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PREFACE

This book is based on a one-semester course on dynamical systems given
in the Electrical Engineering Department at the Massachusetts Institute of
Technology over the last five years. The students have been mostly electrical
engineers in their first year of graduate school, but some students in aero
nautics, economics, and mathematics have also attended. The topics covered
form the core for advanced work in such fields of study as optimal control,
estimation, stability, electrical networks, and the control of distributed
systems. My objective in this course is to provide a solid foundation for
learning about dynamical systems rather than to develop any special expertise.
The particular subject matter chosen for discussion has been picked not only
because of the ease with which it can be applied in specific system-theoretic
problems, but also because of its importance in engineering analysis in
general. Thus in one way or another, many of the standard topics of applied
mathematics are touched upon-solubility of linear systems of equations,
ordinary differential equations, calculus of variations, and basic ideas of
vector analysis. These arc discussed in the context of linear systems. The pre
requisites are modest; the book can be read by students who are familiar
with basic mathematical notation and who have a little experience with
vector-matrix manipulation, provided that they have the patience for some
detailed argumentation. To make the book more widely accessible, consider
able background material on linear algebra is included in summary form.

The exposition is, I believe, in keeping with the spirit of modern engineering
mathematics. First, I do not hesitate to use a few well-known, difficult
theorems that are not proved here; however, when this is done, it is my
intention to point out explicitly what theorem is being used, where it can be
found, and why the hypotheses arc fulfilled. Secondly. I have deliberately
restricted the generality in such a way as to make it possible to give arguments
which I believe to be complete and correct and which at the same time require
a minimum of mathematical background. To illustrate, in most cases I have
assumed continuity where square integrability in the sense of Lebesgue
would be enough. Restatement of the results in an L z setting should be easy
for those having an elementary knowledge of one-dimensional Lebesgue
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integration. In the construction of the proofs. I have avoided, as much as
possible, appealing to Jordan Normal forms and other theorems for which
no useful infinite dimensional analogue exists. Thus the reader familiar with
Hilbert space theory should have little trouble carrying over many of the
arguments to an infinite dimensional setting.

Because this is intended as a text, the book contains a number of nontrivial
examples together with a large nunber of exercises. The reader who requires
additional motivation should read these as part of the text. Regarding the
Exercises, I should point out that some of these are fairly difficult. A student
should not feel as if all solutions will follow immediately from the text. I think
that attempting a difficult problem is likely to be more educational than
completing a routine collection of drill problems. I have used the exercises
to introduce some additional definitions and results that have been. or appear
to be, applicable to the problems of interest here.

Since giving the student reliable intuition rather than a knowledge of
specific facts is the main goal, I have attempted to develop the theory of
linear systems in a systematic way. making as much use as possible of vector
ideas. The basic facts about the solution of simultaneous linear equations,
and one's intuition about them. are made to serve as the basis for building
intuition about linear differentia! equations. However, despite the strong
similarities between the development of ideas here and that found in linear
algebra courses (especially as evidenced by Halmos' book, Finite Dimensional
Vector Spaces), this is not a book on linear alegbra. Students should have
some previous experience in this area. The order of presentation has been
determined mainly by taking into account the dynamical aspects of the
material with the assumption that linear algebra is a tool.

I have experimented a great deal with the development and choice of
topics. The final result is, of course, a compromise. To understand this
compromise, 1 suggest grouping the topics discussed into three categories:
those that arc necessary to make contact with previous work, those that are
immediately useful, and those that will be needed for advanced work. Thus
certain material on frequency response is brought in to help bridge the gap
between introductory subjects based on the Laplace transform and the
approach taken here. On the other hand, most of the material in the chapters
on least squares and stability can be viewed as being immediately useful.
Finally, topics such as the McMillan degree, Floquet theory, and certain
other material that would be used in advanced courses on optimal control,
estimation theory, stability theory, and network synthesis, are introduced.
I am aware that the inclusion of the material on least squares is not standard
in courses on linear system theory at this level. I think it should be. Without
something like it which not only is useful, but at the same time draws in a
nontrivial way on the material developed, the whole subject lacks a focal

The book contains more material than I have ever covered in a single
semester. Generally omitted were Sections 19,23,26,27, and 33 to 35. With
these deletions the material can be covered in one semester even with some
allowances being made for varying backgrounds in linear algebra. I found
that it was highly desirable to schedule an additional hour each week devoted
exclusively to working out in detail physical problems that illustrate the
theory. These sessions were optional from the students' point of view and
were only recommended for those having difficulty in visualizing the en
gineering significance. I have included as examples here some of the more
successful of the problems discussed.

This book is intended as a text, not a historical account or a personalized
research monograph. The vast majority of the material is well-known to
workers in the field, although surprisingly little of it has made its way into
textbook form. Accordingly, accurate acknowledgment is sometimes difficult,
and my remarks in the notes and references should not be taken too seriously.
The origin of some results is in dispute, and in other cases there is consider
able difference of opinion as to what is a basic contribution and what is a
minor embellishment. I have not tried to make the reference list complete

point. (No pun intended!) Moreover, I think that least squares theory would
be extensively taught at this level if it were more widely appreciated that it
can be done without recourse to either the standard machinery of the calculus
of variations or the maximum principle.

It is perhaps wise to point out in advance that although the emphasis here
is on '" time domain" methods, it does not follow that I feel transform tech
niques should be abandoned altogether. On the contrary, transform methods
certainly play an important role in this subject since in a great many cases
they are natural and. effective. However, frequently the use of vector dif
ferential equations; together with elementary analysis, yields results that are
difficult, if not impossible, to obtain using transform techniques alone.

Some specific points should be noted:

1. Transform techniques are effectively limited to linear time-invariant
differential equations. Although special types of time-varying problems can
be treated using transforms, these techniques do not form a basis for a
systematic study of time-varying equations.

2. In the treatment of problems involving the integrals of quadratic forms,
the Parseval-Planchcrcl relation makes transform techniques quite effective
if the equations are time-invariant and the interval of interest is infinite,
Otherwise, vector space methods are generally superior.

3. Stability of constant linear equations is, of course, primarily a complex
variable problem. However, when the equations are time-varying, the Routh
Hurwitz test is irrelevant, and time domain methods must be used.
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in any sense. The items that are listed have all been of direct use to me in
one way or another in learning the subject or preparing the manuscript.
1 strongly encourage students to use the references to get perspective on the
field and to see this material developed from other points of view. At the
same time I have been unable to acknowledge properly all sources, and I
apologize in advance to those authors whose relevant work is not given credit.

I am indebted to many people who have made suggestions as to the content
and organization of the earlier drafts. In particular I profited from the
criticism of R. K. Brayton, T. Fortmann, L. A. Gould, I. B. Rhodes, F. C.
Schweppe, D. L. Snyder, and R. N. Spann, all of whom taught from one
version or another of the manuscript and each of whom in their own way
influenced the final result. M. Athans participated in the early development
of the course for which these notes were written and in this way also con
tributed. I want to particularly acknowledge Jan Willems who made many
suggestions and listened to countless arguments. Naturally the students
themselves provided valuable feedback. I would like to mention R. Canales,
J. Davis, H. Geering, J. Gruhl, and R. Skoog in particular as having made
a substantial contribution. For typing and retyping the manuscript count
less times I want to thank A. Brazer, K. Erlandson, J. Gruber, and espe
cially M. Stanton. The final thanks go to my wife Carolann for her constant
encouragement and moral support.
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1
LINEAR DIFFERENTIAL EQUATIONS

In this chapter we discuss linear ordinary differentia! equations. For the
1110st part we will not find it necessary to assume that these equation~.; arc
also time invariant, although this is an important special casco '0/t are
interested in exposing the structure of the solutions and, to a lesser extent,
developing actual solution techniques. The presentation relies heavily on
vector space methods. This is entirely in keeping with modern methods of
computation. The first section covers briefly the background from linear
algebra needed in Chapter 1. This policy is repeated in the first section of
the remaining three chapters. Taken together these four sections are intended
as a convenient reference to make the book more nearly self contained.

