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3.3 Divided Differences

[terated interpolation was used in the previous section to generate successively higher-degree
polynomial approximations at a specific point. Divided-difference methods introduced in
this section are used to successively generate the polynomials themselves.

Suppose that P,(x) is the nth Lagrange polynomial that agrees with the function f at
the distinct numbers xg, xq, .. ., X,. Although this polynomial is unique, there are alternate
algebraic representations that are useful in certain situations. The divided differences of f
with respect to xp. xy.....x, are used to express P,(x) in the form

Pix)=ay+a(x—xp) +ax—x)x —x))+---+apx —xp)---(x —x,—1), (3.5)

for appropriate constants ap. ay.. ...d,. To determine the first of these constants, ay. note

that if P,(x) is written in the form of Eq. (3.5), then evaluating P,(x) at xy leaves only the
constant term ap; that is,

ap = P,(xp) = f(xp).
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Similarly, when P(x) is evaluated at x,. the only nonzero terms in the evaluation of
P, (x;) are the constant and linear terms,

fxo) +ai(x; —xg) = Pu(xy) = flxg):
SO

_ fx1) — fixo)

X — Xp

a, (3.6)

We now introduce the divided-difference notation, which is related to Aitken’s A’
notation used in Section 2.5. The zeroth divided difference of the function f with respect
to x;, denoted f[x;], is simply the value of f at x;:

flxil = f(x). (3.7)

The remaining divided differences are defined recursively; the first divided difference
of f with respect to x; and x;; is denoted f[x;,x;4;] and defined as
f[-}':a'+l] - f[If']

Flxxi] = Rty (3.8)
Xip1 — X
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The second divided difference, f|x;, x;+1.X;12], is defined as

Slxirr. Xip2] — flxi Xipa]

Xit2 — X

flxi X xi] =

Similarly, after the (kK — 1)st divided differences.
Flx X1 Xiga. . . ., Xigr—1] and  flxio, X, oo Xigr—1. Xigk s
have been determined, the Ath divided difference relative to x;, x; 1. Xje2, .. ., Xipp 18

FI Xitts e o X1 Xip] = FXivrs X2, - o Xigw ] — FIX Xirs - - -.--":a'+.i:—l]. (3.9)

Xitk — Xi

The process ends with the single nth divided difference,

f[Il-.IEa- --axﬂ] — f[IGEIJE' . '.Iri—l]

Xo — X0

f[.I'q}._.I'J._. ...,_J['ﬂ] =
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Because of Eq. (3.6) we can write a; = f[xo,x1]. just as ag can be expressed as ap =
f(xp) = flxo]. Hence the interpolating polynomial in Eq. (3.5) is
Po(x) = flxol + flxo. x1J(x — Xp) + a2(x — xp)(x — x1)
+ -+ an(x —xo)(x —x1) - - (X — Xa—1).
As might be expected from the evaluation of a; and a,. the required constants are

ﬂ_k — f[Iﬂ-Il-IE-- . . '.--I-k]'-'

foreach k = 0.1.....n. So P, (x) can be rewritten in a form called Newton’s Divided-
Difference:

P,(x) = flxol + Z flxo.xp. oo ](x —xp) - - - (0 — X ). (3.10)
k=1
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The generation of the divided differences is outlined in Table 3.9. Two fourth and one

fifth difference can also be determined from these data.

Table 3.9
First Second Third
X fix) divided differences divided differences divided differences
Xo flxo] - .
T ] = 4l = fixl
R flr.xa) = flxo.x]
X1.X2| — Xn. X
. flal flxo.x1. 3] = L i : o
. . ) 2 o I:I . - - _ .
Jf'|“1'l"r3]= M f[.rn._x]._xl.x_ql _ f[.1|,.11,.r3] Jfl_rns_r]‘__r_]
I —xn 'Ir . ] _ Jf[_x' p I T3 — Xp
- flel flxrx,x] = J%, : - e
: - X3 — X o .
j.l_l-y_r_?]: M fl-r]a.-rl-_.r:l...l'_il _ f[.l]..l],.ril fl-r]-_-rg-_.rg,l
S T | = Flosxal Xy — X
5 flx] flxa,x3,x4] = ] .r;._xi - 2
: - Xy — X L .
flasx] = M Flxnx3, x4, x5] = flxs, xgxs] — fla,xs.x]
X4 — X3 | ] f[x P | A5 — X
i . Xi. X5 — )
Xy '”'I.tl 1[1'3,1'4,.@]: Flxa, xs 3. X4
. . X3 — X3
_,f.[_l'_t .1'5] = M

