satisfied by P*(-). This is because
matrices , R and Py are symmetric. Since the solution is unique, P(-) =
P*(-), and the values of P(-) are symmetric matrices.

Step 2. Let P(s), s € [0,Tp), be a symmetric solution of (1.18) and
let T < Tp. The function W(s,z) = (P(s)z,z), s € [0,T], = € R", is
a solution of the Bellman equation (1.6)-(1.7) associated with the linear
regular problem (1.16)-(1.17).

The condition (1.7) follows directly from the definitions. Moreover, for
arbitrary z € R® and t € [0, 7]

uierl}lfm ({Qz,z) + (Ru,u) + 2(P(t)z, Az + Bu)) (1.21)

= (Qz,z)+{(A* P(t)+P(t)A)=z, z)+uielll‘f'_ ({(Ru, u) + (u,2B* P(t)z)) .

We need now the following lemma, the proof of which is left as an exercise.

Lemma 1.2. If @ matriz R € M(m,m) is posilive definite and a € R™,
then for arbitrary u € R™

(Ru,u) + (a,u) > —%(R'la,a).
Moreover, the equality holds if and only if
u= -—%R’la.

It follows from the lemma that the expression (1.21) is equal to

(Q+ A*P(t) + P(t)A* — P()BR™'B*P(A)z, z)
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and that the infimum in formula (1.21) is attained at exactly one point
given by

—~R™B*P(t)z, te€[0,T].
Since P(t), t € [0,Tp), satisfies the equation (1.18), the function W is a
solution to the problem (1.6)-(1.7).

Step 3. The control @ given by (1.19) on [0,T], T < To, is optimal
with respect to the functional Jr(z,-).
This fact is a direct consequence of Theorem 1.1.

Step 4. For arbitrary t € [0,T), T < To, the matrix P(t) is nonnegative
definite and

t
(Pz,2) < [(QF@F@ s+ PFOFO), (12
where §( -) is the solution to the equation

g=Ag, §(0)==z.

Applying Theorem 1.1 to the function Jy(z,-) we see that its minimal
value is equal to (P(t)z,z). For arbitrary control u(-), Ji(z,u) > 0,
the matrix P(t) is nonnegative definite. In addition, estimate (1.22) holds
because its right hand side is the value of the functional Ji(z,-) for the
control u(s) = 0, s € [0,1].

Step 5. For arbitrary t € [0,Tp) and z € R”

0 < (P(t)z,2) < <( [ swaswar+ S‘(t)Posa)) z,2),

where S(r) = e4", r > 0.
This result is an immediate consequence of the estimate (1.22).

Exercise 1.3. Show that if, for some symmetric matrices P = (p;;) €
M(n,n) and S = (s;;) € M(n,n),

0 < (Pz,z) < (Sz,z), z€R",
then
1 1 . .
—5 (s +85) Spiy Ssij+ (s +855), Hi=1...n
It follows from Step 5 and Exercise 1.3 that solutions of (1.18) are
bounded in M(n,n) and therefore an arbitrary maximal solution P(-) in

M(n, n) exists for all t > 0; see Theorem II.1.1.
The proof of the theorem is complete. 0
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Exercise 1.4. Solve the linear regulator problem with a more general cost
functional

T
]0 (Qut) - a), u(t) — a) + (Ru(t), u(t))) dt + (Poy(T), u(T)),

where a € R" is a given vector.
Answer. Let P(t), ¢(t), r(t), t > 0, be solutions of the following matrix,
vector and scalar equations respectively,

P=Q+ AP+ PA— PBR™'B*P, P(0)= P,
§=A"¢— PBR™'¢-2Qa, 4¢(0)=
#=—5(R"0,0) +(Qa,a), #(0) =
The minimal value of the functional is equal
™(T) + (g(T), z) + (P(T)z, ),

and the optimal, feedback strategy is of the form

u(t) = ——;—R"’q(T —1)— R7'B*P(T - t)y(t), t€[0,T].

§1.4. The linear regulator and stabilization

The obtained solution of the linear regulator problem suggests an im-
portant way to stabilize linear systems. It is related to the algebraic Riccatli
equation

Q+PA+ AP -PBR™'B'P=0, P>0, (1.23)

in which the unknown is a nonnegative definite matrix P. If P is a solution
to (1.23) and P < P for all the other solutions P, then P is called a
minimal solution of (1.23). For arbitrary control u(-) defined on [0, +00)
we introduce the notation

+o0
J(z,u) = / (Qu(s), u(s)) + (Ru(s), u(s)) ds.  (1.24)

Theorem 1.4. If there ezisis a nonnegative solution P of equation (1.23)

then there also exists a unique minimal solution P of (1.23), and the control
&t given in the feedback form

@ty = —R™'B*Py(t), t>0
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minimizes functional (1.24). Moreover the minimal value of the cost func-
tional is equal to

(Pz,z).

Proof. Let us first remark that if Pi(t), P(t), t > 0, are solutions of (1.18)
and P;(0) < P»(0) then Py(t) < Py(t) for all t > 0. This is because the
minimal value of the functional

Ji(z,u) = /o ((Qu(s), y()) + (Ru(s), u(s))) ds + (P1(0)y(t), ¥(?))

is not greater than the minimal value of the functional

J¥(z,u) = / (Qu(s), 4(s)) + (Ru(s), u(s))) ds + (Po(0)y(2), ¥(1),

and by Theorem 1.3 the minimal values are (Pi(t)z,z) and (Py(t)z,z)
respectively.

If, in particular, P;(0) = 0 and P»(0) = P then Py(t) = P and there-
fore Pi(t) < P for all t > 0. It also follows from Theorem 1.3 that the
function Pi( - ) is nondecreasing with respect to the natural order existing
in the space of symmetric matrices; see § 1.1.1. This easily implies that for
arbitrary 7,5 = 1,2,...,n there exist finite limits p;; = t%xlrgo Pij(t), where
(7i;(t)) = Pi(t), t > 0. Taking into account equation (1.18) we see that
there exist finite limits

. d_ .,
t%lg)lo apij(t)z‘)’ij, Lj=1,...,n

These limits have to be equal to zero, for if 4;; > 0 or 7 ; < 0 then
lim pi;(t) = 4+oo. But lim j;;(t) = —oo, a contradiction. Hence the
t14o00 tf+oo

matrix P = (Pij) satisfies equation (1.23). It is clear that P<P.
Now let §(-) be the output corresponding to the input @#(-). By The-
orem 1.3, for arbitrary T > 0 and z € R",

T
(Pz,z) = /0 (Q#(t), §(1)) + (Ra(t), &(t))) dt + (PHT), #(T)), (1.25)

and
T ~
[ (@i, 50 + (R, 50)) de < (P, )
Letting T tend to +o0o we obtain

J(z,%) < (IB::, z).
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On the other hand, for arbitrary T > 0 and = € R™
T
(PT)e,2) < [ (QE0),50)) + (Rie), 6(0) dt < Iz, )

consequently, (Pz,z) < J(z, %) and finally
J(z, &) = (Pz,z).
The proof is complete. 8]

Exercise 1.5. For the control system
y=u,

find the strategy which minimizes the functional

400
/ (¥? + u?)dt
0

and the minimal value of this functional.
Answer. The solution of equation (1.23) in which A = [0 1], B = [0],

00 1
_11r 0 _ . . _[v2 1 )
Q= [0 0], R = [1], is matrix P = [ ) \/5] The optimal strategy
is of the form u = —y — v/2(9) and the minimal value of the functional is

V2(3(0))* + 2(0)3(0) + V2(u(0))”.
For stabilizability the following result is essential.

Theorem 1.5. (i) If the pair (A, B) is stabilizable then equation (1.23) has
at least one solution.

(1) If Q@ = C*C and the pair (A,C) s detectable then equation (1.23)
has at most one solution, and if P is the soluiton then the matriz A —
BR™!B*P is stable.

Proof. (i) Let K be a matrix such that the matrix A + BK is stable.
Consider a feedback control u(t) = Ky(t), t > 0. It follows from the
stability of A+ BK that y(t) — 0, and therefore u(t) — 0 exponentially
as t | +o0o. Thus for arbitrary = € R",

+00
J(z,u(-)) = ] (Qu(®), ¥(®)) + (Ru(t), u(t))) dt < +oo.

Since
(Pi(T)z,2) < J(z,u(-)) <400, T >0,
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for the solution Py(t), t > 0, of (1.18) with the initial condition P;(0) = 0,
there exists Tlrlin Py(T) = P which satisfies (1.23). (Compare the proof of
o0

the previous theorem.)
(ii) We prove first the following lemma.

Lemma 1.3. (i) Assume that for some matrices M > 0 and K of appro-
priate dimensions,

M(A— BK)+(A-BK)*M +C*C + K*RK =0. (1.26)

If the pair (A, C) is detectable, then the matriz A — BK is stable.
(ii) If, in addition, P is a solution 10 (1.23), then P < M.

Proof. (i) Let Si(t) = e(A~BK)t G, () = £(A-LO) where L is a matrix
such that A — LC is stable and let y(t) = S1(t)=, t > 0. Since

A- BK = (A- LC) + (LC - BK),

therefore
y(t) = S2(t)z + /t S2(t — s)(LC — BK)y(s) ds. (1.27)
0
We show now that
+o00 +00
/ [Cy(s)|*ds < +00 and / |Ky(s)]? ds < +oo. (1.28)
0 0
Let us remark that, for ¢t > 0,
§(0) = (A= BE)y(t) and S(My(t), o(0)) = 2AMi(0) y(0).
It therefore follows from (1.26) that
4 (My(©,5(0) + (€Y, Cyv) + (RE(D), Ky(®) = 0.
Hence, for t > 0,
t t
(My(t), y(1)) +/0 ICu(s)? ds+/0 (RKy(s), Ky(s)) ds = (M=, z). (1.29)

Since the matrix R is positive definite, (1.29) follows from (1.28). By (1.29),

()] < 1S2(®)z| + N ]o 1Sa(t — $)(ICy(s)| + [ K 3(s)]) ds,
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where N = max(]L}|,|B|), t > 0. By Theorem A.8 (Young’s inequality) and
by (1.28),

[T wras<n [ isionas ([ qew@n+ iwuo? ) "

1/2

+ (/Om |Sz(s)|2ds) |z] < +o0.

It follows from Theorem 1.2.3(iv) that y(t) — 0 as t — oo. This proves the
required result. Let us also remark that

+o0
M= St(s)(C*C + K*RK)S)(s) ds. (1.30)
0

(ii) Define Ko = R™!B*P then RKo = —B*P, PB = —K}
Consequently,

P(A— BK)+(A—BK)*'P+K*RK = —~C*C + (K — Ko)*R(K — Ko)

and
M(A-BK)+(A-BK)Y*M + K*'RK = -C"*C.

Hence if V.= M — P then
V(A - BK)+ (A— BK)'V + (K — Ko)*R(K — Ko) = 0.

Since the matrix A — BK is stable,
+00
V= / ST(s)(K — Ko) R(K — Ko)51(s)ds > 0,
0

by Theorem 1.2.7, and therefore M > P. The proof of the lemma is com-
plete. O

To prove part (ii) of Theorem 1.5 assume that matrices P > 0, P, > 0
are solutions of (1.23). Define K = R™!B*P. Then

P(A—-BK)+ (A-BK)'P+C*C+ K*RK (1.31)
=PA+A*P+C*'C - PBR'B*P=0.

Therefore, by Lemma 1.3(ii), P, < P. In the same way P; > P. Hence
Py = P. Identity (1.31) and Lemma 1.3(i) imply the stability of A — BK.
a

Remark. Lemma 1.3(i) implies Theorem 1.2.7(1). It is enough to define
B =0, K = 0 and remark that observable pairs are detectable; see § 1.2.6.
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As a corollary from Theorem 1.5 we obtain

Theorem 1.6. If the pair (A, B) is controllable, Q = C*C and the pair
(A,C) is observable, then equation (1.23) has ezaclly one solution, and if
P is this unique solution, then the matriz A— BR™1B* P is stable.

Theorem 1.6 indicates an effective way of stabilizing linear system
(1.16). Controllability and observability tests in the form of the corre-
sponding rank conditions are effective, and equation (1.23) can be solved
numerically using methods similar to those for solving polynomial equa-
tions. The uniqueness of the solution of (1.23) is essential for numerical
algorithms.

The following examples show that equation (1.23) does not always have
a solution and that in some cases it may have many solutions.

Example 1.1. If, in (1.23), B = 0, then we arrive at the Liapunov equation
PA+AP=Q, P2>0. (1.32)

If Q is positive definite, then equation (1.32) has at most one solution, and
if, in addition, matrix A is not stable, then it does not have any solutions;
see §1.2.4.

Exercise 1.6. If Q is a singular matrix then equation (1.23) may have
many solutions. For if P is a solution to (1.23) and

~ o o] x_[o0o o] ~
A_[O A],Q_[O Q], AeM(k, k), k> n,

then, for an arbitrary nonnegative matrix R € M(k — n,k — n), matrix

5 _[R 0O
P=[5 7|

satisfies the equation e
PA+ AP =Q.
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Chapter 2

Dynamic programming for impulse control

The dynamic programming approach is applied to impulse control
problems. The existence of optimal impulse strategy is deduced from gen-
eral results on fixed points for monotonic and concave transformations.

§2.1. Impulse control problems

Let us consider a differential equation
z=f(z), z(0)==z€R", (2.1)

with the right hand side f satisfying the Lipschitz condition, and let us
denote the solution to (2.1) by 2z%(t), t > 0. Assume that for arbitrary
z € R® a nonempty subset T'(z) C R™ is given such that

I'(w) CI'(z) for arbitrary w € I'(z). (2.2)

Let, in addition, ¢(-,-) be a positive bounded function defined on the graph
{(z,v); z € R®, v € I'(z)} of the multifunction I'( - ), satisfying the follow-
ing conditions:

c(z,v) +e(v,w) > c(z,w), z€R" veTl(z), weTl(v), (2.3)

there exists ¥ > 0, such that ¢(z,w) > v for z € R*, w e I'(z). (2.4)

Elements of the set I'(z) can be interpreted as those states of R” to
which one can shift immediately the state  and ¢(z, v), the cost of the shift
from z to v.

An tmpulse strategy n will be defined as a set of three sequences: a
nondecreasing sequence (f,,) of numbers from [0,00) and two sequences
(zm) and (wr,) of elements of R™ U {A} (where A is an additional point
outside of R™), satisfying the following conditions:

if t, < 400, then t, 41 > ty; (2.5)
if t,, = +oo, then z,, = 2, = A; (2.6)
ift; =0, then z; =z and w; € I'(z); 2.7
if 0 <t; <400, then z; = 2%(t,), w; € I'(z;) and (2.8)

if m>1, and ¢,,, < 400, then
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T = 2Y " (g —tm-1), wm €(zm).

The number t,, should be interpreted as the moment of the m-th impulse,
identical with an immediate shift from z,, to w,,. An arbitrary impulse tra-
jectory 7 determines, together with the initial state z, the output strategy
y™*(t), t > 0, by the formulae

y" = (t) = 2%(t) fort €[0,t,),
yot () = 2Vt —tpmey) fort € [tmo1,tm), m=2,3,...,
Yy (+00) = A.

With the strategy = we associate the following cost functional

T
Jr(m,z) = / ey E (W)t + T e e, W), @ >0,
0 tm<T

where ¢ is a nonnegative function, « is a positive constant and T' < +o0.
We assume also that ¢(A,A) = 0.

It is our aim to find a strategy minimizing J7(-, ). We consider first
the case of the infinite control interval, T' = +00. The case of finite T < 400
will be analysed in §3.3 by the maximum principle approach. Instead of
Jr we write simply J.

An important class of impulse strategies form the stationary strategies.
Optimal strategies often are stationary. To define a stationary strategy
we start from a closed set K C R™ and a mapping S: K — R" such
that S(z) € I'(z) \ K, = € K, and define sequences (1), (zm) and (wp,)
as follows. Let the starting point be z. If ¢ € K then t; = 0, z; =
z and w; = S(z1). If z ¢ K then t; = inf{t > 0; z°(t) € K} and
if t; < 4oo then z; = 2%(t;) and w; = S(z1); if t3 = +oo then we
define z; = A, w; = A. Suppose that sequences t;,...,tn, Z1,...,Zm
and wy,...,w,, have been defined. We can assume that ¢,, < +o0o. Let us
define {,,, = inf{t > 0; z¥~ (1) € K}, tm41 = tm +im, and if {,, < 400 then
Zmi1 = 22" (Em), Wmer = S(zm41); if tm = 400 then we set ¢,,41 = 400,
Tm41 = A= Wnmyr-

To formulate the basic existence result it is convenient to introduce
two more conditions.

For an arbitrary nonnegative and bounded continuous function v,
Mu(z) = inf{v(2) + ¢(z, 2); z € T(z)}, = € R", is continuous.  (2.9)

For arbitrary z € R", the set I'(z) is compact and the function ¢(z, -) is
continuous on I'(z). (2.10)
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Theorem 2.1 Assume thal g is a nonnegative, conlinuous and bounded
function and that f salisfies the Lipschitz condition and conditions (2.9)
and (2.10). Then

(i) The equation

o(e) = inf /0 e~ g(z5(s)) ds + e Mo(z°(), z€R",  (2.11)

has ezaclly one nonnegative, conlinuous and bounded solution v = .
(i) For arbitrary z in the set

K= {z; 9(z) = M9(z)},

there ezists an element S(z) € T(¢) \ K such that Mi(z) = (z) =
c(z,S(x)) + 9(S(x)), and the stationary strategy & determined by K and S
is an optimal one.

Remark. Equation (2.11) is the Bellman equation corresponding to the
problem of the impulse control on the infinite time interval. In a heuristic
way one derives it as follows.

Assume that v(z) is the minimal value of the function J(z,-), and
consider a strategy which consists first of the shift at moment ¢t > 0 from
the current state z*(t) to a point w € I' (2”(¢)) and then of an application
of the optimal strategy corresponding to the new initial state w. The total
cost associated with this strategy is equal to

/o e g (2%(s)) ds + e~ [c (27(1), w) + v(w)].

Minimizing the above expression with respect to ¢ and w we obtain »(z),
hence equation (2.11) follows. These arguments are incomplete because in
particular they assume the existence of optimal strategies for an arbitrary
initial condition z € R".

To prove the theorem we will need several results of independent in-
terest.

§2.2. An optimal stopping problem
Let us assume that a continuous and bounded function ¢ on R” is
given, and consider, for arbitrary z € R”, the question of finding a number
t > 0, at which the infimum
inf {e” o (2°(t)); t > 0} = @(z), (2.12)

is attained in addition to the minimal value ®(z).
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The following result holds.

Lemma 2.1. Assume that f is Lipschilz continuous, ¢ continuous and
bounded and o a positive number. Then the function ® defined by (2.12) is
continuous. Let K = {z € R*; ®(z) = ¢(z)} and

'(z) = {inf{t > 0; 2*(t) € K},
@)=\ 4o, if 25(t) ¢ K for all t 3 0.

If t(z) < +oco then ®(z) = e @ (2*(1(z))); if t(z) = +oo then
e (2%(@)) > 0 fort > 0, and (z) = 0.
Proof. Note that for z,w € R”

18(z) ~ ®(w)| < sup (™ e (2"(1)) — ¢ (2" (1))]) -

If 2,, — w, then z*» — 2" uniformly on an arbitrary finite inter-
val [0,T], T < +o0o. The continuity of ¢ and positivity of a imply that
&(zxm) — ®(w). Therefore ® is a continuous function and the set K is
closed. Note also that if t < t(x) < +o0 then

®(z) = e~ "' P (2°(t)). (2.13)
This follows from the identities
@ (z%(1) = inf ™" @ (27(s +1))
= e;’t ‘lgf(‘) e 0P (2%(s + 1)) = e*' ®(z).

The formula (2.13) implies the remaining parts of the lemma. O

Lemma 2.1 states that the solution to the problem (2.12) is given by
the first hitting time of the coincidence set

K = {z; ®(z) = p(z)} .

§2.3. Iterations of convex mappings

The existence of a solution to equation (2.11) will be a corollary of the
general results on convex transformations.

Let K be a conver cone included in a linear space £. Hence if z,y € K
and o, 3 > 0 then az + By € K. In £ we introduce a relation >:

z>yifandonlyif z —-y€KXk.
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Let A be a transformation from K into K. We say that 4 is monotonic if
for arbitrary z > y, A(z) > A(y). In a similar way the transformation A
is called concave if for arbitrary z,y € K and , 82> 0, a+ 8 =1,

Alaz + By) > aA(z) + BA(y)-

Lemma 2.2. Assume that ¢ mapping A: K — K is monotonic and con-
cave. If for an element h € K, h > A(h), and for some § > 0, 6h < A(0),
then there exists v € (0,1) such that

0 <A™ Hh)— A™(h) < y"A™Y(h) form=1,2,... (2.14)
Proof. We can assume that 6 € (0,1). We show that (2.14) holds with
7 =1 - 6. For m = 1 inequalities (2.14) take the forms

and therefore (2.14) follows from the assumptions. If (2.14) holds for some
m then also
(1= ™A™ (h) + 770 < A™(R).

It follows, from the monotonicity and concavity of A, that
ATH(R) > (1= 9™)A™(R) + 1™ A(0)
or, equivalently, that
A™(R) — A+ (R) < 4™ A™ () — ™ A(0).
It suffices therefore to show that

AT (R) = Y A0) < 7L AT (h),

or that

(1= 7)A™(h) < A(0). (2.15)
Since 1 — vy = § and A™(h) < h, the inequality (2.15) holds. This finishes
the proof of the lemma. o

§2.4. The proof of Theorem 2.1

(i) We have to prove the existence of a solution to (2.11) in the class
of all nonnegative continuous and bounded functions v. For this purpose,
define £ as the space of all continuous and bounded functions on R® and
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K C L as the cone of all nonnegative functions from £. For arbitrary v € K
we set

t
Av(z) = }gi(; (/ e~ g (2%(s)) ds + e~ **Mv (z’(t))) .
20 \Jo
Then equation (2.11) is equivalent to
v(z) = Av(z), z €R".

Since g > 0, the solution v has to be nonnegative, and a function h defined
by the formula

+o0
h(z) = /0 e~*g(°(s)) ds, z€R",

isin K.
We check easily that, for z € R",

Av(z) = h(z) + inf (= (Mv— ) (="(1))) (2.16)

Therefore, by (2.9) and Lemma 2.1, the function .A(v) is bounded and con-
tinuous for arbitrary v € K. Hence A transforms K into K. Monotonicity
of M implies that A is monotonic.
To show that the transformation A is concave, remark that for non-
negative numbers 8,7, # + v = 1 and for functions vy, v2 € K,
M (Bv; + yv2)(z) > BMuvy(z) + YMuo(z), = €R"

Therefore, for arbitrary ¢ > 0
[ o e ds e M (Bus + 700 ()
20 [ [ ot (o) do e Mo (2 (0)]
| [ e @) dst e Mo ()]

2BAvi(z) +vAva(z), z €R".
By the definition of A,
-A(ﬂvl + 7”2)(1:) Z ﬂAvl (x) + "/.A!)Q(I), z € Rn)

the required concavity.



148 2. Dynamic programming for impulse control

It follows, from the definition of &, that A(k) < h. On the other hand,
for v = 0 and arbitrary £ > 0,

[ s @) ds+ e TuO)E)
> | Cematg (s7(s)) ds+ e~y 2 h(z) + "y — B) ((1)),

where v is a positive lower bound for ¢(-,-). Let 6 € (0,1) be such that
5h < v. Since h(z) > e~**h (2*(t)), t > 0, so finally

[ o0 (@) ds 4 M) 2 @)+ (6 = De™™h (+%(1) 2 bh(z),

and A(0) > éh.
All the conditions of Lemma 2.2 are satisfied and therefore the sequence

(A™(h)) is uniformly convergent to a continuous, bounded and nonnegative
function 9. It is not difficult to see that if v > vy > 0 then

0 < A(v2) — A(v1) < flve — wil
In a similar way, form=1,2,...,
0 <A™ (h) — A(D) < [|A™h — 9],

and therefore ¥ = A(9). This way we have shown that there exists a solution
of (2.11) in the set K. This finishes the proof of (i).

(i1) Since ¥ € K, the set
K = {z; o(z) = Mi(z))
is closed by condition (2.9). )

We show first that there exists a function S(-) with the properties
required by the theorem. By (2.10), function ¢(z, ) + 6( - ) attains its min-
imum at the point w; € I'(z). Hence

c(z,wy) + v(wy) = ().
If w; € K, then there exists an element w, € T'(wy) such that
c(wl, wz) + f)(wz) = ﬁ(wl).