I. LINEAR INDEPENDENCE AND LINEAR MAPPINGS

The theory of linear dynamical systems is so completely entwined with the
study of basic linear algebra that any attempt to relegate the latter to appen
dices is, in our view, out of the question. 011 the other hand, excellent books
devoted entirely to the many facets of the subject already exist and there is no
need to duplicate here material that is widely available. Our policy will be
to steer a middle course. At the start ofeach chapter, we give some background
in those aspects of linear algebra that arc most germane and try to point out
in the subsequent sections the most informative relationships. In this section
we discuss the algebraic structure of the set R" of all n-tuples of real numbers,"
and linear transformations of sets of z-ruplcs into sets of »-tuplcs.

By R" we mean the set of all objects of the form (x, , x" ... , x,,) with the
Xi real numbers. This is a specific example of a finite dimensional vector
space. We define the following operations for members of R".

(a) The Slim 0/ two n-tuples, (XI' x, , ... , x,,) and (y" y" ... , y,,) is
{Xl + Yh X 2 + Y2, "', X" + Y,,).

(b) The product 0/ an n-tuple by a real scalar a is (ax" ax, , ... , ax,,).
With these two definitions understood, the set R1l is called Cartesian n-space .

... (1, 3, 5) is an example of a 3-tuple, the reader who is unfamiliar with this idea might
think in terms of vectors in ordinary geometry.



(iii) Let R'" x II denote the set of all m by n arrays of real numbers arranged
in the format

j

[ ~: ~ .: .~:.~...~:~;~.:~.:', :.::.: .~:.:]
amI + blll l a m 2 + bm 2 ••• Q"I/I + blll n _

[

a l l al2 al"]
a a2 1 (in ... a211

amI a m2 ••• a mn

Theorem 2. Let x., X2 •... , x, and Yl' )'1"" Yj be sets of n-tuples. lf the set
Yl, Ya . ... Yj is linearly independent, and 1/ both sets span the same subspace
of R'', then k ? j and k = j If and only if the collection x l' xj , ... , XJ,; is linearly
independent.

One implication of this theorem is that 110 fewer than) vectors can span the
same space as Y1' Y2' ... , Yj if this collection is linearly independent. This, like
most of the results from linear algebra which we use, is "obvious" from a
geometrical point of view if the n-tuples are thought of as vectors in a
3~dimensional space.

\Ve now consider linear mappings of the elements of one Cartesian space
into another. If L denotes a rule which assigns to every element of R1J an

Such arrays are called matrices.
The vectors (1, 0, ... ,0), (0, 1, ... ,0), ... , (0, 0, ... , 1) which we label

e., ez, ... , ell' taken together as a set of /1 n-tuples, form what is called the
standard basis for R". It is obvious that any n-tuple x can be expressed as
x = a l e , + (12 ez + ... + all ell' Given an arbitrary collection of n or fewer
vectors in R'\ {x., xz, ... , X k} we denote the subset of R" which can be
expressed as a lx1 + Q 2 X2 +. "QkXk for some choice of a1 the subspace
spanned by {x.. Xl,"" x.}. If k < 11, then the subspace spanned by xl>
Xl' '" Xk is not the whole space. However, if k = n, it may be. If k = 1'1

and the space spanned by {x ., X 2, , xn } is the whole space, then we say
that the collection of vectors Xl' Xl' , x, forms a basis for RII

•

A set of n-tuples Xl' Xl •...• x k is called linearly independent if a i Xl + alxl ,
... , allxk = 0 implies that all the a, are zero. The following theorem is
fundamental.

One easily verifies that this set is a linear vector space provided addition and
scalar multiplication are defined by

1. LINEAR INDEPENDENCE AND LINEAR MAPPINGS

[
UI+VI]
U2 + u.,u+y= .-

Um + Vm

[

UI (I) ]
and u(l) = U 2(1)

11",(1)

1. LINEAR INDEPENDENCE AND LINEAR MAPPINGS

[
UI]U,

U = .-

. U~n

[
aUI]
au"au = . - ;

aUm

[

a ll al2 al"]

~l: ~ .. ~~~ .. '.'. .. ~:'~
Qml am2 '" amn

It is easy to verify that the set C"'[lo, II] is a vector space provided we define

au and u + vas

Theorem 1. If x, y and z belong to R 11 and ifa and b are real scalars, then

(i) (x +y) +z = x +(y +z)
(ii) 0 + x = x

(iii) x + (-x) = 0
(iv) x + y = Y + x
(v) a(x + y) =ax + ay

(vi) (a + b)x = ax + bx
(vii) (ab)x = a(bx)

(viii) 1· x = x

These are all easy to verify using the properties of the real numbers. We
will not give a proof. OUf motivation for including them here is that it is
exactly these eight properties that are used in the general definition of an
abstract real vector space. That is, any set of objects v together with a defini
tion of sum and a definition of scalar multiplication which satisfies these eight
conditions is called a real vector space.

Examples. In this book we need to examine 3 particular vector spaces.

(i) R" as defined above.
(ii) Let C"'[lo , II] denote the set of m-tuples whose elements are con

tinuous functions of time defined on the interval to ~ t :::;; t r- We write the
elements of CITlo, t 1J as column vectors, that is

2

Its elements may be called n-tuples or tectors. We use 0 for the n-tuple

(0, 0, ... , 0).
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element of R'", in symbols: L: RII
--} Rill, then we say that L is a linear trans

formation if for x and yin R" and all scalars we have

(i) L(x + y) = L(x) + L(y)
(ii) L(ax) = aLex)

The same definition of linearity is used for mappings defined on any real
vector space.

The linear mappings of RII into Rill can all be described by a set of simulta
neous linear equations. Let x belong to R" and z belong to R'", then any linear
mapping L : R" ~ R"' can be described by

a 1 1x1 + (lllX1 + + (JInX" = 2 1

Q21Xl + 022 X2 + + ([211 XII = 2 2

Two matrices have special significance: 0 (the zero matrix) is used to denote
a matrix all of whose elements arc zero and I (the identity matrix) is used to
denote a square (m = 11) matrix whose hth (diagonal) elements are I and
whose off-diagonal elements arc zero. Notice that 0 + A = A for all A and
IA = AI = A for all square matrices A.

Matrices can be used to describe linear mappings or one finite dimensional
vector space into a second finite dimensional vector space in the following
way. Agree, henceforth, to write all n-tuples as column vectors,

[
Xl]

X = ~~2

X"

alii I am 2 am
i., b l 2 bill

b2 1 b22 b21{

(A, B, ... C)=

[~:: .

an aim b" bIZ bIll
a 2 2 {[2m &21 b22 «:

.....................

aI/I a'iZ {[lfm bill b'/z s;

ell e 12 C l q

('21 e2 2 C2q

(A;B; ;C)= .

Then regarding x as an element of R" x 1 we know how to interpret the product
Ax for any A in Rnl X IJ

• The equation Ax = z is, upon closer examination,
simply shorthand notation for the set of simultaneous equations encountered
earlier.

