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Modelos de Fluxo

Volume de controle finito fixo

Volume de controle finito móvel
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Volume infinitesimal fixo

Volume infinitesimal móvel
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V = u(x, y, z, t)i + v(x, y, z, t)j + w(x, y, z, t)k

Densidade no ponto 1: ρ1 = ρ1(x1, y1, z1, t1)

Densidade no ponto 2: ρ2 = ρ2(x2, y2, z2, t2)

Taylor:

ρ2 = ρ1 + ∂ρ
∂x

∣∣∣
1(x2 − x1) + ∂ρ

∂y

∣∣∣
1(y2 − y1) + ∂ρ

∂z

∣∣∣
1(z2 − z1) + ∂ρ

∂t

∣∣∣
1(t2 − t1)

Derivada total:

lim
t2→t1

ρ2 − ρ1

t2 − t1
= u

∂ρ

∂x
+ v

∂ρ

∂y
+ w

∂ρ

∂z
+
∂ρ

∂t
=⇒

�� ��dρ
dt = ∂ρ

∂t + V · ∇ρ

∂/∂t é a derivada local

V · ∇ é a derivada convectiva
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Densidade no ponto 2: ρ2 = ρ2(x2, y2, z2, t2)

Taylor:

ρ2 = ρ1 + ∂ρ
∂x

∣∣∣
1(x2 − x1) + ∂ρ

∂y

∣∣∣
1(y2 − y1) + ∂ρ

∂z

∣∣∣
1(z2 − z1) + ∂ρ

∂t

∣∣∣
1(t2 − t1)

Derivada total:

lim
t2→t1

ρ2 − ρ1

t2 − t1
= u

∂ρ

∂x
+ v

∂ρ

∂y
+ w

∂ρ

∂z
+
∂ρ

∂t
=⇒

�� ��dρ
dt = ∂ρ

∂t + V · ∇ρ

∂/∂t é a derivada local

V · ∇ é a derivada convectiva
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Divergente da velocidade

Divergente da velocidade

Volume de controle

Pequeno: ∆V′ = ∆t V · dS, dS = dSn

Total: ∆V =

∮
S

∆t V · dS

Variação do volume de controle:

dV
dt

= lim
∆t→0

∆V

∆t
=

∮
S

V · dS =

∫
V

∇ · V dV (Gauss)

Volume de controle infinitesimal: V → δV

d(δV)

dt
= ∇ · V (δV) =⇒

�
�

�
�∇ · V = 1

δV

d(δV)
dt

∇ · V é a variação temporal do volume de um fluido em movimento
por unidade de volume
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Volume finito

Volume finito fixo

Fluxo de massa através de S =
Variação temporal de massa
dentro deV (A = B)

A =

∮
s
ρV · dS, B = −

∂

∂t

∫
V

ρdV�



�
	

∮
s
ρV · dS +

∂

∂t

∫
V

ρdV = 0

Forma integral conservativa

Volume finito móvel

Massa =
∫
V
ρδV constante:�



�
	d

dt

∫
V

ρδV = 0

Equivs.:
∫
V

[
dρ
dt
δV + ρ

d
dt

(δV)

]
= 0∫

V

[
dρ
dt
δV + ρ

{
1
δV

d
dt

(δV)

}
δV

]
= 0∫

V

[
dρ
dt

+ ρ∇ · V
]
δV = 0∫

V

[
∂ρ

∂t
+ V · ∇ρ + ρ∇ · V

]
δV = 0∫

V

[
∂ρ

∂t
+ ∇ · (ρV)

]
δV = 0

8 / 23



Introdução Modelos de Fluxo Ferramentas Equação da continuidade A equação do momentum linear A equação da energia As Equações Bibliografia

Volume finito

Volume finito fixo

Fluxo de massa através de S =
Variação temporal de massa
dentro deV (A = B)

A =

∮
s
ρV · dS, B = −

∂

∂t

∫
V

ρdV

�



�
	

∮
s
ρV · dS +

∂

∂t

∫
V

ρdV = 0

Forma integral conservativa

Volume finito móvel
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Aplicação

Aplicação da Eq. da Continuidade

Forma integral conservativa:

�



�
	

∮
s
ρV · dS +

∂

∂t

∫
V

ρdV = 0

Variação nula de massa dentro deV:

�



�
	

∮
s
ρV · dS = 0

Fluxo total nulo através da superfı́cie S.