More generally, assume that wo, ..., w,, are elements such that

c(wi, wig1) + H(wip1) = o(w;)



§ 2.4. The proof of Theorem 2.1 149

and wiyy € T(w;)NK,i=1,2,...,m — 1. Adding the above identities we
obtain

c(z,w1) + c(wr,w2) + ... + (Wm-1,wm) + (wm) = 8(wy).
Since ¢ is nonnegative and ¢(-,-) > vy > 0,
m < ¥(wy).
Therefore for some m, w,;; € I'(wn-1) and wy, & K. In addition,
(Wm—-1, Wm) + 9(wm) = H(wm-1).
Since wy, € I'(z), by (2.3),

ez, w1)+ ...+ c(Wm-1,Wm) > c(z,wnm),
c(x, wm) + f’(wm) < f’("‘7)

and
e(x, wy) + H(wn) = H(2).

Hence a function S with the required properties exists.
We finally show that if & € K is a solution to (2.11) then, for arbitrary
z € R™ and the stationary strategy # determined by K, S,

J(#,z) = 9(z).

Let 1,1, ... and (£, W1), (%2, W2), ... be elements of the stationary strat-
egy. Then for arbitrary finite ¢,

B(z) = /0 " e g (yHF(s)) ds + 3 emotie(gy, wi) + e o(ibm). (2.17)

i=1

To check that (2.17) holds assume first that m = 1. If {, = 0, then z =
#, € K and W, = $(2,). Hence

ﬁ(l‘) = ﬁ(f}l) = C(’f,’l, tf)l) + ‘6(1211)

If0 < {; < +00, then z ¢ K and {; = inf{t > 0; 25(t) € K}. It follows
from equation (2.11) and Lemma 2.1 that

o(z) = /0 l e~ g (2%(s)) ds + e~ M (z*(#1)) -
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However £, = 27(f,), W, = S(#) and
fi(fl) = Mﬁ(.’ifl) = c(:il, ‘lfll) + ﬁ(tf)l);

consequently,
i, . .
o(z) = / =g (%(s)) ds + e~ e(2, 2) + e~ (%)
o

Similarly, if (2.17) holds for some m and #,,41 < 400 then

fy1 — b = inf {t > 0; 2= (t) € f{} = ()

and, by the Bellman equation (2.11),
{(hm) . . P
im) = [ e gl (5)) ds + eI M55 ().
0

Since y?™ ({(1m)) = Zm41 and

(Ema1) = M(Zm41) = A(Ema1, Wms1) + 0(@mi1),
therefore

im A m .
o(z) = / e~ P g(y™*(s))ds + E e”"ie(&;, W)
0 i=0
" im-ﬁ-l‘{m .
+e"°""‘{/ e~ "g(z¥"(s))ds
o

+ e—a(fm+1‘im)(c(:i:m+1,'bm+1) + '7(12’"1“))}'

By the very definition of the strategy « we see that (2.17) holds for m + 1
and thus forallm=1,2,....

In exactly the same way we show that for arbitrary strategy = and
finite £,,,

tm m
o@)< [ e g () dek 3 e e, w) + o um).
0 =0

To prove that
o(z) = J(7, z),
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assume for instance that #,, < 400 form=1,2,... . Since

m m
+00 > #(z) > Ee’“"c(i,-,ti:,-) > 7Ze‘°",

§=0 i=0

tm 1 +00. Letting m tend to +oo in (2.17), we obtain
+00 . Foo .
o(z) = / e~ g (y**(s)) ds + Ee'““c(ig, w;).
o =0

Similarly, if {; = 400 then 2%(t) ¢ K for arbitrary ¢ > 0. Lemma 2.1 and
equation (2.11) imply

+o00
o(z) = /0 e~ *g(z%(s)) ds = J(%, z).

If, finally, i < i3 < ... <im < fmy1 = +00, then 2%~ (1) g K for all t > 0,
and

+o0
(im) = [ e a(am(s) de.

By the identity (2.17) we obtain

o(z) ::/; " e~ **g(y*%(s))ds + Ee“’i‘c(:ig, w;)+

i=0
- +00 . ’
+ e~ %tm /0 e~ *g(z¥™(s))ds = J(#, z).

Arguments of a similar type allow one to show that, for arbitrary strategy
w?
J(m, z) > i(z).

This way we have shown that the strategy # is optimal and at the same
time that 9 is the unique solution of (2.11). O
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[62], [63], [67] and references there.



Chapter 3

The maximum principle

The maximum principle is formulated and proved first for control prob-
lems with fixed terminal time. As an illustration, a new derivation of the so-
lution to the linear regulator problem is given. Next the maximum principle
for impulse control problems and for time optimal problems are discussed.
In the latter case an essential role is played by the separation theorems for
convex sets.

§3.1. Control problems with fixed terminal time

We start our discussion of the second approach to the optimality ques-
tions (see § 1.1} by considering a control system

y= f(y,u), y(O) =z eR", (31)

and the cost functional

T
Ir(z,u(-)) = /0 a(y(t), u(t)) dt + G(y(T)) (3.2)

with 7" > 0, a fixed, finite number. The set of control parameters will be
denoted, as before, by U C R™, the derivative of f, with respect to the
state variable, by f, and derivatives of ¢ and G by g, and G;.

Here is a version of the maximum principle.

Theorem 3.1. Assume that funclions f, g, G and [, g-, G, are conlinuous
and that a bounded control 4( -) and the corresponding absolutely continuous
solution of (3.1) marimize the functional (3.2). For arbitrary t € (0,T),
such that the left derivative S;§(t) ezists and is equal to f(§(t), (t)), the
following inequality holds;

(p(t), F(9(1), 4(1))) + 9(§(t), 4(1))

> max(p(0), SG0), w) + 9GO w). Y

In (3.3), p(t), t € [0,T1, stands for the absolutely continuous solution of the
equation

p=—f(9,%)p - 9:(4, %) (3-4)
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with the end condition

p(T) = G=(§(T)). (3-5)

Remark. Since an arbitrary absolutely continuous function is differen-
tiable almost everywhere, the inequality (3.3) holds for almost all ¢ € [0, T7.

Proof. Assume first that g(z,y) = 0 for z € E, u € U. Let, for some
1o € (O,T),

%t_g(to) = f(§(to), (o))

For arbitrary control parameter v € U and sufficiently small h > 0 define
the needle variation of 4 by the formula

a(t), ifte[0,t5—h),
u(t,h) = ¢ v, if t € [to — h,t0),
a(t), ift € [to,T].
Let y(-, h) be the output corresponding to u(-,h). It is clear that

dt
FEWT <0, (3.6)

provided that the right derivative in (3.6) exists. To prove that the deriva-
tive exists and to find its value, let us remark first that

wto ) =ito— W)+ [ flole,h),0)ds,

o) =9tto~ W)+ [ J(0(6),a(s)) do.

Taking this into account, we obtain

dt 1o Y(to, h) — §(to)
ng(to,o) = lﬁlol h (3.7
= lim Yl R) = 9(to —h) . (to) — §(to — k)
hlo h hlo h

= f(9(to), v) — F(§(to), i(to))-

Moreover, —:;y(t, k) = f(y(t, h), @(t)) for almost all t € [to, T}, so by Theo-
rem II.1.4, Theorem 1.1.1 and by (3.7)

ZEU(T,0) = S(T)S™ (1) (f(3(ta), ) — F(§(to), lto)),
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where S(-) is the fundamental solution of
§ = f=(§,1)q.

Therefore, the right derivative in (3.6) exists and

d* dt
Z-G((T, 0)) = (G (i(T)), T (T, 0)
= (G=(3(T), S(T)S™ (2o} (i(to), v) = F(i(ta), 3(to))))
= (5"(t0)™' 8" ()G (I(T)), (f(3(t0), v) = (3to), &(ta))))-

Since the fundamental solution of the equation p = —f7 (3§, @)p is equal
to (S*(t))~1, t € [0,T), formula (I.1.7) and inequality (3.6) finish the proof
of the theorem in the case when g(z,u) =0,z € R*, u e U.

The case of the general function g can be reduced to the considered
one. To do so we introduce an additional variable w € R! and define

f([i]ﬁ:[iéim é[:}]:G(x)+w, [Z]ek”“,uea

It is easy to see that the problem of maximization of the function (3.2) for
the system (3.1) is equivalent to the problem of maximization of

Ry

for the following control system on R™*+1,

o] =7 ([2]) = [5600)

with the initial condition

28)-)e

Applying the simpler version of the theorem, which has just been proved,
we obtain the statement of the theorem in the general case. u]

The obtained result can be reformulated in terms of the Hamiltonian
Junction:

H(z,p,u) = {p, f(z,u)) + g(z,u), z€R" uel, pecR" (3.8)
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Equations (3.1) and (3.4) are of the following form:

. OH

y= "5;(!/;?: u)1 y(O) =z, (39)

. OH

p= _E(y’p’ u)a p(T) = G:(y(T))’ (3'10)

and condition (3.3) is equivalent to

max H(§, p,u) = H(§,p, ) (3.11)
u€lU

at appropriate points ¢t € (0,T).

§3.2. An application of the maximum principle

We will illustrate the maximum principle by applying it to the regulator
problem of §1.3.

Assume that 4 is an optimal control for the linear regulator problem
and § the corresponding output. Since f(z,u) = Az + Bu, g(z,u) =
(Qz,z) + (Ru,u), G(z) = (Pyz,z), € R”, u € R™, equation (3.4) and the
end condition (3.5) are of the form

p=—-Ap—-2Qy nal0,T), (3.12)
p(T) = 2Poy(T). (3.13)

In the considered case we minimize the cost functional (3.2) rather than,
maximize, and, therefore, inequality (3.3) has to be reversed, and the max-
imization operation should be changed to the minimization one. Hence for
almost all t € [0, T] we have

Jé’;i{% [(p(2), A4(t) + Bu(t)) + (Qi(2), (1)) + (Ru, u)]

= (p(t), Ag(t) + Ba(t)) + (Qi(1), 5(1)) + (Ra(?), 6(1))-

It follows from Lemma 1.2 that the minimum in the above expression is
attained at exactly one point —3R~!B*p(t). Consequently,

a(t) = —%R"lB'p(t) for almost all t € [0, T].

Taking into account Theorem 3.1 we see that the optimal trajectory § and
the function p satisfy the following system of equations:

g=Aj— %BR“B'p, §(0) =z, (3.14)
p=-2Q9— A'p, p(T)=2PRYT). (3.15)
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System (3.14)-(3.15) has a unique solution and therefore determines the
optimal trajectory. The exact form of the solution to (3.14)- (3.15) is given
by

Lemma 3.1. Let P(t), t > 0, be the solution to the Riccati equation (3.18).
Then

p(t) = 2P(T - t)y(t), (3.16)

9(t) = (A - BR™'B*P(T - t))j(t), te€[o,T]. (3.17)
Proof. We show that (3.14) and (3.15) follow from (3.16) and (3.17). One
obtains (3.14) by substituting (3.16) into (3.17). Moreover, taking account
of the form of the Riccati equation we have
p(t) = — 2P(T — t)i(t) + 2P(T — t)i(t)

=—2(A"P(T-t)+ P(T-t)A+ Q — P(T — t)BR™'B* P(T — 1))i(t)
+2P(T - t)(A — BR™'B*P(T - t))i(t) = —A*p(t) — 2Qi(t)
for almost all ¢t € [0,T]. O
Remark. It follows from the maximum principle that & = —%R‘IB‘p.
But, by (3.16),
a(t) = ~R™'B*P(T - t)§(t), te€[0,T].

This way we arrive at the optimal control in the feedback form derived
earlier using the dynamic programming approach (see Theorem 1.3).

Exercise 3.1. We will solve system (3.14)-(3.15) in the case n = m =1,
A=a€R, B=1,Q=R=1,P;=90. Then

. .1
y=ay-—gp z(0) =z €R,
p=-2y9—ap, p(T)=0.

1

Let us remark that the matrix {_az :z] has two eigenvectors

1 1
[2(0 -1 +02)] ’ [2(a+ V1 +02)] ’
corresponding to the eigenvalues V1 + a? and —/1 + a2. Therefore, for
some constants £, £2, t € [0,T]

(6] = Lo vizan |6+ [y Jrvam ) &
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Since p(T') = 0 and g(0) = z,

£ = TV atVital,
a—+1+a? »

&= [1-e2TVIFT a++1+a?
_‘/1 +a2

From the obtained formulae and the relation & = —1p,

X u(t) p(i)
eZ(T —t)V1+a? _ 1

= (a + /1 + a’ e2(T-t)\/1-{>-€¢§ + VvV1+ al -
On the other hand, by Theorem 1.3, @i(t) = —P(T —t)g(t), t € [0,T}, where

(1), te€lo,7].
a

P=1+2P-P?, P(0)=
Hence we arrive at the well known formula

e21\/l+a5 -1
. t>0,
(a + V1 + a?)e2tV1+e® 1 /1 4+a2—a -

P(t) =

for the solution of the above Riccati equation.

§3.3. The maximum principle for
impulse control problems

We show now how the idea of the needle variation can be applied to
impulse control problems. We assume, as in §2.1, that the evolution of a
control system between impulses is described by the equation

= f(z), z(0)==z€R", (3.18)

the solution of which will be denoted by z(¢,z),t €RR.

It is convenient to assume that there exists a set U and a function
@: R* x U — R™ such that z + ¢(z,U) = I'(z), z € R", and to identify
a shift (impulse) from z to y € I'(z) with a choice of u € U such that
y = ¢(z,u). An admissible impulse strategy on I = [0, T is then completely

determined by specifying a sequence of moments (11,...,15),0<t; <tz <
.. < tym < T and a sequence (uy,...,4,) of elements in U, m=1,2,....
We will denote it by #(t1,...,¢m; 41, ..., um) and the corresponding output

trajectory starting from z by y(t) = y™*(t), t € I. Thus on each of the
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intervals Iy = [to,t1]), fx = (te,te41], k= 1,2,...,m, 10 = 0, tny1 = T the
function y( - ) satisfies equation (3.18) and boundary conditions

y(th) = y(te) + o(y(te), we), ¥(0) ==z, k=1,2,...,m.

To simplify formulations, in contrast to the definition in § 2.1, we assume
that output trajectories are left (not right) continuous.

The theorem below formulates necessary conditions which a strategy
maximizing a performance functional

Jr(z,7) = G (y™*(T)) (3.19)

has to satisfy. The case of a more general functional
T
Ien = [ e tare ) d (3.20)
0

+ Y e e (1 (1), wy) + e TG (1 (D))
i=1

can be sometimes reduced to the one given by (3.19) (see comments after
Theorem 3.2). To be in agreement with the setting of § 3.1 we do maximize
rather than minimize the performance functional.

Theorem 3.2. Assume that mappings f(-) and ¢(-,u), u € U, and the
Junction G(-) are of class C' and that for arbitrary z € R" the set p(z,U)
is conver. Let # = #((1,...,4m), (@1,-..,%m)) be a stralegy mazimizing
(3.19) and §(-) the corresponding output trajectory. Then, for arbitrary
k=12,...,m,

(), (§(E), ) 2 max(p(y), (i), w), (3.21)

(P, FHED)) = (), F@(ER))),  if te > O. (3.22)

Ifie = 0 then = in (3.22) has to be replaced by >.
The function p(-): I — R™ in (3.21) and (3.22) is left continuous and
satisfies the equation
p=—fz(Dp, (3.23)
in all intervals Iy = [0,4], I = (tk,Eeg1), £ = 1,2,...,m, with the end
conditions
p(T) = Gz(§(T)), (3.24)
p(ie) = p(EF) + oL (9(te), W )p(E}), k=1,2,...,m. (3.25)

Proof. We start from the following lemma which is a direct consequence of
Theorem I1.1.4 and Theorem I.1.1. The latter also imply that the derivative
zz(t, z) exists for arbitrary ¢t € R and z € R™,
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Lemma 3.2. Let ®(t,s) = z.(t — s,§(s)), t,s € [0,T]. Then

p(s) = ®*(feyr, )p(te41), s €Iy,
p(t}) = ®*(trq1, )p(Fes1), k=0,1,....m

To prove the theorem we fix © € U, a natural number k¥ < m and
a number € > 0 such that {3_; + ¢ < {i < tk+1 —¢. It follows from the
convexity of the set ¢(§{(fx), U) that for an arbitrary number 8 € [0, 1] there
exists u(B) € U such that

e(§(r), ) + B(e(3(Er), u) — (3t ), ) = p(F(E), u(B)).

We can asuume that u(0) = i and u(1) = u. For arbitrary a € (f; —
€,ix +€) and B € [0, 1] we define new strategies

=1(a, B), 7 (a, B), ..., 7™ (0, B)
as follows:

™Y a,B) =x((t1, ..., Ee-1), (81, .., k-1)),
(o, B) =7((t1, ..., tk-1,a), (41, .., Gk-1,u(B))),
7 (a, B) =m((fy, .- le—1, 0,841, .. -, ),
(ﬁl,. .. ,ﬁk_l,u(ﬁ),ﬁk+1,.. .,ﬁj)), j=k+1,...,m

Denote

yi(t; a,B) = y'j(a,ﬂ),z(t), te[0,T), j=k—-1,...,m

Then A
§(t) = y™(t; 4, 0), tel0,T]
For arbitrary o € (tx ~ €,ix +¢€) and B € [0,1]

w(e, B)) = GW™(T; a, B)) £ G(Y™(T; i, 0)) < w(te,0).

Hence 3
—“’(t‘,,,O) =0, iffx>0,
(3.26)
g—:(tk,O) <0, ifix=0,
Ow .
350 <0 (3.27)

under the condition that the function w(:, -) has partial derivatives at ({x,0).
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The essence of the proof consists in showing that the partial derivatives
exist and in calculating their values; it turns out that (3.26) and (3.27)

imply (3.22) and (3.21) respectively.
To prove (3.21) define

x(B) = w(tx, ) = G(y™(T; ik, ), B€0,1],

and note that for g € [0,1]
Ix . -
%(ﬂ) = G (y™(T; te, By (T; 1k, B)
= Galu™ (T i, B))22(T — m,61(8)) 3561(6),
where 61(8) = y™ (tm; tr, B) + o(¥™ (im; ik, B), itm). Thus
dw o e
5 0,0) = x5 (0) =(&* (T, E5)PUT), U™ s 82, 0)
+@2(y" " (Em; 1, 0), )y~ (Ems 1, 0)).
It follows from Lemma 3.2 and condition (3.25) that
®*(T,i})p(T) = p(th),

Pz (¥™ " (Ems £, 0), itm )p(i) = p(im) — p(E},).
Therefore i o
x5(0) = (p(im), v5' ™ (Em; ik, 0)).

By induction, we obtain

x8(0) = (p(fk41, Y5 (Ers1; £, 0)). (3.28)
Moreover i R R
¥ (esrs B, B) = 2(fegr — Te; 6:(B)), (3.29)
where
6e(B) = v* 7 ({k; 1x, B) + o(v* ~  (Ek; Bk, B), u(B)) (3.30)

= §(te) + (9(k), ) + Ble(§(Ee), u) — o(§(ik), i))-
Taking into account (3.28), (3.29) and (3.30) we finally see that

xp(0) = (@ (41, T1)P(Te41), @(§(Er), w) — @(§(ik), Be))
= (p(it)s SO(g(ik), u) - ‘P(g(ik), ﬁk))
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Hence (3.21) follows.
To prove (3.22) define

¥(a) = w(e,0) = G(y™(T; a,0)), a€ (fx—¢,ix+¢).
Then

g%(a) = G.(y'(T; 0,0))%@; ,0)
= G(y'(T; @,0)2:(T ~ tpm; 'yl(a))%:'—l(a),

where ) A
11(a) = ¥ (Em; @,0) + @(y™ " (im; @,0)).
Consequently, by Lemma 3.2 and formula (3.25),
i) - me1rs . . IO
5;1'/-{ = (p(trt))) Yo l(tm; tkvo» + (p(tm) —P(t:,),y? l(tm; tk,O))
= (p(im)9 Ya —l(im; {k,())),

and, again by induction,

.g%(tk) = (p(£k+1), yﬁ,({k‘i-l; {kvo))

Moreover i )
v*(tey1; ,0) = 2(fes1 — o; %(@)),
where
1e(a) = ¥ a5 @,0) + p(v* " (a; @,0), Bx)-
Hence
e v

a—a'(tk) = — (p(fx41), F(@Ee41))) + (o), F(3()))
+ (p(E), 0= (9(Ir), ar) £ (9(Ek)))-
Taking into account equation (3.25), we arrive at
2% (14) = ~(plins1), F@CEae))) + (p(Es), S(IE)))-

On the other hand, the function (p(-), f(#(-))) is constant on (f,tx+1]
and therefore

(o), FWEE)) = (P(es1), f( 3 (Ers1)))-

In addition,

2% (1) = (p(Ee), S5(ED) — (6D, SGED,
and by (3.26) we finally obtain (3.22). ]
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Remark. Theorem 3.2 can be reformulated in terms of appropriately de-
fined Hamiltonians

Hl(z,p) = (p,f(-l')), HZ(zapr u) = (p"p(z’u»» z,p € Rn) u € U.

The conjugate equation (3.23) is of the form

i’ = —Hl‘t(pv g)l

and condition (3.21) expresses the fact that the function Hay(p(i}), §({x), ")
attains its maximal value at @;.

Remark. To cover the case of general functional (3.20) one has to replace
state space R™ by R"*2 and define

{E i I B (P RN
f Tng1 | = 1 » ‘; Tn4t U8} = 0 »
:z"+2J e~ "r+1g(z) Tnyz c(z, u)

G ZTat1 | = Tnp2+ e 1G(2), z€R?, z,41,z042 € R (3.31)
L Tn+2 ]

Formulating conditions from Theorem 3.2 for new functions f, # and G we
obtain the required maximum principle. The most stringent assumption
here is the convexity of $(x,U). It can, however, be omitted, see [48].

§3.4. Separation theorems

An important role in the following section and in Part IV will be played
by separation theorems for convex sets.

Assume that E is a Banach space with the norm || - ||. The space
of all linear and continuous functionals ¢ on E with the norm ||p|l. =
sup{|e(z)|: ||z]] < 1} will be denoted by E*. ‘

Theorem 3.3. Let K and L be disjoint conver subseis of E. If the interior
of K is nonemply then there exists a funclional ¢ € E* different from zero
such that

p(z)<ply) forzeK, yelL. (3.32)

Proof. Let z; be an interior point of K and y, an arbitrary point of L.
Then theset M = K- L4+y—zo={z—y+y—20;z€K, yeL}is
convex and 0 is its interior point. Define

p(z) = inf{t > 0; f € M}. (3.33)
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It is easy to check that

p(z+y) < p(z)+p(y), plaz)=ap(z), z,y€E, a20, (3.34)
p(z) < c|lz||] for somec>0and all z€ E. (3.35)

Define on the one dimensional linear space {azp; a € R}, where 29 = yo—zy,
a functional ¢g by setting p(az) = a, @ € R. Since zo ¢ M, for all @ > 0

plazg) = inf{t > 0; %zo € M} > a = po(azp).

If a <0 then
wo(az) <0 < p(az).

By Theorem A.4 (the Hahn—Banach theorem), there exists a linear func-
tional ¢ such that
o(z) <p(z), z€E. (3.36)

It follows from (3.35) and (3.36) that ¢ € E*. Moreover, for z € M
o(z) < p(z) = inf{t > 0; ; eM}<1. (3.37)
Hence from (3.37) and the identity ¢(2) =1,forz€ K andy € L,

o(z — y+ yo — z0) = p(z — y) + ¢(20) < 1 < 9(20),
(3.32) follows. D

If (3.32) holds we say that the functional ¢ € E* separates the sets K
and L.

Theorem 3.4. Let M C E be a convez set.
(i) If the interior Int M of M is nonempty and xo & Int M then there
exists a functional ¢ € E*, ¢ # 0 such that

‘P(-’B) S ¢(20)7 z€EM.
(i) If a point zo € E does not belong to the closure of M then there
erist a functional p € E*, ¢ # 0, and a number § > 0 such that
p(z) +6 < p(z0), z€EM.

Proof. (i) Define K = Int M and L = {zo}. By Theorem 3.3 there exists
p € E*, ¢ # 0, such that

o(z) < p(z0) for z € Int M. (3.38)
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Since the set M is contained in the closure of Int M, inequality (3.38) holds
forall z € M.

