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Robust Liquid Container Transfer Control for
Complete Sloshing Suppression

Ken’ichi Yano, Associate Member, IEEE,and Kazuhiko Terashima, Member, IEEE

Abstract—This paper is concerned with the advanced control
of liquid container transfer, with special consideration given to the
suppression of sloshing (liquid vibration) while maintaining a high
speed of transfer for the container. In order to construct a high-
speed transfer system for a liquid container that satisfies the reduc-
tion of endpoint residual vibration and has a robustness to change
in the static liquid level, a suitable nominal model was adopted and
an appropriate reference trajectory was determined by the opti-
mization method of Fletcher and Reeves. Based on the above com-
mand inputs and using a suitable nominal model, an feedback
control system was applied to this process, and its effectiveness is
shown through simulations and experiments. Furthermore, an ac-
tive control method that takes into account the rotational motion
of the container in addition to the linear transfer motion is pre-
sented, which can achieve complete suppression of sloshing during
the whole transfer process.

Index Terms—Casting process, control, liquid container
transfer, manufacturing automation, optimization methods,
robustness, sloshing.

I. INTRODUCTION

SLOSHING-SUPPRESSION problems have recently be-
come of great importance in various fields. For example,

the sloshing problem of liquid fuel inside the tanks of aerospace
vehicles, the safety design of storage tanks for liquefied natural
gas (LNG) and the design of water tanks to withstand earth-
quakes are significant areas of investigation. Also included in
this field of study are liquid container transfer systems, such
as those used for the transfer of molten metal from a furnace,
motion control for automatic pouring in the casting and steel
industries, as well as the transfer of perfume in perfume
manufacture and beer in the alcohol industry, and so on.

In this paper, the control topics particularly focused on are
liquid container transfer systems in the casting and steel indus-
tries. In practical industries such as these, it is essential to avoid
excessive decreases in the temperature of the molten metal, as
well as preventing any deterioration in quality due to contami-
nation and to avoid overflow caused by sloshing. It is also im-
portant to shorten the total operational time in order to improve
productivity. Therefore, it is necessary to construct a liquid con-
tainer transfer system that will suppress sloshing as well as fa-
cilitate high-speed transfer.

Many studies have been published that deal with both the
sloshing analysis in a container [1]–[6] and container transfer
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with sloshing-suppression [7]–[20]. In [7] and [8], modeling
and optimal control laws for several engineering specifications
using linear quadratic integration (LQI) control for the transfer
of rectangular containers were studied, with special considera-
tion to the suppression of sloshing. In these studies, a simplex
method was used in order to determine the optimum weighting
matrix required to satisfy the respective specifications. The au-
thors also present a computer simulation that was conducted
using the boundary element method (BEM) in order to analyze
the higher order sloshing modes [9], [10]. It was shown in this
study that the first-mode sloshing was dominant in container
transfer, and control theory was applied to this transfer
system in order to avoid spillover, as described in [10]. Sugieet
al. studied a two-degree-of-freedom control structure in terms of
stable factorization, where the feedforward part was constructed
via a convex optimization and the feedback part was designed
based on the loop shaping method [11].

With respect to the shapes and transfer paths of the containers,
historically, either narrow or three-dimensional rectangular con-
tainers that follow a straight path have been studied. By con-
trast, in more recent years the transfer of cylindrical-shaped
containers and transfers involving a curved path have been of
increasing interest. In [12] and [13], the optimum motion con-
trol system for an automotive, cart-based, cylindrical container
was studied, with the main focus being on the suppression of
sloshing on a curved transfer track. In [14], a methodology was
given for the design of an optimal driving pattern for a moving
cylindrical liquid container to reduce residual free-surface oscil-
lations after a rapid access process. Furthermore, the optimum
shape for such a container was studied by minimizing the per-
formance index and considering both the resonant frequency of
first-mode sloshing and the volume of liquid [15].

