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a b s t r a c t 

Series elastic joints allow force and impedance controllers to be implemented on high torque and high 

power density motors. Several impedance controllers have been proposed whose stability is usually an- 

alyzed by means of passivity-based tools such as the Z -width characterization. This paper proposes an 

overview of existing impedance control solutions for series elastic joints and derives the passivity char- 

acterizations that are still missing in the literature, thus providing a complete and coherent overview 

of the existing solutions. Within this overview, we highlight the advantages of impedance control based 

on positive acceleration feedback showing improved stability robustness and impedance accuracy with 

respect to existing solutions. These advantages are theoretically motivated (considering ideal conditions) 

and experimentally validated. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Series elastic actuators (SEA’s) are an emerging technology to

chieve high fidelity force control of high power density motors

1] . In fact, series compliance can dramatically improve explicit

orce control robustness [2,3] . Series elastic joints have been suc-

essfully applied to humanoid robots (e.g. NASA’s Valkyrie [4] , Vir-

inia Tech’s THOR [5] and IIT’s COMAN [6] ), quadrupeds (e.g. ETH’

 StarlETH [7] ), modern rehabilitation and assistive robotics [8–

1] and cooperative robots (e.g. RethinkRobotics Baxter [12] ). Most

f these applications are based on impedance control and need to

eliver forces with a high level of safety and accuracy. While safety

s a primary need for robots that interact with humans or with un-

tructured environments, the demand for high accuracy is increas-

ng only recently. As an example, this requirement is pushed by

ovel haptic interfaces which have been proposed in the last years.

mong others, Basafa et al. designed a haptic laparoscopic device

ith three degrees of freedom actuated by SEA’s [13] ; Zinn et al.

roposed a haptic interface with large workspace based on the Dis-

ributed Macro-Mini concept where the macro actuation is given

y SEA’s [14] ; Oblack et al. proposed a multi-purpose rehabilitation

aptic device using series visco-elastic actuators [15] ; Parietti et al.
� This paper was recommended for publication by Editor-in-Chief is Proof. Reza 
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esigned a haptic device with a series visco-elastic elements for

ery fine force rendering, in the range of the human sensory accu-

acy [16] . In these haptic devices, the choice of SEA’s has been usu-

lly motivated by the decoupling effect of the series spring which

llows to mask the motor inertia and allows the accurate rendering

f even very low forces. Differently from traditional haptic inter-

aces, existing impedance controllers for SEA’s make use of explicit

orce feedback, meaning that the force is explicitly measured and

ed back to the control system. This is because implicit force con-

rol (where the force is delivered in open loop by controlling the

otor current) cannot mask the motor inertia and cannot damp

he series spring oscillations. 

The control problem of physical interaction (with humans or

ith unstructured environments) involving explicit force feedback

s considered a hard challenge in robotics. Most of the proposed

olutions are based on the passivity interaction paradigm, which

rovides a high level of stability robustness [17] . In particular pas-

ivity of the controlled robot is a sufficient and necessary condi-

ion to guarantee a stable interaction with any passive environ-

ent [18] including humans who are usually assumed as passive

ystems [19] . Consequently several passivity-based control (PBC)

lgorithms have been proposed to shape the output impedance

r the output force of SEA’s. The first passive force controller for

EA’s was proposed by Pratt and Williamson [1] . Their solution

s based on acceleration feedback that forces the motor to have

he same acceleration of the environment, thus compensating for

oad motion and leading to robust performance, i.e. predictable

rror dynamics. Quite surprising this important feature was not
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S  
explicitly highlighted neither in the original work nor in the fol-

lowing literature which has been focused more on stability robust-

ness rather than performance robustness. Another investigation on

PBC of SEA’s has been conducted by Vallery et al. where a veloc-

ity sourced impedance control schema was considered [20] . They

found out that “SEA cannot display a higher pure stiffness than

the spring stiffness if passivity is desired”. Thus the spring design

cannot be arbitrarily compliant but must be tailored to the max-

imum desired stiffness leading to a trade-off between force con-

trol robustness (which requires compliance) and the maximum dis-

playable stiffness. 

One of the outcomes of the research described in this paper

is to show that the same limitation highlighted by Vallery et al.

holds for several existing control architectures: admittance con-

trol [21] , impedance control [22] and parallel force-position control

[23] . The admittance control architecture was proposed by Pratt

et al. to reduce the force control bandwidth requirement in high

impedance rendering [21] . We will show that even this algorithm

cannot passively render a stiffness higher than the stiffness of the

physical spring. A similar outcome emerges by analyzing the pas-

sive impedance control of the DLR lightweight arm where a paral-

lel force-position architecture is implemented [23] . 

In conclusion, we will show that at the current state of the art

there exist no passive algorithms that allow to overcome the physical

spring stiffness. Further limitations arise when a virtual Voigt model

impedance is desired, i.e. the parallel of a spring and a damper. For

example an impedance controlled SEA with velocity controlled mo-

tor cannot passively display a pure Voigt model [24] and we will

show that the same result holds for other control architectures.

Thus, the first contribution of this work is to derive missing pas-

sivity conditions for existing impedance control architectures pro-

viding a coherent framework of passivity results. 