(ii) For some r > 0 the closed ball L = {y € E; |ly — xol| < r} is
disjoint from M. Setting K = M we have from Theorem 3.3 that for some
@ € E*, ¢ #0, (3.32) holds. Since ¢ # 0 and m = inf{p(y); |ly — zol| <
r} < @(zo), it is sufficient to define § as arbitrary positive number smaller
than ¢(xp) — m. a

Theorem 3.5. Let M be a convez subset of E = R®. If a point x9 € M is
not in the interior of M then there exisis a vector p € R™, p # 0, such that

(p,z) < (p,z0), z€EM.

Proof. If M has a nonempty interior then the result follows from Theorem
3.4(3). If the interior of M is empty then the smallest linear space Ey
containing all vectors £ — zo, ¢ € M, is different from E. Therefore there
exists a linear functional ¢, different from zero and such that ¢(y) = 0 for
y € Ey. In particular, ¢(z) = ¢(z¢) for £ € M. The functional ¢ can be
represented in the form ¢(z) = (p, z}, z € R" for some p € R™.

0

§3.5. Time-optimal problems

There are important optimization problems in control theory which
cannot be solved using the idea of the needle variation as these variations
are not admissible controls. In such cases it is often helpful to reformulate
the problem as a geometric question of finding a supporting hyperplane to
a properly defined convex set. We will apply this approach to prove the
maximum principle for the so-called time optimal problem.

Let us consider again a linear system

y=Ay+Bu, y0)==z (3.39)
and assume that the set U C R™ is convex and compact. Let # be a given
element of R” different from z. We say that a control u( - ): [0, +00) — U
transfers z to Z at time T > 0 if for the corresponding solution y*'*( -} of
(3.39), y¥"*(T) = 2.

The time-optimal problem consists of finding a control which transfers z
to £ in the minimal time. The following theorem is the original formulation
of the maximum principle and is due to L. Pontriagin and his collaborators.

Theorem 3.6. (i) If there exists a control transferring z o & then the
time-optimal problem has a solution.

(ii) If 4(-) is a control transferring z 1o & in the minimal time T'> 0
then there exists a nonzero vector A € R" such that for the solution p(-) of
the equation R

p=—-A'p, p(T)=], (3.40)
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the identity
(B*p(0), 3(t)) = max(B"p(t),v) (3.41)

holds for almost all t € [0,T].

Remark. For a vector b € R™, b # 0, there exists exactly one (n — 1)-
dimensional hyperplane L(b) orthogonal to b, supporting U and such that
the set U is situated below L(b), the orientation being determined by b.
The maximum principle (3.41) says that hyperplane L(B*p(t)) rolling over
U touches the set U at the values a(t), t € [0,7], of the optimal control.
The adjoint equation (3.40) indicates that the rolling hyperplanes are of
a special form. It is therefore clear that the maximum principle provides
important information about optimal control.

Proof. (i) Let S(t) = e4?, t € R. The solution to (3.9) is of the form

y(t) = S(t) [:c + /Ot S~r)Bu(r) dr] , t>0.

For arbitrary ¢ > 0 define a set R(t) C R™:

R(t) = {/Ot S~Yr)Bu(r)dr: u(r) €U, r € [O,t]} .

We will need several properties of the multivalued function R(t), t > 0,
formulated in the following lemma.

Lemma 3.3. (i) For arbitrary t > 0 the set R(t) is conver and compact.
@ii) If 2z, — a and t,, | t asm | +oo and z,, € R(ly,) for m =
1,2,..., then a € R(1).
(iii) If a € Int R(t) for somet > 0 then a € R(s) for all s < t suffi-
ciently close to t.

Proof. In the proof we need a classic lemma about weak convergence. We

recall that a sequence (h,,) of elements from a Hilbert space H is weakly

convergent to h € H if for arbitrary =z € H, lim(hm,z)y = (h,z)g, where
m

(-,-}u denotes the scalar product in H.

Lemma 3.4. An arbitrary bounded sequence (h,,) of elements of a separa-
ble Hilbert space H contains a subsequence weakly convergent 1o an element
of H.

Proof of Lemma 3.4. Let us consider linear functionals
em(z) = (hm,z)y, z€H, m=12,....

It easily follows from the separability of H that there exists a subsequence
(¥m, ) and a linear subspace Ho C H, dense in H, such that the sequence
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(¥m. (z)) is convergent for arbitrary r € Hy to its limit ¢(z), € Hy. Since
the sequence (h,;) is bounded, there exists a constant ¢ > 0 such that

lp(2)| < clzln, = € Ho.

Therefore the linear functional ¢ has a unique extension to a linear, con-
tinuous functional § on H. By Theorem A.7 (the Riesz representation
theorem) there exists h € H such that ¢ = (h,z)y = € H. The element h
is the weak limit of (hy,, ). O

Proof of Lemma 3.3. Denote by U(t) the set of all inputs defined on
[0,¢] with values in U. It is a bounded, convex and closed subset of the
Hilbert space H = L?(0,t; R"). The linear transformation from H into R”

u(-)—-—»/0 S=1(r)Bu(r) dr

maps the convex set U(t) onto a convex set. Hence the set R(t) is convex. It
also maps weakly convergent sequences onto weakly convergent ones, and,
by Lemma 3.4, the set R(t) is closed. Since R(t) is obviously a bounded
set, the proof of (i) is complete.

To prove (ii), remark that

1 tm
Zm :/ S=1(r)Bum(r) dr+/ S=Y(r)Bupm(r) dr = 1, + 22,
[¢] t

for some up,(-) € U(ty), m = 1,2,.... Since z}, € R(t), 22, — 0 and
R(t) is a closed set, a € R(t).

To show (iii), assume, to the contrary, that a € Int R(t) but for se-
quences ¢, [t and £, — @, m & R(tm). Since the set R(t,,) is convex,
by Theorem 3.5 there exists a vector p,, € R, |pm| = 1 such that

(z — am,pm) <0 forall z € R(t,,). (3.42)

Without any loss of generality we can assume that p,, — p, |p| = 1.
Letting m tend to infinity in (3.42), we obtain that (z — a,p) < 0 for
arbitrary z from the closure of | J R(¢,) and thus for all z € R(t). Since

a € R(t), p has to be zero, a contradiction. O
We go back to the proof of Theorem 3.6. Let

()=8"Y )z -z, t>0,

and let 7" be the infimum of all t > 0 such that z(t) € R(t). There exists a
decreasing sequence t,, | T such that z,, = z({,) € R(tn), m = 1,2,....
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By Lemma 3.3(ii), 2(T') € R(T"), and therefore there exists an optimal solu-
tion to the problem. R A .
To show (ii) define a = 2(T). Then a ¢ Int R(T). For, if a € Int R(T),
then, by Lemma 3.3(iii), there exists a number ¢ < T such that z(t) € R(t),
a contradiction with the definition of T. Consequently, by Theorem 3.5,
there exists A € R™, X # 0, such that
(z — 2(T),\) <0, ze€ R(T). (3.43)

Let (- ) be an optimal strategy and u( - ) an arbitrary control taking values
in U. It follows from (3.43) that

T
( / $~1(r)(Bu(r) — Ba(r)) dr, }) < 0,

or, equivalently,

T
/0 (B*(S*())~X(r)A, a(r) — u(r)) dr > 0. (3.44)

Since the function p(t) = (S*(¢))~!A, t € [0,T], is a solution to (3.40),
see §1.1.1, and (3.44) holds for arbitrary admissible strategy u( - ), relation
(3.41) holds. O

Example 3.1. Consider the system
i=u (3.45)
with the initial conditions
2(0) = z3, #(0) = z,. (3.46)

We will find a control u(-) satisfying the constrains —1 < u(t) <1, ¢ > 0,
and transferring, in the minimal time, initial state (3.46) to

2(TYy=0, #T)=o0.

Transforming (3.45)- (3.46) into form (3.39), we obtain

|

The initial and the final states are, respectively,
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and the set of control parameters U = [—1, 1].

Since the pair (A, B) is controllable, an arbitrary initial state z close
to £ can be transferred to £ by controls with values in [—1, 1], see Theorem
1.4.1. In fact, as we will see soon, all states ¢ can be transferred to & this
way.

An arbitrary solution of the adjoint equation

. o o

is of the form p(t) = [ , t > 0, where a and b are some constants.

at+b
Assume that z # £ = 0 and u is an optimal control transferring z to 0 in
the minimal time T". Then, by Theorem 3.6, there exist constants a and b,

at least one different from zero, such that for almost all t € [0, T}:
@(t) = sgn B*p(t) = sgn{at + b) (3.47)

where sgnr is equal 1, 0 or —1 according to whether r is positive, zero or
negative. Without any loss of generality we can assume that (3.47) holds
for all ¢ € [0,7].

It follows from (3.47) that the optimal control changes its value at most
once and therefore i should be of one of the following forms:

G a@) =1, te[o,f*]:
(i) &@)=-1, telo,T], )
(i) at)=1, te[0,s), a(t)=-1, te(-s1T],

Gv) a(®)=-1, telo,s), a{t)=1, te(s 1],

where s is a number from (0, 7).

Denote by 'y and T'_ sets of these states z € R? which can be trans-
ferred to # by the constant controls taking values 1 and —1 respectively.
Solutions to the equations

-4 0 1 + 0 - 0 1 — 0 R 1
are given by the formulae

t2
wO=a+at+s, O =+t
t2
i (t) =z +zat — 5, v, (t)=z2—-t, t>0.
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Hence

Sets I'; and I'_ contain exactly those states which can be transferred to &
by optimal strategies (i) and (ii), and the minimal time to reach 0 is exactly
z. Taking into account the shapes of the solutions y* and y~, it is easy to
see that if the initial state z is situated below the curve 'y UT'_, then the
optimal strategy is of type (iii) with s being equal to the moment of hitting
T'_. If the initial state is situated above ' UT'_, then the optimal strategy
is of the type (iv). We see also that in the described way an arbitrary state
z can be transferred to z € R2.

Bibliographical notes

Numerous applications of the maximum principle can be found in [27],
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the paper by R. Rempala and the author [49]. Applications can be found
in [9].



Chapter 4
The existence of optimal strategies
This chapter starts with an example of a simple control problem with-

out an optimal solution showing a need for existence results. A proof of
the classic Fillipov theorem on existence is also presented.

§4.1. A control problem without an optimal solution

An important role in control theory is played by results on existence of
optimal strategies. In particular, all the formulations of the maximum prin-
ciple in Chapter 3 required the existence of an optimal strategy. The need
for existence theorems is also more practical as natural control problems
may not have optimal solutions.

Let us consider a control system on R!

v=u, y0)=0 (4.1)

with the (two-element) control set U = {—1, 1}. It is easy to see that a
strategy minimizing the quadratic cost functional

T
J3(0,u) = /0 (v* + u®) dt (4.2)

exists and is either of the form 4(t) = 1,t € [0,T}, or 4(t) = —1,t € [0,T].
It turns out however that for a similar functional

T
J2(0,u) = / (v — ) dt,
0

the optimal strategy does not exist. To see that this is really the case, let
us remark first that for an arbitrary admissible strategy u(-), y>—u? > —1,
hence J2(0,u) > —T. On the other hand, if we define strategies um(-),

m=12,...
0) {1’ if pI5h<t< F 3
Umil) = . 25—1 ;.
-1, 1if %-‘%; St(%#, ji=1...,m,

then for the corresponding solutions y,,,( - ) of (4.1),

1
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and therefore J2(0,u,,) — —T as m | +oo. So the infimum of the func-
tional J2(0, -) is —T. If, on the other hand, for a control u(-): J2(0,u(-)) =
—T, then, for almost all t € [0,7], y?(t) — u?(t) = ¥*(t) — 1 = —1, and thus
y(t) = 0, and, consequently, u(t) = 0, for almost all £ € [0,7]. But this
strategy is not an admissible one, a contradiction.

Before going to the main result of the chapter let us remark that some
existence results were formulated in connection with the dynamic program-
ming in § 1.2 and § 1.3, with the impulse control in § 2.1 and for the time
optimal problem in §3.5.

§4.2. Fillipov’s theorem
Let us consider a control system
y=f(y,u), y(0)=zeR" (4.3)
with the cost functional
J(z,u) = G(T, y(T)). (4.4)

Let us assume in addition that given are a set U C R™ of control parameters
and aset K C R™*? of the final constraints. Instead of fixing T' > 0 we will
require that

(T,49(T)) € K. (4.5)

Let C > 0 be a positive number such that
If(z,u)l < C(A + 2| + |ul), (4-6)

1/ (z,u) — f(z,u)] £ Clz — 2|(1+ |u]) (4.7)

for arbitrary ¢,z € R” and u € U, see § 11.1.1.

An admissible control is an arbitrary Borel measurable function u(-)
with values in U defined on an interval [0, T] depending on u(-) and such
that the solution y( -) of (4.3) satisfies condition (4.5).

The following theorem holds.

Theorem 4.1. Assume that sets U and K are compact and the set f(z,U)
is conver for arbitrary z € R™. Lel moreover the function f satisfy (4.6)-
(4.7) and G be a continuous function on K. If there exists an admissible
control for (4.3) and (4.5) then there also ezists an admissible control min-
imizing (4.4).

Proof. It follows from the boundedness of the set K that there exists a
number T > 0 such that admissible controls u( -) are defined on intervals
[0,7) C [0,T]. Let us extend an admissible control u(-) onto [0,T] by
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setting u(t) = u* for t € [T, T], where u* is an arbitrary selected element
from U. Denote by K the set of all solutions of (4.3), defined on [0,T] and
corresponding to the extended controls. By (4.6), for y € K and t € [0,T7],

1(t) = y(t)] = |z + / £(u(s), u(s)) ds

<lz|+ c/(:(l +|y(s)] + Juls)]) ds.

Hence, taking into account Gronwall’s Lemma I1.2.1,

t
WOt < e [l +cer [ u@las], el
o
Since the set U is bounded, for some constant C; > 0
ly) <C1 foryek, tefo,T]. (4.8)

Similarly, for y(-) € K and [t,s] C [0, T},

ly(t) — y(s)l < [ 1f(y(r), u(r))ldr < C[ (1 + Jy() + Ju(r)]) dr.
By the boundedness of U by (4.8), for an appropriate constant Cy > 0
() - y(s)| S Calt — s fory(-) €K, t,s€[0,T].  (49)

Conditions (4.8) and (4.9) imply that X is a bounded subset of C(O,f“; R™)
and that its elements are equicontinuous. By Theorem A.8 (the Ascoli
theorem), the closure of K is compact in C(0, T; R").

Let J denote the minimal value of (4.4) and let (y,,) be a sequence of
elements from K corresponding to controls (u,,) such that

J(z2,8m) = G(Tm, Y (Tin)) — J. (4.10)

Since K and K are compact and the function G is continuous, we can
assume, without any loss of generality, that the sequence (y,,) is uniformly
convergent on [O,f'] to a continuous function §(-) and T}, — T". We will
show that the function §( -) is an optimal trajectory.

Since §( - ) satisfies the Lipschitz condition (4.9), it has finite derivatives
2 (t) for almost all t € [0,7]. Let t be a fixed number from (0, T) for which
the derivative exists. The continuity of f(-,-) implies that for arbitrary
€ > 0 there exists § > 0 such that if |z — §(t)| < & then the set f(z,U)
is contained in the é- neighbourhood f5(3(t), U) of the set f(§(¢),U). By
uniform convergence of the sequence (y,,), there exist n > 0 and N > 0
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such that |ym(s) — 9(t)] < 6, for s € (t,t + n) and m > N. Let us remark
that

- t 1 i

Ym(s) — ym(?) — / FWm(r), um(r)) dr (4.11)
s—1 s—1J,

and that the integral ;1 f: f(ym(r), um(r)) dr is in the closure f5(§(t),U)

of the convex set f5(§(t),U). Letting m tend to +oo in (4.10) we obtain

10 =30 ¢ 7.5, ),

and consequently
dy —
20 e HGO.0).

Since § > 0 was arbitrary and the set f(§(t),U) is convex and closed,
dg .
%) e sa0).0). (112)

This way we have shown that if for some ¢ € (0, 7~") the derivative %(t)
exists, then (4.12) holds. From this and the lemma below on measurable
selectors, we will deduce that there exists a control #(-) with values in U
such that

dy

dt
The control @ is an optimal strategy and § is an optimal output. For,
from the convergence T,, — T, y, — § in C(0,T; R")) as m — +oo0,
the compactness of K and the continuity of G, it follows, see (4.10), that
J = G(T,#(T)) and (T, 4(T)) € K.

We proceed now to the already mentioned lemma on measurable se-
lectors.

Lemma 4.1. Assume that D is a compact subset of R x R™ and let A be
the projection of D on RP. There ezists a Borel function v: A — R™ such
that

(£) = f(#(t),a(t)) for almost all ¢ € [0, 7). (4.13)

(w,v(w)) € D for arbitrary w € A.

Proof. The set D is compact as an image of a compact set by a continuous
transformation, and thus also Borel.
If m = 1 then we define

v(w) = min{z: (w,2) € D}, we€A. (4.14)

The function v is lower-semicontinuous and thus measurable. Hence the
lemma is true for m = 1.
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If m is arbitrary then we can regard the set D is a subset of RP+™~1 xR!
and use the fact that the lemma is true if m = 1. This way we obtain
that there exists a measurable function v; defined on the projection Dy C
RP+™=1 of the set D such that (w;,v;(w,)) € D for arbitrary w; € A;.
So if we assume that the lemma is true for m — 1 and regard the set A,
as a subset RP x R™~! we obtain that there exists a measurable function
v9: A —s R™™! such that

(w,v2(w)) € Ay, forallwe A.

The function
v(w) = (02(1”)) vl(wy Uz(‘lU))), we A!
has the required property. Hence the lemma follows by induction. [m]

We will now complete the proof of Theorem 4.1. It follows from The-
orem A.10 (Luzin’s theorem) that there exists an increasing sequence (A;)
of compact subsets of [0, T] such that the Lebesgue measure of | JA is T

k
and, on each Ag, the function dj/dt is continuous. We check easily that
sets

Dy = {(t,u) €A xU: il%(:—) = f(g(t),u)} CRxR™ k=1,2,... (4.15)

are compact, and by Lemma 4.1 there exist Borel measurable functions
#x: A — U such that

dj R
%(z) = f(#(1), 4x(t)), t€Ax, k=1,2,....
The required control # satisfying (4.13) can finally be defined by the formula

ﬁ(t)-—{ﬁl(t) for t € A4,
T lie(®) fort€ Ap\Ap_y, k=2,....

The proof of Theorem 4.1 is complete. o
We deduce from Theorem 4.1 several corollaries.

Theorem 4.2. Assume that a function f and a set U salisfy the conditions
of Theorem 4.1 and that for system (4.3) there ezists a conirol trensferring
z lo £ in a finite lime. Then there exisls a conirol transferring x {o £ al
the minimal time.

Proof. Let us assume that there exists a control transferring z to z at time
T > 0 and define K = [o, T]x{:c} G(T,2) =T, TE[OT] The set K is
compact and the function G continuous. Therefore all the assumptions of
Theorem 4.1 are satisfied and there exists a strategy minimizing functional

(4.4). 1t is clear that this is a strategy which transfers r to # at the minimal
time. O
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In particular, assumptions of Theorem 4.2 are satisfied if system (4.3)
is linear and the set U compact and convex. Hence the theorem implies
the existence of an optimal solution to the time-optimal problem for linear
systems, see Theorem 3.6.

As a corollary of Theorem 4.1 we also have the following result.
Theorem 4.3. Assume that a function f and a set U satisfy the assump-

tions of Theorem 4.1 and that G is a continuous function on R". Then, for
arbitrary T > 0, there exisis a strategy minimizing the functional

Jr(z,u) = G(y(T)). (4.16)

Proof. As in the proof of Theorem 4.1 we show that there exists C > 0
such that |y(T)| < C for arbitrary output trajectory y( ). It is enough now
to apply Theorem 4.1 with K = {T} x {z: |z] < C} and G(T, 2) = G(2),
2l < C. O

Remark. Theorem 4.3 is not true for more general functionals

T
J(z,u) = ./0 9(y(s), u(s)) ds + G(y(T)), (4.17)

as an example from § 4.1 shows. The method of introducing an additional
variable, used at the end of the proof of Theorem 11.3.1, cannot be applied
here. This is because the new system is of the form

ng(y’u)' y(0)= z,
b =g(yu), W) =0,

and even if the sets f(z,U), £ € R", are convex subsets of R”, the set

(3] -0
9(x,u)
is not, in general, a convex subset of R"%2,

Theorems on the existence of optimal controls for functionals (4.17)

require more sophisticated methods than those used in the proof of Theorem
4.1.
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PART IV

INFINITE DIMENSIONAL LINEAR SYSTEMS

Chapter 1

Linear control systems

This chapter starts with basic results on semigroups of linear operators
on Banach spaces. Characterizations of the generators of the semigroups
due to Hille and Yosida and to Lions are given. Abstract material is il-
lustrated by self-adjoint and differential operators. The final section 1s
devoted to nonhomogenous differential equations in Banach spaces which
are the mathematical models of infinite dimensional control systems.

§1.1. Introduction

The control systems considered in the preceding chapters were de-
scribed by ordinary differential equations and the state space was R™.
There is, however, a large number of systems which cannot be represented
by a finite number of parameters. If we identify, for instance, the state of a
heated bar with its temperature distribution, then the state is an element
of an infinite dimensional function space. Parametrizing points of the bar
by numbers from the interval [0, L] and denoting by y(¢, £) the temperature
at moment ¢ > 0 and at point £ € [0, L], we arrive at the parabolic equation
(0.11) with boundary conditions (0.12)-(0.13), see Example 0.7.

The variety of situations described by partial differential equations is
enormous and quite often control questions, similar to those considered in
Parts I and Il appear.

Control theory of infinite dimensional systems requires more sophisti-
cated methods than those of finite dimension. The difficulties increase to
the same extent as passing from ordinary differential equations to equations
of parabolic and hyperbolic types. A complete theory exists only for a lin-
ear system. We will limit our discussion to several fundamental questions
of linear theory and use the so-called semigroup approach.
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§1.2. Semigroups of operators

Assume for a while that £ and U are finite dimensional linear spaces
and A: E — E and B:U — E are linear operators. Solutions to the linear
differential equation

y=Ay(t)+ Bu(t), y(0)=z€E, t>0, (1.1)

are given, see § 1.1.1, by the formula
t
y() = S(t)z + / S(t — s)Bu(s)ds, >0, (1.2)
0

where

S(t) =, t>0, (1.3)

is the fundamental solution of the equation
2=Az, z(0)==z€kE. (1.4)

The theory of linear semigroups extends the concept of fundamental
solutions to arbitrary Banach spaces E and gives a precise meaning to (1.2)
and (1.3) in more general situation. It turns out that a number of control
systems modelled by partial differential equations can be treated as special
cases of the general theory.

Uncontrolled systems (1.4) on Banach spaces are discussed in §§ 1.2-
1.6 and basic properties of controlled systems are the object of § 1.7. The
following considerations are valid for both real and complex Banach spaces.
The norm on the Banach space E will be denoted by || - ||, and, if the state
space is Hilbert, usually by | - |.

Let us remark that a function S(t), t > 0, with values in M(n, n) is the
fundamental solution of the equation (1.4) if and only if it is a continuous
solution of the operator equation

S(t +5) = S(t)S(s), t,s>0,5(0) = I. (1.5)

This leads us to the following generalization.

Let E be a Banach space. A semigroup of operators is an arbitrary
family of bounded linear operators S(t): E — E, t > 0, satisfying (1.5)
and such that

ltilr(r)lS(t)z =z for arbitrary z € E. (1.6)

Because of the continuity condition (1.6), the full name of the concept is
Co-semigroups of operators; we will however say, in short, semigroups of
operators or even semigroups.
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In the case of finite dimensional spaces E the operator A in (1.3) and
(1.4) is identical with the derivative of S(-) at 0:
ds . Sth)y—1
—=(0) = lim ——~—— = A. 1.7
3 (0 = lim —— A (L.7)

In the general case, the counterpart of A is called the infinitesimal operator
or the generator of S(t), ¢t > 0. 1t is not, in general, an operator defined on
the whole of F, but its domain D(A) consists of all those z € E for which
there exists the limit

S(h)x — =

e (18

and the operator A itself is given by the formula

Az = “m_S_'(_h)_E_—_x

lim 5 , x € D(A). (1.9)

Example 1.1. If A is a bounded linear operator on E then the family

tA +°°tm m
Sty=et= —A", t>0,

!
m=0 m:

is a semigroup with generator A.