Frequently it is convenient to represent a matrix as being composed of two
or more submatrices. If A, B, , C are matrices with the same number
of rows then we denote by (A, B, , C) the following matrix

On the other hand, if A, B, and C are matrices with the same number of
columns, we denote by (A; B; ... ; C) the matrix

"
C;j = L a.: bk j

k= 1

It must be observed that in general, AB is not equal to BA and indeed, BA
need not even be defined for some A's and B's for which AB makes good
sense. This failure of matrix multiplication to be commutative is one of the
things that makes the subject interesting.

This notation is very clumsy and many times obscures the basic simplicity
oflinear mappings. Hov..'ever, it is comforting to know that any linear mapping
of R" into R IIJ can be expressed in this pedestrian way.

Let L be a linear mapping of R" into R'". We say that an n-tuple x , lies in
the null 'pace of L if L(x,) = O. We say that an m-tuple z, lies in the range
space of L if there exists an n-vector X z such that L(xz) = Zl. If there exists
a set of k linearly independent /'I-tuples XI' X2"'.' Xk such that the »r-tuples
L(x l ) , L(x,), ... , L(x,) are all zero, and if there exists no set of k + I linearly
independent n-tuples x.. x 2 , .. ·, Xk+ 1 such that L(x), L(X2)"'" L(Xk+l)
are all zero, then we say that the null space of L has dimension k or that the
nul/it}, ofLis k. If there exists a set of j n-tuples x.. X z , •.• , Xj such that the
set of L(x l ) , L(x,), ... , L(x) is linearly independent and if there exists no
set oij + I n-tuples X" X" ... , xj + I such that the L(x l ) , L(x,), ... , L(x j +1 )
is linearly independent, then we say the range space of L has dimension j,
or that the rank ofL is j.

Matrices are introduced so that one can do the arithmetic associated with
linear mappings. One of the common arithmetical operations is to compute
the effect of two successive linear mappings. To carry this out we need an
appropriate definition of matrix multiplication. If A belongs to R""" and
B belongs to J(1l x P, then we define AB, the product of A and B, as that member
C or Rill x P whose ijth element cij is given by
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Thus commas are used to denote partitions according to columns and semi
colons are used to denote partitions according to rows.

Partitions of the form

will be used to denote the matrix

Gil all alp b11 biZ

all a22 azp b2 1 b2 2
............. .... , . . ., .. . . ..... . . ..

[~ ~]
{[ml am 2 amp bill! bm 2 b""1
c" C12 Cip dIl d12 dI IJ

C21 ('22 CZfl elZ l dn dZIl
.............. . .. . . . ...... - ..

see that y'x is defined for column vectors x and y of the same dimension
and that yx is a scalar

y'x =X1Yl + X2 J'2 + ... + X'I Yn

This product viewed as a product between tlfO elements of R" is called the
standard inner product on R". Cartesian space, with this definition of inner
product, is called the standard Euclidean space. We use the symbol E" to
denote this space.

The natural setting for much of the analysis in this book is an inner product
space ...Abstractly.van inner product in a real vector space X is a mapping
(written as <Xl' X2») oft X X X into R l such that

(i) <x,.x2)=<x,.x,)

(ii) <x" aX2 + bX3) = a<x l, x 2 ) + b<x" X3)
(iii) <x" Xl);' 0; <Xl' X,) = 0 if and only if x , = O.

and

(ii) C'~[to, 11J = C"'[l o, I.I with <x. Y) ~ (' x'(t)y(t) dt
'<0

II III

(iii)* E ll x m = R"x
m with (X, Y> = L L xijYij = tr X/Y

i= 1 j='

t X x X is the Cartesian product of Xwith itself. See, e.g., reference [IJ,
>;< If X is a square matrix then tr Xttrace of X) is the sum of its diagonal elements.

The next problem we want to treat is that of solving linear equations of the
form L(x) = z where Z is given. However, before we can treat this problem
we need to define the adjoint transformation associated with a given linear
transformation from one inner product space into another. Adjoint trans
formations can be defined for linear transformations without reference
to an inner product, but when one is available, it helps to use it.

If X is an inner product space with inner product ( >x and if Y is

A vector space with an inner product is called an inner product space. A
finite dimensional inner product space is called a Euclidean space.

Theorem 3. The standard inner product on R n satisfies the conditions required of
an inner product.

By using the standard inner product in R'I meaning can be given to some

additional geometric terms. The length of a vector in En is ,,/:X-;-x and is
written as [x]: Two vectors, x and yare called perpendicular if and only if
xy = 0; the zero vector is perpendicular to all nonzero vectors.

Three different inner product spaces are used in this book:

(i) E' = R" with <x, y) = x'y

N = [~ ~JandM= [A BJ". C D

NM = [EA + FC EB + FD J
. . GA + HC GB + HD

We immediately transfer our definitions of rank, range space, and null
space from linear transformations to matrices. We say that x, belongs to the
null spate of A if Ax, = 0: we say Zl belongs to the range space of A if there
exists an x , such that Ax , = z,. Finally, the nullity of A is the number of
linearly independent vectors in the null space of A and the rank of A equals
the number of linearly independent vectors in the range space of A.

Associated with any element of A of Rillx /l is an element of J(" x 111 called
the transpose of A in symbols: A', such that if an is the entry in "the ith rOW
andjth column of A. then a j ; is the entry in the ith row andjth column of A'.
A matrix is said to be symmetric if it equals its transpose.

The transpose of a column vector x belonging to R" x 1 is a row vector x'
belonging to R 1 X". Using the general definition of matrix multiplication we

MN = [AE + BG AF + BH]
.. CE + DG CF + DH

are said to be partitioned conformably if the submatrices A, D, E, and H
are square with the dimensions of A and D being equal to those of E and
H respectively. In this case

Two square-partitioned mati ices
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an inner product space with inner product ( ,), T is the adjoint of a linear
transformation L if for all x and y

(y, L(x)\ = (T(y), x);

We use the symbol L* for the adjoint of L. It is possible for the spaces X
and Y to be quite different. Keep in mind that the mapping L takes X into
Yand the mapping L* takes Yinto X.

Examples. (i) Consider a mapping of E" into Em defined by Ax = y.
Then the adjoint mapping is given by A'y = x because

(y, Ax) = y' Ax = (A'y)'x = (A'y, x)

(ii) Let B be an n by m matrix of continuous functions. We can regard

t

L(u) = f B(,,)u(,,) do
so

as defining a linear mapping of C~[to, t1 ] into E". By definition of C~[lo, I,]
and Enwe have

(u1, U2) = f'u',(,,)u,(,,) de
'0

A short calculation verifies that L*(x) = B'x.
(iii) Let T be such tbat the operator L(u) = y defined by

J"y(I)= T(I,,,)u(,,)d,,
'0

defines a mapping of C~[to, t1 ] into C;[to, t1]. By definition we have for y

iu C;[to, 11]

J" J"(y, L(u) ~ y'(t)T(I, ")u(,,)d,,dl
rc to

J" J"= u'(t)T'(",I)y(")d,,dl
to to

provided the interchange of integration is valid. This gives an expression for
L*(Y) = u of the form

J"u(t) = T'(",I)y(")d,,
'0

(iv) If X is the space of n by n real matrices and if A is also an n by n
matrix then

L(X) = A'X + XA

maps R Il X Il into RII X II. 'rVemake R ' I X Il an inner product space with (Xl' X2) =
tr X'lX" Then the adjoint of Lis

L*(Y) ~ AY + YA'

We now have enough material on hand to state the basic facts about the
solubility of linear algebraic equations.

Theorem 4. The vector equation Ax = Z with A and z given has a solution if
and only if anyone of the following three equivalent conditions is satisfied:

(i) z lies in the range space of A
(ii) z is perpendicular to every vector in the null space ofA'

(iii) the ranks ofA and the augmented matrix (A, z) are the same.