Tubo com seção reta de área A :
�� ��ρVA = cte. =⇒ A1V1 = A2V2

V1A1 A2

V2
ρ
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Volume infinitesimal

Volume infinitesimal fixo

Fluxo total de massa = Variação
temporal de massa (A = B)

Fluxo em x: (dV = dxdydz)[
ρu +

∂(ρu)

∂x
dx

]
dydz−(ρu)dy dz =

∂(ρu)

∂x
dV

A = ∇ · (ρV) (fluxo total)

B = −
∂

∂t
(ρdV) = −

∂ρ

∂t
dV (var. massa)�



�
	∂ρ

∂t
+ ∇ · (ρV) = 0 conservativa

Volume finito móvel

Massa δm = ρδV const.:
d
dt
δm = 0

d
dt
δm =

dρ
dt
δV + ρ

d
dt

(δV) = 0

dρ
dt
δV + ρ

1
δV

[
d
dt

(δV)

]
δV = 0�



�
	dρ

dt
+ ρ∇ · V = 0 não-conservativa
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Forma não-conservativa

Fb + Fp + Fv = m
(
du
dt

i +
dv
dt

j +
dw
dt

k
)

Fb = Forças que atuam na massa

Fp = Forças devido a pressão

Fv = Forças devido a viscosidade:
normal (τxx ) e cisalhamento (τyx )

Fb = ρfdV, dV = dxdydz

Fvx =

[(
τyx +

∂τyx

∂y
dy

)
− τyx

]
dxdz +

[(
τzx +

∂τzx

∂z
dz

)
− τzx

]
dxdy +

[(
τxx +

∂τxx

∂x
dx

)
− τxx

]
dydz

Fpx =

[
p −

(
p +

∂p
∂x

dx
)]

dydz,

Fx =

(
−
∂p
∂x

+
∂τxx

∂x
+
∂τyx

∂y
+
∂τzx

∂z

)
dV + ρfxdV

Navier-Stokes (1845):�



�
	ρ

dV
dt

= ρf − ∇p + ∇τ , (∇τ)j =
∑

i

∂τij

∂xi
, τ =

τxx τxy τxz

τyx τyy τyz

τzx τzy τzz

 shear stress
tensor
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�
	ρ

dV
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= ρf − ∇p + ∇τ

dV
dt

=
∂V
∂t

+ V · ∇V,
∂ρ

∂t
+ ∇ · (ρV) = 0

�



�
	∂

∂t
(ρV) + ∇ · (ρVV) = ρf − ∇p + ∇τ (ρVV)i = ρViV, (∇τ)j =

∑
i
∂τij
∂xi�



�
	∂

∂t
(ρV) + ∇Π = ρf + ∇τ Πij = ρViVj + pδij (densidade de fluxo)

Fluido Newtoniano (Stokes, 1845):

τii = λ(∇ · V) + 2µ
∂Vi

∂xi
, τij = µ

(
∂Vi

∂xj
+
∂Vj

∂xi

)
, τii � τij , 3λ = −2µ(?)