Example 1.2. Let H be a Hilbert space with a complete and orthonormal
basis (e,,) and let (A\,) be a sequence of real numbers diverging to —oo.
Define

400
S(t)x = Z ez, en)enm, z€ H, t>0. (1.10)
m=1

It is not difficult to prove that the family given by (1.10) is a semigroup.
We will show later, see page 198, that the domain of its generator A is given
by

400
D(A) = {:c € H; z:(/\,,.(a:,em))2 < +00} .

m=1

and the generator itself by
+o00
Az =Y An(z,em), z € D(A).
m=1

Example 1.3. Let H = L%[0,n], Az = d?z/d¢? and the domain D{A)
of the operator A consist of absolutely continuous functions z(-) defined
on [0, 7] equal zero at 0 and = and such that the first derivative dz/d¢ is
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absolutely continuous on [0,7] and the second derivative d%z/d¢? belongs
to H.
We will show later, see page 199, that the operator A defined this way

is the generator of a semigroup given by (1.10) with e, () = \/g sin m&,

£€0,7], A\, = —m?, m = 1,2,.... This semigroup is sometimes denoted
by
S(t) = 1% 1> 0.

It is not difficult to guess that the formula
t
W(t) = S(t)z + / S(t = s)bu(s)ds, >0,
0

defines the solution to the parabolic equation (0.11)-(0.13) of Example 0.7
in whiche? =1 and L = =.

Example 1.4. Let us consider the wave equation

296)= e, ter el
6t2 b 662 ¥ 3 b ’
with initial and boundary conditions
y(tv 0) = y(t’ 7(') =0, teR,
w0, =a®), Z0.9=be). O

We identify functions a( -) and b( - ) with their Fourier expansions

400

a(€) = Eamsinmf, (1.11)
m=1
+o0

b€) =) Bmsinmé, &€ (0,m). (1.12)
m=1

If one assumes that Z (m?|am| + m|Bm]) < +oo then is it easy to check

that the Fourier expanswn of the solution y(-,-) of the wave equation is of
class C? with respect to both variables and

400

y(t,€) = E (am cosmt + %sin mt) sin mé. (1.13)

m=1

We have also

400
%(t,{) = Z (—may, sinmt + B, cosmt)sinmé, €€ (0,7). (1.14)

m=1
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Define E to be the set of all pairs [a

b] of functions with expansions (1.11)
and (1.12) such that

o0
Z m’|an|? + lﬂm|2 < +oo.

m=1

This is a Hilbert space with the following scalar product:

(HEHIE 52 (i + i)

m=1

Formulae (1.13) and (1.14) suggest that the semigroup of solutions to the
wave equation should be defined as follows:

+00 .
a cosmi am"Tm.!. an] .
S(t) [b] = 21 [—msinmt cosmt] [ﬂm}smm(-), t>0.

m=

We check directly that the above formula defines a semigroup of operators.
The formula is meaningful for all t € R and

S*(t)=S"'(t) = S(-t), teR.

Hence solutions of the wave equations define a continuous group of linear,
unitary transformations of E into E (see page 246).

1t follows from Examples 1.2 and 1.3 that infinitesimal generators are,
in general, noncontinuous and not everywhere defined operators. Therefore
a complete description of the class of all generators, due to Hille and Yosida,
is rather complicated. We devote §1.3 to it and the rest of the present
section will be on elementary properties of the semigroups.

In our considerations we will often integrate F-valued functions F de-
fined on [a, 8] C [0,400). The integral [ f F(s) ds should be understood in
the Bochner sense, see § A.4; in particular, an arbitrary continuous func-
tion is Bochner integrable and its integral is equal to the limit of Riemann’s
sums

8
/ Fs)ds=lim 3 F(sn)(tnrt1 — tnk),
n
o 0<k<m,

where @ = {0 < ty1 < ... < tam, = B, Spr € [tnr.tnes1], k£ =
0,1,...,my—1,n=0,1,..., max(tn k41 — tuk; k=0,1,...,m, —1) — 0
if n T 400. Moreover, for an arbitrary Bochner integrable function f,

/i b
I / Pl < [ IF(s)lds < +oo.
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Theorem 1.1. Let S(t), t > 0, be a semigroup of operators on a Banach
space E. Then
(i) there exist constants M > 0 and w such that

IS@I < Me™t, t>0;

(ii) for arbitrary z € E, the function S(-)z, z € E, is continuous on
[0, 4+00).
Proof. (i) By Theorem A.5 (the Banach~Steinhaus theorem) and condition
(1.6), for some numbers M > 0, m > 0 and arbitrary t € [0, m)],

Is@li < M.

Let t > 0 be arbitrary and k = 0,1,... and s € [0, m) such that t = km +s.
Then
ISl = IS(km)S(s)l < MM* < MMY™ < Me',

where w = # log M.
(ii) For arbitrary t >0, h >0andz € F

IS + k)z — S(t)z]l < Me“*||S(h)z — z]|.
If, in addition, t — h > 0, then
IS(t By — S(@)zl| < Me“tPS(h)z - .
Hence the continuity of S(-)z at t > 0 follows from (1.6). (]

Theorem 1.2. Assume that an operator A with the domain D(A) generates
a semigroup S(t), t > 0. Then for arbitrary z € D(A) and t > 0,

) S(t)xz € D(A),
(i) 2 Sty = AS()z = S(1) A,
(iii) Stz —-z = /0 S(r) Az dr.
Moreover,

(iv) the domain D(A) is dense in E and the operator A is closed (i.e.,
its graph {(z, A(z)); z € D(A)} is a closed subset of E x E).
Proof. For h>0,t >0

S(t+ h)z — S(t)z
h

= S(1)

S(h)z =z _ S(hi ~Ls)=. (1.15)

h
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If z € D(A), then

S(h)z

llm S(t) = S(t)Az.

Hence, S(t)z € D(A) and
d+
_(ES.(t)z = S(t)Az = AS(t)=.

Ifh>0,t>0and t— h >0 then

S(t—h)x—S(t)z

_ S(h)z —
2o T2 s myXEnE

and therefore

d 5@z = S(t)Az.

This way the proofs of (i) and (i1) are complete.

To prove (iii) note that the right hand side of (iii) is well defined as
continuous functions are Bochner integrable. Since the function S(-)z is
continuously differentiable and (ii) holds, we have for all ¢ € E*

P(SWz—2)= [ TSy dr

= (/0' S(r)Azdr) :

and (ii1) follows by Theorem A.4 (the Hahn-Banach theorem).
Forh>0,t>0andz€ FE

S(h) -1 ( / S(r)e dr) == /0 " SrYS Wz - 7t (1.16)

hence, letting h in (1.16) tend to 0 we obtain f;S(r)x dr € D(A). But
Itilxg% f(; S(r)z dr = z and thus the set D(A) is dense in E.

To prove that the operator A is closed assume that (z,,) € D(4),
m=12,..., 2n — ¢ and Az,, — y as m | +o00. Since, for arbitrary
r>0,m=12,...,

5(r)Azm — S(r)yll < Me* || Az, — ],

S(-)Az,, — S(-)y uniformly on an arbitrary interval [0,¢],¢ > 0. On the
other hand,

Szym — 2 = /: S(r)Az,, dr. (1.17)
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Letting m in (1.17) tend to 400 we obtain

.S'(t):r:-—:c::/0 S(r)ydr,

and consequently

. Sx—-=

1‘111:)1 : =y.
Hence z € D(A) and Az = y. The proof of Theorem 1.2 is complete. O

As a corollary we have the following important proposition.

Proposition 1.1. A given operator A can be a generator of al most one
semigroup.
Proof. Let S(t), S(t), t > 0, be semigroups with the generator A. Fix
z € D(A),t > 0, and define a function z(s) = S(t - s)S(s)z, s € [0,t]. The
function z( - ) has a continuous first derivative and

;ld;z(s) = —AS(t - 5)8(s)z + S(t — 5)AS(s)x
= —S(t — 5)AS(s)z + S(t — 5)AS(s)z = 0.

Hence ,
S(t)z — S(t)x = z(0) — z(t) = / ;;z(s) ds = 0.
0

O

We will need a result on the family S*(t), ¢ > 0, of the adjoint operators
on E*, see §111.3.4 and § A.2. In the theorem below, E is a Hibert space
and we identify E with E*.

Theorem 1.3. Assume that E is a Hilbert space and S(t), t > 0, a
semigroup on E. Then the adjoint operators S*(t), t > 0, form a semigroup
on E as well.
Proof. By the definition of the adjoint operator, (S(t+5))* = (S(t)S(s))* =
S*(s)S*(t), t,s > 0, and therefore (1.5) holds in the present situation.
To show that
ltilrgS'(t)x =z forz€E",

we need the following lemma.

Lemma 1.1 If f is a function with values in a Banach space E, defined
and Bochner integrable on an interval (o, + ho), ho > 0, B > a, then

Y]
tim [+ 1) - @)l =o.
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Proof. The lemma is true if F is one dimensional, by Theorem A .4, and
hence it is true for simple functions f which take on only a finite number
of values. By the very definition of Bochner integrable functions, see § A .4,
there exists a sequence (f,) of simple functions such that

B+ho
Jim [ 150 - s de=o.

It follows from the estimate

B
/ 17+ h)—F(0)]) de
8
< / falt + R) = F(t + B dt
8 B
s [t m - @l 150 - ol
B+ho B
<2 [0 - SOl + / 1t +B) = fu(®)ll dt,

valid for h € (0,hy) and n = 1,2,..., that the lemma is true in general. O

For arbitrary s > 0, ||S(s)|] = |]S*(s)]]. Without any loss of generality
we can assume that for some ¢ > 0 and all s > 0, ||S*(s)|] < ¢. More-
over, for arbitrary z,y € E the function (S*(s)z,y) = (2,5(s)y), s > 0, is
continuous. This easily implies that S*(-)z is a bounded, Borel measur-
able function with values in a separable Hilbert space, and, therefore, it is
Bochner integrable on arbitrary finite interval.

To complete the proof of Theorem 1.3 we first fix ¢ > 0 and an element
z € E and show that

limS* (¢ + h)z = 5" (t)=. (1.18)
If v € (0,t) then
I5°(+ Bz - 5" @all = I~ [ (5°(¢+ hye = 5°(0) dul
=|ly?! ‘/0‘7 S*(u)(S*(t+h—uwz - S*(t — u)z)dul|
<7 M /7 [IS*(t + h — u)z — S*(t — u)z|| dvu,

and, by Lemma 1.1, formula (1.18) holds.
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Let us finally consider an arbitrary sequence (¢;) of positive numbers
convergent to zero and an arbitrary element zg of £ and denote by M the
closure of the convex combinations of the elements S*(¢;)zo, I = 1,2,....
Since S*(t;)zo — zo weakly as | — +o00, so, by Theorem II1.3.4(ii), zo €
M. Therefore, the space Ey C E of all linear combinations of S*({;)z,
1=1,2,...,z € E, is dense in E. By (1.18),

li{n .S"'(t:)z =z, forallze€kFE,.
Moreover, sup ||S*(t;)|| < +o00 and therefore
1

lilmS"(t;)z =z forallz€E.

)

Exercise 1.1. Give an example of a separable Banach space £ and of
a semigroup S*(t), t > 0, on E such that for some ¢ € E* the function
S*(t)z, t > 0, is not continuous at 0.

§1.3. The Hille-—Yosida theorem

Of great importance in applications are theorems which give sufficient
conditions for an operator A to be the infinitesimal generator of a semi-
group. A fundamental result in this respect is due to Hille and Yosida.
Conditions formulated in their theorem are at the same time sufficient and
necessary. The proof of the necessity part (not needed in the book) is rather
easy and is left as an exercise for the interested reader.

Theorem 1.4. Let A be a closed linear operator defined on a dense set
D(A) contained in a Banach space E. If there erist w € R and M > 1
such that, for arbitrary A > w, the operator A\l — A has an inverse R()\) =
(A — A)~! satisfying

M __
A—-w)m

then A is the infinitesimal generator of a semigroup S(t), t > 0, on E such
that

IR™(M)] < form=12..., (1.19)

ISOIl < Me**, t>0. (1.20)
The family of the operators (AI — A)~!, A > w is called the resolvent
of A.
Proof. For A > w, define linear bounded operators Ay = A(AR()) —I) and
semigroups

Sk(t) - etA" - e—At +Z (A2t)m Rm(/\)

m=0
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We will prove that the limit of the semigroups S*(-) as A — +oo is the
required semigroup.
Let us show first that

Ayxz — Az for all z € D(A). (1.21)

If £ € D(A), then R(A){Azx — Az) = z and therefore
M
ARz — 2| = [[R(N)Az]| < 7—I|A=]], A>w.

Hence
lim AR(A)z =z for z € D(A). (1.22)
Af+oo

Since [|AR(A)]} < l,%_‘,%, A > w and the set D(A) is dense in E, the formula
(1.22) is true for all £ € E by Theorem A.5(ii) (the Banach—Steinhaus
theorem). Taking into account that

Axz = AR(M Az, A>w,

we arrive at (1.21).

Let us remark that

400 24\ym
Isr el < e S QAT M pyene

m! (,\._w)m = , A>w, t>0. (1.23)

m=0

Since AyA, = AuAx, S*()A, = AS M), t > 0, \,p > w, so, for z €
D(A),

SH )z — S*(t)z = /0 ' ;;S"(t ~ 5)S*(s)z ds
- /0 " SH(t — )(Ax — A)S (o) ds
- /o (1 — 5)SM(5)(Ax — Ap)a ds.
Therefore, by (1.23),

4
1S* () ~ S*(D)zll < l|Axz — Az||M? / R+ g
0
< M2%t||Axz — Az|ler-=".
Consequently, by (1.21),

1S*(t)z — S*(t)z]| — 0, for A, pu | 400 and z € D(A), (1.24)
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uniformly in ¢ > 0 from an arbitrary bounded set. It follows from Theorem
A .5(ii) (the Banach-Steinhaus theorem) and from (1.23) that the conver-
gence in {1.24) holds for all z € E.
Define
S(t)z = lim S*t)z, z€E. (1.25)
Af+4oo

We check easily that S(t), ¢t > 0, is a semigroup of operators and that for
z € D(A),

t
Stz —z = / S(r)Azdr, t2>0. (1.26)

0
Let B be the infinitesimal generator of S(1), ¢ > 0. By (1.26), D(A) C
D(B) and Az = Bz for x € D(A). It is therefore enough to show that

D(A) = D(B). Since
ISl < Me",

the operator
~ +oo
RNz = / e MS(t)zdt, z€E (\>w),
(i
is well defined and continuous. For arbitrary A >w, y € F and h > 0

[S(R)R(N)z — R(M)z]

&=

1 [+ L[
— M e 2RS4 4 h)z dt — — / e MS(t)x dt
h Jy h Jo

)\h_l
h

[ 4

h
R(A)z — e’\h;l‘-/ e MS(t)z dt.
0

Hence R(\)y € D(B) and
(A-B)R(\)y=y, y€E. (1.27)

If z € D(B) and A > w, then

+o00

L +w o~
R(\)Bz = / e *S(t)Bzdt = / e'”%S(t)z dt = —z + AR(\)z,
0 0

and therefore

RN(A-B)z =z, =€ D(B). (1.28)
From (1.27) and (1.28)

RN =(A=-B)""', A>uw (1.29)
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In particular, for arbitrary y € E, the equation
Az —-Br=y, =z¢€ D(B), (1.30)

has exactly one solution in D(B). Since z = R(A)y € D(A) is a solution
of this equation, R(A) = R(A). In particular, D(B) = R(A\)E = R(A)E =
D(A). ]

It follows from the proof of Theorem 1.4 that

Proposition 1.2. If for the generator A of a semigroup S(t), t > 0,
condition (1.19) is satlisfied or if a semigroup S(t) satisfies (1.20), then

+00
(A=A4)'z =Rz = / e MS()zrdt, z€E, A>w. (1.31)
0

§1.4. Phillips’ theorem

For control theory, and for the stabilizability question in particular,
of great importance is a result saying that the sum of a generator and a
bounded linear operator is a generator. It is due to Phillips.

Theorem 1.5. If an operator A generales a semigroup on a Banach space
E and K: E — FE is a bounded linear operator then the operaior A + K
with the domain identical to D(A) is also a generator.

Proof. Let S(t), t > 0, be the semigroup generated by A. Then for some
constants M > 1and w €R

IS@I < Me*t, ¢ 0.

It follows from Proposition 1.2 that the operator R(\) = (Al — A)~! is
given by

o0
RNz = / e MSt)zdt, z€E, A>w.
0

Since the semigroup e~“*S(t), t > 0, is generated by A — wI, without any
loss of generality, we can assume that

Isi<M, t>o0.
Let us introduce a new norm || - |jo on E,
ll=llo = sup [IS(®)|}.
10

Then
lzll < llzllo < Mllz||, z€E.
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Hence the norms || - ||, and || - || are equivalent, and we check easily that
ISl <1, 20,
1
IR < 5 A>0.
Assume that A > ||K]|,. Since

KR < IKTIRN, < 1,
the operator I — K R()) is invertible. Define

400
RO) = ROYI — KR ™ = Y ROYKROY™, 2> [|K]lo. (1.32)

m=0
We will show that
) VROl < 5=z
(ii) RO =0O-A-K) L

From (1.33)

+00
IBllo < 3 IRl ROIIT

< '_'l‘.zo 1 < 1
SXTSIERM, = X =11Kll,’

so the inequality (i) holds.

A > ”I<"0)

To prove (ii) notice that
(A— A— K)R(\) = (A= A)R(A) - KR(})
= (I - KR(A\))"' = KR(QAY(I — KR(\))™' =L
Since

RO -A—K)=RO)(A—A-K)+ +§ ROYKROA)™(A — A — K)

m=1

+o0 400
=I—-RO\)+ Y (RVK)™ =Y (RVK)™ =1,

m=1 m=2
(i1) takes place as well.
It follows from (i) that
~ 1
RON™ly € m———, m=1,2,....
(R ™ o O —IK)™

Moreover, the operator A+ K is closed and the theorem follows from The-
orem 1.4. (m]
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Remark. It follows from the proof of the theorem that if §(t), t>0,is
the semigroup generated by A + K then

IS < Mt ¢ > g,

§1.5. Important classesofgeneratorsand Lions’ theorem

We will now deduce some consequences of Hille-Yosida’s theorem
which help to prove that a given operator is the generator of a semigroup.
If A is a closed, linear operator with a dense domain D(A) then the
domain D(A*) of the adjoint to operator A consists of all functionals f € E*
for which the transformation £ — f(Az) has a continuous extension from
D(A) to E. If the extension exists then it is unique, belongs to E* and by
the very definition it is the value A* f of the adjoint operator A* on f.
The following theorem holds.

Theorem 1.6. Let A be a closed operator with a dense domain D(A). If
forw€eR and all A > w

AL = A)z|] > (A —w)ljz]| for all z € D(A), (1.33)
AL = A 2 (A —w)lIfll for all f € D(A), (1.34)

then the operalor A generates a semigroup of operators S(t), t > 0, such
that

ISl < e, t>0.

Proof. It follows from (1.33) that Ker(AI — A) = {0}, for A > w and that
the image of AI — A is a closed, linear space Fy C E. If Ey # E, then, by
Theorem A.4 (the Hahn-Banach theorem), there exists a functional f € E*,
f # 0, such that

fOz—Az) =0, z € D(A). (1.35)

Hence f € D(A*) and A*f = Af. By (1.34), f = 0, so, necessarily, Eg = E.
The operator A — A is invertible and, taking into account (1.33),

IR < 3= (1.36)

Therefore .
m <~ = e .
IR™ (M < Doy A>em=12.., (1.37)

and the result follows by the Hille-Yosida theorem. 0



§1.5. Important classes of generators and Lions’ theorem 191
Conditions (1.33) and (1.34) have particularly simple form if the space
E is Hilbert (over real or complex numbers).
Theorem 1.7. Assume that a closed operator A with a dense domain D(A)
ts defined on a Hilbert space H. If there exisis w € R such that
Re(Az,z) <wl||z||? for z € D(A), (1.38)
Re(A’z,z) <wl||z||? for z € D(A*), (1.39)

then the operalor A generates a semigroup S(t), t > O, such that
ISl < e, 120, (1.40)

Proof. We apply Theorem 1.6 and check that (1.33) holds; condition (1.34)
can be proved in the same way. Let A > w, z € D(A), then

Az ~ Az|” = [|(A - w)z + (wz — Az)||?
= (A —w)?||z)|? + |lwz — Az]]® + 2() — w) Re{wz — Az, z).

From (1.38)
Re(wz — Az, z) = w||z||* — Re(Az,z) > 0,

and (1.33) follows. )

A linear operator A on a Hilbert space H, densely defined, is said to
be selfadjoint if D(A) = D(A*) and A = A”.
We have the following corollary of Theorem 1.7

Corollary 1.1. A selfadjoint operator A such that
Re(Az,z) <wl||z]|> for z € D(A), (1.41)

generates a semigroup S(t), t > 0. Since the semigroups S*(-), A > w
generated by Ax = AAR(X) — I), are selfadjoint, the semigroup S(t) =
)\lti*r_n SA(t), t > 0, consists of selfadjoint operators as well.

(s o]

The following way of defining semigroups is due to J.L. Lions, see, e.g.,
[33].

Let us consider a pair of Hilbert spaces V C H, with scalar products
and norms ((-,-)), {-,:}, || - |I, | - | such that V is a dense subset of H
and the embedding of V into H is continuous. Let a(:,-) be a continuous,
bilinear function defined on V. In the case of complex Hilbert spaces V
and H instead of linearity with respect to the second variable we require
from a(-,-) antilinearity

a(u, v) = Aa(u,v), u,veV, reC.
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Define
D(A) = {u € V; a(u,-) is continuous in norm | - {}. (1.42)

Since V is dense in H, for u € D(A) there exists exactly one element
Au € H such that
{Au,v) = a(u,v), veEV. (1.43)

The following theorem is due to J.L. Lions.

Theorem 1.8. If for some constants w € R, a > 0,
Rea(u,u) + aflu|? < wlu?, ueV, (1.44)

then the operator A defined by (1.42), (1.43) generates a semigroup S(t),
t>0, on H and
(S <e’, t>0.

Proof. Let us fix A > w and define a new bilinear functional
a)(u,v) = AMu,v) — a(u,v), u,veV.
From (1.44),
alul?> < Mu, u) — Rea(u, u)
< Re(Mu, u) — a(u, u))

< Reax(u,u)
< laa(u,u)|, uweVv.

We will need the following abstract result.

Proposition 1.3. (the Lax-Milgram theorem). Let a(-,-) be a continuous
bilinear functional defined on a Hilbert space H such that, for some a > 0,

la(u,u)] > ajul?, ueH.

Then there exists a continuous, invertible, linear operator F from H onto
H such that
(Fu,v) = a(u,v), u,v€H.

Proof. For arbitrary u, the functional v — a(u,v) is linear and continu-
ous, and by Theorem A.7 (the Riesz representation theorem) there exists
exactly one element in H, which we denote by Fu, such that

a(u,v) = (v,Fu), veV.

Hence
(Fu,v) = a(u,v),
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and it is easy to check that F is a linear, continuous transformation. More-

over,
|Fu| =sup{|(Fu,v)|; [v] <1}
=sup{la(u,v); |v| <1}
> Ja(y, ﬁ)x

>alul, ue€H.

Consequently the image F(H) of the transformation F is a closed linear
subspace of H. If F(H) # H, then by the Hahn-Banach theorem there
exists v € H, v # 0, such that

(Fu,v) =0forall u€ H.

In particular,
(Fv,v) =0.

But
(Fv,v) = a(v,v) #0,

a contradiction. [m|

It follows from Proposition 1.3 that there exists a linear, invertible
operator Ax: V — V such that

ax(u,v) = ((Aru,v)) foru,veV.
Let Ay be defined by (1.42)-(1.43) with a(.,-) replaced by ax(-,-). Then
Ay = Al — A, D(A,) = D(A). Let, moreover, an operator J: H — V be
defined by the relation

(h,v) = ((Jh,v)), heH, veV.
We directly check that the image J(H) is dense in V. For h € H we set

u= A;1J(h).
Then Ayu = Jh,
ax(u,9) = (Axu,0)) = ((Th,9)) = (h, o),

hence u € D(Ax) and Ayu = h. On the other hand, if u € D(A,) and
Axu=hthenforveV

ax(u,v) = (Axu,v) = ((JAry,v)) = (Aru, v)).