X5

flxs]

X5 — Xy
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Newton's divided-difference formula can be expressed in a simplified form when the
nodes are arranged consecutively with equal spacing. In this case, we introduce the notation
h=x;,, —x;,foreachi =0.,1,....,n—1and let x = xy + sh. Then the difference x — x;
isx —x; = (s — i)h. So Eq. (3.10) becomes

P,(x) = P,(xo + sh) = flxo]l + shf[xo.x1]1+ s(s — DA* fx0, X1, %3]
+.ods5s—1)---(s—n+ DA" flxo.x1.....%4]

= flxol + ) s(s— 1)+ (s —k + DA fxo. x1.....x].
k=I1

Using binomial-coefficient notation,

s\ _ sts—=1)---(s—k+1)
k) k! ’

we can express P,(x) compactly as

Po(x) = Po(xo +sh) = flxol + Y (ka‘f FlX0Xir - %] (3.11)
k=1



Example 1

Table 3.10

x Jix)

1.0 0.7631977
1.3 0.6200860
1.6 0.4554022
1.9 0.2818186
2.2 0.1103623
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Complete the divided difference table for the data used in Example 1 of Section 3.2, and
reproduced in Table 3.10, and construct the interpolating polynomial that uses all this data.

Table 3.11
i X; fxi] flxio.x] Flxiiz, xi . x] Flxis, ... x] g xi]
0 1.0 0.7651977
—0.4837057
1 1.3 0.6200860 —0. 1087339
—0.5489460 0.0658784
2 1.6 0.4554022 —0.0494433 0.0018251
—0.5786120 0.0680685
3 1.9 0.2818186 0.0118183
—0.5715210
4 2.2 0.1103623
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The coefficients of the Newton forward divided-difference form of the interpolating
polynomial are along the diagonal in the table. This polynomial is

Py(x) = 0.7651977 — 0.4837057(x — 1.0) — 0.1087339(x — 1.0)(x — 1.3)
+ 0.0658784(x — 1.0)(x — 1.3)(x — 1.6)
+ 0.0018251(x — 1.0)(x — 1.3)(x — 1.6)(x — 1.9).

Notice that the value P4(1.5) = 0.5118200 agrees with the result in Table 3.6 for Example
2 of Section 3.2, as it must because the polynomials are the same. ]

Perceba que o espacamento da tabela é constante, logo poderiamos usar a
forma modificada do polindmio de diferencas divididas reduzindo o esforco

P:r(l-) P:r(Il]I + Sh} f[:"fﬂ] + Z (i)k!hkf[lﬂ,l';, ----- X k]-

k=1



1,3

1,6

1,9

2,2

P(s)

1,5

fxi]
0,7651977

0,6200860

0,4554022

0,2818186

0,1103623

0,7651977
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/

S 1,666666667 h 0,3
fxi-1,xi] f[xi-2,xi-1,xi] f[xi-3,xi-2,xi-1,xi]  f[xi-4,xi-3,xi-2,xi-1,xi]
-0,4837057
-0,1087339
-0,5489460 0,0658784
-0,0494433 0,0018251
-0,5786120 0,0680685
0,0118183
-0,5715210

-0,24185283 -0,01087339 -0,000658784 7,30041E-06 0,5118200
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Forward Differences

The Newton forward-difference formula, is constructed by making use of the forward
difference notation A introduced in Aitken’s A* method. With this notation,

— 1 1
flxo.x;] = f{x;j _i(ln} = H(f(xl) — flxg)) = Eﬂf(ﬁfﬂl
1 | A — Af(x 1 R
Flxo.ma] = [ fx) h f(«tu)] = 55 A%f (x0).

and, in general,

1
flxo.xp... ., x| = Wﬂkﬂlﬂl-

Since f[xg] = f(xg). Eq. (3.11) has the following form.