There are some studies that consider the robustness of
the system. In [16], in order to enhance the robustness for
the higher-mode sloshing, an algorithm was proposed for
feedforward nonlinear optimal control over a specified fre-
quency-range, and its application to the suppression of sloshing
in linear container transfer was studied. In [17], the robustness
of sloshing-suppression to changes in liquid level and viscosity
using three-dimensional rectangular and cylindrical containers
was analyzed in detail. It was pointed out that controlling
this system by the conventional method of LQI control with
a Kalman filter was considered to be difficult in the situation
where the liquid level was lower than that described by the
ratio of (liquid level)/(tank length) .

Robustness to changes in the static liquid level, however, has
not been yet guaranteed in any of the previous systems, although
it was necessary to keep those systems stable with respect to
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changes in liquid level after pouring and so on. Also, it was
unable to prevent sloshing during the acceleration or deceler-
ation phases of container transfer using only acceleration con-
trol, though residual vibration can be completely reduced at the
endpoint, by which we mean the end time of the acceleration or
the deceleration phase. This problem has to be solved in order to
prevent deterioration in quality due to contamination and over-
flow. As regards this problem, Fukudaet al. [19] presented an
active control system by using tank rotation for a narrow two-di-
mensional tank by using Housner model [1]. And Feddemaet al.
[20] also presented the system by using a robot arm. However, in
their studies, the optimum control design did not pay sufficient
attention to the problems of transfer time with sloshing suppres-
sion control and robustness to changes in liquid level.

Therefore, the purpose of this paper is to construct a liquid
container transfer system that suppresses sloshing while trans-
ferring the container and which has robustness to changes in
liquid level. Furthermore, a controller is found that allows the
container to be transferred as fast as possible while meeting the
specification for suppression of sloshing.

First, the sloshing characteristics of a rectangular container
with respect to changes in liquid level is clarified, and a nominal
model is constructed that minimizes the uncertainty range of the
variation of model parameters with respect to changes in static
liquid level.

Second, in order to achieve a high-speed transfer system as
well as the required reduction of residual endpoint vibration,
a reference trajectory was determined as a command input for
the feedback control system using the optimization method of
Fletcher and Reeves [21], combined with a clipping-off tech-
nique [22]. control theory [23], [24] was applied to solve
the robust control problem. Furthermore, a sloshing model was
complied comprising of two-degree-of-freedom including both
of linear and rotational container motion, based on the concept
of the pendulum-model. An active control method using addi-
tional rotational motion was introduced by control in order
to realize complete sloshing-suppression in the acceleration and
deceleration phases of container transfer, as well as achieving
the elimination of residual vibration at the endpoints.

Finally, the effectiveness of the control system applied in this
paper is shown through simulations and experiments by com-
paring with conventional control methods, such as LQI control
with a Kalman filter [8].

II. EXPERIMENTAL APPARATUS

A schematic diagram of an experimental apparatus is shown
in Fig. 1. The size of the three-dimensional rectangular-type
container is m m m (length, width, height).
A straight transfer path is used.

The container is moved using a dc servo-motor with a timing
belt, and the velocity and position of the container are controlled
by means of the voltage applied to the motor.

The position of the container is detected by a potentiometer
fitted to a pulley. Displacement of the liquid level is detected
through changes in resistance between the two stainless elec-
trodes. The electrodes are installed 510 m from the side
wall of the container. This position was used because the dis-

Fig. 1. Schematic diagram of experimental apparatus.

placement of the liquid level in the first-order mode sloshing
can be observed near the side walls of the container, and be-
cause the sensor had to be slightly displaced from the side wall
in order to avoid the effects of the wall.

Considering the similarity law in fluid dynamics, the object
liquid in the experiment was water, because the Reynolds
number of water at normal temperature is almost the same
as that of molten iron metal or molten aluminum metal at
high temperature. For example, the kinematic viscosities
of iron molten metal at 1350 [K] and 1400 [K] are 1.365

10 mPa s and 1.237 10 mPa s , respectively,
while that of water is 1.0 10 mPa s at 293 [K]. Therefore,
the fluid behavior of the molten metal may be fairly accurately
predicted by the behavior of water. It enhances design safety
if the control design is conducted using a fluid with lower
damping characteristics, and for this reason we could use water
as the target liquid in this study.