194 1. Linear control systems
Consequently u = Z;th. This way we have shown that

D(Ax) = A3 J(H), (1.45)
AT = AT

For arbitrary A > w the operator
R(A) = (AT — A)~! = A7?

is a well defined linear operator. In particular, operators Ay and A are
closed. It follows from (1.45) and the denseness of J(H) in V that D(A) is
dense in H and, moreover, for u € D(A)

I = A)ul? = |(A ~ w)u + (w — A)uf?
= (A —w)?ul? + 2() — w) [w]u|® — Re(Au,u)] + |(w — A)u|?
> (A —w)?lul?.
Therefore, for A > w, we have |R(A)] < 52 and thus |[R™()| < (/\_—hT"_’
m = 1,2,.... The conditions of the Hille-Yosida theorem are satisfied.
The proof of the theorem is complete. o

§1.6. Specific examples of generators

We will illustrate the general theory by showing that specific differen-
tial operators are generators. We will also complete examples introduced
earlier.

Example 1.5. Let (a,b) C R be a bounded interval and H = L?(a,b). Let
us consider an operator

d
AT %
with the following domain:
. . dz
D(A) = { z € H; z is absolutely continuous on [a, 5], r3 €H, z(b)=0}.

We will show that the operator A is the generator of the so-called
left-shift semigroup S(t), ¢t > 0:

z(t+¢&), ift+¢e€(ab),

0, ift+¢& ¢ (a,b). (1.46)

S(t)2(e) = {

We will give two proofs, first a direct one and then a longer one based
on Theorem 1.7.
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Let A > 0 and y € H. The equation
Az — Az =y, =z € D(A),

is equivalent to a differential equation

FO=12) -v©), €@,
z(b) =

and has a solution z = R(A)y of the form

b
z(€) :/s e’\(f")y(s) ds, £ €][a,b].

On the other hand, for the semigroup S(¢), ¢t > 0, given by (1.46)

400 b-¢
(/ e MS(t) dt) y(€) = / e My + t)dt
A o
b
— / eA(f"’)y(s) ds’ f € [a, b], A > 0-
13

So the resolvent of the generator S(t), t > 0, is identical with the resolvent
of the operator A and therefore A is the generator of S(t), t > 0 (see
Proposition 1.1 and Proposition 1.2).

To give a proof based on Theorem 1.7, let us remark that for z € D(A)

b
(4,9 = [ L (ereterd = @) - [ E©e©)de,
hence 1
(Az,z) = —§zz(a) <0.

We find now the adjoint operator A*. If y € D(A*), then there exists 2 € H
such that
(Az,y) = (z,2) for all z € D(A).

Therefore

1]

]
f’,—zyde - / 2(€)=(€) de (1.47)

=_/ z(f)(/ i’.ds) d&:/ab%(/:z(ﬁ)dﬁ) ds
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To proceed further we need the following lemma, which will also be
used in some other examples.

Lemma 1.2. Assume thatl ¢ is an integrable function on an interval [a,b]
such that
bdm)y
T V() dE = 0 (1.48)

for some m = 0,1,... and arbitrary ¢ € C§(a,b). Then ¢ is identical,
almost everywhere, with a polynomial of the order m — 1.

Proof. If m = 0 the identity (1.48) is of the form

b
[ wewerds =o. (1.49)

By a standard limit argument we show first that (1.49) holds for all contin-
uous and bounded functions and therefore also for all bounded and mea-
surable functions ¢. Let

Pn = (sgn w)X(—n,n)(¢)! n= 1)2) e .

Then

b
0= n df = d€.
/a on(E)V(E) de W(E) dE + /Wn 1(6)] dé

l¥i2n

Since ¢ is integrable, [ (£)df — 0 as n 1 4o0o. Hence
I¥{2n

b
[ wende =o,
and therefore ¥(£) = 0 for almost all £ € (a,b). The proof is complete for
m=10.

Assume that m = 1 and let ¢, be a function from C§°(a,b) for which

f po(€)de = 1. If p € C5°(a,b) then the function

£ b
70 = [ o - ([ o6 ds)polm] dn, €€ (ab),

also belongs to C§°(a, b) and therefore

b d
[ ZHOVE dE =0,
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Hence
1] b ]
/., PEWE) de = / o(€) de - / po(s)(s) ds.

Consequently

b b
/a p(&) ['/)(f)— /a po(s)¥(s) dS] d¢ = 0.

Since the lemma is true for m = 0, we obtain that

b
P(€) = / wo(s)¥(s)ds for almost all £ € (a,b).

This way we have shown that the lemma is true for m = 1. The case
of general m can by proved by induction and is left to the reader as an
exercise. a

Returning to Example 1.5, let us remark that identity (1.47) and
Lemma 1.2 for m = 1 imply

v =~ [ @ de+a, se@), (1.50)

for a constant 4. Hence the function y is necessarily absolutely continuous
and its derivative dy/d€ = —z belongs to H.
We will calculate 4. From (1.47) and (1.50) we have

b d
a d€

Hence z(a)y = 0 for arbitrary z € D(A). Therefore v = y(a) = 0. This
way we have proved that

b
ydé = —z(a)y(a) — /a z:—g ds = —z(a)y + (z, z).

D(A*) C {y € H; y absolutely continuous, % € H,y(a) = 0} (1.51)

and d
Yy

Aty =——, € D(A").

v i Y (A%)

It is not difficult to see that in (1.51) the equality holds, and, since

) 1
the operator A generates a semigroup S(t), t > 0, satisfying

sl <1, t>o0.
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Example 1.2. (Continuation, see page 178.) The operator A has a dense
domain. Assume that y € D(A*). Then there exists z € H such that

400 400
(Ax,y) = Z Am(z'yem)(y» cm) = Z(-’B,em)(Z,ym) forz € D(A)
m=1

m=1

Letting z = e,; in the formula, we obtain (2,y,,) = An(y,em), m=1,...,
and, since z € H,

Z((Zr ym))2 = Z(Am (y, €m>)2 < +4-00.

Consequently, y € D(A) and A*y = Ay. We easily check that D(A4) C
D(A*). We see that the operator A is selfadjoint and

(Az,z) = Z Am ({2, €m))? < (sup Am)l=ll*.

m=1

By Corollary 1.1, the operator A generates a semigroup S(t), t > 0. That
the semigroup S(t), t > 0, is given by (1.10) can be shown in a similar way
to the first part of Example 1.5.

Example 1.3. (Continuation, see page 178.) We prove that A is selfad-
joint. If y € D(A*), then, for some z € H,

(Az,y) = (z,2) for all z € D(A).

£ LN
Since z(§) = {%(3) ds, (&) = %(0) + ({%;35 ds, £ € (0,m),

o= [ F© ([ )
%{’3(0)/0' (/ z(s)ds) dr + 0' %’(g) [/: (/, z(s)ds) dr} de.

Hence

0 = (Az,y) — (z,2) (1.52)

= [ o- [ ([ ) a]a-2o [ ([ ) ar

In particular, the above identity holds for arbitrary z € C*(0,7). By
Lemma 1.2, for some constants v, §

y(€) = [ (/, 2(s) ds) dr+v+6¢, €€l0,x). (1.53)
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Inserting expression (1.53) into (1.52) we obtain

t 4

2
‘1’325(7 +66)d = nj—:(o),

n=/0* ([z(s)ds)dr,

“—”(w)(v +8n) = Z O +n).

where

and therefore

Since the values d’e: (7), ‘E’ (0) can be chosen arbitrarily,

3=

Y=-1n 6=

But then y(0) = y(x) = 0. We have shown that D(A*) C D(A) and
A* = Ay for y € D(A*). In a similar way one shows that D(A) C D(A*).
Therefore the operator A is selfadjoint, and, since

(az,2)= [ dﬁ,zds /(—)2:1&50,

it is a generator by Corollary 1.1. Denote by A the generator of the semi-
group from Example 1.2 with

em(&) = ﬁSinn‘f? f € (0,7!'), Am = _mZ’ m= 1,2,... .

Let us remark that for arbitrary numbers a3, a2,...,am, m=1,2,...

If z € D(A) and z,, = 3 i ,(z,¢j)ej, m = 1,2,..., then z, — z and
A(zm) — A(z). Therefore also Alzm) — A(2). Smce the operator A is
closed, we obtain that z € D(A) and Az = Az. Therefore the generator A
is an extension of the generator .A. By Proposition 1.1 and Proposition 1.2
the generators are identical. As a consequence we have that the semigroup
S(t), t > 0, generated by the differential operator A has the representation

St)z(&) = — Z e~ tm’ sinm¢ (/r z(s)sinms ds) , &€€lo,x], t>0.

m—l
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Exercise 1.2. Applying the Lions theorem, prove that the operator A
from Example 1.3 is a generator.

Hint. Define

dr

d¢

- [dzdy
(@)= [ Fde
a(a:,y) = —-((a:,y)), z,yeV.

V =H}0,7x) = {z €H; — €H, z(0)=z(r) = 0} ,

Here is a different illustration of the Lions theorem.

Example 1.6. Let H = L*(a,b), V = H(a,b) = {z € H; % € H},

b b
(@)= [ %}j—gdu / 2(6)y(€) d

and
a(z,y) = —((z,y))-

It is clear that the bilinear functional a(-,-) satisfies the conditions of The-
orem 1.8.
Let A be the generator defined by (1.43) and (1.42). We show that

dz d’z dz dz
D(A)z{l'EH; izl € H, d—6(0)= d—f(b)=0}, (1.54)
d*z
Az = 2 x. (1.55)

If z € D(A), then, for some z € H and arbitrary y € V,

a(x’ y) = (z’ y)’

or, equivalently,

b dz b b
/a %g%g +/a z(§)y(§) dE = —/ z(£)y(§) d€. (1.56)

a

From (1.56) and the representation y(§) = y(a) + ff %'f ds, ¢ € (a,b),

/ab :—2’(&) [3%(6) + [ z(s)ds + /:z(s) dz] de¢ (1.57)

b
= —y(a) / (2(€) + =(£)) de.
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Since C§°(a,b) C V, by Lemma 1.2, for a constant y

r b
Z@O=- [Co+dstr, ce@h. 059

This way we see that dz/df is absolutely continuous and

d%z +
— =z+z.
de?
In particular,
d2
Az =2 = EE; -2z

To show that %(a) = %‘g’(b) = 0, we remark first that

z z b
FO=7 F@=7- [+
By (1.58) and (1.57)

b b
v [ de =16 - W) = ~3(@) [ (ala) + 2(s)) ds,

or, equivalently,
b
79(b) = (7 - [+ ds) y(a).
Since y is an arbitrary element of V = H!(a,b),

b
y=0= / (2(5) + 2(s)) ds.

Hence g—’g(a) = g—;(b) = 0, and the required result easily follows. O

Example 1.7. On the domain D(A) given by (1.54) define A+ B where B
is a bounded operator and A given by (1.55). The operator A 4 B defines a
semigroup by Theorem 1.5. In particular, if B is the identity operator, then
we obtain that the operator d?/d¢? with the Neuman boundary conditions
generates a semigroup.
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§1.7. The integral representation of linear systems

Let us consider a linear control system
y=Ay+ By, y(0)=z, (1.59)

on a Banach space E. We will assume that the operator A generates a
semigroup of operators S(t), t > 0, on E and that B is a linear, bounded
operator acting from a Banach space U into E. We will study first the case
when U = E and the equation (1.59) is replaced by

y=Ay+f, ¥0) ==, (1.60)

with f an E-valued function.
Any continuous function y: [0,T] — E such that

(1) y(0)==z, y(t) € D(A), te€l[0,T],
(ii)  y is differentiable at any ¢ € [0,7] and

V()= aut) + 10), tE€[0,T]

is called a strong solution of (1.60) on [0, T].

Theorem 1.9. Assume that z € D(A), f(-) is a conlinuous function on
[0,T] and y(-) is a strong solution of (1.60) on [0,T]. Then

y(t) = S(t)z + /o S(t — s)f(s)ds, te[0,T]. (1.61)

Proof. Let us fix t > 0 and s € (0,t). It follows from the elementary
properties of generators that

4 (¢~ syu(e) = ~AS(t~ )y(s) + 5(¢ - )2
= —S(t — s)Ay(s) + S(t — 5) [Ay(s) + f(s)] = S(t ~ 5)f (s).

Integrating the above identity from 0 to ¢ we obtain

u(t) - S(t)y(0) = /0 S(t ~ 5)f(s) ds.

a

The formula does not always define a strong solution to (1.60). Addi-

tional conditions either on f or on the semigroup S(t), t > 0, are needed.
Here is a typical result in this direction.
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Theorem 1.10. Assume that f(-) is a funclion with continuous first
derivatives on [0,+00] and z € D(A). Then equation (1.60) has a strong

solution.

Proof. The function S(-)z is, by Theorem 1.2, a strong solution of equa-
tion (1.60) with f = 0. Therefore we can assume that z = 0. For all
t>0,

y(t) = /0 St - 5)f(s)ds = /0 St —s) (f(0)+ /0 ’ :—{(r) dr) ds

t t s ot
=/ S(t—s)f(O)ds+/ (/ S(t—s)ii-‘t(r)ds) dr. (1.62)
0 0 r dr
We will show that forz € E and r > 0
/ S(s)xds € D(A) and S(r)z—z=A (/ S(s)x ds) . (1.63)
0 0
It follows from Theorem 1.2 that (1.63) holds for all z € D(A). For an

arbitrary £ € F let (z,) be a sequence of elements from D(A) converging
to . Then

S(r)zm — 20 = A ( /0 " S(s)en ds) Sz -2z

and

/0r S(s)zn ds — /or S(r)z ds.

Since the operator A is closed, (1.63) holds for all z.
For arbitrary t > r > 0, we have, by (1.63),

/o " S(t - 5)£(0) ds € D(A)

, (1.64)
S(WF(0) = £(0) = A ( [ 5= 910 ds) ,

/t S(t— s)j—f(r) ds € D(A)
o r

(St —r) - I)%(r) =A (/r‘ St - s)g—j;(r) ds) .

Let us remark that for an arbitrary closed operator A, if functions ¥( -)
and Ay(-) are continuous, then for arbitrary r > 0

/o " ¥(s)ds € D(4) and A ( /o ’ z/:(s)ds) = /o " Ay(s) ds.

(1.65)
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Therefore (1.62), (1.64) and (1.65) imply that y(¢) € D(A) and

Av(t) = (50 - DIO) + [ (St -1 - DECIdr, 120

Since

u(t) = / S(s)f(t ~ 5)ds,

%m:smnm+£sm%ﬁ-ﬂm=smﬂm+£su-ﬂ%uwn

Summarizing,
D) - 4u0) =SO10) - O + [ (S~ = DFryar

t
- S)f(0) + / S(t - r)-di(r) dr =0.
0 dT
The proof of the theorem is complete. O

Corollary 1.2. If a control function u(-) is of class C! and z € D(A),
then equation (1.59) has exactly one strong solulion, and the solution is
given by

t
y(t) = S(t)z + / S(t — s)Bu(s)ds, t>0. (1.66)

0
The function y(t), t > 0, given by the formula (1.66) is well defined

for an arbitrary Bochner integrable function u(-). It will be called a weak
solution of the equation

y= Ay + Bu. (1.67)

It is easy to show that the weak solution of (1.67) is a continuous function.
The following proposition, the proof of which is left as an exercise,
shows that weak solutions are uniform limits of strong solutions.

Proposition 1.4. Assume that u(-) is a Bochner integrable function on
[0,T] and z € E. If (ue(-)) and (z1) are sequences such that
(1) zx € D(A), forall k=1,2,... and lignxk =z,

(i) ug(-) are C' functions from [0,T7] — E, n=1,2,... and

T
li{n/ﬂ [lur(s) — u(s)jlds = 0,

then the sequence of functions

ve(t) = Sz + /t S(t —s)Bu(s)ds, k=1,2,..., t€[0,T},
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converges uniformly to the weak solution y(-) of (1.66).

Strong, and therefore weak, solutions of (1.67) are not in general iden-
tical with classical solutions of partial differential equations of which they
are abstract models. To see the difference let us go back to heat equation
(1.10). Physical arguments which led to its derivation did not determine
which function space should be taken as the state space E. There are al-
ways several choices possible. Let us assume for instance that the state
space is the Hilbert space H = L?(0,L) and that the generator A is given
by

de?’
with the domain D(A) described in Example 1.3. Assume that b(-) € H
and let Bu = ub, u € R. Equation (1.67) is then a version of (0.11), (0.12)
and (0.13).
If a function u(-) is of class C! and z € D(A) then, by Theorem 1.10,

Az =0

o(t) = S(t)z + /o " S(t — s)bu(s) ds € D(A), (1.68)

%(t) = Ay(t) + bu(t) fort> 0.

A solution y( - ) given by (1.68) is nonclassical because, for each t > 0,
y(t) is a class of functions and the inclusion y(t) € D(A) implies only
that there exists a representative of the class which is sufficiently smooth
and satisfies the Dirichlet boundary conditions. Whether one could find
a representative y(t,§), € € [0, L], which is a smooth function of (¢,£) €
[0,+00) x [0, L] satisfying (0.11)-(0.13), requires an additional analysis.
Moreover, the continuity of the strong solution and its differentiability are
in the sense of the space L?(0, L), which is again different form the classical
one.

However, despite the mentioned limitations, the abstract theory is a
powerful instrument for studying evolutionary problems. It gives a first ori-
entation of the problem. Moreover, the strong solution often has a classical
interpretation, and the classical solution aways is the strong one.
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Chapter 2
Controllability
This chapter is devoted to the controllability of linear systems. The
analysis is based on characterizations of images of linear operators in terms
of their adjoint operators. The abstract results lead to specific descriptions
of approximately controllable and exactly controllable systems which are

applicable to parabolic and hyperbolic equations. Formulae for controls
which transfer one state to another are given as well.

§2.1. Images and kernels of linear operators
Assume that U is a separable Hilbert space. For arbitrary numbers
b > a > 0 denote by L?%(a,b; U) the space of functions, more precisely,

equivalence classes of functions, u( -): [a,b] — U, Bochner integrable (see
§ A.4 and § A.6), on [a,b] and such that

b
/ [u(s)}2ds < +oo.

It is also a Hilbert space with the scalar product

b
((u(-),0())) = / (u(s),v(s)) ds,  u(-),v(-) € L*(a,b; U),

where (-,-) is the scalar product in U. Norms in U and in L%(a,b; H) will
be denoted by | - | and || - || respectively.

As in Part I, in the study of controllability of infinite dimensional
systems

y=Ay+Bu, y(0)=z€kE, (2.1)

an important role will be played by the operator
T
Cou= / S(T - s)Bu(s)ds, u(-)€L}0,T;U)  (2.2)
0

(see §1.7), acting from Ur = L%(0,T; U) into E. Note that
¥(T) = S(T)z + Lru, u(-)€ L*(0,T; V),

where y( -) is the weak solution to (2.1).
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To analyse the operator £ we will need several results from operator
theory which we discuss now.

Let X, Y and Z be Banach spaces and F and G linear, bounded
operators from X into Z and Y into Z. The adjoint spaces and adjoint
operators will be denoted, as before, by X*, Y* and Z* and by F* and G*
respectively. The image F(X) and the kernel F~!{0} of the transformation
F will be denoted by Im F and Ker F.

Our main aim in this section is to give characterizations of the inclu-

sions
ImF C ImG, ImF CImG

in terms of the adjoint operators F* and G*.

Theorem 2.1. The following two conditions are equsvalent

ImF C ImG, (2.3)
Ker F* D Ker G*. (2.4)

Proof. Assume that (2.3) holds and that for same f € Z*, G*f = 0 and
F*f # 0. Then for arbitrary y € Y, f(G(y)) =0 and f = 0 on ImG. It
follows from (2.3) that f = 0 on ImF and f(F(z)) = 0 for z € X. Hence
F*f =0, a contradiction. This way we have shown that (2.3) implies (2.4).

Assume now that (2.4) holds and that there exists z € In F \ ImG.
There exists a functional f € Z* such that f(z) # 0 and f = 0 on ImG.

Moreover, for a sequence of elements z,, € X, m = 1,2,..., F(zy) — 2.
For sufficiently large m, F* f(z,) # 0. Therefore F*f # 0, and, at the
same time, G* f = 0, which contradicts (2.4). a

Under rather general conditions, the inclusion

ImF CcImG (2.5)

takes place if there exists ¢ > 0 such that

IF*fll < cllG*fll forall fe Z*. (2.6)

We will prove first
Lemma 2.1. Inclusion (2.5) holds if and only if for some ¢ > 0
F(z); |zl < 1} C {Gy; llylt < ¢}- (2.7)
Moreover (2.6) holds if and only if

F(z); Izl <1} C {G(v); Iyl < <}- (28)
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Proof. Assume that (2.5) holds, and, in addition, KerG = {0}. Then
the operator G™'F is well defined, closed and, by Theorem A.2 (the closed
graph theorem), continuous. Hence there exists a constant ¢ > 0 such that

G- (F(x)l| < ¢, provided |l]| < 1,

and (2.7) holds. If KerG # {0}, consider the induced transformation G
from the quotient space Y = Y/Ker G into X. We recall that the norm of
the equivalence class [y] € Y of an element y € Y is given by

iwlll = inf{lly + #lI; G(¥) = 0}.

Since Im G = Im G, inclusion (2.5) implies Im F C Im G, and, by the proven
part of the lemma,

{F(z); llzll < 13 < {G([l); lilwlll < ¢}
C{Gly+): lly+dll <c+1}.

Hence (2.5) implies (2.7) for arbitrary G. It is obvious that (2.7) implies
(2.5).

To prove the second part assume that (2.8)holds. Then for arbitrary
fez*

WF"fll = sup |F(F(£))l < e sup |F(C()] < cllG*fl,
=<t (MBS

and (2.6) is true.

Finally assume that (2.6) holds and for some zo € X, |lzol] < 1,
F(zo) ¢ {Gy; llyll < c}. By Theorem I11.3.4(ii) there exists f € Z* for
which f(F(zo)) > 1 and for arbitrary y € Y, |lyl] < 1, ¢|f(G(y))] <
1. Hence at the same time ||[F* f}| > 1 and ¢||G* f|}] < 1. The obtained
contradiction with the condition (2.6) completes the proof of the lemma. O

Corollary 2.1. If the set {Gy; |lyll < ¢} is closed, then inclusion (2.5)
holds if and only if there exists ¢ > 0 such that (2.6) holds.

In particular we have the following theorem

Theorem 2.2. IfY is a separable Hilbert space then inclusion (2.5) holds
if and only if, for some ¢ > 0, (2.6) holds.

Proof. Assume that Y is a Hilbert space and z € {Gy; |ly}]] < ¢}. Then
there exists a sequence of elements y,, € Y, m = 1,2,..., such that
G(ym) —> z. We can assume that (y,,) converges weakly to § € Y,
lIgll < ¢, see Lemma 1I1.3.4. For arbitrary f € Z*, f(G(ym)) — f(z) and
F(Gym)) = G* f(ym) — G*£(§), hence f(z) = F(G(F)). Since f € Z*
is arbitrary, z = G(§) € {G(v); Ivll < c} and the set {G(v); lyll < c} is
closed. Corollary 2.1 implies the result. (n]
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Remark. It follows from the proof that Theorem 2.2 is valid for Banach
spaces such that an arbitrary bounded sequence has a weakly convergent
subsequence. As was shown by Banach, this property characterizes the re-
flezive spaces in which, by the very definition, an arbitrary linear, bounded
functional f on Y* is of the form f — f(y), forsome y € Y.

Example 2.1. Let Y = C[0,1], X = Z = L?[0,1] and let Fx =z, Gy =y,
z € X, y €Y. Then condition (2.8) is satisfied but not (2.7). So, without
additional assumptions on the space Y, Theorem 2.2 is not true.

We will often meet, in what follows, inverses of operators which are
not one-to-one and onto. For simplicity, assume that X and Z are Hilbert
spaces and F: X — Z is a linear continuous map. Then Xg = Ker F is a
closed subspace of X. Denote by X; the orthogonal complement of Xj:

X, ={z € X;(z,y) =0 for all y€ X¢}.

The subspace X, is also closed and the restriction F; of F to X; is one-to-

one. Moreover
ImF, =ImF.

We define
F~Y(2) = F7'(z), z€ImF.