The second contribution is a novel algorithm that allows in the-

ory to passively overcome the physical spring stiffness and to pas-

sively display a pure Voigt model. This algorithm is inspired by the

seminal work by Pratt and Williamson [1] who used load acceler-

ation feedback to control the SEA output force and to cancel out

the influence of load dynamics in force control. We will formally

show that by taking advantage of load dynamics cancellation it is

possible to passively render any passive impedance. The intuition

behind this approach is that by exactly compensating for the load

motion, load (or environment) uncertainties disappear. In partic-

ular we refer to (perfect) load motion compensation as the ability

to move the motor homokinetically with the load or the environ-

ment. Thus load motion compensation is a way to obtain virtual

backdrivability, i.e. to backdrive a non-backdrivable motor by con-

trol. Indeed, the force to accelerate the motor is transferred to the

motor input by control and it is used to compensate for the motor

inertia. In the past, the concept of load motion compensation has

been already discussed in the force control literature and a generic

framework of solutions is presented in [25] . However, the effects

on impedance rendering and passivity have never been analyzed.

Other examples of SEA’s force control where the load dynamics is

explicitly taken into account includes disturbance observer archi-

tectures [4,26–28] , adaptive [29,30] , robust [31] and sliding-mode

[32] controllers. However, none of these works investigates the ef-

fect of load motion compensation on impedance rendering. We

highlight that the terms “load” and “environment” can be often

considered as equivalent: they both refer to the dynamics the SEA

or the robot is in contact with. A typical case is physical human-

robot interaction (pHRI) where the environment include or is iden-

tified with the human. 

To address the issues described above, the paper is organized

as follows. To introduce the reader, Section 2 summarizes exist-

ing impedance control algorithms for SEA’s. Section 3 derives pas-

sivity conditions that are currently missing in the literature and
rovides a summary and easy-to-compare view of passivity results.

ection 4 proposes a novel impedance control algorithm based on

ositive acceleration feedback. Section 5 experimentally compares

he existing algorithms to our solution from the point of view of

tability robustness and impedance accuracy. Finally, conclusions

re drawn in Section 6 . 

. Impedance control of series elastic actuators 

Impedance control aims at shaping the dynamical relation be-

ween the actuator position (or velocity) and applied external

orces. Impedance control can be implemented using an inner force

oop and an outer position loop or using the dual configuration:

n inner position loop and an outer force loop. The latter case is

sually called admittance control. In both architectures the desired

mpedance/admittance is implemented in the outer loop while the

nner loop must be fast enough to have negligible dynamics [33] . 

An impedance relation mapping the velocity u ∈ L 2 e into the

orce y ∈ L 2 e or equivalently an admittance relation mapping the

orce u ∈ L 2 e into the velocity y ∈ L 2 e is passive if there exists a con-

tant β such that 

 T 

0 

u (t) y (t) dt ≥ β, ∀ u ∈ L 2 e , ∀ T ≥ 0 (1)

here −β represents the initial system energy [18,34] . If we con-

ider that ( u , y ) is a flow and effort pair we have that the system

utput energy will never be greater than its input energy, over an

rbitrary observation time starting from t = 0. The passive interac-

ion paradigm is based on the assumption that the environment is

 passive system and on the fact that negative feedback connection

f passive systems is still passive, thus stable. 

Passivity of impedance controllers depends on several factors:

he control architecture, the inherent system dynamics and the de-

ired impedance. In particular, given a control algorithm applied

o a system, the set of impedance values that can be passively

endered is called Z -width [35] . Established results in PBC liter-

ture show that the controlled system dynamics cannot be too

ar from the inherent system dynamics [36] . In particular, Colgate

t al. found that the virtual inertia of a current controlled motor

annot be reduced beyond one half of its physical inertia, using

on-collocated proportional force feedback [17] . Similarly, Vallery

t al. showed that the virtual stiffness of a SEA cannot be increased

ver the physical spring stiffness, considering a velocity sourced

mpedance control architecture [20] . 

Hereafter, several impedance control schemas are reported and

heir passivity is analyzed. We will start by introducing the com-

on modeling and notation where linear and rotary quantities are

egarded as equivalent. 

.1. Modeling 

The following SEA model is considered 

e = k (θ − q ) (2)

 ̈θ = τm 

− τe (3)

here τ e is the spring force exerted on the environment (or torque

n the case of a rotary joint), θ is the motor position, q is the joint

osition and τm 

is the (current-controlled) motor input force (or

orque). Fig. 1 shows an equivalent linear representation of the sys-

em, which translates torques into forces and angular positions into

inear positions. For the sake of generality, in this paper linear and

ngular quantities are used interchangeably. The SEA parameters

re the spring stiffness k and the motor inertia J . In the existing

EA-passivity literature, the friction dynamics is usually neglected
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Fig. 1. A model of linear SEA interacting with an environment. Equivalent linear 

representation which translates torques into forces and angular positions into linear 

positions. 

Table 1 

Acronyms. 

Acronyms Meaning 

SEA Series elastic actuator 

PBC Passivity-based control 

VM Voigt model 

∼ VM Approximated VM 

BIC Basic Impedance Control 

VSIC Velocity-Sourced Impedance Control 

CAC Collocated Admittance Control 

CIC Collocated Impedance Control 

AB Acceleration-based 

Fig. 2. Basic Impedance Control (BIC) which uses an outer non-collocated position 

loop to shape the impedance and an inner force control loop. 
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Fig. 3. Velocity-Sourced Impedance Control (VSIC) which uses an outer non- 

collocated position loop to shape the impedance and an inner force control loop 

with a nested velocity controller. 