τ = 0 para uma distribuição esférica de fluido
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13 / 23



Introdução Modelos de Fluxo Ferramentas Equação da continuidade A equação do momentum linear A equação da energia As Equações Bibliografia

Forma conservativa

Navier-Stokes

Navier-Stokes (não-conservativa):

�



�
	ρ

dV
dt

= ρf − ∇p + ∇τ

dV
dt

=
∂V
∂t

+ V · ∇V,
∂ρ

∂t
+ ∇ · (ρV) = 0

�



�
	∂

∂t
(ρV) + ∇ · (ρVV) = ρf − ∇p + ∇τ (ρVV)i = ρViV, (∇τ)j =

∑
i
∂τij
∂xi�



�
	∂

∂t
(ρV) + ∇Π = ρf + ∇τ Πij = ρViVj + pδij (densidade de fluxo)

Fluido Newtoniano (Stokes, 1845):

τii = λ(∇ · V) + 2µ
∂Vi

∂xi
, τij = µ

(
∂Vi

∂xj
+
∂Vj

∂xi

)
, τii � τij , 3λ = −2µ(?)

τ = 0 para uma distribuição esférica de fluido
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Introdução Modelos de Fluxo Ferramentas Equação da continuidade A equação do momentum linear A equação da energia As Equações Bibliografia

Forma não-conservativa

Primeira lei: ∆U = ∆Q + ∆W

Potência instantânea: P = F · V

PU: Energia Interna + Cinética

PW : Forças externas + Pressão

PQ : Emissão/Absorção + Condução

Conservação de energia:
PU = PW + PQ

Taxa de energia: PU = ρ d
dt

[
e + 1

2 V2
]

dV

Taxa de trabalho realizado: PW = [ρf · V − ∇ · (pV)] dV

x : ρufxdV +

[
up −

(
up +

∂(up)

∂x
dx

)]
dydz = ρufxdV −

∂(up)

∂x
dV

Taxa de calor (Fourier: q̇ = −k∇T ): PQ = [ρq̇ − ∇ · q̇] dV�
�

�
ρ

d
dt

[
e +

1
2

V2
]

= ρq̇ − ∇ · q̇ + ρf · V − ∇ · (pV)
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Aplicação

Aplicação da conservação da energia.

Forma local não-conservativa:�
�

�
ρ

d
dt

[
e +

1
2

V2
]

= ρq̇ − ∇ · q̇ + ρf · V − ∇ · (pV)

Hipóteses:

Ausência de campos externos: f = 0 e q = 0.
Pressão explicitamente independente do tempo: ∂p

∂t = 0.
Energia interna u constante (e = u + gH).
Densidade constante.
Velocidade com divergência nula.

�



�
	d

dt

[
ρgH +

ρ

2
V2

]
= −V · ∇p − p∇ · V = −

∂p
∂t
− V · ∇p = −

dp
dt

Equação de Bernoulli:

�



�
	ρgH +

1
2
ρV2 + p = cte.
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Forma conservativa

Não-conservativa (energia total):

�
�

�
ρ

d
dt

[
e +

1
2

V2
]

= ρq̇ − ∇ · q̇ + ρf · V − ∇ · (pV)

Não-conservativa (energia apenas):

�



�
	ρ

dV
dt

= ρf − ∇p (Navier-Stokes)

1
2
ρ

d
dt

(V2) = ρV ·
dV
dt

= ρf · V − (∇p) · V

=⇒

�



�
	ρ

de
dt

= ρq̇ − ∇ · q̇ − p∇ · V

Conservativa (energia apenas):

�



�
	∂ρ

∂t
+ ∇ · (ρV) = 0 (continuidade)

ρ
de
dt

= ρ
∂e
∂t

+ ρV · ∇e =
∂(ρe)

∂t
− e

[
∂ρ

∂t
+ ∇ · (ρV)

]
+ ∇ · (ρeV)

=⇒

�



�
	∂(ρe)

∂t
+ ∇ · (ρeV) = ρq̇ − ∇ · q̇ − p∇ · V

Conservativa (energia+entalpia total): ρh = ρe + p

ρf · V + ρq̇ − ∇ · q̇ =
∂

∂t
[ρ(e +

V2

2
)] + ∇ · [ρ(e +

V2

2
)V] + ∇ · (pV) =

=
∂

∂t
[ρ(e +

V2

2
)] + ∇ · [ρ(h +

V2

2
)V]
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Entropia (gás ideal)