Moreover) if Xl is any particular solution, then any other solution is of the/arm
Xl + x2 where X 2 lies in the null space ofA.

The above theorem is concerned with solving Ax = z with z specified.
Ifx and z are n-tuples so that A belongs to RI1

x 1\ then one can ask if a solution
exists for all z. If so, there exists a matrix A -1 called the inverse of A ;uch
that x = A -, z. We assume the reader is familiar with the idea of the deter
minant of a square matrix. We will use det A to indicate the determinant of
A. If a square matrix has a nonzero determinant we call it nonsinqular: other
wise it is singular. Associated with every square matrix A is a resolvent
matrix (Is - A)-l which is viewed as a function of the complex variable s.
The values of s for which (Is - A) does not have an inverse are called, the
eigenvalues of A and the equation det(ls - A) = 0 which defines the eigen
values is called the characteristic equation of A. The polynomial pCs) =

det(Is - A) is called the characteristic polynomial.

Exercises

1. Show that the product of the eigenvalues of a matrix equal the deter
minant. Show that the sum of the eigenvalues of a matrix equals the
sum of the elements on the main diagonal (~ trace).

2. Mappings of X x X into the scalars which satisfy all inner product
conditions except (x, x) ~ 0 are sometimes called pseudo-inner products.
The set of 4-tuples R4 with the pseudo-inner product (x, y) defined as
XlYl + X 2 Yz + X 3 Y3 - X4)'4 is called Minkowski space. In this space a
Lorentz transformation is any transformation which preserves inner
products; i.e. any T such that (Tx, Ty) = (x, y). If the product of the
eigenvalues ofT is 1 (as opposed to -1), then T is called a proper Lorentz
transformation. Show that every proper Lorentz transformation has a
real eigenvector x, such that (xe , x e>= O. Show that in contrast rotations
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(i.e, transformations such that (Tx. Ty) = (x, y» in the Euclidean
Space £4 do not necessarily possess any real eigenvalues.

3. Show that the space of n by n matrices is a vector space. Show that if
M and N are n by n matrices then

L(X) = MX +XN

14. The Linear transformation L(u) defined by

L(1I)(t) = r ~(I- ,,)u(,,) do
-if;

is assumed to map C~( - 00, co) into itself. Compute the adjoint ofL.

x=u+w

defines a linear transformation from R'1x n to R"x n

4. Suppose K(t) is singular for all I, then is

(NL)

X,,(t) = f,[xl(t), x 2(t), ... , x,,(t), t]

Xl(t) = [I [xl(t), x 2(1), , X,,(I), I]

X2(t) = [,[Xl(t), x,(t), , x,,(/), t]

2. UNIQUENESS OF SOLUTIONS GIVEN THE STATE:
LINEARIZATION

gr(Yr, y\l), , y\n), Yz, y~l), , yinl, "', y;::») = 0

gZ()'I' l/), , /t), Yz, y~l), , y~n), ... , y~~») = 0

The concept of the state of a physical system is of central importance when
it comes to applying mathematical methods of analysis. The intuitive idea
of what one means by the statement, "The state of a system is x," is that by
knowing x, one knows all that is needed to be known about the system in
order to determine the future behavior assuming that future stimuli can be
observed. This informal statement can be taken as a guide to the way the
term state is used in the literature. Previous attempts to be more precise and
at the same time maintain generality do not seem to have been very successful,
and we will not pursue the subject in purely abstract terms. It is convenient,
however, to talk about state and state variables in connection with physical
systems provided they are described by a set of ordinary differential equations.
In this context one has little trouble being precise. If we have a set of simul
taneous differential equations, Cvji) = diYidti)

then we say that a particular set of initial conditions characterize the state
of the physical system if by knowing that set of initial data one can, in prin
ciple, construct a unique solution for the system.

By reducing all differential equations involving 2nd and higher derivatives
to first order vector equations one achieves a notational and conceptual
simplicity which is otherwise unavailable. Since this reduction can ordinarily
be done with little effort we usually take as our starting point, a system of
first order equations such as (:ie, = dxJdt)

singular?
T

f K(t) dt
o

M = [~ ~]

Hint: Let K(I) = [sin I ][Sin t cos t] and calculate f"K(t) dt.
cos t 0

5. Ordinarily one does not use division notation when dealing with matrices
because AlB might be interpreted as AB- 1 or B- 1A and these are not
necessarily the same. Why is the notation (I + A)!(I - A) unambiguous?

6. Let A, B, C, and D be n by n matrices. Compute the inverse of

with u in u and w in w. Find examples of direct sum decompositions
for R'\ Cm(O, 1) and R ll x m

•

13. (Continuation). Let v be an inner product space and let u be a subspace.
We define the orthogonal complement of u, in symbols: ul.? as

11" =' {x : x in v and (x, y) ~ 0 for y in 11)

Show that v = 11 :::B u".

in terms of A, B, C and D. (State clearly any additional assumptions
needed.)

7. Show that (AB)' = B'A'.
8. Show that if A and Bare nonsingular then AB is nonsingular and

(AB)-l = B-IA- I.

9. Prove Theorem I.
10. Prove Theorem 2.
I!. Prove Theorem 3.
12. A subset of a real vector space v which is itself a vector space is called a

subspace of v. A vector space v is said to be the direct sum of two sub
spaces u and Hi, in symbols: v = u ® w, if every vector x in v can be
uniquely decomposed as



can be put in this form by letting Xi = y\i-t) for I = 1,2, ... , n to get

Higher order scalar equations which are solved for the highest derivative,
such as

x,(tJ = xz(t)

x2(t) = X3(tJ

13

(L)

Two distinct questions about this equation require attention.
(i) Given an initial vector x., and a time to, does there exist a solution that

passes through X o at time to?
(ii) If there exists a solution passing through X o at time to, is it unique?
The uniqueness question is the easier of the two and we dispose of it at this

time.

x(t) = A(t) x(t)

2. UNIQUENESS OF SOLUTIONS GIVEN THE STATE: LINEARIZATION

we can express the differential equations (L') as

2. UNIQUENESS OF SOLUTIONS GIVEN THE STATE: LINEARIZATION12

By adopting the vector-matrix notation

x"(t) = f[X1(t), x 2(t), ... , x"(t) t]

Proof We will obtain a proof by contradiction. Assume that x, and x,
are two distinct solutions of X(I) ~ A(t)x(t) and that xt(to) ~ X,(lo) = Xo .
Then if we let z(t) = x ,(t ) - x,(t) it follows that i(t) = A(t)z(t) with z(to) =, o.
Premultiplying this vector differential equation in z by 2z'(t), gives the scalar
equation

Theorem 1. IfA is an n by n matrix whose elements are continuous functions of
time defined on the interval to ~ t ~ t l , then there is at most one solution of
x(t) = A(t)x(t) which is defined on the interval to"; t ,,; 1, and takes on the
value X o at t = to.

pet) iiz(t)iI 2
- p(to) liz(to)II' ,,; 0

Integrating this gives for all to ~ t ~ t 1

pet) = exp[ - J,>(u) d<J]

then the result can be expressed as

d
-I [pet) Ilz(t)1I 2

] ,,; 0at

If this inequality is multiplied by the positive integrating factor,

Letting n denote the coefficient of 11z(t)1i 2 in this last expression let us write

d
dt (1Iz(t)11 2

) - 1(t) IIz(t)II' ,,; 0

,,; ilz(t)1i' ·2/1' max lai/tJl
ij

n "

,,; L L Ilz(t)H 2 max lai/tJl . Ilz(tJlI
j=l j=l ij

d » "
;Ii [z'(t)z(t)] = 2z'(t)A(t)z(t) = i~' j~,2zi(l)a;/t)z/t)

x = column vector

[

all a,2 a1,,]

A = ~~ ~ ..~2.2•• ~ : " a.2.~

anI a n2 ann

x(t) =f[x(t), t];

. [~1]X = 2.. ,

x"

Assuming for a moment that this equation has a unique solution passing
through X o at time to, we express its value at a later time t as 4>(t, x o , to)'
The solution <I> clearly satisfies the composition rule

rj>(t, xo, to) = rj>(t, <I>(t
"

x o, to), t ,)

Since the expression on the right simply says that the solution from to to t is
the composition of the solution from to to t1 and the solution from t 1 to t.