Fig. 4. Collocated Admittance Control (CAC). The position loop is closed on motor 

position θ (collocated) instead of on joint position q . The outer force loop shapes 

the impedance. 
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d ˙ q + k q = −τe . (7) 
eading to a worst case condition: friction is dissipative and would

elp to meet passivity. The same choice is made here to ease the

omparison with similar results in the literature while keeping the

ocus on the methodology. 

.2. Notation 

Abbreviations and notations are listed in Table 1 and in the fol-

owing points: 

• The position and force control blocks are named C P ( s ) and C F ( s ),

respectively. 

• The impedance and admittance controllers are named I ( s ) and

A ( s ), respectively. 

• The position reference is q r , which describes the equilibrium

position of the desired impedance. 

• The motor is modeled as a pure inertia 1/ Js 2 according to Eq.

(3) . 

• The environment block is marked with the letter E and its

input–output port is the pair ( ̇ q , τe ). However, for ease of rep-

resentation we considered the velocity integrator included in

the environment block letting the position q be the environ-

ment output. Equivalent diagrams can be drawn considering ˙ q

as output. 

.3. Impedance control architectures 

Fig. 2 represents the basic arrangement for SEA impedance con-

rol. The inner force controller C F ( s ) is fed by an outer loop I ( s )

hat measures the load position and computes the force reference

eeded to obtain the desired impedance. For example, to render a
oigt model (VM) impedance, the outer controller should be 

I(s ) = d d s + k d (4)

here k d and d d are the desired (positive and constant) stiff-

ess and damping coefficients. The inner force loop may use

 proportional-derivative action while the integral term is often

voided due to the passivity constraint [1] . We call this control ar-

hitecture Basic Impedance Control (BIC). Examples of this schema

re in [22,37] . 

A common improvement of this schema is to add an inner mo-

or velocity loop as shown in Fig. 3 . This solution is often called

velocity-sourced” and helps to deal with friction in the trans- 

ission system [38,39] . Moreover, passivity allows for an integral

ction within the force loop [20,24] . We name this architecture

elocity-Sourced Impedance Control (VSIC). 

.4. Collocated admittance architecture 

Fig. 4 shows an admittance control approach with a motor po-

ition loop and an outer force feedback [21] . The position control

oop on θ is collocated since the sensor is located on the same rigid

ody of the actuator (i.e. the encoder is on the rotor) [40] . A posi-

ion control loop on q would be non-collocated and so more diffi-

ult to stabilize [41] . 

To render a visco-elastic impedance, the force controller com-

utes the position reference as 

m,re f = −A (s ) 

s 
τe , 

A (s ) 

s 
= 

1 − k d /k 

k d + sd dm 

(5) 

here k d and d dm 

are the desired stiffness and motor-level damp-

ng. Differently from classical admittance implementations [33] ,

he position feedback is closed on the motor position instead of

n the joint position, thus avoiding the non-collocation issue. For

his reason we refer to this schema as Collocated Admittance Control

CAC). Unfortunately this architecture cannot render a pure VM dy-

amics because the “virtual” damping cannot be rendered at joint-

evel (as it would require a non-collocated measure) but only at

he motor side. In the ideal case of an infinitely fast inner control

oop, the controlled actuator dynamics would be 

 dm 

˙ θ + k d q = −τe , (6)

eaning that the virtual damper can only act at the motor level

nd not at the joint level, thus resulting in an approximated Voigt

odel ( ∼ VM ). On the contrary, the BIC and the VSIC architectures

an display a joint level damping leading in ideal conditions (in-

nitely fast inner loops) to the VM dynamics 
d d 
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Fig. 5. Collocated Impedance Control (CIC). The architecture refers to its energetic 

interpretation as explained in [23] . The main difference with respect to BIC is that 

motor position is fed back instead of joint position. 
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2.5. Collocated Impedance Control 

An alternative impedance architecture has been proposed for

controlling the DLR lightweight arm [23] . This robot is modeled

with flexible joints because of harmonic drive dynamics. From the

modeling point of view a flexible joint is similar to a SEA except

for the higher magnitude of elastic and damping parameters. Con-

ceptually, the impedance controller of the DLR lightweight arm is

based on a Collocated Impedance Control (CIC) architecture where

an inner force loop is fed by an outer (collocated) motor position

loop, as shown in Fig. 5 . Similarly to the CAC case, collocation pre-

vents virtual joint-level damping. In particular the outer controller

can be computed as 

sI(s ) = d dm 

s + k dm 

(8)

where d dm 

is the desired motor-level damping and k dm 

is the de-

sired motor-level stiffness. By posing k dm 

= 

kk d 
k −k d 

, it is possible to

set the desired joint-level stiffness leading, in ideal conditions, to

the desired dynamics (6) where 

k d = 

kk dm 

k + k dm 

. (9)

Consequently, the physical spring limit k d = k can never be reached

and can only be approached for very large (theoretically infinite)

values of k dm 

. 

3. Passivity of existing solutions 

This Section analyzes the passivity of existing impedance con-

trol architectures. In particular two kinds of desired impedance

are considered: a pure spring dynamics ( sI(s ) = k d ) and a paral-

lel spring-damper dynamics ( sI(s ) = k d + sd d ). A compact overview

of passivity results will then be summarized in Table 2 . 

Considering a linear time invariant system with impedance Z ( s )

the passivity definition (1) is equivalent to the conditions (i) Z ( s ) is

stable and (ii) Re [ Z(iω)] ≥ 0 ∀ ω ∈ R 

+ . In the following subsections,

the conditions (i) and (ii) are derived for each control architecture,

where Z ( s ) is the impedance seen at the environment port (τe , ˙ q ) ,

i.e. τe = −Z(s ) ̇ q [18,34] . 