III. M ODELING

A. Sloshing Model

Sloshing in a three-dimensional rectangular container can
be approximated as a two-dimensional phenomenon as long
as sudden changes in acceleration do not arise [8]. Therefore,
in the present study, the sloshing phenomenon is described by
a pendulum-type model [8]. The principles of this model are
shown in Fig. 2, and by considering the moment balance around
the fulcrum of a pendulum, the following equation is derived:

(1)

where
moment of inertia ;
angle between the horizontal line and the liquid sur-
face;
acceleration applied to the container.

This model contains an equivalent coefficientof viscosity, con-
sidering both the viscosity of the liquid and the friction between
the liquid and the wall. It also contains the massof liquid,
the gravitational accelerationand the equivalent lengthof
the pendulum. The parametersand of the above model were
determined by experiments [8], whereis also theoretically ob-
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Fig. 2. Pendulum-type sloshing model.

tained based on the natural frequency determined by the perfect
fluid theory [8]. The liquid level at the right-side wall of the
tank at the observation point is represented by the equation

. Linearization of (1) gives

(2)

B. System Model

For the dc servo-motor, the transfer function from the
input voltage to the velocity of the container is given
as the following first-order lag model:

(3)

where is the time constant and is the gain. These param-
eters were obtained by adding a step-wise input to the apparatus
and then changing the output data from the position of the con-
tainer to the velocity.

Using these parameters, linear vector state-space equations
are obtained as follows, where the control input is denoted
as and the position of the container as. This model is
controllable and observable

(4)

where

(5)

(6)

IV. M ODEL CHARACTERISTICS ANDNOMINAL MODEL

In this section, the characteristics of the sloshing phenomenon
for changes in liquid level are analyzed. Then the dominant nat-
ural frequency of the system is investigated, and the parameters,

Fig. 3. Relationship between liquid levelhs and natural frequency of sloshing.

, , , in (5) are obtained as the nominal model, where a nom-
inal model is a model which is used in the control design. After
this, the robust controller is designed.

The relationship between liquid level and the natural fre-
quency is shown in Fig. 3. In general, the theoretical values
of the natural frequency of sloshing is represented by (7), where

is the length of the container andis the dimension of the
sloshing mode in (7).

(7)

where

These changes are associated with the depth of the liquid.
The natural frequency of sloshing does not change at all when
the liquid level is higher than 0.14 [m], as shown in Fig. 3. On
the other hand, if the liquid level becomes lower than this fixed
level, the natural frequency decreases. Therefore, controlling
this system by the LQI control method [8] was considered to
be difficult in cases with low liquid levels.

It is clear that the nominal model should not be selected for
use at the middle point of the change in static liquid levels,
but instead at the middle point of the change in the natural fre-
quency . Therefore, the nominal model is determined in order
to minimize the variation in the natural frequency of sloshing for
the change in liquid level.

Assuming that the static liquid level changes from 0.03 [m] to
0.25 [m], the maximum value for the natural frequency obtained
in the sinusoidal-wave shaking experiments is Hz
when m , and the minimum value of the natural
frequency is Hz when m , as seen
in Fig. 3. Hence, the sloshing model with a natural frequency

Hz is selected as the nominal model, where the
nominal liquid level can be calculated by (7), and then

m , where Hz , m and .
Then the parameter, , in (5) is calculated, and in (5) is

obtained by the sinusoidal-wave shaking experiments. On the
other hand, the natural frequency of (2) is represented by (8)

(8)
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TABLE I
NOMINAL PARAMETERS FOR THESLOSHING MODEL

TABLE II
COMPARISON OFCONTROL SIMULATION RESULTS AThs = 0:03

Therefore, the parameter,, in (5) is obtained by substituting
Hz in (8). Nominal parameters for the sloshing

model are shown in Table I.
Simulation results designed by the conventional nominal

liquid level m [8] and the proposed nominal
level presented in this section are shown as Case1 and Case2,
respectively, in the following tables. The cases where the liquid
level m are shown in Table II and the cases of
liquid level m are shown in Table III.