The set of values which the solutions may take on is called the state space
for the given differential equation (or physical system).

In spite of the generality suggested by the equation (NL), we are primarily
interested in linear differential equations and, for the time being, we demand
that they be homogeneous besides. This being the case, we can write the
equation (NL) as

x ,(t) = all(t)x,(t) + a'2(t)xz(t) + + a,Jt)x,,(t)

x2(t) = a21(t)x,(t) + anCt)xz(t) + + a,"(t)x,,(t) (L')

Clearly this idea can be extended to simultaneous higher order equations
as well, and thus the first order formulation includes a great many cases of
interest.

For convenience we usually prefer to write simultaneous equations as
a single vector differential equation
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Figure 1. lllustratina the problem of controlling a point mass ill all inverse square
law force field.

o 0J!X1Ct)] [0 0]o 2w X2(1) + I 0 [U1Ct)]
o I X3(1) 0 0 U2(1)o 0 xii) 0 I

I
o
o

-2w
[

X1Ct) ] [0X2(1) = 3w2

X3(1) 0
x4 (t) 0

Exercises

., k:
i'(I) = r(t)O (I) - 1'2(1)- + ul(t)

-() 2~t)«t) 1 ()ot = - 1'(1) + 1'(1) u2 I

If ulCt) = U2(1) = 0, these equations admit the solution

1'(1) = (J «J constant)

0(1) = cot (w constant)

I. Find two different solutions of the nonlinear equation x(t) = .J~(I-) which
pass through x = 0 at t = o.

That is, circular orbits are possible. If we let Xl' X" x 3 and x. be given by
Xl = r - a, X 2 = 1\ X3 = a(O - WI), X 4 = a(e - co), and normalize a to 1,
then it is easy to see that the linearized equations of motion about the given
solution are

If we assume that the unit mass (say a satellite) has the capability of thrusting
in the radial direction with a thrust Ll i and thrusting in the tangential direction
with a thrust Ul, then we have

Example. (Satellite Problem) One example which we will' frequently
return to in this book is that of a point mass in an inverse square law force
field.

The motion of a unit mass is governed by a pair of second order equations
in the radius r and the angle 0 (Fig. I).

is called the linearized equation about the solution <p or the equation offirst
variation.

;;(1) = A(I)z(l) + B(I)Y(I)

The equation

8x(t) ~ A(I)8x(t) + B(I)8u(t) + higher order terms

Setting the first two terms in the Taylor series equal to the derivative and
using the fact that <t> is a solution gives

of, Ib.(l) =-
I) aUj $(t,xo,lo),UO(I),f

of, Ia,it) =.,-
ox j <fl(I, xn, 10), uo(t), I

where

f[<I>(I, xo, to) + 8X(I), I, uil) + 8u]

= f[<I>(I, xo, to), I, uoCt)] + A(t)8x(t) + B(I)8uCt) + higher order terms

or, since z(to) ~ 0, PCt) !lzCt)Ii ,,; O. Since p(t) is positive, this means that
Z(I) = 0; hence xl(t) = x 2Ct) for all 10"; I"; t l· I

In order to prove that a solution exists, we will actually solve the differen
tial equation, although not in closed form. Even innocent-looking linear
equations such as x(t) + (a + b sin I)X(I) = 0 cannot be solved in terms of
elementary functions, hence we will need to use an iterative scheme. This is the
subject of the next section. We conclude this section with some comments on
linearization.

Suppose a given set of nonlinear equations is known to have a solution <p
corresponding to a particular set of initial data and certain parameters u in the
equations. If the initial data and the parameters are changed slightly then it is
to be expected that the solution will also change slightly. Assuming that the
right side of the equation governing <I> is differentiable with respect to x and u
we determine this change to first order accuracy by the following technique.
If <I> satisfies X(I) ~f[X(I), I, u(t)] then expand f in a Taylor series about the
solution <t>(t, xo, to) which corresponds to the initial data Xo at time to and the
choice Uo for the parameter. This gives



2. The Euler equations for the angular velocities of a rigid body are
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satisfy the vector equation. Finally, show that the matrix

17

II WI = (I2 - J3) W 2 OJ} + ttl

12 Wz = (13 - IJw1 OJ3 + ul

I, W, = (1, - I,)w, W2 + "3

Here co is the angular velocity in a body fixed coordinate system coinciding
with the principal axes, u is the applied torque, and II' 12 , and I} arc the
principal moments of inertia. If 11 = /2, we call the body symmetrical. In
this case, linearize these equations about the solution u = 0,

satisfies the matrix equation X(I) = A(I) X(I).

5. Show that there exists Xl' x 2 , ... , .v, such that the nth order equation

X{II)(t) + PIJ- 1t- 1X(II- 1)(1) + PII_ 2 t : 2x(lJ- 2l(t) + ...
+p t t - Il+ 1x (1 )( r) X + Po r-Ux(r) = 0

is converted tox(t) = 1-1 Ax(1) with A constant.
6. Electrical circuits will occasionally' be used as examples. The basic

building blocks arc resistors, inductors and capacitors which we represent
as shewn in Fig. 2.

•

+~ .!
[J:::'," Li

<II

Figure 2

(i

r

v

1'1 2

1= \0,

7. In the electrical network shown below the boxes contain nonlinear
capacitors for which the voltage r and charge q are related by

Figure 3

The resistance R, the inductance L and the capacitance C may depend on
time or other parameters. Write the equations for the capacitor voltages
in the circuit in Fig. 3.

There is a current source of strength i.~ = -( l/'\/2 sin (l + iT/4) applied
as shown in Fig. 4a. Show that for suitable values or q(O) this network
admits the solution

and if the vector x is defined by Xi = xU-I), then X(I) = A(I)x(l) with A
being in companion form. Show that if (PI (I), q,,(t); ... , q,,,(/) are n solu
tions of the nth order equation, then the vectors

[~:\ ] [(~:) ] [~;) ]<1>1 = . ; <1>2 =. <1>" = .

<Pln - 1) c/>gl-l) <p~7'-1)

A = [.; ·f····.;.·· .: :.. ]
<p« -PI -P2 -PII-l

are said to be companion matrices. Show that if x satisfies the scalar nth
order equation

for all x, and Xl' Show that for a given X o there is at most one solution of
the nonlinear equation X(/) = f[x(/)] passing through X o if f satisfies a
Lipschitz condition.

4. Matrices of the form

3. A vector valued function of a vector x is said to satisfy a Lipschitz condi
tion with respect to x if there exists a k such that



(L)

lY

x(t) = A(I)X(I)

and simply arrange the solutions Z!, Z2"'" Zn in a matrix whose columns are
the solution vectors. That is, make the definition [ZI' Zz,"" ZIlJ =Z. Then
AZ = I so A-I =Z. Something quite analogous can be used in solving the
differential equation

implies the explicit inequality

.X(l) + (4!3)x 3(1) = -± sin 3t

}.(t) - x(l)r(l) ,;; X(I)ljJ(l)

Hint: Let ret) = r'x(s),p(s) ds and show that
~"

,p(I)';; ljJ(t) + J:X(S)If;(s)exp [{X(u) dU] ds

,o'
,p(t) ,;; '/J(t) + I x(s)rf;(s) ds

."