3.1. Basic Impedance Control (BIC) 

For the BIC case a proportional-derivative force control law is

considered 

 F (s ) = P + sD (10)

where P and D are positive constants. A pure integrator would vi-

olate the passivity of the inner force loop [1] . The impedance Z ( s )

at the environment port (τe , ˙ q ) can be computed as 

−τe = 

C F (s ) I(s ) + Js 

C F (s ) + 

J 
k 

s 2 + 1 

˙ q (11)

which is a stable transfer function. In the case sI(s ) = k d one can

compute 

Re [ Z(iω)] = 

a (k d D + d d P ) − P Dk d + ω 

2 D 

2 d d + ω 

2 DJ 

a 2 + ω 

2 D 

2 
(12)
here a = P + 1 − ω 

2 J 
k 

+ iω D . Solving for Re[ Z ( i ω )] ≥ 0 [34] the fol-

owing condition is derived: 

 d + ω 

2 J 

(
1 − k d 

k 

)
≥ 0 . (13)

hus, passivity is equivalent to k d ≤ k , meaning that a desired stiff-

ess higher than the physical spring stiffness is not allowed by passiv-

ty . 

In the VM case, where sI(s ) = k d + sd d the condition (13) be-

omes 

 

[
k d + ω 

2 J 

(
1 − k d 

k 

)]
+ d d 

[ 
P 2 + P − ω 

2 (D 

2 − JP 

k 
) 
] 

≥ 0 (14)

hich is implied by k d ≤ k and P ≤ k 
J D 

2 . Since D is usually small

o avoid noise amplification, the force proportional gain should be

imited as well. This implies a bandwidth limitation for the inner

orce controlled system . Interestingly the bandwidth limit depends

n the actuator bandwidth, i.e., the location of its mechanical reso-

ance. 

.2. Velocity-Sourced Impedance Control (VSIC) 

Sufficient passivity conditions for the VSIC schema have been

eported in [20,24] considering sI(s ) = k d and the following struc-

ure for the force and motor velocity controllers 

 F (s ) = P f + 

I f 

s 
, C V (s ) = P v + 

I v 

s 
. (15)

ere a more general sufficient condition is reported, which is de-

ived in Appendix A.1 : passivity of the VSIC architecture is guaran-

eed if 

 d ≤ αk, I f + I v 
P f 

P v 
≤ P f P v 

J 
(16)

here α ≥ 0 depends on velocity and force gains 

= 

I 2 v P f 

I 2 v P f + (I v P f + I f P v ) k 
< 1 . (17)

In conclusion 

1. passivity limits the maximum desired stiffness to (less than) the

physical spring stiffness , 

2. given a sufficiently low value for 
P f 
P v 

, no upper limit exists for

the velocity and force proportional gains, 

3. pure integrators are allowed both within the velocity and force

loops, with limited integral gains. The smaller the integral gains

the more k d can approach k . 

Finally, it has been shown that in the case sI(s ) = k d + sd d the

SIC architecture is not passive [24] . 

.3. Collocated Admittance Control (CAC) 

For the CAC case a passive position controller is considered 

 P (s ) = P + sD (18)

here P and D are positive constants. The impedance Z ( s ) at the

nvironment port is 

τe = 

skI(s )(Js 2 + C F (s )) 

s [ sI(s )(Js 2 + C F (s )) − (k − k d ) − skI(s )] 
˙ q (19)

here A (s ) 
s has been substituted with 

1 −k d /k 

sI(s ) 
. For the case sI(s ) = k d 

assivity is equivalent to k d ≤ k , meaning again that a desired stiff-

ess higher than the physical spring stiffness is not allowed by pas-

ivity . In the ∼ VM case, where sI(s ) = k + sd , a sufficient and
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Passivity of existing impedance controllers. 
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Fig. 6. Impedance control based on acceleration feedback. This architecture is iden- 

tical to the BIC scheme in Fig. 2 except from the additional term u a . 
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necessary condition for passivity is 

d dm 

[
P 

D 

− 1 

J 

(
d dm 

k̄ 
+ D 

)]
< k d ≤ k (20)

where k̄ = 1 − k d 
k 

. This means that the desired stiffness may be

bounded from below. Interestingly, sufficient conditions for passiv-

ity are 

k d ≤ k, 
P 

D 

< 

k d 
d dm 

(21)

meaning that the position gain P is upper limited. This implies

bandwidth limitations for the position controlled sub-system de-

pending on the desired impedance . Condition (21) also indicates that

a high derivative gain D helps to meet passivity. The proofs of

(20) and (21) are missed in the literature and are reported here

in Appendix A.2 . 

3.4. Collocated Impedance Control (CIC) 

Passivity of the CIC architecture has been already investigated

considering an energy shaping interpretation [42] . In particular, the

motor kinetic energy is shaped via inner force feedback and the

potential energy via outer position feedback, then, the total energy

function is used as a candidate Lyapunov function. Considering our

modeling, passivity is equivalent to positiveness of P , D , k dm 

and

d dm 

. According to (9) setting a motor-level stiffness implies that

the maximum desired stiffness cannot overcome the physical spring

stiffness , i.e., k d ≤ k . Details are reported in Appendix A.3 . 