In the simulations, LQI control and a tentative reference tra-
jectory are used, which is obtained by integrating the velocity
curve that brings the tank into the target position at the limit of
acceleration of the equipment. The time element is the transfer
time for a 1 [m]-transfer of a container, RV is the maximum
value of the residual vibration at the endpoint of the transfer, and
MA is the maximum value of the sloshing amplitude caused in
the acceleration and deceleration intervals. The amplitude ratios
compared with Case1 in Table II are also shown in the tables,
where the amplitudes in Case1 in Table II are set to 100[%].

From the results of simulations, good performance with re-
spect to robustness to the reduction of the liquid level is realized
by using the proposed nominal model. Therefore, it is consid-
ered that this present model is useful in order to achieve effective
sloshing-suppression for changes in the liquid level. The reason
why robustness was improved in this section of work will be ex-
plained by its connection with the control gains described in the
following section. It is, however, unavoidable that this makes
the transfer time longer, and also further excites sloshing in the

TABLE III
COMPARISON OFCONTROL SIMULATION RESULTS AThs = 0:14

case where the liquid level is m and higher. Hence,
in Sections V and VI, the reference trajectory and the control
system are redesigned for the conventional method in Case1 [8]
in order to construct a system that is much more robust.

V. OPTIMAL REFERENCETRAJECTORY

In previous studies [8], a tentative reference trajectory that
did not take into account sloshing-suppression was used as the
command input. Therefore, in this study, in order to achieve
a high-speed transfer system as well as the reduction of end-
point residual vibration, a reasonable reference trajectory for
the feedback control systems was determined using the opti-
mization method of Fletcher and Reeves [21], combined with
a clipping-off technique [22].

An optimal trajectory was calculated in the following way.
First, a terminal condition as shown in (9) is imposed to achieve
both the target velocity (0.5 [m/s]) and the suppression of
sloshing at the end-time of the acceleration. An optimal control
problem that considers the restriction of the input magnitude
of the actuator in the experimental transfer system can be
formulated as (10), where the cost functionis formulated as
a quadratic form in order to minimize the square norm of state
error at the end-time of the acceleration interval, and where

is the interval of acceleration

(9)

subject to

(10)

m s

Second, a nonlinear optimal theory based on the Fletcher and
Reeves method, combined with a clipping-off technique is ap-
plied to solve the optimal control problem with constrained in-
puts. The interval of deceleration is known to be able to turn over
the input of acceleration. Finally, an optimal reference trajec-
tory is obtained by integration of the velocity curve for the total
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Fig. 4. Optimal reference trajectory.

interval. This method gives a minimum time for the accelera-
tion interval of 0.37 [s], where . The
optimal reference trajectory for the nominal model obtained in
the previous section is shown in Fig. 4, but this trajectory is not
a completely Bang-Bang-type input because the sampling time
was set to 0.01 [s] for reasons of limitations in the hardware.

The effectiveness of this optimal reference trajectory is shown
by comparing it with the results obtained by using the tentative
reference trajectory in Case1. Through simulations and feed-
back control experiments, where the nominal liquid level was
set to 0.14 [m] and LQI control was used for both cases, the
influence caused by the reference trajectories alone was evalu-
ated. In this case, the nominal model was set at 0.14 [m], and the
minimum time of the acceleration interval was 0.34 [s]. The sim-
ulation results with the optimal reference trajectory are shown
in Case3 in Tables II and III. Furthermore, experimental results
of the tentative reference trajectory are shown in Fig. 5(a), and
those for the optimal reference trajectory are shown in Fig. 5(b),
where the time of the acceleration interval for the tentative ref-
erence trajectory is 0.25 [s].

From these results, the maximum amplitude is suppressed
from 1.42 10 m (100%) to 1.06 10 m (74.6%) at the
lowest liquid level m , and from 1.31 10 m
(92.3%) to 8.70 10 m (61.3%) at a nominal liquid level of

m , with almost the same transfer time. Further-
more, the residual vibration as well as the maximum amplitude
is quite well suppressed for both cases where m
or 0.14 [m]. As a result, the data for Case3 show better results
compared with those for Case1 in all performances. Hence, the
optimal reference trajectory that achieves a reduction in the end-
point residual vibration as well as the maximum amplitude is ob-
tained by using the optimization method of Fletcher and Reeves,
combined with a clipping-off technique.