The operator F~1: Im FF — Y defined this way is called the pseudoinverse
of F. It is linear and closed but in general noncontinuous. Note that for
arbitrary z € Im F

inf{llzll; F(z) = z} = |F' (2)Il

§2.2. The controllability operator

We start our study of the controllability of (2.1) by extending Propo-
sition 1.1.1 and give an explicit formula for a control transferring state
a € E to b € E. Generalizing the definition of the controllability matrix we
introduce the controllability operator by the formula

T
Qq@:L S(r)BB*S*(r)zdr, z€E. (2.9)

It follows from Theorems 1.1 and 1.3 that for arbitrary x € £ the function
S(r)BB*S*(r)z, r € [0,T], is continuous, and the Bochner integral in (2.9)
is well defined. Moreover, for a constant ¢ > 0,

T
/ |S(r)BB*S*(r)z|dr <clz|, z€E.
0
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Hence the operator Qr is linear and continuous. It is also self-adjoint and
nonnegative definite:

T
(Qrz,z) = /0 |B*S*(r)z|dr >0, z€E. (2.10)

We denote in what follows by Q;./ 2 the unique self-adjoint and nonnegative
operator whose square is equal Qr. There exists exactly one such operator.
Well defined are operators Q7' and (Q;,/ 2)"l (see §2.1); the latter will also

be denoted by Q;ll 2. In connection with these definitions we propose to
solve the following

Exercise 2.1. Let (e,,) be an orthonormal, not necessarily complete, se-
quence in a Hilbert space F and (y,») a bounded sequence of positive num-
bers. Define

+o00
Qz = E Tm{Z,em)em, z€E.

m=1
Find formulae for Q/2, Q~1, (Q'/?)~'.

Theorem 2.3. (i) There exists a strategy u(-) € Ur transferinga € E to
be E in time T if and only if

S(T)a —b e Im QY2

(i) Among the strategies transferring a to b in time T there exists

ezactly one strategy % which minimizes the functional Jp(u) = f(;r ju(s){?ds.
Moreover,

Jr(@) = 1Q7*(S(T)a - b)|2.
(iit) If S(T)a — b € Im Qr, then the strategy i is given by

a(t) = -B*S*(T - )Q7*(S(T)a ~b), te€[0,T).

Proof. (i) Let us remark that a control u € Ur transfers a to b in time T
if and only if
be S(T)a+ Lr(u).

It is therefore sufficient to prove that

ImCr = Im QY2 (2.11)
Let z € E and u(-) € Ur. Then

T
{({u( ), L32)) = (Lru,z) = /0 (S(T — r)Bu(r),z) dr

- / " (u(r), B*S*(T — r)z) dr.
0
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and, by the very definition of the scalar product in Ur,
Lyx(r) = B*S*(T — r)z, for almost all r € (0,T). (2.12)
Since

T
ICpa)? = / \B*S*(T — r)a|2dr

= (Qre,2) = Q7" z€ B,
part (i) follows immediately from Theorem 2.2.

(ii) The unique optimal strategy is of the form £3'(a — S(T)b). The
formula for the minimal cost is an immediate consequence of the following
result.

Proposition 2.1 If F and G are linear bounded operators acting between
separable Hilbert spaces X,Z and Y, Z such that | F*f|| = ||G*f| for f €
Z*, then InF =ImG and || F~1z|| = G 'z|for z€ ImF.

Proof. The identity Im F = Im G follows from Theorem 2.2. To show the
latter identity, one can asssume that operators are injective as otherwise
one could consider their restrictions to the orthogonal complements of their
kernels. Assume that forsome z€ Z, 2# 0,2 =Fz; =Gy, z1 € X, y1 €

Y and izl > lule Then iy = Gty )e {Gui Il < 1). By
Lemma 2.1 {Gy; |lyll < 1} = {Fz; ||z < 1}. Consequently, =T €

{Fz; ||zl < 1}. But fq = F(";;u). Since “ﬁﬁ” > 1and F is
injective, F(ﬁ:—ﬂ) ¢ {F(z); llz|| <1}. A contraction. Thus |lz]] = |lxll.
a

To prove (iii), let us remark that for arbirary z € E,
ETE;-.’IZ = QT.’II. (2.13)

Let us fix ¥y € Im Q7 and let
- _1 -
a=Lply, z= Qrty, Qrtz=0Q7l
It follows from (2.13) that
LrlyQriz=Qriz=y. (2.14)
If L7u =0, u € Ur then
_1 _1
(L3Qr%z,u)) =(Qr*z LTU) = 0.
Taking into account the definition of £1.! and identity (2.14), we obtain
4= CrQtz, (2.15)
and, by (2.12),
4(t) = B*S*(T - t)Q7'y, te[0,T).
Defining y = S(T)a — b, we arrive at (ii). ju}
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§2.3. Various concepts of controllability

The results of the two preceding sections lead to important analitical
characterizations of various concepts of controllability.

Let Rpr(a) be the set of all states attainable from a in time T > 0. We
have the obvious relation

Rr(a) = S(T)a+ImLr.
We say that system (2.1) is ezactly controllable from a in time T if
Ry(a) = E.

If
Rr(a) = E,

then we say that system (2.1) is approzimatlely controllable from a in time
T.

We say that system (2.1) is null conirollable in time T if an arbitrary
state can be transferred to 0 in time T or, equivalently, if and only if

ImS(T) C Im L. (2.16)

We have the following characterizations.

Theorem 2.4. The following conditions are equivalent.
(1) System (2.1) is ezactly controllable from an arbitrary state in time
T>0.
(i1) There ezists ¢ > 0 such that for arbitraryz € E

/ ) |B*S* (O)z|2dt > c|z|%. (2.17)
V]

(i) ImQY? = E. (2.18)
Proof. If a system is exactly controllable from an arbitrary state, it is
controllable in particular from 0. However, the exact controllability from 0
in time T is equivalent to

ImLr DE.

Applying Theorem 2.2 to G = L1 and F = I, we obtain that condition
(2.17) is equivalent to the exact controllability of (2.1) from 0. If, however,
ImLp = E, then, for arbitrary @ € E, Rr(a) = E, and (2.1) is exactly
controllable from arbitrary state.

The final part of the theorem follows from Theorem 2.3(1). 0
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Theorem 2.5. The following condilions are equivalent.
(i) System (2.1) is approzimately controllable in time T > 0 from an
arbitrary state.

(ii) If B*S*(r)z = 0 for almost allr € [0,T], then z = 0. (2.19)
(iii) ImQ}/? is dense in E. (2.20)

Proof. It is clear that the set Rr(a) is dense in E if and only if the
set Im Ly is dense in E. Hence (i) is equivalent to (ii) by Theorem 2.1.
Moreover (i) is equivalent to (iii) by Theorem 2.3. O

Theorem 2.6. The following conditions are equivalent.
(i) System (2.1) is null controllable in time T > 0.
(ii) There exists ¢ > 0 such that for allz € E

/ ) |B* S*(r)z|2dr > c|S*(T)z]2. (2.21)
0

(i) Im QY% 5 ImS(T). (2.22)

Proof. Since null controllability is equivalent to (2.16), characterizations
(i) and (ii) and characterizations (i) and (iii) are equivalent by Theorem
2.2 and Theorem 2.3 respectively. O

§2.4. Systems with self-adjoint generators

Let us consider system (2.1) in which the generator A is a self-adjoint
operator on a Hilbert space H, such that for an orthonormal and complete
basis (e,) and for a decreasing to —oo sequence (As), Aem = Amem,
m=1,2,.... (See Example 1.2 with £ = H, pages 177 and 198).

We will consider two cases, B as the identity operator and B as one-
dimensional. In the former case, we have the system

y=Ay+u, y(0)=a, (2:23)
with the set U of control parameters identical to H. In the latter case,
y=Ay+uh, y(0)=a, (2.24)

U =R! and A is a fixed element in H.

Lemma 2.2. Sets Im Lr, for system (2.23), are identical for all T > 0.
Moreover, state b is reachable from 0 in a time T > 0 if and only if

+00
D Pl (b, em )| < +oo. (2.25)

m=1
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Proof. In the present situation the operator @7 is of the form

+00
Qrzr = /OT S(2t)z dt = Z ([)T g2t dt) (z,em)em

m=1

too e22mT _ 1
(S omem

m=1

Therefore
12 400 le22AnT _ 1] 1/2
Q7 ‘z= E (W) (z,em)em.

m=1

Let us remark that for arbitrary T'> 0
le2*=T _ 1] — 1, as m | +oo0.

Hence b = 3% (b,em)em € Im Q,}!z if and only if condition (2.25) holds.
Since Im L7 =Im Qr}./ ? the result follows. O

Lemma 2.3. Under the conditions of Lemma 2.2, for arbitrary T > 0,

Im S(T) € Im Q}/2. (2.26)
Proof. If a € H, then
+oo
S(T)a = E T (a,em)em.
m=1
Since
3 kel em)l” < (sup Pomfe=T ) faf? < oo,
m m
(2.26) holds. a

As an immediate corollary of Lemma 2.2, Lemma 2.3 and results of
§ 2.3, we obtain the following theorem.

Theorem 2.7. System (2.23) has the following properties:

(i) It is not ezxactly controllable from any state and at any moment
T>0.
(ii) It is approzimalely controllable from arbitrary a and in arbitrary
T>0.
(iii) Set Ry(a) is characlerized by (2.25).

We proceed now to system (2.24).
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It follows from Theorem 2.6 that (2.24) is not exactly controllable.
We will now formulate a result giving a characterization of the set of all
attainable points showing at the same time the applicability of theorems
from § 2.1. An explicit and complete characterization of the set is not known
(see [52]).

First of all we have the following

Theorem 2.8. System (2.24) is approzimately controllable from an arbi-
trary state at a time T > 0 if and only if

A #Am forn#m, (2.27)
(h,em)#0 form=12,.... (2.28)

Proof. We apply ‘Theorem 2.5. For arbitrary xt € H

400
B*S*(t)z = E e*mt(h, em)(Z,em).

m=1

Since
00

(B, em){(z, em )l < [R]]z] < 400
m=1

and A, — —oo as m | 400, the function

400
p(t) =Y ethem)(z, em), t>0,
m=1

is well defined and analytic. Hence ¢(t) = 0 for almost all ¢ € [0,T] if and
only if p(t) = O for all £ > 0. It is clear that conditions (2.27) and (2.28)
are necessary for the approximate controllability of (2.24). To prove that
they also are sufficient we can assume, without any loss of generality, that
the sequence (A,,) is decreasing. Then

M —A‘! — —
t%lg’xoe e(t) = (h,e1){z,e1) = 0.
Since {(h,e1) # 0, {(z,e1)} = 0. Moreover,

+0o0
p(t) =Y e*ih,em)(z,em), t>0.

m=2

In a similar way
: —Ast — —
¢¥T§o e~ 2 p(t) = (h,ez)(z,e3) =0,

and thus (z,e2) = 0. By induction (z,e,) = 0 for all m = 1,2,..., and,
since the basis (e,,) is complete, z = 0. This completes the proof of the
theorem. o
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Let (am,) be a bounded sequence of positive numbers. Let Hy be a
subspace of H given by

{:c € H; E (z,6m)” e,,,) < +oo} . (2.29)

We say that the space Hp is reachable al @ moment T > 0 if 0 can be
transferred to an arbitrary element of Hy in time T by the proper choice of
a control from L?(0,T).

It turns out that one can give necessary conditions, which are very
close to sufficient conditions, for the space Hy to be reachable at time
T > 0. To formulate them consider functions f,(t) = e*=?, t € [0,T) and
closed subspaces Z,, of Z = L?(0,T), m = 1,2,..., generated by all f,
k # m. Let é,, be the distance, in the sense of the space Z, from f,, to
Zm,m=1,2,...

Theorem 2.9. (i) If Hy is reachable at time T, then there ezists v > 0
such that

0<apm <vémi{h,en)], m=1,2,....
(i) If, for some v > 0,

0<am< :1—6,,,]('1,6,,,)[, m=1,2,...,

then Hgy is reachable at time T.
Proof. Let F: H — H be an operator given by

Fr = Zam(z em)em, € H.

m=1

Then
Im F = H,.

Hence the space Hy is reachable at T > 0 if and only if
ImFCImCr. (2.30)

It follows from Theorem 2.2 that (2.30) holds if and only if for a number
¥>0

T
1
/ [(S(t)h, z)|2dt > ?lelz, z€eH. (2.31)
o

Denoting the norm in Z by || - || we can reformulate (2.31) equivalently as

k k
> :f—’jfjfjll 2 - provided Se=1, k=12,.... (2.32)
i=1 i=1
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Let us fix m and € > 0 and choose £ > m and numbers 7;, j < k,
j # m such that

bm + €2 ||fm + 2 —L,,—f,n, - (2:33)
i#m &

1/2
Defining nm =1, § = (2’;1 r,;") > 1, we obtain from (2.32) and (2.33)

"""'(6m+e)>n§: f,n,n>6nz: 520> 6

~d |-
2

Since € > 0 was arbitrary, (i) follows.
To prove (ii) denote by f,, the orthogonal projection of fn onto Z,
and let

= é(fm-fm), m=1,2,...
Let us remark that
= 1 .
((fmafm» = a((fm» Jm — fm)) =1,
W Fid) =0, Woll = 5= k£ m.

where ((,-)) denotes the scalar product on Z.
Therefore, if, for a sequence (§m),

+o0
1
Z lfm'_<+°o’

then
u( )— E_fm( )GZ
and
T fm
/ etu(t)dt = ((fm, u)) = 2=, m=12,....
[}] ﬂm
Consequently,

Kz em)l
E 1Bm 6m
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implies z € Im L. On the other hand,
K”:em)l 1
z,e
Z 1Bl Z e emlig Yo m
1/2
(2, em)|?m? 1
< (E 62,62, Z m? :
m=1
Hence, if
O0<an, < llﬁmlém, m=12,...,
m

then Ho C ImLy. The proof of the theorem is complete. O

§2.5. Controllability of the wave equation

As another application of the abstract results, we discuss the approxi-
mate controllability of the wave equation, see Example 1.4, page 179.
Let h be a fixed function from L2(0,n) with the Fourier expansion

400 400
h(¢) = Z Tmsinm, £ €(0,n), E 72 < +o0.

m=1 m=1
Let us consider the equation

0%y _ 9%

with initial and boundary conditions as in Example 1.4 and with real valued
u(-). Equation (2.34) is equivalent to the system of equations

0

aztl (2.35)
v 62

3 = gz T hult), 120, £€(0,m) (2.36)

Let E be the Hilbert space and S(t), t € R, the group of the unitary
operators introduced in Example 1.4. In accordance with the considerations
of § 1.7, the solution to (2.35)- (2.36) with the initial conditions u(0) = a,
v(0) = b will be identified with the function Y (1), t > 0, given by

Y(t) = [-’;gg] = S(t) [‘;] +/0‘ S(t - s) [2] us).  (2.37)
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Theorem 2.10. If
T>2x, Ym#0 for m=12,...,

then system (2.35)-(2.36) is approzimately controllable in time T from an
arbitrary state.

Proof. In the present situation U = R and the operator B:R — FE is
given by

0

Bu:[ ]u, u €R.

Since S*(t) = S(—t), t > 0,

s3] = «[n] seo 5]

400
= Z Ym(mamsinmt + B, cosmt), t > 0.

m=1

Taking into account that

+o0 +o00
Z |m7mam’ < 400, E h'mﬂml < +o00,

m=1 m=1
we see that the formula
+00
p(t) = E Im(mam, sinmt + B, cosmt), t>0,

m=1

defines a continuous, periodic function with the period 2x. Moreover,

1 2%
MY O = — / p(t)cosmt dt,
°

2%
YmBm = —l-/ p(t)sinmtdt, m=12....
T Jo
Hence if T > 27 and ¢(t) = 0 for t € [0,T1,
mymam =0 and Bpym =0, m=1,2,....

Since ym £ 0forallm =1,2,..., oy = P =0, m = 1,2,..., and we
obtain that a = 0, b = 0. By Theorem 2.6 the theorem follows. a
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Theorems from §2.1 are taken from the paper by S. Dolecki and
D.L. Russell [21] as well as from the author’s paper [68]. They are gen-
eralizations of a classical result due to Douglas {22].

An explicit description of reachable spaces in the case of finite dimen-
sional control operators B has not yet been obtained; see an extensive
discussion of the problem in the survey paper by D.L. Russell [52].

Asymptotic properties of the sequences (f,,) and (6,,) were an object
of intensive studies, see D.L. Russel’s paper [52]. Theorem 2.9 is from
author’s paper {68]. Part (i) is in the spirit of D.L. Russell {52].



Chapter 3
Stability and stabilizability

We will show first that the asymptotic stability of an infinite dimen-
sional linear system does not imply its exponential stability and is not de-
termined by the spectrum of the generator. Then we will prove that stable
systems are characterized by their corresponding Liapunov equations. It is
also proved that null controllability implies stabilizability and that under
additional conditions a converse implication takes place.

§3.1. Various concepts of stability

Characterizations of stable or stabilizable infinite dimensional systems
are much more complicated then the finite dimensional one. We will restrict
our discussion to some typical results underlying specific features of the
infinite dimensional situation.

Let A be the infinitesimal generator of a semigroup S(t), t > 0, on
a Banach space E. If z € D(A) then a strong solution, see §1.7, of the
equation

t=Az, z(0)=z€E, (3.1)

is the function

(1) = S(t)z, t>0.

For arbitrary z € E, z7(-) is the limit of strong solutions to (3.1) and
is also called a weak solution to (3.1), see §1.7.

If the space E is finite dimensional then, by Theorem 1.2.3, the following
conditions are equivalent:

For some N >0,v >0 and all t >0 ||S(t)]] < Ne™“". (3.2)
For arbitrary = € E, 2”(t) — 0 exponentially as ¢t — +o00. (3.3)
For arbitrary z € E, / e 2% ())j2dt < +oo. (3.4)
For arbitrary z € E, z:(t) — 0 as t — +o00 (3.5)

sup{Re); X € 6(A)} < 0. (3.6)

In general, in the infinite dimensional situation the above conditions
are not equivalent, as the theorem below shows.
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Let us recall that for linear operators A on an infinite dimensional
space E, A € g(A) if and only if for some 2 € E the equation Az — Az = z
either does not have a solution £ € D(A) or has more than one solution.

Theorem 3.1. Let E be an infinile dimensional Banach space. Then
(i) Conditions (3.2), (3.3) and (3.4) are all equivalent.

(i1) Conditions (3.2), (3.3) end (3.4) are essentially stronger than (3.5)
and (3.6).

(iii) Condition (3.5) does not imply, in general, condition (3.6), even
if E is a Hilbert space.

(iv) Condition (3.6) does not imply, in general, condilion (3.5), even
tf E is a Hilbert space.

Proof. (i) It isobvious that (3.2) implies (3.3) and (3.4). Assume that (3.4)
holds. Then the transformation £ — S(-)z from E into L%(0,+o0; E)
is everywhere defined and closed. Therefore, by Theorem A.2 (the closed
graph theorem), it is continuous.

Consequently, there exists a constant K > 0 such that

+00
/ [IS(t)=||?dt < K||z||?, forall z € E.
0

Moreover, by Theorem 1.1, for some M > 1 and w > 0,
IS(®)]| < Me“! for all ¢t > 0.
For arbitrary t > 0,z € E,

e p—2wt t
sl = [ e sl ar

4
< / 2 SIS — r)z|Pdr
0
t
< M? [ s()2lds < M*K]lell”
o
Therefore, for a number L > 0,
ISl <L, t>o0.
Consequently,

ISzl = / IS@)2)?ds < / ISE)IPIS( - s)z|Pds
< LiKjjz)|?, t>0, z€E,
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k
ISl < L\/;—, £>0.

Hence, there exists ¢ > 0 such that

HS@ll < 1.

For arbitrary ¢ > 0 there exist m = 0,1,... and s € [0,7) such that t =
mit + 5. Therefore

and

IS@I < s®II™Me** < SO MISDI e,

and (3.2) follows.
(i1) It is clear that (3.2) implies (3.5). Moreover, if (3.2) holds and
ReA > —v then

RN =(M—-A)'= / e e~ MS(t) dt,
0

see Proposition 1.2. Consequently
sup{Re; A € 0(A4)} < -v <0,

and (3.6) holds as well.
To see that (3.5) does not imply, in general, (3.2), we define in E = 2
a semigroup

Sz = (€T"™m), z=(Em) €D,

where (v,,) is a sequence monotonically decreasing to zero. Then

+o0
IS@)zl? = Y e ™ |gm|? — 0, ast T +oo.

m=1

However )
HS(—M>e!, m=12,...,
Tm

and (3.2) is not satisfied.

An example showing that (3.6) does not imply (3.5) and (3.2) will be
constructed in the proof of (iv).

(iii) Note that the semigroup S(t), ¢ > 0, constructed in the proof of (ii)
satisfies (3.5). Since —yn € 0(A), m = 1,2,..., sup{ReX; A € 0(4)} > 0
and (3.6) does not hold.

(iv) We will prove first a lemma.
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Lemma 3.1. There ezisis a semigroup S(t), t > 0, on E, the complex
Hilbert space 1%, such that

NSOl = €', t>0 and o(A) = {iAm; m=1,2,...}

where (A ) is an arbilrary sequence of real numbers such that |\, | — +o00.

Proof. Let usrepresent an arbitrary element z € I"(’:, regarded as an infinite

column, in the form ¢ = (z™), where 2™ € C™. The required semigroup
S(t), t > 0, is given by the formula

S(t)z = (e mtedmtz™), (3.7

where matrices A, = (a];) € M(n, n) are such that

a

m_{l forj=i¢41,i=1,2,...,m—1,
ij =

0 for the remaining 1, j.

It is easy to show that ltiﬂr)l S(t)x = z for all € E, and we leave this

as an exercise.
To calculate {|S(t)]] remark that

(S| = sup ||le*=teAm|| < sup [[e?![] < sup M=l < et ¢ >0,
m m m

because ||Amll = 1, m = 1,2,.... On the other hand, for the vector
em € C™ with all elements equal \/—l';-,

fleAmten|| = l12+(1+i)2+ +(1+ +—tm——l—)2 v
e mit =\ 1 m = 1)

— e, asm 1 +oo.

Hence ||S(t)]] = €*.
For arbitrary A ¢ {i),,; m = 1,2,...} let W(X) be the following oper-
ator:
WMz = (M — (iAn + Ap)) " 1z™).

An elementary calculation shows that W(A) is a bounded operator such
that

400
D=ImW(Q}) = {(x’") R Y Mamlllz™? < +oo} .
m=1

Moreover, if Dy is the set of all sequences z = (z™) such that 2™ # 0 for
a finite number of m, then for z € Dy,

A(=™) = ((Ami + Am)z™)
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and

W)z = R(\)z,

where R()), A € o(A) is the resolvent of S(t), t > 0. Consequently D(A) =
D and for A & o(A), R(A) = W(A).
One checks that for A € {iA\y,; m=1,2,...},

A —-AWA)=1I onl,
W(A)AI - A) =1 on D(A).

Hence o(A) = {iAym; m = 1,2,...}. The proof of the lemma is complete. O

We go back to the proof of (iv). For arbitrary o € R! and 8 > 0 define
a new semigroup S(-),

S(t) = e**S(Bt), t>0.
The generator A of the semigroup §( -) is given by
A=al+BA, D(A)= D(A).
Moreover
IS@)|| = **#)* and sup{Re); A € o(A)} = a.

Taking in particular a = ~% and B = 1 we have that

1S(®))] = e3*, t >0 and sup{Re); A € o(A)} = _%,

Since . liinoo ]|§(t)” = 400, there exists, by Theorem A.5(i) (the Banach-

Steinhaus theorem), £ € E such that . ligloo"g(t)z:" = +o00.

Hence (3.6) does not imply (3.5) in the case of E being the complex
Hilbert space I%:. The case of E being a real Hilbert space follows from the
following exercise. O

Exercise 3.1. Identify the complex Hilbert space % with the Cartesian
C

product 12 x I of two real I? spaces and the semigroup S(t), ¢t > 0, from
Lemma 3.1 with its image S(¢), t > 0, after the identification. Show that

ISl = €', >0 and o(A) = {£ids;n=1,2,...}.

where A is the generator of S(t), t > 0.

If a semigroup S(t), t > 0, satisfies one of the conditions (3.2), (3.3),
(3.4) then it is called ezponentially stable, and its generator an ezponentially
stable generator.
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§3.2. Liapunov’s equation

As we know from §1.2.4, a matrix A is stable if and only if the Liapunov
equation

A'Q+QA=-1, Q2=0, (3-8)

has a nonnegative solution Q. A generalization of this result to the infinite
dimensional case is the subject of the following theorem.