Newton Forward-Difference Formula

Pu(x) = fxo) + Z (;)ﬂkf(lﬂ} (3.12)
k=1
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Backward Differences

If the interpolating nodes are reordered from last to first as x,. x,_.....Xg, We can write
the interpolatory formula as

Fﬂ[:"} — fl:-xfi] + f[-}‘:mxn—l](-x _In} + f[xrr-xrr—l--xﬂ—z][-}‘: _IHJ{-I _-:"'::r—l)
+"'+f|:I:r ----- Iﬂ](I—I"){I—.In_|)---[.¥—1|).

If, in addition, the nodes are equally spaced withx = x, +shand x = x; 4+ (s +n —i)h,
then

PJ'E{-I.:I — PH{I.I'E + Sh}
— f[xn] +Shf[xriflri—|] + 5[3 + l)hzf[xmxn—lsxn—i] + -
+s(s+1)---(s+n—Dh" flx,.....x0]

This is used to derive a commonly applied formula known as the Newton backward-
difference formula. To discuss this formula, we need the following definition.
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Given the sequence [p,,}nm:[,. define the backward difference Vp,, (read nabla p,) by

?Pn = Pn — Pn-1, forn = 1.
Higher powers are defined recursively by

Vip, = V(V*p,). fork > 2. L]

Definition 3.7 implies that

L v2f ),

f[-:‘:ﬂ--{:r—l] — %vf(-xﬂ}! f[-xri*xﬂ—l*'xﬂ—z] - 2142

and, in general,

1
f[IrE?IH—l?' .. exn—k] — vaf(xnl-

Consequently,

S(S+”vzf[_x:ﬂ}Jr--.JrS{S+”"'”+”_”

Pn[l) — f[Iri] + Svf[lﬂ} + " nl

V" f (xa).
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Consequently,

s(s+ 1)
2

s(s+1)---(s+n—1)

V@) +--+ -

Pn{x} — f[xj'i] + Svf{i},) +

V" [ (xn).

If we extend the binomial coefficient notation to include all real values of s by letting

(—3) =55 =D (=s—k+1) [_nks{s+]}---[s—l—k— 1)
k) k! N k! ‘

then
—5

Pu(x) = flx,]+(=1)' (‘f)vf(x”m—lﬁ( , )vzf(x,rn. | .+(—n"(j)v”ftx,n.

This gives the following result.

Newton Backward-Difference Formula

Pa(x) = flx. ]+ ) (=1 (_;) VEF (xa) (3.13)
k=1



The divided-difference Table 3.12 corresponds to the data in Example 1.
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Table 3.12
First divided Second divided Third divided Fourth divided
differences differences differences differences
1.0 0.7651977
—0.4837057
1.3 0.6200860 —0.1087339
—0.5489460 0.0658784
1.6 0.4554022 —0.0494433 0.0018251
—0.5786120 0.0680685 S
1.9 0.2818186 0.0118183
05715210
22 01103623
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If an approximation to f(1.1) is required. the reasonable choice for the nodes would
be xop = 1.0, x; = 1.3, 0 = 1.6, x3 = 1.9, and x4 = 2.2 since this choice makes the
earliest possible use of the data points closest tox = 1. ] and also makes use of the fourth
divided difference. This implies that A = 0.3 and s 3 so the Newton forward divided-

difference formula is used with the divided dlfferem.ea that have a solid underline (__ ) in
Table 3.12:

1
Py(1.1) = P4(1.0 + 5(0.3))

L.-J| [

] 1
= 0.7631977 + E(D.B}(—DASSTOST) + 3 (

2 . 0.3)°(0.0658784
(_5) (_5)( 0 )
2 5 8 s
(_5) (_5) (_5) (0.3)*(0.0018251)

) (0.3)2(=0.1087339)
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To approximate a value when x 1s close to the end of the tabulated values, say, x = 2.0, we
would again like to make the earliest use of the data points closest to x. This requires using
the Newton backward divided-difference formula with s = —% and the divided differences

in Table 3.12 that have a wavy underline (___ ). Notice that the fourth divided difference
1s used n both formulas.