Fig. 5. Simulation results with a tentative reference trajectory (Case1) and an
optimal reference trajectory (Case3).

Fig. 6. Augmented closed loop system forH control design.

VI. CONTROL SYSTEM DESIGN AND RESULTS

A. Control

The feedback control system is designed using the op-
timum reference trajectory and the proposed nominal model. An
augmented closed-loop system is constructed as shown in Fig. 6.
The controller [23], [24] is designed to satisfy the following
mixed sensitivity problem, as shown in (11):

(11)

Since the mixed sensitivity problem considering the additive
variations of model uncertainty is applied to this study, an un-
certainty weight and a sensitivity weight are given.

Frequency responses of the transfer function to additive vari-
ations of model uncertainty against a nominal model are shown
in Fig. 7. In order to enhance the robustness for this model un-
certainties against changes in liquid level, spillover avoidance
and noise rejection, the uncertainty weight is given to be
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Fig. 7. Frequency responses of the additive uncertainties against the nominal
model and its uncertainty weight.

monotonically increased, as shown in Fig. 7. Its value is shown
in (12)

(12)

Next, the sensitivity weight is considered. Each diagonal
element of is given as a different value, as shown in (13),
because this system is a regulator system for the suppression
of sloshing and also a servo-system for the position of the con-
tainer. In particular, the weighting function for the position of
container is set to be high gain, at around in order that it
can operate as a servo-system

(13)

There is, however, a tradeoff between these two features, be-
cause the present system features one input but two outputs. So,
in order to make a fair comparison with the LQI control, a servo
gain of was given to yield faster transfer times than the
LQI control theory. A regulator gain will be given hereafter.

As a result, and were set to 7600 and 1650, respec-
tively. An eighth-order controller is obtained, as shown in (14),
where the optimum value of is 7.71 10 . A MATLAB Ro-
bust Control Toolbox was used in the present control design

(14)

where we have (15) and (16), shown at the bottom of the page.
Each parameter of the controller is shown in Table IV.

TABLE IV
PARAMETERS OF THECONTROLLER

B. Analysis for the Designed System

In order to compare with the previous results [8] of the LQI
control system in Case1, whose nominal liquid level is 0.14 [m]
and whose reference trajectory is the tentative trajectory, simu-
lation results of the control system are shown in Case5 in
Tables II and III whose nominal liquid level is 0.0497 [m] and
whose reference trajectory is the optimum trajectory obtained in
Section V. Further comparisons are shown in Fig. 8, where the
liquid levels in the figure are (a), (b), (c) 0.14 [m], (d) 0.03 [m],
(e) 0.07 [m], and (f) 0.25 [m]. The transportation distance is 1
[m] and the sampling time is 0.01 [s]. In these simulations, the
trajectory of the LQI control appears to be faster than the tra-
jectory of the control at the middle of the transfer, but the
transfer times are 3.12 [s] for the LQI control and 2.84 [s] for
the control, respectively. Furthermore, the example where
the system was designed by control theory under the same
trajectory and nominal model as Case1 was shown in Case4 in
Tables II and III to evaluate only the differences between the
control methods.

As seen in Fig. 8, both the control and the LQI control
methods effectively suppress sloshing when the liquid level is
0.14 [m]. Also, both control methods suppress sloshing when
the liquid level is higher than 0.14 [m]. This is because the
sloshing characteristics hardly change compared to the conven-
tional nominal model as shown in Fig. 3. However, as the liquid
levels decrease, it becomes difficult for the LQI control to sup-
press sloshing when compared to the control. The differ-
ence in robustness for each change in liquid level is clearly
shown when m . For example, the maximum am-
plitude is suppressed from 1.42 10 m (100%) to 7.90

10 m (55.6%) and the residual vibration is suppressed
from 1.04 10 m (100) to 5.43 10 m (5.2%) with
the faster transfer time.