Theorem 3.2. Assume that E is a real Hilbert space. The infinitesimal
generator A of the semigroup is exponentially stable if and only if there
erists a nonnegalive, linear and conlinuous operator Q such that

2(QAz,z) = —|z|> for all z € D(A). (3.9)

If the generator A is exponentially stable then equation (3.9) has ezactly
one nonnegative, linear and conlinuous solution Q).

Proof. Assume that @ > 0 is a linear and continuous operator solving
(3.9). If z € D(A) then the function v(t) = (Q=2%(t),z°(t)), t > 0, is
differentiable, see Theorem 1.2. Moreover

d dz® z ey 2%
S0(t) = {Q (1), 25 (1)) + (@=°(1), S (1)
=2(QAZ"(1),z°(1)), t=>0.

Therefore, for arbitrary ¢ > 0,

@f@JW»—@%ﬂ=—Lk%MW&

/0 |25 (5)%ds + (@2°(1), *(t)) = (Q=, 2). (3.10)
Letting ¢ tend to 400 in (3.10) we obtain
/+°° [S(s)z|%ds < (Qz,z), =z € D(A). (3.11)
0

Since the subspace D(A) is dense in E, estimate (3.11) holds for z € E.
By Theorem 3.1, the semigroup S(t), t > 0, is exponentially stable.

If the semigroup S(t), t > 0, is exponentially stable, then z*(t) — 0
as t — 400, and, letting t tend to +oo in (3.10), we obtain

/o+°°(S"(t)S(t)1:,x) dt = (Qz,z), z€E. (3.12)
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Therefore, there exists a solution Q to (3.9) that is given by

Qz = / Y s wS(t)edt, zecE. (3.13)
1]

§3.3. Stabilizability and controllability
A linear control system
y=Ay+ Bu, y(0)==z (3.14)

is said to be ezponentially stabilizable if there exists a linear, continuous
operator K: E — U such that the operator Ak,

Ax = A+ BK with the domain D(Ag) = D(4), (3.15)

generates an exponentially stable semigroup Sx(t), t > 0. That the opera-
tor Ag generates a semigroup follows from the Phillips theorem, see §1.4.
The operator K should be interpreted as the feedback law. If, in (3.14),
u(t) = Ky(t), t > 0, then

v=(A+BK)y, y(0)=r=, (3.16)

and
y(t) = Sk(t)z, t>0. (3.17)

One of the main results of finite dimensional linear control theory was
Theorem 1.2.9 stating that controllable systems are stabilizable. In the
infinite dimensional theory there are many concepts of controllability and
stabilizability, and therefore relationships are much more complicated. Here
is a typical result.

Theorem 3.3. (i) Null controllable systems are ezponentially stabilizable.
(ii) There are approzimate controllable systems which are not exponen-

tially stabilizable.

Proof. (i). Let u“(-) be a control transferring z to 0 in time 7% > 0 and

u®(t) = 0 for t > T*. If y*(-) is the output corresponding to u*(-) then

y°(t) =0 for t > T*. Therefore

+o0
Iew (D= [ (FOF+ @R <+, @18

and the assumptions of Theorem 4.3, from Chapter 4, are satisfied with Q =
I and R = I. Consequently, there exists a nonnegative continuous operator
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P on H such that for the feedback control i(t) = Kj(t) = —B* Pi(t) and
the corresponding solution §(t), ¢t > 0, of

ii(t) = A(t) + BKi(t) = (A+ BR)§(t), t>0,

one has
+00
Jea(-N = [ GO+ O & < Ieu () <400, z€E.

But §(t) = Sg(t)z, t > 0, where S(-) is the semigroup generated by Az.
Consequently,

+oo +00
/ ISg(t)z|?dt = / li(t)|dt < 400 for all z € E,
o o

and it follows from Theorem 3.1(i) that the semigroup Sz(-) is exponen-
tially stable.

(ii) Let us consider a control system of the form
y=Ay+hu, y(0)=gz, (3-19)

in a separable Hilbert space E with an orthonormal and complete basis
(em). Let A be a linear and bounded operator on E given by

Az = Z Am{z,em)em, z€E,
1

with (A) a strictly increasing sequence ¢onverging to 0. Let h € E be an
element such that < h,e,, ># 0forallm=1,2,... and

(h, )|
Z‘ !AZP oo

Then (3.19) is approximately controllable, see Theorem 2.8.
To show that (3.19) is not exponentially stabilizable, consider an arbi-
trary bounded linear operator K: E — U = R. It is of the form

Kz = (k,z), z€E,

where k is an element in E. We prove that 0 € o(A + BK). Let us fix
z € E and consider the following linear equation

Az + BKz=1:2, zr€kE. (3.20)
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Denote
(h,em) =Tm, (z,em)=E&m, (z,em)=9m, m=1,2,....
Then (3.20) is equivalent to an infinite system of equations
Amém + Tmlk,2) =9m, m=1,2,...,
from which it follows that

= iﬂ—}ﬂ(k,z), m=12,....

m - Am
Since
+c0 . 2 400
Z <! < 400 and Zlfml2<+oo,
Am
m=1 m=1
therefore
+00 ) 2
2| < oo,
m=1 m

and z € E cannot be an arbitrary element of E. Hence 0 € ¢(4 + BK).
It follows from Theorem 3.1(ii) that (3.19) is not exponentially stabi-
lizable. O

It follows from Theorem 3.3 that all exactly controllable systems are
exponentially stabilizable. We will show that in a sense a converse state-
ment is true.

We say that system (3.14) is completely stabilizable if for arbitrary
w € R there exist a linear, continuous operator K: E — U and a constant
M > 0 such that

ISk ()| < Me** for t > 0. (3.21)

The following theorem together with Theorem 3.2(i) are an infinite
dimensional version of Wonham’s theorem (Theorem 1.2.9).

Theorem 3.4. If system (3.14) is completely stabilizable and the operator
A generates a group of operators S(t), t € R, then system (3.14) is ezactly
controllable in some time T > (.

Proof. By Theorem 1.1 there exist N > 0 and v € R such that
IS(—t)| < Ne!, t>0. (3.22)
Assume that for a feedback K: E — U and some constants M > 0 and

weR!
ISk(t)l < Me“t, t>0.
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Since
3
S(t)r = Sk(t)z - / S(t— s)BKSk(s)zds, z€E, >0,
0

therefore, for arbitrary f€ E*; 1> 0,z € E,

IS (0)F1 < ISk (1)F] + / ISk (s)K* B S*(t — 5)f| ds

t
< Me""lfl+|K|M/ e~ B*S*(s)f|ds
0

( /0 "1B*S"(s) f|2ds) "

1/2

< Me*!|fl+ |K|M (/t ez“"’ds)
0

If |f| = 1, then [S*(~)S*(t)f| = 1 and
IS*(=tI" = IS(-t)"' < IS*()fl, t>0.
The above estimates imply that if |f| = 1 then

IS(-)™ < M (3.23)

+|K|M (/o‘ e’w’ds)m ([ |B‘S‘(s)f]2ds)1/2

Assume that system (3.14) is not exactly controllable at a time ¢ > 0.
It follows from the results of §2.1 that for arbitrary ¢ > 0 there exists
f € E* such that

t
/lB‘S‘(s)fl’ds <coand [fl=1.
0

Since ¢ is arbitrary and from (3.23)
1S(—t)|7! < Me*. (3.24)

If (3.14) is not exactly controllable at any time ¢t > 0 then by (3.24) and
(3.22)
M~ le™“" < |S(—t)] < Ne*! for all t > 0.

This way we have w > —v, and (3.14) cannot be completely stabilizable.
(]
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Chapter 4

Linear regulators in Hilbert spaces

In this chapter the existence of a solution to an operator Riccati equa-
tion related to the linear regulator problem in separable Hilbert spaces is
shown first. Then a formula for the optimal solution on an arbitrary finite
time interval is given. The existence of an optimal solution on the infinite
time interval is dicussed as well. Some applications to the stabilizability
problem are also included.

§4.1. Introduction

Our discussion of optimal control problems in infinite dimensions will
be limited to the linear regulator problem. In what follows we will assume
that the stated space denoted here by H as well as the space U of the
control parameters are real, separable Hilbert spaces. The control system
is given by

y=Ay+ Bu, y(0)=z€H, (4.1)

where A is the infinitesimal generator of a semigroup S(t),t > 0, and B is
a linear and continuous operator from U into H. By a solution to (4.1) we
mean the weak solution, see § 1.7, given by

y(t) = S(t)z + /0‘ S(t — s)Bu(s)ds, r>0. (4.2)

Admissible controls are required to be Borel measurable and locally square
integrable

T
/ lu(s)|?ds < 400 for T > 0.
0
We will also consider closed loop controls of the form
u(t) = K(t)y(t), t>0, (4-3)

where K{( -) is a function with values in the space L(H,U) of all linear and
continuous operators from H into U.

Let Q € L(H,H), Py € L(H,H), R € L(U,U) be fixed self-adjoint
continuous operators, and let R be, in addition, an invertable operator
with the continuous inverse R~1.
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The linear regulator problem with finite horizon T (compare §111.1.3),
consists of finding a control u( -) minimizing the functional Jr(z,-):

T
Jr(z,u) = /0 ((Qu(s), y(s)) + (Ru(s), u(s))) ds + (Poy(T), (T))- (4-4)

The linear regulator problem with infinite horizon consists of minimizing
the functional

+00
J(z,u) = / (Qu(s), u(s)) + (Ru(s), u(s))) ds. (4.5)

We present solutions to both problems.

We are particularly interested in optimal controls given in the closed
loop form (4.3). Such controls define outputs y(-) only indirectly as solu-
tions of the following integral equation:

y(t) = S(t)z + /o‘ S(t—s)BK(s)y(s)ds, t>0, (4.6)

and we start by giving conditions implying existence of a unique continuous
solutions to (4.6).

We say that K: [0,T] — L(H,U) is strongly continuous if for arbi-
trary h € H the function K(t)h, t € [0,T], is continuous. In the obvious
way this definition generalizes to the function K(-) defined on [0, +00). We
check easily that if K(-) is strongly continuous on [0,7T] and an H-valued
function A(t), t € [0,T], is continuous, then also K(t)h(t), t € [0,T], is
continuous. There also exists a constant M; > 0 such that |K(t)| < M;,
telo,T].

Lemma 4.1. If an operator valued function K{-) is strongly continuous on
[0,T] then equation (4.6) has ezactly one continuous solution y(t), t € [0,T].

Proof. We apply the contraction mapping principle. Let us denote by
Cr = C(0,T; H) the space of all continuous, H-valued functions defined
on [0,T] with the norm |jk|jr = sup{|h(t); t € [0,T]}. Let us remark that
if h € Cr then the function

Arh(t) = /ot S(t - s)K(s)h(s)ds, te[0,T], (4.7)

is well defined and continuous.
Let M > 0 and w > 0 be constants such that

IS < Me!, t20.

Then
|ATh(t)] < w MMy (T - D)]lk|lr, k€ Cr.
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Therefore, if
MM;(e¢Te — 1) < w,

then ||Ar,|| < 1, and, by the contraction principle, see § A.1, equation
y(t) = S()z + Ar,y(t), te€[0,To],

has exactly one solution y(-) in Cr,. Let k be a natural number such that
kTo > T. By the above argument, equation (4.6) has exactly one solution
on the arbitrary interval [T, (j + 1)T5}, s = 0,1,...,k — 1, therefore also
on [0,T]. a

Let us assume in particular that K(t) = K for alit > 0. By the Phillips
theorem, see § 1.4, the operator Ax = A+ K, D(Ag) = D(A) defines a
semigroup of operators Sk (t), t > 0. Its relation with the solution y( -) of
(4.6) is given by the following proposition, the proof of which is left as an
exercise.

Proposition 4.1. If K(t) = K, t > 0, and Sk(t), t > 0, is the semigroup
generated by Ax = A+ K, D(Ak) = D(A), then the solution y(-) to (4.5)
s given by

y(t) = Sk()z, t>0.

§4.2. The operator Riccati equation

To solve the linear regulator problem in Hilbert spaces we proceed
similarly to the finite dimensional case, see §111.1.3, and start from an
analysis of an infinite dimensional version of the Riccati equation

P=A"P+PA+Q-PBR™'B*P, P(0) = P,. (4.8)

Taking into account that operators A and A* are not everywhere defined,
the concept of a solution of (4.8) requires special care.

We say that a function P(t), t > 0, with values in L(H, H), P(0) = P,
is a solution to (4.8) if, for arbitrary g, h € D(A), the function (P(t)h,g),
t > 0, is absolutely continuous and

LAP(hg) = (PO, Ag) + (P()Ah,g) (4.9)
+ (Qh,g) — (PBR™!'B* Ph,g) for almost all t > 0.

Theorem 4.1. A strongly continuous operator valued function P(t),t > 0,
is a solution to (4.8) if and only if, for arbitrary h€ H, P(t),t > 0, is a
solution to the following integral equation:

P(t)h = S*(1)PoS(t)h (4.10)

+ / t S*(t — s)(Q — P(s)BR™'B* P(s))S(t ~ s)hds, t>0.
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The proof of the theorem follows immediately from Lemnma 2.4 below
concerned with linear operator equations

P(t)= A*P+ PA+Q(t), t>0, P(0)= P, (4.11)
In equation (4.11) values Q(t), t > 0, are continuous, self-adjoint operators.
An operator valued function P(t), t > 0, P(0) = P, is a solution to

(4.11) if for arbitrary g, h € D(A), function (P(t)h,g), t > 0 is absolutely
continuous and

%(P(t)h, g) = (P(t)h, Ag) + (P(£) Ak, g) + (Q(t)h, g) for almost all £ > 0.
(4.12)

Lemma 4.2. IfQ(t), t > 0, is strongly continuous then a solution to (4.11)
extsts and is given by

P(t)h = S* () PoS(t)h+ /0 t S*(t-5)Q(s)S(t—s)ds, t>0, h € H. (4.13)

Proof. It is not difficult to see that function P(-) given by (4.13) is well
defined and strongly continuous. In addition,

(P(Oh,9) = (PaSOR, 5(0)9) + [ (QU)S(t — )b, S(t ~ s)a) ds, > 0.
Since for h,g € D(A)
4 (PyS)h, S(W9) = (PoSW)AR, S()g) + (PoS(Ih, S()Ag), 120,
and

g—t-(Q(s)S(t — 5)h, S(t — s)g) =(Q(s)S(t — s)Ah,S(t — s)g)
+{Q(s)S(t — s)h,S(t — s)Ag), t>s>0,

hence
dit(P(t)h, 9) = (S*(t)PoS(t) Ak, g) + (S*(£)PoS(t)h, Ag)
+@Ok9) + [ (5= 9Q)S(t - 5)ah,g)
+{S*(t — 5)Q(s)S(t — s)h, Ag)) ds.

Taking into account (4.13) we obtain (4.12).
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Conversely, let us assume that (4.12) holds. For s € [0,1]

SLP()S (L~ $)h, S(t ~ )9)
= (P(s)S(t — s)h, S(t — s)Ag) + (P(s)S(t — s)Ah, S(t — s)g)
+(Q)S(t - 9)h, S(t - )9)
— (P(s)S(t — s)Ah,S(t ~ s)g) — (P(s)S(t — s)h, S(t — s)Ag)
={(Q(s)S(t — s)h, S(t — s)g).

Integrating the above identity over [0,t], we obtain

(P()h, g) — (S*()PoS(t)h, g) = /0 (S*(t — $)Q(s)S(t — 5)h, g) ds. (4.14)

Since D(A) is dense in H, equality (4.14) holds for arbitrary elements h,g €
H. O

§4.3. The finite horizon case

The following theorem extends the results of §111.1.3 to Hilbert state
spaces.

Theorem 4.2. (i) Equation (4.8) has ezactly one global solution P(s),
5 > 0. For arbitrary s > 0 the operator P(s) is self-adjoint and nonnegative
definite.

(11) The minimal value of functional (4.4) is equal to (P(T)z,z) and
the optimal control 4(-) is given in the feedback form

a(t) = K(8)3(2),
K@t)=—-R™'B*P(T -t), tel0,T).

Proof. We prove first the existence of a local solution to (4.10). We

apply the following version of the contraction mapping theorem (compare
Theorem A.1).

Lemma 4.3. Let A be a transformation from a Banach space C into C, v
an element of C and « a positive number. If A(0) =0, ||v}| < La and

lA(p1) — Alp2)l} < %”PI —pfl, S lpll <o llpll < @,

then equation

Alp)+v=p
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has ezactly one solution p satisfying ||p|| < o.
Proof. Let A(p) = A(p)+v, p € C. By an elementary induction argument

A=)l < o (1 - (%)k) , E=1,2,....

Hence ||A*(0)]] < o, k =1,2,.... From the Lipschitz condition it follows
that the sequence (.A*(0)) converges to a fixed point of A. o

Let us denote by Cr the Banach space of all strongly continuous func-
tions P(t), t € [0, T), having values being self-adjoint operators on H, with

the norm
1P(-)llr = sup{|P(t)l; t €[0,T]}.
For P(-) € Cr we define
Ar(P)()h = - / " 5*(t - 5)P(s)BR-'B* P(s)S(t  s)h ds
0
and

v(t)h = S* () PoS(t)h + /o t S*(t - s)QS(t —s)hds, he H, te[0,T].

Equation (4.10) is equivalent to
P = v+ Ar(P). (4.15)

It is easy to check that Ay maps Cr into Cr and v(-) € Cr.
If || Pillr < a, ||P2llr < a, then

|Pi(s)BR™!B* Pi(s) — Px(s) BR™! B* Px(s)]
< |(Pi(s) = Px(s))BR™!B* Py(s)| + |P2(s) BR™! B*(Py(s) — Pi(s)]
< 2a|BR™!B*|||P, - Pi|lr, s€[0,T).

Therefore

T
Il A-(Py) - Ar(Py)llr < 20|BR-'B*|M? / 245 | Py — Pyllr
[
< Bla, )| Py — Pelir,

where
B(a,T) = aw M?* BR™1B*|(e*T - 1). (4.16)
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At the same time,

T 2(,2wT _
Iollr < M2 T Ry b? [ sasial < M2 TR AT Z 1 g
0
Consequently, if for numbers a > 0 and T > 0,
- 1 1
aw 'M?|BR'B*|(e*T - 1) < =, (4.17)
2(,20T __
M2€2wT!P0' + M (62 I)IQI < %, (418)
W

then, by Lemma 4.3, equation (4.10) has exactly one solution in the set

{P(-) €Cr; sup Pl < a} .

For given operators Py and Q and for given numbers w > 0 and M > 0,
one can find a > 0 such that

M? o
2 —— ——
M| Po| + %0 QI < 5"

One can therefore find T = T'(a) > 0 such that both conditions (4.17) and
(4.18) are satisfied. By Lemma 4.3, equation (4.10) has a solution on the
interval [0, T'(a)]. O

To proceed further we will need an interpretation of the local solution.

Lemma 4.4. Let us assume that a function P(t), t € [0,Tp), is a solution
to (4.10). Then for arbitrary control u(-) and the corresponding output

y( . )r
Jr(z,u) =(P(To)z, z) (4.19)
To
+ / [RY?u(s) + R~'/?B* P(To ~ s)y(s)|*ds.
o

Proof. Assume first that z € D(A) and that u(-) is of class C1. Then
%( -) is the strong solution of the equation

%y(t) = Ay(t) + Bu(t), y(0)==.

It follows from (4.9) that for arbitrary z € D(A) function (P(Tp — 1)z, z),
t € [0,Tq], is of class C!, and its derivative is given by

gt-(P(To —t)z,z) = — (P(To — t)2, Az) — (P(To — t)Az,2) — (Qz,2)
+ (P(To - t)BR_lB‘P(To - t)z,z), te [O,To]
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Hence

2 (P~ )y(8), y(0)

= — (P(To — t)y(2), Ay(t)) — (P(To — 1) Ay(2), (1)) — (Qu(2), y(1))
+(P(To — t)BR™' B* P(To ~ t)y(t), y(t))
+ (P(To — )u(t), y(8)) + (P(To — t)y(t), ¥(¢))

= — (Qu(1),y()) + (P(To ~ t)BR™'B* P(Tp — t)y(t), y(t))
+ (P(To — t) Bu(t), y(t)) + (P(To — t)y(2), Bu())

=— (Qy(1), ¥(®)) + [R?u(t) + R/*B* P(Ty - t)y(t)?
— (Ru(t),u(t)), te€0,To).

Integrating this equality over [0, Tp] we obtain

—(P(To)z,z) = —J1,(z,u) + / " |[RY2u(ty + R='//2B* P(Ty — t)y(t)|dt,
4]

and therefore (4.19) holds. Since the solutions y(-) depend continuously
on the initial state £ and on the control u( -), equality (4.19) holds for all
x € H and all u(-) € L%(0,To; U). O

It follows from Lemma 4.4 that for arbitrary u(-) € L%(0,Ty; U),
(P(To)z, z) < Jry(z,u).

By Lemma 4.1, equation
t
g(t) = S(t)z — / S(t — s)BR™'B*P(T, — s)j(s) ds, t €[0,To],
(i}

has exactly one solution g(t), t € [0,T]. Define control @(-):
a(t) = —R™'B*P(Tp - t)ij(t), t€[0,To).
Then §( -) is the output corresponding to (- ) and by (4.19),
Tr(2,8(-) = (P(Ty)z, 2). (4.20)

Therefore i( -) is the optimal control.
It follows from (4.20) that P(Tp) > 0. Setting u(-) = 0 in (4.19) we
obtain

To
0 < (P(To)z,2) < /0 (@S(t)z, S(t)z) dt,

To
0 < (P(To)z,2z) < (/o S*(t)QS(t)dt z, z).
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Consequently

To
|P(T)| < /0 IS* (H)QS ()| dt for T < To.

Let now « be a number such that
T 2
M a
2 * —
w2 [(15°0Qs(ld+ G1Q1 < 5

where 7" is a given in advance positive number.

We can assume that T; < T{a). It follows from the proof of the local
existence of a solution to (4.10), that the solution to (4.10) exists on [0, T1].
Repeating the proof, on consecutive intervals [T1,2Th}], [2T1,3T1],..., we
obtain that there exists a unique global solution (4.8).

Nonnegativeness of P(-) as well as the latter part of the theorem follow
from Lemma 4.4. O

§4.4. The infinite horizon case:
Stabilizability and detectability

We proceed to the regulator problem on the interval [0, +00) (compare
to (4.5)).
An operator algebraic Riccali equalion is of the form

2(PAz,z) — (PBR™'B*Pz,z) + (Qz,z) = 0, z € D(A), (4.21)

where a nonnegative operator P € L(H, H) is unknown.

Theorem 4.3. Assume that for arbitrary x € H there exists a control
u®(t), t > 0, such that
J(z,u"(-)) < +oo. (4.22)

Then there ezists a nonnegative operator P € L(H, H) satisfying (4.21)

such that P < P for an arbitrary nonnegative solution P of (4.21). More-
over, the control 4(-) given in the feedback form

i(t) = —R™1B*Py(t), t>0,

minimizes functional (1.5). The minimal value of this functional is equal
to

(Pz,z).

Proof. Let P(t),t > 0, be the solution of the Riccati equation (4.9) with
the initial condition Py = 0. It follows from Theorem 4.2(ii) that, for
arbitrary z € H, function (P(t)z, z), t > 0, is nondecreasing. Moreover,

(P(t)z,z) < J(z,u*(-)) < 400, z € H.
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Therefore there exists a finite t%xin (P(t)z,z), z € H. On the other hand

(P(t)z,y) = %((P(t)(l‘ +y)z+y) —(Pt)(z—y),z-y))  (4.23)

for arbitrary z,y € H.

Applying Theorem A.5 (Banach-Steinhaus theorem), first to the family
of functionals (P(t)z,-), t > 0, for arbitrary £ € H and then to the family
of operators P(t), t > 0, we obtain that sup |P(t)] = ¢ < +0o0. Hence for

£>0

arbitrary =,y € H, there exists a finite limit a(z,y) = . 1ix+n (P{t)z,y) and
~+400
la(z,y)| < (S;l)lg [Pl lyl < clzllyl, =,y € H.

Therefore there exists P € L(H, H) such that

a(z,y) = (Pz,y), =,y € H.
The operator Pis self-adjoint, nonnegative definite, because a(z,y) =
a(y,z), a(z,2) >0, z,y€ H.
To show that P satisfies (4.21) let us fix £ € D(A) and consider (4.9)
with h =y = z. Then

%(P(t)z,z) =(P(t)z, Az) + (P(t)Az, z) (4.24)
+(Qz,z) - (PBR™!B* Pz,z).