One way to compute the inverse of a given J1 by n matrix A is to solve the
n linear equations Az = b l , Az = b2 , ... , Az = b, with

3. THE TRANSITION MATRIX

provided the initial data is chosen properly. What is the linearized equa
tion for motion about the given solution '?

9. A very useful method for obtaining estimates on the behavior of the
solutions of differential equations is the Gronwall-Bellman inequality.
Assuming that X(I) > 0 show that the implicit inequality in ,p

10. For x an n-vector and A an n by 11 matrix, establish the inequality
[Ax] ::::;; n2 m~.x ]aul . i!xii. Show that this estimate can be improved on

"
using the vector inequality Iy'xl ::::;; [x] a total of n times.

11. Show that sin t is a solution of the nonlinear equation

2. UNIQUENESS OF SOLUTIONS GIVEN THE STATE: LlNEARIZAnON

(bJ(a)

1
c(v) =7

2v v

and call the reciprocal of the capacitance the susceptance. Show that upon
linearization one gets the equivalent network shown in Fig. 4b with the
susceptances being given by

i,(t) = i.(I) = -} COS I

i,(I) = i,(I) = -} cos I

is(l) = (lJi) sin (t + 7[/4)

Linearize the equation of motion about this solution. Call the linearized
capacitance

Figure 4 (aj Nonlinear network; (b) Linearized network.

2. UNIQUENESS OF SOLUTIONS GIVEN THE STATE: LINEARIZATION

Figure 5

s,(t)=s.(t) = 1 +sint

S2(t) = S,(I) = 1 - sin I

and the voltage source having the value ] [I + sirr'r]
8. Three chemical species, 51' 52 and 53 are present in a reaction with reac

tion rate constants k ij; that is, S, turns into 5j at a rate k ji Xi'

where Xl> Xl and -"3 afC the concentrations of the species. Find the equa
tions of evaluation and place them in vector-matrix form.

18
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Assume one can solve (L) for Xl' Xz, "', XI!' subject to the boundary
conditions,

',Uoj ••• [II.,(,,) c [iJ· .... '.(',J ~ [j]
recursively by

.t

M, = I + I A(o-)M,_ ,(iT) do
"fO

then the sequence of matrices M o , 1\1 1 M, ... conrerqcs uniformly on
the given irnen:al. Moreouer, if the limit [unction is denoted by <I), then for

to:::;; t :::;; t 1

Let us arrange the solution vectors, whose value at time t we denote uy
<Pi(t, 10 ) , in a square matrix; thus

d
- <1>(1, to) ~ A(I)<I>(I, 10 ) ;
dl

<1>(10,10) = I (T)

sup IXi(l) - x(I)1 '" e;
to::>r::>r r

Theorem 1. {fA is a square matrix whose elements are continuous Junctions oj
time on [he interval 10 :::;; t ~ 11 and ifthe sequence 0/ matrices M" is defined

A series of scalar valued functions of time Xl + X2 +'\3'" defined on the
interval to:::;; i « 11 is said to conrerqe if the sequence of partial sums con
verges. The series is said to conrerqe uniformly if the sequence of partial
stuns converges uniformly, and it is said to conrcrqe absolutely if the series
remains convergent when every term is replaced by its absolute value. If
EJM) denotes the (jth clement, then we say that a sequence of matrices
M I , M 2 , 1\13 , ... , whose elements depend on time, converges uniformly on
the interval i.;«. 1:::;; 11 if each of the scalar sequences E;)M l ) , E ij(l\tI 2 ) ,

£;)[\'13) , .' . converges uniformly. Series convergence for matrices is defined
analogously.

("-'Ak,) diT,,'" diT, diT']
• 10

,0'1.: - 1I n'-"I(iT,)I}(iT,) "'/I(iT,) (!iT,'" diT2 do ;
" 10

f11<~ Il (t)

k!

,I ,,<;1

'" I I ..
.' 10 "fO

Eij[M,(I, 10) - M,_,(t, 10)J

~ Eij [( A(iT,) r>(iT')'

and the solution ~/(L) which passes through Xo at t = to is <!)(t, to)xo·

Proof ln order to prove that the sequence of M k converges we needto
show that the scalar sequence consisting of the l , 1 elements converges, the
scalar sequence consisting of the 1,2 elements converges, etc. \Ve recall that a
series of continuous scalar functions XI + X2 + X 3 + ... defined on a closed
interval to:::;; r s; t 1, converges absolutely and uniformly on the interval if
there exists a sequence of positive constants c, such that for all t in the
interval IX/f)1 ~ c, and the series C 1 + c2 + ... converges."

Define n as the maximum absolute value of any entry in A(t), that is,

I/(t) = max !a/j(t)1
ij

Using this we obtain the following estimate for all i and j

IEJAB)I '" n max IEiiA)1 max IEiiB)!
ij iJ

r
)'(1) = I I}k) do

" 10

Using again the notation EJ ) to denote the (jth element of the matrix, ';ve
have for n by n matrices A and B the obvious inequality

Let )'(1) be the integral of 1/(1)

Thi~ is the Weierstrass lvi-test. See, for example, Fulks, Adcanccd Calcutus, page 364.

<1>(10,10) = I
d
- <1>(1, 10) = A(I)<I>(I, 10),
dl

It is trivial to verify that just as Zo = Zb., solves Az = bo, <J>(t, to)xo solves
X(I) = A(I)X(I) for x(ro) = Xo ' We now show that under reasonable assump
tions on the smoothness of A, there actually exists such a <I). The proof
involves showing convergence of a matrix valued sequence of time functions.

Recall that a sequence Xl' X 2,;'(3' .. of scalar valued functions of time defined
on the interval to ~ [ ~ t I is said to conterqe on that interval if there exists a
function x defined on to:::; t ~ t 1 such that for every given t in the interval, the
sequence of numbers {x i({ ) } converges to xC!). The sequence of functions is
said to concerqe uniformly if there exists a function x such that for any given
e > 0 there exists an integer N(e) such that for all i ~ N

Then clearly



* See, for example, Fulks, Advanced Calculus, page 370, Theorem 15.3g.

The associated transition matrix therefore satisfies

["1(11] = [ ° I] [X'(fl.]
X,(I) - I ° X,(I)

Evaluating the integrals gives the series indicated. I

The solution <I> of the matrix differential equation (T) is called the
transition matrix" for equation (L).

The importance of the transition matrix lies in the fact that all solutions of
equation (L) can be expressed in terms of the transition matrix as was brcught
(Jut by the above theorem.

Example. (Simple harmonic motion). Consider a unit mass connected to a
support through a spring whose spring constant is unity. (See Figure L) If x
measures the displacement of the mass from equilibrium, then X(I) + X(f) = 0,
Letting x I = x and letting X2 be the velocity of the mass gives

.•1 ,.1 ,."1

<{)(I,fo)=I+AI d0- 1 + A' 1 I do-,do- I'"
• to • 10 • 10

and this series converges uniformly and absolutely on any finite interval.