The frequency responses of the controller in Case5, obtained
by using the control theory, are shown in Fig. 9, where

(15)

(16)
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Fig. 8. Simulation results of Case1 and Case5 for the change in liquid level.

Fig. 9. Frequency responses of the controller of Case5 obtained by using the
H control theory.

Fig. 9(a) shows the frequency response from the sloshing to the
control input and Fig. 9(b) from the position error to the con-
trol input, and where and represent the frequency re-
sponse of the model at m and 0.14 [m], respectively.

From these results, it can be seen that the gains decrease at
around the resonance frequency of sloshing. Therefore, it is
clear that this controller is well designed, because it does not
cause excessive sloshing. It became clear that thecontrol
system designed with the proposed nominal model suppressed
sloshing, even when liquid levels are very low in the simula-
tions, compared to the results of control designed with the
nominal liquid level m .

To sum up, in order to make the system more robust than the
conventional results in Case1, the selection of a suitable nominal
model in Case2, the calculation of the optimum reference tra-
jectory in Case3, and the design of the control system using ro-
bust control theory in Case4 were all necessary exercises. Thus,
Case5 shows better results than any of the other cases for all
performance indicators.

Fig. 10. Experimental results of Case1 and Case5 for liquid level
hs = 0:14 [m].

C. Experimental Results

Experimental results for liquid level m and the
changes in static liquid level are shown in Figs. 10 and 11, re-
spectively. The experiments were carried out under the same
conditions as the simulations.

Both the control and the LQI control methods sup-
pressed the sloshing quite well when the liquid levels were
higher than 0.14 [m], as shown in Figs. 10 and 11. However,
in both the experiments and in the simulation, the residual vi-
bration of the LQI control persists as the liquid levels decrease,
and therefore the controller is superior to the LQI control
system for the present problem. Also, the control input of the

control system is scarcely influenced by observational
noise on the positional data.

Therefore, it became clear that the proposed method could
realize a control system that could guarantee robustness to
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Fig. 11. Experimental results of Case1 and Case5 for the change in liquid level.

changes in liquid level without any deterioration of the transfer
time and so on, when compared with a conventional control
method [8] such as LQI control.

VII. A N ACTIVE TRANSFERSYSTEM WITH ROTATIONAL

MOTION

With the control system presented in the previous sections,
good control performance was obtained at the endpoints of
the acceleration and deceleration phases. However, sloshing
was generated during the acceleration and deceleration stages,
and it is necessary to avoid sloshing throughout the entire
transfer interval in order to avoid overflow and contamination
of the molten metal. A complete reduction in sloshing during
this phase is not possible by employing a mechanism with
one-degree-of-freedom if the transfer speed is not slowed down.
Hence, we have proposed a transfer machine that incorporates
two degrees-of-freedom.

A. Experimental Apparatus

A schematic diagram of the experimental apparatus with one
rotational motion in addition to one directional transfer action is
shown in Fig. 12. This apparatus only differs from that shown in
Fig. 1 in that the container is exchanged for an active container
with a rotational motion capability newly installed in addition to
the one directional transfer system. With respect to the rotational
motion, the container is rotated by a dc servo-motor using a
timing belt, and the angle of the container is detected by an
encoder fitted to the rotational axis. The other instruments are
the same as those described in the previous section.

B. Model with Rotary Motion

1) Sloshing Model:The rotational motion is added to the
pendulum-type sloshing model of (17), and a new model is pro-
posed that can be described as a sloshing model that takes into
consideration rotational motion. The principles of this model
are shown in Fig. 13, and by considering the moment balance

Fig. 12. Schematic diagram of experimental apparatus for active transfer with
rotational motion.

Fig. 13. Sloshing model with rotational motion.

around the fulcrum of a pendulum, the following equation is de-
rived:

(17)

where
moment of inertia around the fulcrum of
the pendulum ;
center of revolution;
distance between the center of revolution and the
center of gravity;
angle of the pendulum model from horizontal level;
angle of the container;
angular acceleration for container rotation;
acceleration for linear transfer applied to the container.