P4(2.0) = P4 (2.2 - %(073))

) 2 /1
= 0.1103623 — 7(0.3)(~0.5715210) — ( ) (0.3)2(0.0118183)

I\ /4 X 2 (1\ [4\ (7 .
(E) (3) (0.3)°(0.0680685) — ~ (3) (E) (;) (0.3)*(0.0018251)

[
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Centered Differences

The Newton forward- and backward-difference formulas are not appropriate for approximat-
ing f(x) when x lies near the center of the table because neither will permit the highest-order
difference to have xg close to x. A number of divided-difference formulas are available for
this case, each of which has situations when it can be used to maximum advantage. These
methods are known as centered-difference formulas. We will consider only one centered-
difference formula, Stirling’s method.

For the centered-difference formulas, we choose xj near the point being approximated
and label the nodes directly below xp as x1.x7, ... and those directly above asx_j.x_».....
With this convention, Stirling’s formula is given by

h
P, (x) = Pypi1(x) = flxo] + %(f[-r_l-xn] + flxo. x]) + 870 flx_y.x0. ] (3.14)

2 i !3
+ S(s ) (flx_p,x_1.x0.x1] + flx_1.x0,x1.%2])

S
%;(;2 —DE = 4) (8 = = DHR X

2_1 (2 E!Em+l
s(s ) (i m-)h Fmtn e Xm] 4 Flme - - Xm+1]).

ifn=2m4+11isodd. If n = 2m 1s even. we use the same formula but delete the last line.
The entries used for this formula are underlined in Table 3.13.
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Table 3.13
First divided Second divided Third divided Fourth divided
X fix) differences differences differences differences
X_2 flx_s]
flx_a.xy]
X flx_y] flx—a.x 4, x0]
Jlx_1.xol JFlx_o, x4, x0. 1]
Xo flxol flx—i.x0,x1] Flx_o,x g, x0.x1. 23]
flxo.x, ] Flx_i.x0.x1.x2]
X1 flxl flxo, x1,x2]
flxr,x]

X2 flx]




Example 2
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Consider the table of data given in the previous examples. Use Stirling’s formula to approx-
imate f(1.5) with xy = 1.6.

Solution To apply Stirling’s formula we use the underlined entries in the difference
Table 3.14.
Table 3.14
First divided Second divided Third divided Fourth divided
X f(x) differences differences differences differences
1.0 0.7651977
—0.4837057
1.3 0.6200860 —0.1087339
—0.5489460 0.0658784
1.6 0.4554022 —0.0494433 0.0018251
—0.5786120 0.0680685
1.9 0.2818186 0.0118183
—0.5715210
2.2 0.1103623
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The formula, with h =03, xp = 1.6, and s = —%, becomes

F(1.5) ~ P, (1 6+ (—];) (0,3))

1\ /0.3
— 0.4554022 + (——) ( ’) ((—0.5489460) + (—0.5786120))

3 2

] 2
+ (—;) (0.3)2(—0.0494433)

—

2

| | 1\~
+ 5 (_E) ((—E) — ]) (0.3)%(0.0658784 + 0.0680685)

+ (_%) ((_%) - 1) (0.3)*(0.0018251) = 0.5118200. o
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9. a. Approximate f(0.05) using the following data and the Newton forward-difference formula:
x ‘ 0.0 | 0.2 | 0.4 | 0.6 | 0.8
£(x) | 1.00000 | 122140 | 149182 | 1.82212 | 2.22554

b. Use the Newton backward-difference formula to approximate f(0.65).
c¢. Use Stirling’s formula to approximate f(0.43).