Proof If A is a constant, then it can be removed from under the integrals
and the Peano-Baker series becomes

<1>(1, (0) = I + .'1.(1 - (0) + .'1.'(1 - (0)' /2 ' + ",

~ [r' .'1.(0-) do-J" tc
1,.1 '10

,tT, ~ , ~'" ~ I

A(o-j_1) I .'1.(0-;) da, = I .'1.(0-;) do- jA(uj_1)
.' 10 " to

Proof The proof relics on the fact that since A is a scalar

"' In the older literature this is also called the matrizaru,

which is the kth term in the series expansion for the exponential. I

This answer could also be obtained by using the ,,, integrating factor
niethod " usually found in introductory books on differential equations.

Corollary 2. If A is a real constant, n by n matrix, then the Peano-Balcer series
is

3. TI-IE TRANSITION ?>'lATRIX

Using this fact it is easy to verify by successive differentiation that the
kth term in Pcano-Baker series can be expressed as

(PB)

3. THE TRANSITION \lATRIX

.t ..,I .11,
<I>(f, fo) ~ I + I .'1.(0-1) dO-I + I .'1.(0-,) I .'1.(0-,) du, do ,

• 10 .' 10 .' 10

The expression

d d
- [<I>(f, (0)"oJ = - [<1>(f, fo)JXo = A(I)<I>(f, lo)Xo i
dl dl

22

o:

E jj ]\10(1, fO) + I Ejj[M,(I, fo) - Mk_,(l, 101J
k""l

is less than the corresponding term in the sum

11/(1) , n2l ( t) .
I +'I(I)+-~ +--+, 2! - 3! '

often is called the Peano-Baker series for the solution of the matrix equa
tion (T),

Corollary 1. lf A is a scalar (one by one matrix), then the Peano-Balcer series
can be summed and

~A(I)[I+ (A(o-,)d0- 1 + (,~(o-,) ('A(o-,)do-,do-, '.,]
•' 10 • 10 • 10

~ .'1.(1) <I> (1'/0)

d d [" ", ,q, ']- <D(I, fol = - I + I .'1.(0-,) do , + I .'1.(0-,1 I .'1.(0-2) do-, do-I +"
dt dt -ro '/0 ·'/0

1 e,,;'{r}

However, the latter converges for all t to 1 - - + -- so each element of the
n n

matrix series must converge as well.
To show that the limit <1> actually satisfies the differential equation we

differentiate term by term to get

Since the original series is uniformly convergent and since the series obtained
by term by term differentiation is also uniformly convergent, term by term
differentiation actually yields the derivative" and we sec, that <I> satisfies the
matrix differential equation of the theorem statement. It remains only to
show that <I>(t, to)xo satisfies equation (L). Clearly <I>(t o, to)xo = Xo since
<I>(ro, to) = I. Thus our tentative solution satisfies the correct initial condition.
Taking the derivatives of (I>(t, 10):\:0 with respect to time gives

Thus we sec that each term in the slim
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for all i

-IV2]

IV 1

o

w3

o
- (1)1

1] [X1(1)]-
-2<5 X 2(1)

);(1) = A(I)Z(I);

A(t) = Q(t)A(I);

"(I) = A(I)X(I);

[:~:i;n ~ [-~
is given by (ill = JT~ <5 2)

[

e-"[CO:co t + fSinwt]

__ e- bt sin co t
co

,,(t) = f(tJAx(l)

" Let A be a constant matrix. Find the transition matrix <1>(1, 0) for the time
varying linear system

2. Show that every element of <I>(t, to) is nonnegative for all l?o to il
aij(t) ?o 0 for all i '" jand all t > 10. Conclude that x,(1) ?o z,(1) for all i anel
all t > to if A satisfies this condition with

where f( ) is a continuous function of 1.

3. Given that A is an n by n matrix in companion form (problem 4, section 2;
find an expression for the transition matrix <'[) associated with x(t) =

A(I)x(t) in terms of the solutions of a suitable nth order scalar equation
satisfying appropriate initial data.

4. Matrix differential equations are natural tools in some physical problems.
For example, consider the problem of describing the orientation of one set
of coordinate axes with respect to a second set of axes. (See Figure.)
Say that the projection on the Yj axis of a unit vector along the Xi axis is
an . There are nine such direction cosines and we can arrange them as a
matrix A. If the X system is rotating about its Xl axis with an angular
velocity WI' about its x2 axis with an angular velocity w 2 , and about its
.\3 axis with an angular velocity w 3 , then A will change with time. Show
that

I. Verify that <I>(t, 0) for the 2-dimensional system

Exercises

3. THE TRANSITION' ivlATRIX

2(1 - cos WI)/W ]
2 sin cot

(- 3wt + 4 sin wl)/w
-3 + 4 cos on ,

3. THE TRANSITION MATRIX

sin(1 - 10) ]

cos(1 - to)

o 0][Xl(I)] [0]o 2w x 2(t ) + "1(t)
o 1 x 3(t) 0
o 0 x 4(t ) "2(t)

sin on]» 0
cos tot 0

-2(1-coswt)/w 1
-2 sin on 0

1
o
o

-2w

<1>( ) = [ COS(I - to)
I, 10 . ( )

-r-Sl l'l t - to

[

,"1(1) ] [0'"2(1) = 3w'
'"3(1) 0
'"4(1) 0

[

4 - 3 cos on
<I> 0 = Sec sin cot

(t,) 6( -o»t + sin WI)

6w( -I + cos wt)

Figure 6. A physical model for simple harmonic motion,

The series for computing <I> in this case is easily summed because A is
constant and in addition A' = (_1)i+ 1A for i odd and A' = (-1),+11 for i
even. A short calculation gives

Example. (Satellite Problem) In section 2 we introduced the equations
of a unit mass in an inverse square law force field. These were then linearized
about a circular orbit to get

x

If III = U2 = 0 then these equations are homogeneous and the results of the
present section apply. Since the A matrix is constant it follows that <I> can be
computed via Corollary 2. Using methods to be discussed in Section 5 this
series can be summed to get

24

with the initial condition <1>(1 0 , to) = I. What is the physical interpretation of
<I> in this case? The first column of <I> has as its first entry the position as a
function of time which results when the mass is displaced by one unit and
released at to with zero velocity. The second entry in the first column is the
corresponding velocity. The second column of <I> has as its first entry the
position as a function of time which results when the mass is started from zero
displacement hut with unit velocity at I = to. The second entry in the second
column is the corresponding velocity.
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dl
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Z=(iJ+jw)

Show that multiplications for these matrices, like multiplication for
complex numbers is commutative. Let z and g be complex functions.
What is the solution of

[
'"< 1(t) ] ~ [ aCt) b(I)] [X 1(1)]
'"<2(t) -b(l) aCt) h(t)

i(l) = g(I)Z(I)

M=[ a w]
-(j) (J

tr AB = tr BA

it follows that tr(ABC) = tr(CAB) (exercise I). It turns our that the trace of A
and the determinant of (I> are related by a curious formula whose origin is
!'}:-iually attributed to some combination of Abel, Jacobi, and Liouville.

It is easily verified that even though AB is generally not equal to BA and
indeed, even though AB and BA may be of different dimensions,

"
trace A = tr(A) = Lan

Write this complex differential equation as a pair of real equations. Use
this as a hint to find the transition matrix for

The transition matrix specifies how the state of a dynamical system evolves
in time. Because of its great importance its basic properties need to be
studied with care. Three of the most important are collected here.

It is often essential to know when the transition matrix has an inverse or
alternatively, when det <l>(t, to) is nonzero. Although it is possible to settle
this question by use of the existence and uniqueness theorem we chose to
resolve it by actually calculating det <I).