Continuidade:
∂ρ

∂t
= −∇ · (ρV) = −V · ∇ρ − ρ∇ · V =⇒ ρ

d
dt

(
1
ρ

)
= ∇ · V

Energia (forma não-conservativa):

ρ
de
dt

= ρq̇ − ∇ · q̇ − p∇ · V⇒
de
dt

+ p
d
dt

(
1
ρ

)
= q̇ −

1
ρ
∇ · q̇

Primeira lei: dQ = dU + dW ; Entropia: TdS = dQ ; Trabalho: dW = p dV

(por unidade de massa (U/m = e,V/m = 1/ρ, S/m = s):

T
ds
dt

=
de
dt

+ p
d
dt

(
1
ρ

)
⇒ T

ds
dt

= q̇ −
1
ρ
∇ · q̇

Adiabático (dQ = 0) ou isentrópico (dS = 0): pVγ = cte ⇒ p = Aργ, A cte.

de = −pd
(
1
ρ

)
= Aργ−2dρ⇒ p = (γ − 1)ρe

Gás politrópico: pVα = cte.
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Adiabático (dQ = 0) ou isentrópico (dS = 0): pVγ = cte ⇒ p = Aργ, A cte.
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)
= Aργ−2dρ⇒ p = (γ − 1)ρe

Gás politrópico: pVα = cte.
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Entropia (gás ideal)

Equações de estado: Tds , 0

pV = N̄kBT , N = N̄/V, ρ = µN

e = cvT , γ =
cp

cv
= 1 + kB

µcv

p =
kB

µ
ρT = (γ − 1)ρe = Aργ

A = (γ − 1)eρ1−γ, T =
µ

kB
(γ − 1)e

Tds = de −
p
ρ2 dρ⇒

µ

kB
(γ − 1)e ds = de − (γ − 1)e

dρ
ρ

µ

kB
ds =

1
γ − 1

d [ln e + (1 − γ) ln ρ] =
1

γ − 1
d ln A�



�
	s = s0 +

kB

µ(γ − 1)
ln A , p = A(s)ργ
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Euler

Forma conservativa

Massa:

�



�
	∂ρ

∂t
+ ∇ · (ρV) = 0

Momentum:

�



�
	∂

∂t
(ρV) + ∇ · (ρVV) = ρf − ∇p , (ρVV)i = ρViV

Energia:

�



�
	∂(ρe)

∂t
+ ∇ · (ρeV) = ρq̇ − ∇ · q̇ − p∇ · V

�
�

�
∂

∂t

[
ρ

(
e +

V2

2

)]
+ ∇ ·

[
ρ

(
h +

V2

2

)
V
]

= ρf · V + ρq̇ − ∇ · q̇

Eqs. de estados (gás ideal):

�



�
	p =

kB

µ
ρT , e = cvT

ρh = ρe + p, γ − 1 = kB
µcv
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Euler

Forma conservativa – matricial

�



�
	∂U

∂t
+ ∇ · F = J

Fx =



ρu
ρu2 + p
ρvu
ρwu

ρ
(
e + V2

2

)
u + pu + q̇x


Fy =



ρv
ρuv

ρv2 + p
ρwv

ρ
(
e + V2

2

)
v + pv + q̇y


Fz =



ρw
ρuw
ρvw

ρw2 + p

ρ
(
e + V2

2

)
w + pw + q̇z



U =


ρ
ρu
ρv
ρw

ρ
(
e + V2

2

)


J =


0
ρfx
ρfy
ρfz

ρf · V + ρq̇
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Euler

Forma não-conservativa

Massa:

�



�
	dρ

dt
+ ρ∇ · V = 0

⇒ ∇ · V = ρ
d
dt

(
1
ρ

)

Momentum:

�



�
	dV

dt
= f −

1
ρ
∇p

Energia: ρ
de
dt

= ρq̇ −∇ · q̇ − p∇ · V⇒

�
�

�
de

dt
+ p

d
dt

(
1
ρ

)
= q̇ −

1
ρ
∇ · q̇

Fluxo isentrópico (pρ−γ = A(s) cte.):