Letting ¢t tend to 400 in (4.24) and arguing as in the proof of Theorem
111.1.4 we easily show that P is a solution to (4.21).

The proof of the final part of the theorem is completely analogous to
that of Theorem I1I1.1.4. [m]

Let A be the infinitesimal generator of a Cyp-semigroup S(t), t > 0,
and let B € L(U, H). The pair (A, B) is said to be exponentially stabiliz-
able if there exists K € L(H,U) such that the operator Ax = A + BK,
D(Ak) = D(A) generates an exponentially stable semigroup (compare to
§3.3). Note that in particular if the pair (A, B) is null controllable then it
is exponentially stabilizable.

Let C € L(H,V) where V is another separable Hilbert space. The
pair (A,C) is said to be ezponentially detectable if the pair (A*,C*) is
ezponentially stabilizable.

The following theorem is a generalization of Theorem II1.1.5.

Theorem 4.4. (i) If the pair (A, B) is ezponentially stabilizable then the
equation (4.21) has at least one nonnegative solution P € L(H, H).
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(ii) If @ = C*C and the pair (A,C) is exponentially detectable then
equation (4.21) has at most one solution and if P is the solution of (4.21)
then the operator A — BR™!B*P is ezponentially stable and the feedback
K = —R™!B* P ezponentially stabilizes (4.1).

Proof. (i) If the pair (A, B) is exponentially stabilizable then the assump-
tions of Theorem 4.3 are satisfied and therefore (4.21) has at least one
solution.

(i) We prove first a generalization of Lemma I11.1.3.

Lemma 4.5. Assume that for a nonnegative operator M € L(H,H) and
K e L(H,U)

2(M(A+ BK)z,z) + (C*Cz,z) + (K*"RKz,z) =0 z € D(A). (4.25)

(i) If the pair (A,C) is ezxponentially detectable then the operator
Ax = A+ BK, D(Ak) = D(A) is exponentially stable.
(ii) If in addition P € L(H,H), P > 0 is a solution to (4.21) with
Q=C*C, then
P> M. (4.26)

Proof. (i) Let Sj(-) be the semigroup generated by Ag. Since the pair
(A, C) is exponentially detectable, there exists an operator L € L(V, H)
such that the operator A7;. = A* + C*L*, D(A}.) = D(A*), is expo-
nentially stable. Hence the operator 4 = (A* + C'L*'Y = A+ LC,

D(A) = D(A) generates an exponentially stable semigroup Sa( -).
Let y(t) = Si(f)x, t > 0. Since

A+ BK =(A+ LC)+ (LC + BK),
therefore, by Proposition 4.1,

t
y(t) = So(t)z +/ S2(t — s)(LC + BK)y(s) ds. (4.27)
0
We show that
+o00 +oo
/ [Cy(s)|*ds < +0o0 and / |Ky(s)|%ds < +o0. (4.28)
0 0
Assume first that £ € D(A). Then
. . d .
y(t) = (A+ BK)y and —(My(t),y(1)) = 2AM3(1),y(t)), t > 0.
It follows from (4.25) that

Z{My(0),5(D) + (C*4(1), Cy(®) + (RKy(t), Ky(t)) = 0.
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Hence
(My(t), 5(0)) + / ICy(s)P%ds + / (RKy(s), Ky(s))ds = (Mz,z). (4.29)
0 0

By a standard limit argument, (4.29) holds for all z € H.
Applying Theorem A.8 (Young’s inequality) in the same way as in the
proof of Lemma I11.1.3, we obtain that

+00 400
/ IS1(8)=|2dt = / W(0)Pdt < +oo.
0 [
By Theorem 3.1(i), the semigroup S;( -) is exponentially stable. This

proves (i).
(i1) Denote M — P = W. Then for z € D(A)
2(W(A+ BK)z,z) =— (C*Cz,z) - (K*RKz,z)
— 2(PAz,z) - 2(PBKz,z).
Since P satisfies (4.21) with Q = C*C,
2 < W(A+ BK)z,z) =— (K*RKz,z) — (PBR™'B*Pz.z) (4.30)
—2(PBKz,z).
Let Ko = —R"!B*P, then RK; = —B*P, PB = —K}R, and from
(4.30) we easily obtain that
2<W(A+ BK)z,z) = —{(K — Ko)*'R(K — Ko)z,z), = € D(A).

Since A+ BK is the exponentially stable generator, operator W is nonneg-
ative by Theorem 3.2. o]

We return now to the proof of part (ii) of Theorem 4.4 and assume that
operators P > 0 and P; > 0 are solutions of (4.21). Let K = —R~-B*P,
then

2(P(A+ BK)z,z) + (K*RKz,z) + (C"Cz, z)
= 2(PAz,z) — (PBR™'B* Pz,z) 4+ (C*Cz, z) (4.31)
= 0.

Consequently, by Lemma 4.5(ii), P; < P. In the same way P < P;. Hence
P = P;. Moreover, by Lemma 4.5(i) and (4.31) the operator A + BK is
exponentially stable. O
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APPENDIX
§ A.1. Metric spaces

A melric space is a pair composed of a set F and a function p: ExE —>
R, such that

olz,y)y =0 ifandonlyif z=y
o(z,y) = o(y,z) forall z,y€e E
o(z,y) < o(z,2) + o(z,y), for arbitrary z,y,z€ E.

The function g is called a metric.
For any r > 0 and a € E the set

B(a,r) = {z € E; o(a,z) <1} (A.1)

is called a ball of radius r and centre a. A union of any family of balls is an
open subset of £ and the complement A€ of any open set A C F is called
a closed subset of E. The smallest closed set containing a set A C E is
denoted by A or ¢l A and called the closure of A.

If there exists a countable set Eq C E such that Eq = E then E is a
separable metric space.

A metric space (F,p) is complete if for arbitrary sequence (z,) of
elements of F such that n }imw o(zn,zm) = 0 there exists ¢ € E for which

nlLrgo o(zy,z)=0.

If £y, E, are two metric spaces and F: E;, — FE, a transformation
such that for any open set I's C E5 the set

F~YT3) = {z € Ey; F(z) €Ty}

is open in Fj, then F is called a continuous mapping from E, onto E,.
A transformation F: E — FE is called a coniraction if there exists
¢ € (0, 1) such that

o(F(z), F(y)) < co(z,y), forall z,y€E. (A.2)

Theorem A.l. (The contraction mapping principle.) Let E be a complete
metric space and F: E — E a coniraction. Then the equation

F(z)==z, z€E (A.3)
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has a unique solution &. Moreover, for arbitrary zo € E,
lim p(zn,2) =0,
71— 00

where 2,41 = F(z,), n=0,1....
§A.2. Banach spaces

A complete, metric space (E, g) which is also a linear space over R (or
C) and such that

oz, y)=e(z-y,0), z,y€E
o(az,0) = |ajo(z,0), € E,a€R (a€C)

is called a Banach space. The function
llzll = e(=,0), z€ E

is called the norm of E.
An operator A acting from a linear subspace D(A) of a Banach space
E onto a Banach space E, such that

A(azr + By) = aAz + BAy, =,y € D(A), o, €R (a,8€C)

is called linear.
If D(A) = E; and the linear operator A is continuous then it is a
bounded operator and the number

1Al = sup{l}A=llz; [l=lls < 1} (A-9)

is its norm. Here || - ||1, || - ||2 stand for the norms on E; and E; respectively.
A linear operator A is closed if the set {(z, Az); = € D(A)} is a closed
subset of Fy x E3. Equivalently, an operator A is closed if, for an arbitrary
sequence of elements (z,) from D(A) such that for some z € Fy, y € E,
lim ||z, — z{]; =0, li'{nHAz,. — yll2 =0, one has z € D(A) and Az = y.

n—0Q0
Theorem A.2. (The closed graph theorem.) If a closed operator A: E; —
E, is defined cverywhere on Ey, (D(A) = Ey), then A is bounded.

Theorem A.3. (The inverse mapping theorem.) If a bounded operator
A: Ey — E, is one-to-one and onto E,, then the inverse operator F~1 is
bounded.

Theorem A.4. (The Hahn-Banach theorem.) Assume that o C E is a
linear subspace of E and p: E — Ry a functional such that

pla+b) <p(a)+p(b), abeE
p(aa) = ap(a), a>0,a€kE.
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If p: Eg — R is a linear functional such thal po{a) < p(a), a € Ey, then
there exists a linear functional p: E — R such that

p(z) = po(z), z€Ep

and
p(z) <p(z), z€E.

The space of all linear, continuous functionals on a Banach space FE,
with values in R (in C) equipped with the norm || - .,

llelle = sup{lo()]; ll=ll < 1},

is a Banach space over R {(or C) denoted by E* and called the dxal or
adjoint space to F.

Assume that A is a linear mapping from a Banach space E; onto a
Banach space E; with the dense domain D(A). Denote by D(A*) the set
of all elements ¢ € Ej such that the linear functional z € D(A) — p(Az)
has a continuous extension ¥ to E;. Then D(A*) is a linear subspace of
E3 and the extension ¥ is unique and denoted by A*¢. The operator A*
with the domain D(A") is called the adjoint eperator of A.

If a bounded operator A from a Hilbert space E onto E is such that
[|Fzl| = ||z|| for all z € E, then A is called a unilary operator. A bounded
operator A is unitary if and only if A* = F~1,

Theorem A.5. (The Banach-Steinhaus theorem.)

(1) If (A,) is a sequence of bounded operators from a Banach space
Ey onto E4 such that

sup [|4nzjl2 < +o0  for all z €

then sup || A, ] < +oco.

(i1) If, in addition, sequence (Anz) is convergent for all z € Eq, where
Ey ts a dense subset of E, then there exists the Iimit

lim A,z = Az,
n—00

forallz € E and A is a bounded operator.

Let X and Z be Banach spaces and F: U — Z a transformation from
an open set U C X into Z. The Gateauz derivative of F at zo € U is a
linear bounded operator A from X into Z such that for arbitrary h € X

lim = (F(zo + th) — F(zo)) = Ah.
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If, in addition,
im WF(zot h) — F(zo) - A} _
Ihll—o fll
then F is called Fréchet differentiable at o and A the Fréchet derivative

of F at zg denoted by F(z¢) or dF(zo). The vector Ah = Fy(zo)h =
dF(zq; h)is the directional derivative of F at 2 and at the direction h € X.

Theorem A.6. (The mean value theorem.) If a continuous mapping
F:U — Z has the Galeauz derivative Fp(z) al an arbitrary point z in the
open set U, then

[|F(b) — F(a) — Fz(a)(b— a)l| (A.5)
< "es;:apb [1F=(n) — Fe(a)|| lIb - a],

where I(a,b) = {a+ s(b — a); s € [0,1]} is the interval with the endpoints
a,b.
§ A.3. Hilbert spaces
If E is a Banach space over R (or C) equipped with the transformation
{-,-): E x E — R (or C) such that
(a,6) =(b,a), (= (b,a))
(a,a) >0 and (a,a) =0 if andonly if a =0
(aa + Bb,c) =afa,c) + B(b,c)
for a,b € E and scalars a,
llall =(a,a)!/?, a€E,
then E is called a Hilbert space and the form (-,-) is the scalar product on
E.

Theorem A.7. (The Riesz representation theorem.) If E is a Hilbert
space then for arbitrary ¢ € E* there exisis ezactly one element a € E such
that

p(z) = (z,a), z€ E. (A.6)
Moreover,

lells = flall-
This way E* can be identified with F.
Norms on Hilbert spaces are also denoted by | - |.

Typical examples of Hilbert spaces are I* and If:. The space I? consists
400

of all real sequences (&,) such that Y |€,]2 < 400 and the scalar product
n=1

is defined by
((6’1)’(77")) = Zfﬂﬂn, (fn),(ﬂn) € 2.
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+o00

The space l%: consists of all complex sequences (&) such that Y [£,|2 <
n=1

+00 and the scalar product is given by

+o00
((€a), (m)) = D &nTin, (6n),(7n) € 1E-

n=1
§ A.4. Bochner’s integral
Let E be a metric space. The smallest family £ of subsets of a metric
space E such that
(i) all open sets are in £
(i) frefthenf e
400
(i) if 'y, Ty,...€E then T, €&

n=1
is called the Borel o-field of E and is denoted by B(E). Elements of B(E)
are called Borel sets of E.

A transformation F: E; — E; is called Borelif for arbitrary [;B(E,),
F~Y(T;) € B(Fy). If E; = R then F is called a Borel function. Continuous
mappings are Borel.

Assume that E is a separable Banach space and let £y = (a,8) C
(—o00,+00) and Ey = E. If f:(a,8) — E is a Borel transformation then
also function |[|F(t)|}, t € (a, B) is Borel measurable. The transformation F
is called Bochner integrable if

B
[ 1F @it < +oo,

where the integral is the usual Lebesgue integral of the real-valued function
IF(-)|l. Assume, in addition, that F is a simple transformation, i.e., there

m
exist Borel, disjoint subsets I'y, ..., T, of (o, B), |J T; = (a, B) and vectors
i=1

ai,.-.,G,m such that
F{)=a;, teTl;.

m B
Za,- / xr, (t) dt
j=t Je

is well defined and by definition equal to the Bochner integral of f over

(a, B). It is denoted by
B
/ F(t)dt.

Note that for simple transformations F

8 g
I Poya < [iFopa (A7)

Then the sum
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Let {e, } be a dense and a countable subset of E and F' a Borel mapping
from (o, B) into E. Define

Tm(t) = min{||f(t) —ecll; k=1,...,m},
km(t) = min{k <m; v (t) = [|£(1) — eell}
and Fu(t) = eg, (1), t € (a,8), m = 1,2,.... Then Fp, is a Borel, simple

transformation and ||F,,(t) — F(t)l], t € (a, B), decreases monotonically to
0 as m — +o00. In addition,

1Fm(®) = FOI < fles = FO|
<llesll +IFOIl, t€(e,B), m=1,2....

Consequently, if F is Bochner’s integrable

B8 o
lim_| / F(t)dt — / Fa(t) dt]|

" 8 8
< Jim [C1Fn® - FOllde+ Jim [ 1F0 - POl =0,

and therefore there exists the limit

1—00

4
lim / Fa(t)dt,

which is also denoted by | f F(t)dt and called the Bochner integral of F.
The estimate (A.7) holds for arbitrary Bochner integrable functions. More-
over, if (G,) is any sequence of Borel transformations such that

B
Jim [ 160~ Pyl =0
then
. B B
Jim || /a Com(t)dt — /a F(t) dt]| = 0.
One can asily show, using Theorem A.9, that for an arbitrary Bochner

integrable transformation F( -) there exists a sequence of continuous trans-
formations (G,,) such that

Jim_ /  Gm() = F(O)||dt = 0.
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§ A.5. Spaces of continuous functions

Let —00 < @ < 8 < +00 and E be a Banach space. The space of all
continuous functions from [a, 8] into E with the norm

A1l = sup{ilf (I t € [, 81}

is a Banach space, denoted by C(a, 8; E). If the space E is separable, the
space C(a, B; E) is separable as well. We have also the following result:

Theorem A.8. (The Ascoli theorem.) Let K be a closed subset of
C(a, B; R™). Every sequence of elements from K contains a convergent
subsequence if and only if

(i) sup{llf (O)ll; t € [@,B), f € K} < 400
(ii) for arbitrary € > O there exists § > 0 such that

If®) - f(l <e forall fEK
and all t,s € [, 8] such that |t — s} < &.

$§A.6. Spaces of measurable functions

Let p > 1. The space of all equivalence classes of Bochner’s integrable
functions f from (a, 8) < (~00,400) into E such that

£
[ 1@t < +00

is denoted by LP(a, 8; F). It is a Banach space equipped with the norm

8 1/p
Hf|=( / Ilf(t)ll"dt) :

If E is a Hilbert space and p = 2 then L?(a, 8; E) is a Hilbert space as well
and the scalar product {{-,-}) is given by

B
(ra)= [ U o)zt

If E = R or E = C we write LP(a, 3) for short.
Theorem A.9. (Young’s inequality.) If1 < p,g < 400, 1 =14 %'-

P r

141
and f € LP(0,+0), g € LI(0,+00), then f * g € L"(0,+00) (f * g{t)
t

[f(t—s)g(s)ds, t > 0) and

0

( /o+°° If +9(0) dt)llrS ( /o+oo SoP dt)llp ( /o+°° o dt) 1/.,'

| I
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Theorem A.10. If f € LP(—o0,+00) then
+-00
}i_%/ (L + 6) — f(£)]dt = 0.

Theorem A.11. (Luzin’s theorem.) If f:{a,8] — R is a Borel function
then for arbitrary € > 0 there ezists a closed set T C [a, ] such that the
Lebesgue measure of [a, B]\ T is smaller then € and f restricted to T is a
conlinuous function.

A function f:[a,B] — R" is called absolutely continuous if for arbi-
trary ¢ > O one can find § > Osuch that ifa <ty <t <ty < ... <top <
t2e41 < p and

k
D (o —t) <6
j=0

then .
S 1f(taj41) ~ flt) < e

=0

A function f:[a,] — R" is absolutely continuous if and only if there
exists ¥ € L'(a, B; R™) such that

t
f(®) = f(a) +/ ¥(s)ds, t€ {a,p].
o
Moreover, f is differentiable at almost all ¢ € (e, f], and

df .
2= ().
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Notations

Notations

R:
R+:
C:
E":
M(n, m):
M(n,m;C):
I?: Hilbert space of all real sequences (£,) satisfying 3 |£,|2 < +oo
n

xr:
LP(a, 3; E):

L(E, F):
C§(a, p):

The set of all real numbers.

The set of all nonnegative real numbers.

The set of all complex numbers.

The Cartesian product of n-copies of E.

Set of all n x m matrices with real elements.

Set of all n x m matrices with complex elements.

with the scalar product

((sn)v (nﬂ)) = Zfﬁ"ln .

: Hilbert space of all complex sequences (£,) satisfying 3 [£n]? <
n

400 with the scalar product

(), (1)) = 3 aTin-

Indicator function of the set I': xp(z) =1ifz € [, xpr(z) = 0 if
zere.

The space of all E-valued, Borel functions integrable in power p
on the interval («, §).

The space of all linear bounded operators from E into F.

The space of all infinite differentiable real functions with compact
supports included in («, 8).
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Adjoint operator 190, 246

Adjoint semigroup 183

Adjoint space 162, 246

Algebraic Riccati equation 134,
240

Antipodal mapping 108

Asymptotically stable point 104

Attainable state 14, 16, 78, 212

Bochner’s integral 180, 248

Canonical representation 28
Characteristic polynomial 17
— stable 32, 34-5, 40

Closed operator 181, 245
Coincidence set 145
Contraction mapping principle 244
Control 14, 73

— admissible 171

— closed loop 1

— elementary 84

— impulse 142

- optimal 3, 127-8, 143

— open loop 1

Control system 1, 10, 73, 202
— infinite dimensional 3, 176, 202
Controllability 2, 14, 77, 212
— approximate 212

— positive 65

— exact 212

- local 77

— wave equation 218
Controllability matrix 14
Controllable part 24

Controllable system 16
Convex cone 145
Concave mapping 146

Degree of a mapping 108
Detectability 49, 241
Detectable pair 49, 241
Differential inequalities 92-3
Dimension of observer 47
Dissipative mapping 100

Eigenvalue 28

Eigenvector 28

Electrical filter 6
Electrically heated oven 3
Embedding method 128
Equation adjoint 13

— algebraic Riccati 136, 240
— Bellman’s 128

— for impulse control 144
~ differential 73

— — linear 10

- — nonlinear 73

— Liapunov’s 40, 141, 226
— Liénard’s 108

— of observation 2
—Riccati 133, 234
Equilibrium state 100
Equivalent systems 22
Exact controllability 212
Exponentially stable generator 225
- semigroup 225

Function strongly continuous 233
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Feedback stabilizing 112, 141, 242 Linear regulator problem 133, 232

~in Watt’s regulator 6 Linearization of a system 78
~ method 100

First Liapunov’s method 102, 120 Lipschitz’ condition 106

Frechet’s derivative 246 —local 106

Local solution 73
Gateaux’ derivative 246
Generator of a semigroup 178, 181 Mapping concave 146

Gronwall’s lemma 92 — monotonic 146
Group of unitary transformations Matrix 10
180, 246 — controllability 14

- nonnegative 11
Hamiltonian 154, 162 — observability 25
Harmonic input 52 - stable 28, 32
Heat equation 8, 176 Maximal interval of existence 74
Heating of a rod 8 - solution 74
Homotopic mapping 108 Maximum principle 128, 152
Homotopy 108 — for linear regulator 155

— for impulse problems 158
Image of an operator 207 - for time-optimal problems 164
Impulse response function 50, 54 Measurable selector 173
— of linearization 122 Method of linearization 92, 102
Index of a transformation 109 Model of electrically heated oven 3
Input 1 Monotonic mapping 146
— reference 124
— harmonic 52 Needle variation 153
— impulsive 50
— periodic 52 Observability 2, 25, 88

. Observable pair 25

Input-output mapping 50, 121 Observer 47
— map of a system 50, 121 Operator adjoint 246
-~ regular 124 - bounded 245
Interval of maximal existence 74 - closed 181, 245

— controllability 209
Jordan block 29, 96 - infinitesimal 178, 181

— linear 245
Kalman’s condition 17 ~ pseudoinverse 209
- rank condition 17 - self-adjoint 191
Kernel of an operator 207 Optimal consumption 7

- stopping 144
Lemma on measurable selector 173  Optimality criteria 3, 127
Liapunov’s function 103 Orbit 106
Lie bracket 81 Output 1

Limit set 106 Oven electrically heated 3
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Pair controllable 16, 21

— detectable 46

— observable 25-6

— stabilizable 43

Parametrization of a surface 81
Periodic component 52

Positive controllability 65

- system 64

Principle contraction mapping 244
Problem of optimal consumption 7

Reachable point 2, 14, 16

Real Jordan block 29

Realizable mapping 3

Realization controllable-observable
58

— impulse response function 50, 54

- partial 124

— transfer function 51-2

Reference inputs 124

— sequence 124

Reflexive space 209

Regulator linear 133, 232

- of Watt 6, 102

Response 1

Rigid body 4

Robustness index 115

- of a system 115

Routh sequence 40

Second Liapunov’s method 103,
120

Selector 130, 173

Semigroup of operators 177

Set attainable 212

— invariant 103

- nonattainable 105

- of control parameters 1

- of eigenvalues 28

Soft landing 6

Solution fundamental 13

- local 73

- maximal 74

— minimal 136
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- strong 160

- weak 204

Stability criteria 33, 40, 96

— asymptotic 105

~ exponential 101

- in Liapunov’s sense 103

Stabilizability asymptotic 112, 116

— complete 44

- exponential 112-3

- in Liapunov’s sense 112

Stabilization dynamic 47

— of Euler’s equation 117

Stable matrix 28

— polynomial 32

State assymptotically stable 105

— exponentially stable 100

— equilibrium 100

- stable in Liapunov’s sense 103

— reachable 14

Stopping optimal 144

Strategy impulse 142

— optimal 134

~ stationary 143

Strongly continuous function 233

Surface 81

Symmetric matrix 11

System approximately controllable
212

— closed-loop 1

— completely stabilizable 44

— controllable 16

— controllable approximately 212

~ — to zero 212

~ detectable 49, 241

- exactly controllable 212

- exponentially stable 225

— locally controllable 77

— observable 25, 88

— on manifold 3

— stabilizable 43

— symmetric 87

— positive 64

— positively controllable 65

— with self-adjoint generator 213
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Theorem Ascoli 250 — Philips 188

— Banach-Steinhaus 246 - Riesz 2

— Cayley—Hamilton 17 - Routh 34

— closed graph 245

— Datko 231 Time-optimal problem 3, 164
— Fillipov 171 Transfer function 51

— Hahn-Banach 245

— Hille-Yosida 185 Uncontrollable part 24

- Jordan 29, 96

— La Salle’s 105 Value function 128, 130

— Lax-Milgram 192 Vector field of class C* 81
— Lions 192

— Luzin 251 Weak convergence 165

— on regular dependence 75 - limit 165

— on separation 162
~ mean-value 247



	cover-large.gif
	front-matter
	fulltext
	fulltext_001
	fulltext_002
	fulltext_003
	fulltext_004
	fulltext_005
	fulltext_006
	fulltext_007
	fulltext_008
	fulltext_009
	fulltext_010
	fulltext_011
	fulltext_012
	fulltext_013
	fulltext_014
	fulltext_015
	back-matter