4. Acceleration-based impedance control 

The previous Section showed that all the existing implementa-

tions of impedance and admittance control are constrained to the

same passivity limitation, i.e. it is not possible to overcome the stiff-

ness of the physical spring. In addition, it is not always possible to

render an exact VM impedance due to passivity constraints and/or

architecture limitations. The only architecture that allows the pas-

sive rendering of an exact VM impedance is the BIC algorithm, if

the inequality (14) is verified. 

This Section proposes an impedance controller based on posi-

tive acceleration feedback, which allows to overcome the passiv-

ity limitations of existing architectures. 1 This algorithm is designed

considering the BIC architecture and adding the following term to

the motor input torque 

u a (t) = 

J 

k 
τ̈d (t) + τd (t) + J ̈q (t) (22)

where τd = sI(s )(q r − q ) is the output of the outer impedance con-

troller, as shown in Fig. 6 . The feed-forward term τ d ( t ) in (22) ac-

counts for the desired force reference and delivers it directly on

the motor input. The term 

J 
k ̈
τd (t) considers the motor acceleration
1 A preliminary version of this Section appeared as abstract in the International 

Symposium on Wearable Robotics, 18–21 October, 2016. La Granja, Segovia, Spain 

[43] . 

a  

A  

e  

t  

t  
eeded to compress the spring, to reach perfect torque tracking. In

act, the SEA model (2) –(3) can be rearranged as 

 ̈q + 

J 

k 
τ̈e + τe = τm 

(23)

here the term 

J 
k ̈
τe accounts for motor acceleration to compress

he spring and is peculiar of series elastic systems. Finally, the term

 ̈q (t) in (22) provides the torque to accelerate the motor homoki-

etically with the environment leading to compensate for the in-

uence of the environment dynamics. We highlight that some cau-

ion is needed when implementing the term J ̈q (t) : overestimation

f J leads to feedback inversion and to loose passivity. In real im-

lementation a slight underestimation of J is suggested to avoid

his issue as discussed later in this section. By considering u a it is

ossible to write 

τe = 

C F (s ) I(s ) + Js 2 

C F (s ) + 

J 
k 

s 2 + 1 

˙ q − 1 

C F (s ) + 

J 
k 

s 2 + 1 

u a . (24)

hen, the overall impedance seen at the environment port can be

omputed considering the Laplace transform of (22) 

 a = 

(
J 

k 
s 2 + 1 

)
I(s ) ̇ q + Js ̇ q (25)

nd by substituting (25) in (24) one ends up with 

τe = I(s ) ̇ q (26)

eaning that the shaped actuator impedance is equal to the desired

mpedance . This leads to a novel result: the passive rendering of any

assive impedance , which is formally stated in the following Propo-

ition. 

roposition 4.1. Given the series elastic actuator (2) –(3) and the

ontrol law 

m 

= −C F (s )(sθ I(s ) + τe ) + u a (27)

 a = 

[ (
s 2 

J 

k 
+ 1 

)
sI(s ) + s 2 J 

] 
q (28)

ith I ( s ) passive and C F ( s ) stable, then the controlled system is passive

t the environment port (τe , ˙ q ) . 

Hence, the knowledge of q̈ allows to overcome the passivity con-

traint of all the existing architectures . In fact, the proposed control

aw allows, theoretically, to render unlimited desired stiffness and

nlimited desired damping. Moreover, Eq. (26) states that, unlike

ther architectures, the rendered impedance is equal to the desired

mpedance over the entire frequency spectrum. Of course such the-

retical expectations are too optimistic when compared to practical

mplementations where the acceleration signal is usually noisy and

ith limited bandwidth. In addition, it is known that “discrete con-

rol, time delays, actuator and sensor limitations and unmodeled

ynamics can compromise passivity, making the implementation

f passive control on real systems extraordinarily challenging” [36] .

owever, Proposition 4.1 provides a theoretical insight to motivate

he use of BIC endorsed with positive acceleration feedback and

he next Section shows experimentally that such architecture out-

erforms the existing solutions in terms of both impedance accu-

acy and robustness. Before to proceed with the experimental part,

e highlight a practical issue with the acceleration-based (AB) law

27) and (28) . It has been reported in the literature that feeding

ack the acceleration term J ̈q (t) may lead to feedback inversion

nd instability in the case the parameter J is over-estimated [1,25] .

s mentioned before the term J ̈q (t) provides the torque to accel-

rate the motor homokinetically with the environment, however, if

he parameter J is over-estimated the motor accelerates more than

he environment possibly leading to instability. For this reason a
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Fig. 7. The SEA prototype used as testbed: M is the motor, T is a torque sensor 

(used for identification), S is a torsional spring and the angular quantities θ and q 

are measured by encoders E 1 and E 2 , respectively. L is a metal frame used as inertial 

load in uncoupled conditions. 
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Fig. 8. Upper plot: comparison between velocity by numerical position differentia- 

tion (blue) and inter-period measurements (red). Lower plot: comparison between 

acceleration estimations. (For interpretation of the references to color in this figure 

legend, the reader is referred to the web version of this article.) 

Table 3 

System parameters of the SEA testbed. 

Parameter Symbol Value 

Spring stiffness k 2 . 49 N m/rad 

Torque constant k t 2 . 29 N m/A 

Motor inertia J 0 . 0208 kg/m 

2 

Load inertia J load 0 . 0021 kg/m 

2 

Table 4 

Control tuning. 