�



�
	d

dt
(pρ−γ) = 0
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Fluxo isentrópico (pρ−γ = A(s) cte.):

�



�
	d

dt
(pρ−γ) = 0

22 / 23



Introdução Modelos de Fluxo Ferramentas Equação da continuidade A equação do momentum linear A equação da energia As Equações Bibliografia

Euler

Forma não-conservativa

Massa:

�



�
	dρ

dt
+ ρ∇ · V = 0 ⇒ ∇ · V = ρ

d
dt

(
1
ρ

)
Momentum:

�



�
	dV

dt
= f −

1
ρ
∇p

Energia: ρ
de
dt

= ρq̇ −∇ · q̇ − p∇ · V

⇒

�
�

�
de

dt
+ p

d
dt

(
1
ρ

)
= q̇ −

1
ρ
∇ · q̇

Fluxo isentrópico (pρ−γ = A(s) cte.):

�



�
	d

dt
(pρ−γ) = 0

22 / 23



Introdução Modelos de Fluxo Ferramentas Equação da continuidade A equação do momentum linear A equação da energia As Equações Bibliografia

Euler

Forma não-conservativa

Massa:

�



�
	dρ

dt
+ ρ∇ · V = 0 ⇒ ∇ · V = ρ

d
dt

(
1
ρ

)
Momentum:

�



�
	dV

dt
= f −

1
ρ
∇p

Energia: ρ
de
dt

= ρq̇ −∇ · q̇ − p∇ · V⇒

�
�

�
de

dt
+ p

d
dt

(
1
ρ

)
= q̇ −

1
ρ
∇ · q̇
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Lagrange

Distribuição esférica

Elemento de volume em movimento:
a = r(a, 0), r = r(a, t)

d
dt
→

(
∂

∂t

)
a
, V = ur̂ , u =

∂r
∂t

dm = 4πρ0a2 da = 4πρr2 dr , da =
∂a
∂r

dr ⇒

�
�

�
∂a

∂r
=

ρr2

ρ0a2

Massa:

�



�
	dρ

dt
+ ρ∇ · V = 0 ⇒ ρ

d
dt

(
1
ρ

)
=

1
r2

∂(r2u)

∂r
⇒

�
�

�
∂

∂t

(
1
ρ

)
=

1
ρ0a2

∂(r2u)

∂a

Momentum:

�



�
	dV

dt
+

1
ρ
∇p = f ⇒

�
�

�
∂u

∂t
+

r2

ρ0a2

∂p
∂a

= f

Energia:

�
�

�
de

dt
+ p

d
dt

(
1
ρ

)
+

1
ρ
∇ · q = Q ⇒

�
�

�
∂e

∂t
+ p

∂

∂t

(
1
ρ

)
+

1
ρ0a2

∂(r2q)

∂a
= Q
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a = r(a, 0), r = r(a, t)

d
dt
→

(
∂

∂t

)
a
, V = ur̂ , u =

∂r
∂t

dm = 4πρ0a2 da = 4πρr2 dr , da =
∂a
∂r

dr ⇒

�
�

�
∂a

∂r
=

ρr2

ρ0a2

Massa:

�



�
	dρ

dt
+ ρ∇ · V = 0 ⇒ ρ

d
dt

(
1
ρ

)
=

1
r2

∂(r2u)

∂r
⇒

�
�

�
∂

∂t

(
1
ρ

)
=

1
ρ0a2

∂(r2u)

∂a

Momentum:

�



�
	dV

dt
+

1
ρ
∇p = f

⇒

�
�

�
∂u

∂t
+

r2

ρ0a2

∂p
∂a

= f

Energia:

�
�

�
de

dt
+ p

d
dt

(
1
ρ

)
+

1
ρ
∇ · q = Q ⇒

�
�

�
∂e

∂t
+ p

∂

∂t

(
1
ρ

)
+

1
ρ0a2

∂(r2q)

∂a
= Q
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