Para simplificar o trabalho vamos usar somente Polinbmios de grau 2
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P,(x) = P,(xo + sh) = f[xo]l + shflxo.x1] 4 s(s — DA fxo.x1. %3]

Backward Differences

P,(x) = Py(x, + sh)
— f[’rﬂ] + Shf[-rnr-rn—l] + 5(5 + ])hzf[xm-rﬂ—]r-rn—l]

Centered Differences

h
P,(x) = Pyyy1(x) = flxo] + %(f[ﬂf—l-l'n] + flxo-x11) + s*h* fx_y, x0. x;]
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0,2

0,4

0,6

0,8

P(s)

0,05

flxi]
1,00000

1,22140

1,49182

1,82212

2,22554

1,0000000

f[xi-1,xi]

1,10700

1,35210

1,65150

2,01710

0,05535

P2
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0,25 h 0,2
f[xi-2,xi-1,xi] f[xi-3,xi-2,xi-1,xi]  f[xi-4,xi-3,xi-2,xi-1,xi]
0,61275
0,2262500
0,74850 0,0619792
0,2758333
0,91400

P4
-0,00459562 0,000593906 -8,94824E-05  1,05126

1,05075
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X 0,65 s -0,75 h 0,2
X fxi] f[xi-1,xi] f[xi-2,xi-1,xi] f[xi-3,xi-2,xi-1,xi]  f[xi-4,xi-3,xi-2,xi-1,xi]
0,0 1,00000
1,10700
0,2 1,22140 0,61275
1,35210 0,2262500
0,4 1,49182 0,74850 0,0619792
1,65150 0,2758333
0,6 1,82212 0,91400
2,01710
0,8 2,22554
P4
P(s) 2,2255400  -0,302565  -0,00459562 -0,000517187 -5,22949E-05 1,91/81

P2 1,91838
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X 0,43 S 0,15 h 0,2
X fxi] f[xi-1,xi] f[xi-2,xi-1,xi] f[xi-3,xi-2,xi-1,xi]  f[xi-4,xi-3,xi-2,xi-1,xi]
0,0 1,00000
1,10700
0,2 1,22140 0,61275
1,35210 0,2262500
0,4 1,49182 0,74850 0,0619792
1,65150 0,2758333
0,6 1,82212 0,91400
2,01710
0,8 2,22554
P4
P(s) 1,4918200  0,045054 0,00067365 -0,000294472 -2,18105E-06  1,53725

P2 1,53755



3.4 Hermite Interpolation

Hermite Polynomials

Theorem 3.9
If f € C'la.b] and xy.....x, € [a.b] are distinct, the unique polynomial of least degree
agreeing with f and f' at xg, ..., x, is the Hermite polynomial of degree at most 2n + 1

given by

Hype1 (¥) = Y ) Hn () + Y /() Hy j ().
j=0 J=0
where, for L, ;(x) denoting the jth Lagrange coefficient polynomial of degree n, we have
H,j(x) =[1 = 2(x — x)L, ;()]L; ;(x) and  Hp,j(x) = (x — xj)L; ;(x).

Moreover, if f € C*"*?[a, b], then

(x —.ru')z o (x — xn)z
(2n 4+ 2)!

for some (generally unknown) & (x) in the interval (a, b). |

f(x) = Hapst (x) + FED(E(x)),
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Hermite Polynomials Using Divided Differences

There 1s an alternative method for generating Hermite approximations that has as its basis
the Newton interpolatory divided-difference formula (3.10) at xg. xy, . . ., X, that is,

Po(x) = flxol + Y flxo.xr..... %] (x —x0) - (x — Xip).
k=1

The alternative method uses the connection between the nth divided difference and the nth
derivative of f. as outlined in Theorem 3.6 in Section 3.3.