Linearization of (17) gives

(18)

where the force added by the rotational motion of the
container is neglected, because its value is very small.

2) System Model:The transfer function from the
input voltage to the angular velocity of the container
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TABLE V
NOMINAL PARAMETERS OF THEACTIVE MODEL

rotation is given by the second-order lag model shown in (19).
The model parameters were obtained by adding a couple of
sinusoidal-wave inputs to the apparatus

(19)

The linear vector state-space equation is obtained in (20),
where is the control input of the linear transfer, is the
input of the rotational motion andis the displacement of water
level at the wall of the container, approximately represented by

. Nominal parameters for the active sloshing model are
shown in Table V. This model is also controllable and observ-
able

(20)

where

(21)

C. Robust Controller Design

An controller with two control inputs was applied to
the design of the transfer container such that the free surface
of the liquid could be kept parallel to the bottom plate of the
container, thus keeping the difference between the angle of the
pendulum and the angle of the container at zero throughout the
transfer interval. This system was also designed to enhance the
robustness for this model uncertainties against the changes in
liquid level, spillover avoidance and noise rejection, by the same
methods as used in Section VI. The liquid level is also assumed

Fig. 14. Augmented closed-loop system forH control design of an active
transfer.

to change over the range from 0.03 [m] to 0.25 [m]. An aug-
mented closed-loop system is constructed as shown in Fig. 14.
These specifications are represented in the following equation:

(22)

The uncertainty weight is given to guarantee robustness
for parameter uncertainty, and its value is shown in (23)

(23)

Next, a sensitivity weight is given to achieve the same
transfer time as the outcome of Case5 in the previous section

(24)

In addition to these weighting functions, is given to
negate the effects of stationary noise, as shown in (25), based
on actual noise characteristics of measurement of bothand

(25)

As a result of synthesis, a 16th-order controller is obtained, as
described in (26), where the optimal value ofis 1.0667 10

(26)

where

(27)

The frequency response of the controller is shown in Fig. 15.
From these results, the gains from both the positionof the
container and the displacementof the water levels to the con-
trol input are locally low at approximately the resonance fre-
quency of sloshing. Therefore, the controller for is of the
notch-filter type, one that does not oscillate the sloshing while
the transfer is being carried out. On the other hand, the gain from
position of the container to the control input for the rota-
tion is locally high at approximately the resonance frequency of
sloshing. Therefore, in this system, the container is actively ro-
tated to suppress sloshing.
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Fig. 15. Frequency responses of the controller for an active transfer.

Fig. 16. Experimental results(hs = 0:03[m]).

D. Control Results

In the experiments, the 1 [m]-transfer-time of this active
transfer is intended to be the same as that of the normal transfer
in Case5. Almost complete suppression of sloshing was realized
for all transfer intervals, i.e., during acceleration, at constant
velocity, during deceleration and finally after arrival, as seen
in Fig. 16.

VIII. C ONCLUSION

This paper presents two major points. The first is to demon-
strate a robust control design by applying control theory
to a liquid container transfer with changes in static liquid level.
The second is to create an active control design for liquid con-

tainer transfer by adding rotational motion to the container. The
following main results have been obtained.

• The effect of changes in static liquid level at rest on the
liquid container transfer system was clarified.

• A control system that effectively suppresses sloshing was
designed by introducing a nominal model aimed at the
middle value of the natural frequency of sloshing.

• The optimization method of Fletcher and Reeves com-
bined with a clipping-off technique was applied to deter-
mine a reasonable reference transfer trajectory by consid-
ering the suppression of the liquid residual vibration.

• The effectiveness of the proposed control system
for model uncertainties against changes in liquid levels,
spillover and both static and unpredictable noise was
demonstrated by comparing with a conventional control
method for the liquid container transfer system.

• Complete suppression of sloshing during the acceleration
and deceleration phases of the transfer was achieved in
addition to a reduction in endpoint residual vibrations by
adding active rotational motion to the container.
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