Gain Tuning 

BIC C F P 80 

D 1.5 

VSIC C V P v 1 

I v 0.45 

C F P f 100 

I f 50 

CAC C P P 100 

D 1 

CIC C F P 50 

D 1 

AB C F P 80 

D 1.5 

k J 0.8 

a  

m  

a

 

q  

p  

t  

a  

i  

w  

s  
eduction gain 0 < k J < 1 can be used in practical implementation

f (27) and (28) leading to substitute (28) with 

 a = 

[ (
s 2 

J 

k 
+ 1 

)
sI(s ) + s 2 k J J 

] 
q. (29) 

Fortunately, passivity of control law (27) –(29) is still verified, as

tated in the following proposition where a proportional-derivative

orm for the controller C F ( s ) is assumed. Within the proof one can

bserve that – differently from Proposition 4.1 – a small k J causes

he rendered impedance to deviate from desired impedance. Thus,

he gain k J should be tuned as high as possible while allowing sta-

le acceleration feedback. 

roposition 4.2. Given the series elastic actuator (2) –(3) and the

ontrol law (27) –(29) with k J < 1, I ( s ) passive and C F ( s ) as in (10) ,

hen the controlled system is passive at the environment port (τe , ˙ q ) .

roof. By substituting (29) in (24) the following impedance rela-

ion can be found: 

τe = 

[
I(s ) + 

(1 − k J ) Js 
2 

C F (s ) + 

J 
k 

s 2 + 1 

]
˙ q . (30) 

s the parallel interconnection of passive system is still passive

nd I ( s ) is passive we just need to verify passivity of the remaining

erm 

 e (s ) = 

(1 − k J ) Js 
2 

P + sD + 

J 
k 

s 2 + 1 

(31) 

hich represents the deviation from the desired impedance I ( s ). It

an be verified that Re [ I e ( i ω)] > 0 is equivalent to ω 

2 D > 0 which

olds because D > 0. �

. Experimental validation 

This Section presents an experimental comparison of the de-

cribed control architectures in terms of experimental coupled sta-

ility and impedance accuracy. Experiments are conducted in a

hysical human-robot interaction scenario where a human can ex-

rt forces on the impedance controlled joint of the SEA prototype

hown in Fig. 7 . The prototype is composed of a geared DC motor

 connected in series to a spring S and then to a metal frame L .

wo optical encoders ( E 1 and E 2) are used to measure the motor

nd the load positions (with a resolution of 0.018 degrees) while

he torque is measured using spring displacement. The torque sen-

or T is used only for identification purposes. Velocities are ob-

ained by measuring pulse inter-periods (using hardware timers

vailable on the encoder electronics) which give a better approx-

mation than using finite differences, as shown in Fig. 8 . Acceler-

tions are obtained by numerical differentiation of velocities with
n output stage filter at 20 Hz . System parameters have been esti-

ated using a procedure similar to the one described in [44] and

re listed in Table 3 . 

The control system runs on a standard PC equipped with a

uad-core processor running a real-time process with kernel-like

riority. The control process runs at 3 kHz and communicates with

he motor drive and the sensor electronics via Ethercat protocol

t the same rate. Position and force controllers have been tuned

n order to achieve the highest performance (maximum band-

idth and minimum static error) within the allowed passivity con-

traint and without introducing noise into the system. Table 4
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Fig. 9. Experimental results. Column 1 (from left): experimental stability region, yellow cells represent stable responses while light and dark green cells represent critical 

and unstable responses; red lines represents the theoretical passivity constraints. Columns 2–4: impedance accuracy of pure stiffness (cols 2 and 3) and pure damping (col 

4) desired impedances (red lines). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 10. Accuracy comparison terms of average impedance distance. Plot (a) com- 

pares accuracy considering a pure spring impedance with k d = 0 . 5 k, plot (b) consid- 

ers a pure spring impedance with k d = 0 . 9 k and plot (c) a pure damping impedance 

with d d = 0 . 05 Nms 
rad 

. 

i  

t  

g  

l  

a  

s  

s

5

 

T  

s  

i  

b  

4  

b  

n  

b  

p  

d  

3  

T  

d  

I  

τ  

s  

F  

t  

c  

i

hows the controllers gains used in the experiments including the

roposed acceleration-based (AB) algorithm, which uses a propor-

ional derivative force controller as in (10) . BIC and CIC algorithms

ave been tuned satisfying conditions (14) and (20) which allow

or passive rendering of a VM and ∼ VM impedance, respectively.

n particular for the BIC case one has P = 80 ≤ k 
J D 

2 = 269 . 3 which

atisfies condition (14) . The control algorithms have been imple-

ented in C ++ and are open-source released within the Series

lastic Library ( http://metropolis.scienze.univr.it/altair/selib/ ). 