Suppose that the distinct numbers xp, x1, .. .,x, are given together with the values of
f and f' at these numbers. Define a new sequence 2p. 71, . ... Z2n+1 by

22i = 22i+1 = x;, foreachi=0.1,....n,

and construct the divided difference table in the form of Table 3.9 that uses zg. 1. . . .. Z2n41-
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Since Zp; = Z3;41 = x; foreach i, we cannot define f[z3;, 2p;+1] by the divided difference
formula. However, if we assume, based on Theorem 3.6, that the reasonable substitution in
this situation is f[z2;, 22i41]1 = f'(22;) = f'(x;). we can use the entries

f'(xo). f1(xp)s oo f ()

in place of the undefined first divided differences

flzo.z1]. flzz2.z3l. .. .. flz2n. Z2041).

The remaining divided differences are produced as usual, and the appropriate divided differ-
ences are employed in Newton's interpolatory divided-difference formula. Table 3.16 shows
the entries that are used for the first three divided-difference columns when determining
the Hermite polynomial Hs(x) for xg. x, and x,. The remaining entries are generated in the
same manner as in Table 3.9. The Hermite polynomial is then given by

2n+1

Hp1(x) = flzol + Z flzo. ..., Zl(x —zo)(x —z1) - - - (x — Zg—1)-

k=1
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Table 3.16

First divided Second divided
Z f(z) differences differences

In = Xg flzol = f(xp)

flzo.z1] = f(x0)
flzi, 2] — flzo.24]

a=x  flal=fx) flzo.21.22]1 =
Za — In
flanz) = T
2 =X flzal = fxy) flzi.22.23] = f[zbf-i : :f][f-la?-z]
flza.z3l = f'(xy) ' |
3 =4 flzsl = fx) flza. 23, 24] = f[‘*-‘"':j : iLIzHS]
flzs, ] = f[gjj : ?fq[ﬁa]
24 = X flzsl = f(x2) Flzsz4.25] = flza, zs] — flzs, 24l
is — 243
flzs,zs]1 = f(x2)
Is =4 flzs]l = f(x2)
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Example 2

Use the data given in Example | and the divided difference method to determine the Hermite
polynomial approximation at x = 1.5.

Use the Hermite polynomial that agrees with the data listed in Table 3.15 to find an approx-
imation of f(1.3).

k X f(xe) 1)

0 1.3 0.6200860 —0.5220232
1 1.6 0.4554022 —0.5698959
2 1.9 0.2818186 —0.5811571
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1,3

1,6

1,6

1,9

1,9

P(x)

1,5

flzi]
0,6200860

0,6200860

0,4554022

0,4554022

0,2818186

0,2818186

0,6200860

f'[zi]

-0,5220232

-0,5489460

-0,5698959

-0,5786120

-0,5811571

2nd

-0,0897427

-0,0698330

-0,0290537

-0,0084837

3rd

0,0663656

0,0679656

0,0685667

4rd

-0,10440464 -0,00358971 -0,000265462 1,06667E-06

MAP2220

5th

0,0026667
-0,00277469
0,0010019

H5

0,0000004 0,5118277
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Hermite Interpolation

To obtain the coefficients of the Hermite interpolating polynomial H(x) on the (n + 1)
distinct numbers xgp.. . ..x, for the function f:

INPUT numbers xp, X1, ....X,: values f(xp)..... f(x,) and f'(x0)..... f'(x,).
OUTPUT  the numbers Q. Q.. ...02ps12,41 Where
H(x) = Qoo + 01.1(x — x0) + Q22(x — x0)* + Q33(x — x0)*(x — x1)
+Q4a(x —x0)*(x —x1)* + - -
+012041 (X — X0)2(x —x1)% -+ (X — Xpm1) P (X — Xp).
Step 1 Fori=0,1,...,ndo Steps 2 and 3.
Step 2 Set 20; = x;:
22i+1 = Xis
Qrio = f(x):

Qriz10 = f(xi):
Qrizig = f(x).

Step 3 1f i # 0 then set
Qip — Qi1

220 — Q2i—1

Ohi1 =

Step4 Fori=23.....2n+1
Qi1 — Qi

forj=2.3.....isetQ;; =
Li — Zi—j

Step 5 OUTPUT (Qop, Q11+ - - - » Q2ns1.2041);
STOP [ |
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