.1. Experiments to assess the stability region 

The stability regions are evaluated in terms of maximum de-

ired damping and stiffness that can be stably rendered. During ex-

eriments the system is manually perturbed with a torque of about

.5 Nm and the observed behavior is classified as stable, critical

r unstable. Critical means that unexpected dynamics is observed,

ncluding undesired high frequency vibrations/chattering and un-

amped low frequency oscillations. Unstable means that divergence

s observed. For each algorithm, a desired stiffness in the range [ k ,

 k ] and a desired damping in the range [0 , 0 . 03] Nms 
rad 

have been

ested. Of course in the collocated cases (CAC and CIC) the de-

ired damping is considered at motor-level only, i.e., d dm 

instead

f d d . The experiments have been repeated several times until the

utcomes have been judged unanimously by three different sub-

ects experts in control. Experimental results are reported in the

rst column of Fig. 9 where each cell in the grid-plots represents

he outcome of an experiment. Yellow cells represent experimen-

ally stable responses while light and dark green cells represent

ritical and unstable responses, respectively. As a first observa-

ion we highlight that the stability region of the AB architecture

s larger than others according to the theoretical insight reported

n Section 4 . A second observation is that for BIC, VSIC and CAC al-

orithms the experimental stability agrees with the passivity con-

traints derived in Section 3 , represented with red lines. In fact, a

assive system is also stable. The stability region of the CIC algo-

ithm is slightly smaller than the theoretical Z -width. This is be-

ause the limit k d = k cannot be reached unless k dm 

→ ∞ which is

ot realizable in practice. Of course stability can be observed even

utside of the passivity region. In particular, within the described

xperimental conditions 

1. the VSIC architecture can stably render a VM impedance, 

2. for high desired damping values ( d dm 

), the CAC architecture is

stable even below the lower bound on k d given by passivity. 

It is worth highlighting that because of missing passivity, these

bserved stabilities are strongly related to the specific load con-

ition. For instance, we observed the VSIC algorithm cannot any

ore stably render a VM impedance if we arrange small load iner-

ias. 

Regarding the AB controller, we found instabilities only for

 d > 2 k leading to a stability region twice larger than other archi-

ectures. Displaying a wider stability region agrees with theoreti-

al results, however, the stability region is not infinitely large as

xpected from the theoretical analysis. This is possibly due to ex-

sting unmodeled effects in the hardware (e.g. current loop dy-

amics, acceleration sensor bandwidth) and in the software im-

lementations (e.g. digital delay, numerical approximation) which

revent to display arbitrarily large impedances. In other words,

roposition 4.2 assumes no current dynamic and ideal acceleration

easurements (zero-latency, infinite bandwidth) which cannot be

ound in practice. Experimentally, this translates in a wider but still

imited stability region. We highlight that a similar discrepancy can

e found in the practical implementation of almost all passive con-

rollers. Let us consider in example proportional-derivative posi-

ion or force controllers which are commonly assumed as passive
n continuous domain analyses. In both cases practical implemen-

ations easily show instability when the proportional or derivative

ain exceed certain thresholds. This is again because of digital de-

ay and neglected current and sensor dynamics. A more accurate

nalysis of these phenomena should account for discrete time and

ampled data. In the case of algorithm (27) –(29) such analysis de-

erves a separate study and will be matter of future research. 

.2. Experiments to assess the impedance accuracy 

The accuracy of different architectures is evaluated as follows.

he series elastic joint is controlled considering two kinds of de-

ired impedance: (a) pure spring impedance and (b) pure damping

mpedance. In the case (a), the human starts holding the frame L

y hand and pushes it to reach an angular displacement of about

5 °. Then, the human suddenly releases the frame which comes

ack to its rest position accordingly to the desired impedance dy-

amics. In the case (b) the human rotates the actuator frame in

oth directions and at different speeds. The duration of each ex-

eriment is 15 s . Results are shown in Fig. 9 considering force-

isplacement plots (pure stiffness impedances in columns 2 and

) or force-velocity plots (pure damping impedance in column 4).

he desired impedance is represented by a red line. The lower the

istance from the red line, the better the impedance accuracy is.

n particular the impedance error is computed for each sample ( q,

e ) as the minimum distance from the red line. In the case (b)

amples ( ̇ q , τe ) are considered. Average errors are summarized in

ig. 10 showing that the AB controller is on average three to four

imes more accurate than the other architectures. The other ar-

hitectures behave similarly except for the case of pure damping

mpedance where 

http://metropolis.scienze.univr.it/altair/selib/


46 A. Calanca et al. / Mechatronics 47 (2017) 37–48 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A

Z  

w

α  

a  

w  

R

R  

w  

e

D  

T

 

w  

r

k  

w  

c

k  

w  

p  

c  

t  

k

A

 

n  

s  

c  

a

τ  

w  

a  

W  

i

J  

a  

s  

u  

w  

c

J  
1. the VSIC architecture shows a biased damping due to the inner

motor velocity dynamics, 

2. the CAC and CIC architectures show lower accuracy because of

their collocated nature which does not allow to display an exact

VM . 

A further observation is that when k d approaches k (in pure

stiffness impedance), the accuracy of each architecture improves.

This is because when k d is close to k the desired impedance is

similar to the inherent mechanical impedance. In other words, the

more k d approaches k , the less the motor needs to move; in the

limit case k d = k the motor just needs to stand still. For a simi-

lar reason, the accuracy of damping rendering is lower than stiff-

ness rendering. In fact, the inherent actuator dynamics is spring-

like and the controllers need to transform it into a damping-like

impedance. 

As a final remark, we observe that - according to the theoretical

insights in Section 4 - the AB algorithm shows experimental evi-

dence of significantly higher stability and improved accuracy with

respect to other solutions. The experimental stability region is almost

doubled in size while the accuracy is more than tripled. 

6. Conclusion 

This paper reported our effort to motivate and foster posi-

tive acceleration feedback in impedance control. Improved stabil-

ity and superior accuracy with respect to existing solutions has

been experimentally shown and theoretically motivated. Beside

this methodology, this paper derived missing passivity results for

SEA impedance control solutions showing a common Z -width lim-

itation (e.g. the physical spring stiffness limit) that holds for all ar-

chitectures except for acceleration-based control. Also we derived

algorithm-specific limitations, summarized in Table 2 , providing a

comprehensive and coherent comparison of controller passivity. Fi-

nally, the passivity results have been validated experimentally in

terms of coupled stability showing agreement with theoretical ex-

pectations. 

Appendix A 

A1. Deriving condition (16) 

According to Eq. (9) in [20] the real part of impedance at the

environment port is proportional to 

Re [ Z(iω)] ∝ ω 

4 (d 6 ω 

2 + d 4 ) 

with 

d 4 = k [ I 2 v P f (k − k d ) − akk d ] (A.1)

d 6 = k [(P 2 v P f − aJ)(k − k d ) + P v k ] (A.2)

where a = I v P f + I f P v . Sufficient and necessary conditions for sta-

bility are 

d 4 ≥ 0 , d 6 ≥ 0 . (A.3)

The condition d 4 ≥ 0 is equivalent to 

k d ≤ k 
I 2 v P f 

I 2 v P f + ak 
(A.4)

which implies k d < k . Finally a sufficient condition for d 6 ≥ 0 is

P 2 v P f − aJ ≥ 0 which results in I f + I v 
P f 
P v 

≤ P f P v 
J . Condition (16) is

then sufficient for passivity. 
2. Deriving condition (21) 

Substituting (18) and (4) in (19) one gets 

(s ) = 

num (s ) 

den (s ) 
= 

αs 3 + βs 2 + γ s + δ

as 4 + bs 3 + cs 2 + ds 
(A.5)

here 

= Jd d , β = Jk d + d dm 

D, γ = d dm 

P + k d D, δ = k d P, (A.6)

 = 

α

k 
, b = 

β

k 
, c = 

γ

k 
+ 

k̄ 

k 
D + d dm 

, d = 

δ

k 
+ 

k̄ 

k 
P + k d , (A.7)

ith k̄ = 1 − k d 
k 

. The real part of Z ( i ω) is proportional to

e [ num (iω)] Re [ den (iω)] + I m [ num (iω)] I m [ den (iω)] , i.e. 

e [ Z(iω)] ∝ ω 

2 [( ̄D β − P̄ α) ω 

2 + ( ̄P γ − D̄ δ)] (A.8)

here D̄ = (d dm 

+ ̄k D ) and P̄ = (k d + ̄k P ) . Condition Re [ Z ( i ω)] ≥ 0 is

quivalent to 

¯
 β − P̄ α ≥ 0 ∧ P̄ γ − D̄ δ ≥ 0 . (A.9)

he inequality D̄ β − P̄ α ≥ 0 leads to 

D 

P 
> 

d dm 

k d 
− d 2 

dm 

Dk + D 

2 d dm 

(k − k d ) 

P k d J(k − k d ) 
(A.10)

hich is implied by k d ≤ k, D 
P > 

d dm 
k d 

. Also (A.10) can be further ar-

anged as 

 d > d dm 

[
P 

D 

− 1 

J 

(
d dm 

k̄ 
+ D 

)]
(A.11)

hich may lead to a lower bound for the desired stiffness. The

ondition P̄ γ − D̄ δ ≥ 0 leads to 

 

2 
d D + ̄k P 2 d dm 

> 0 (A.12)

hich is implied by k d < k . Sufficient and necessary conditions for

assivity are (A.10) and (A.12) whereas (21) represents only suffi-

ient conditions. In the case of a pure spring impedance ( d dm 

= 0 )

he sufficient and necessary conditions (A.10) and (A.12) reduce to

 d < k . 

3. Passivity of Collocated Impedance Control 

The idea underlying the CIC architecture is to shape the ki-

etic energy via force feedback and the potential energy via po-

ition feedback. Translating the multidimensional and non-linear

ontroller in [23] to our notation, the force loop is implemented

s 

m 

= J J −1 
d 

u + (1 − J J −1 
d 

) 

(
τe + 

ˆ d 

k 
˙ τe 

)
(A.13)

here J d < J is a desired inertia, ˆ d > 0 is a damping parameter

nd u is an auxiliary input coming from the outer position loop.

hen we apply (A.13) in (2) and (3) the following passive dynam-

cs (from τ e to ˙ q ) is obtained: 

 d ̈θ = u − τe (A.14)

nd the parameter J d can be used to shape the kinetic energy. To

hape the potential energy a collocated position feedback is used

 = −ˆ k dm 

(θ − q r ) − ˆ d dm 

˙ θ (A.15)

here ˆ k dm 

, ˆ d dm 

> 0 , and θ r is the desired link position. With this

ontroller the dynamics of (A.14) becomes 

 θ̈ + ̂

 k (θ − q r ) + 

ˆ d ˙ θ = −τe (A.16)
d dm dm 
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here the control potential energy is shaped via ˆ k dm 

and the dissi-

ation via ˆ d dm 

. Thus, the joint level stiffness is given by the series

f k and J J −1 
d 

ˆ k dm 

and the motor level damping is ˆ d dm 

. From the

rchitectural point of view this energetic interpretation resembles

n impedance schema but with collocated position feedback where

orce gains are given by P = (1 − J J −1 
d 

) , D = (1 − J J −1 
d 

) 
ˆ d 

k 
and posi-

ion gains by k dm 

= J J −1 
d 

ˆ k dm 

, d dm 

= J J −1 
d 

ˆ d dm 

. By choosing the total

ystem energy as Lyapunov function candidate passivity is ensured

y positiveness of P , D , k dm 

and d dm 

[23] . 
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