By the trace of a square matrix we mean the sum of its diagonal clements.

and the complex members

4. THREE PROPERTIES OF <I>

10. Conjecture. If wet) is real and nonnegative for all t > 0 and if II' is of the
form ceAfb then there exists a time-dependent matrix ACt) whose off
diagonal clements are nonnegative such that Hi is the l,l-element in the
transition matrix for X(I) = A(I)X(I), provided 11'(0) = 1.

11. As is well known, there is a one-to-one correspondence between the set of
all 2 by 2 matrices of the form

3. THE TRANSITION MATRIX

p(O) = Po,

_ xz

3. nu: TRANSITION MATRIX

[e']then X(I) = e'

[
«: 3']

then x(t) = _3e- 3 '

Figure 2

x(t) = AX(I)

X(O) = [:]

y,L... ~

and if

Suppose that if

Mx(to) + NX(11) = b

with Rank (M, N) ~ dim x. Show that for this two point boundary value
problem there exists a 'unique solution if det[M + N<I>(t l' fo)J is nonzero.

depends on I only.
9. Suppose that the boundary conditions for X(I) ~ A(t)x(l) are specified in

part at t = to and in part at t = f l - In particular, suppose

Determine the transition matrix for the system and the matrix A.
8. Show that a square nonsinguJar matrix <D( , ), which depends on two

arguments and is differentiable with respect to each, is a transition matrix
if <I>(to, to) ~ I for all to and the matrix

6. If x(l) = A(I)x(I); x(O) = Xo and p(t) = -A'(t)p(I);
show that x'(t)p(t) = x; Po for all t.

7. Given that A is a 2 x 2 constant matrix and given that

26
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4. THREE PROPERTiES OF <V

Figure 3. Diagramming (he composition rute.

this formula gives an expression for how this volume evolves in time. (Sec
figure.) Cases for which tr A(t) vanishes identically arc important in mech
anics. In this case the volume is constant.

\Ve note that as a consequence of the definition of (D(t, (0) we have the
following theorem which we call the composition rule for transition matrices.

X2

Theorem 2. IfCl) is a transition matrix, then it satisfies the functional equation"

Proof, To see this it is helpful to draw a picture of what the transition
matrix means in terms of solutions or equation (L). From the uniqueness
theorem 2.1 we see that the two different ways of viewing the value of the
state at t must give the same result.

Diagrams (see below) which illustrate alternative linear maps are called
conunutatire diagrams. 'We will supplement the verba! statement of many of
the harder results in this book by diagrams of this type.

Figure 2. lllustnnion ofthe composition rule.

By this diagram we mean that the mapping of the state space into itself
(kilned by <I>(t, to) can be viewed alternatively by first applying <1>(1[, to) then
m~lpping via <1)(t, t1 ) .

The third property of (I> of interest here concerns the behavior of <D under
~:! change of coordinates. If the equation x«() = A(t)x(t) has <1) as a transition
matnx and if a change of variablezfr) = P(t)x(t) is made, then what is the new

..\n equation which relates the values of a function at different arguments is called a
{uectional equation.

(AlL)

4. THREE PROPERTIES OF (1)

det <1>(1, to) = exp[r' tr A(eT) deT]
"<0

Using e(/, to) to denote the matrix of cofactors and using the definition of
trace, this becomes

d n " [D ]d
- det <I>(t, ' 0) =.II ",- det <1>(1, tol -I (PuC t, '0)
d: 1001)""1 G'rij at

"
det <1> = I Cij ,bij

j:=l

d .
- det <1>(1, (0) = tr C(I, (0)<1>(1, (0)
dl

However, <P(I, (0) =A(I)<I>(t, 10), tr(ABC) =tr(CAB), and <1>'C =Idet <1>50

'!.- det <1>(1, 10) = tr <1>(1, '0)e'(1, to)A(I) = det <1>(1, 'oltr A(I)
dt

An integration of this last differential equation with the boundary condition
det <1>(10' (0) = I gives the equation (AlL). I

This result has an interesting geometrical interpretation. As is well known,
the determinant of an n by 11 matrix can be interpreted as the volume in Ell
contained in the parallelepiped generated by the columns in the matrix. Thus

Figure 1. !I!/Istraring the evolution of det ep for a two dimensional equation.

Hence, using the chain rule we have

Thus since CPu does not appear in Cij we sec that

J
'''- det <I> = Cij
G-'Pij

28

and hence det <1>([, to) is nonzero if S:o tr A(cr) do is finite.

Proof Recall that if Cij is the cofactor of the ij element of <I>, then for anyj

Theorem 1. (Abel-Jacobi-Liouville) If <I> is the transition matrix [or X(I) =

A(I)X(I), Ihen



31

(L)X(IO) = x.,X(I) = Ax(i);

X~O)(I)

X~' '(I)

[

x\O)(t)

x\1'(I)
det

x\,,-'l)(I)

very succinctly, i.e.,

However, we must not be deceived by the notation; evaluation of CAl can be a
difficult task.

The following theorem gives two very useful properties of matrix expoucn
rials.

X''''(I) + P"_l(I)X'''-l)(I) + ... + Pl(t)X(l)(I) + Po(t)x'O'(I) = 0

we have seen (Problem 4, section 2) that it can be represented in first order
form with A in companion form. Show, with the help of problem 3, sec
tion 3, that if Xlf) is a solution which at to has n - 1 of its zeroth through
n-lst derivatives zero and its ith derivative 1 then

From corollary 2 of the existence theorem, it follows that this series con
verges absolutely for all real (square) matrices A. This definition is a useful
one because it permits one to express the solution of the initial value problem

In this context the determinant on the left is called the Wronskian asso
ciated with the given equation and the given solutions.

5. MATRIX EXPONENTIALS

In view of similarity between this series and the scalar series for eUI, it is logical
to define the matrix exponential" by

e"=I+A+A'j2 1+ ...

<1>(1, to) = I + A(I - 10 ) + A'(I - 10)'/2
1 + ...

" Keep in mind that this notation, like most other notation used in mathematics, can
be misleading. Certainly 101

/
2 for the square root of 10 is not very informative if we insist

that it is 10 multiplied by itself 1/2 times.

1n the case where A is a constant the infinite series for the transition matrix
takes the form

4. Given a scalar equation

4. THREE PROPERTIES or (I>4. lTIREE PROPERTIES Or: <l>

;:(1) = P(t)x(l) + P(I)x(I)

= [P(t)A(t)P-1(t) + P(I)p-l(I)]Z(I)

= [tr A(t)J det <I>(t, 10)

Figure 4. Diagramming the identity of Theorem 3.

3. Show that to first order in e

det[I + cA(I)J = I + e tr A(I)
Use this to show that

d 1
- det <I> (I, to) = lim - [det <I> (I + h, to) - det <I> (I, 10)J
~ . h-oh .

. 1
-= lim - [det[<I>(I, to) + hA<I>(t, to)J - det <I>(t, to)J

11-0 h

Exercises

1. Show that if A and Bare 11 by m and m by n, respectively, then
tr AB = tr BA. Show that tr ABC = tr CAB.

2. Let X be an 11 by n matrix and let f be a scalar function of X.
Let V'x/denote an 11 by 11 matrix whose !jth element is the partial deriva
tive of/with respect to Xij' Show that if A is n by /'I, then

(i) \7A det A = (AT 1 det A = Adi A
(ii) \7A tr(A'X) = X

Like the composition law, this result is conveniently remembered in terms ofa
diagram. Figure 4 illustrates the fact that the mapping ofx(to) into xU) can be
viewed in t\VO ways. The simple way. via <I>,\(t, to) and the complicated way
involving going down to z(to), across to z(t), and back up to x(t).

30

transition matrix? Assuming P and 1"-1 exist, it follows that

This leads to a third basic identity for transition matrices. Here and elsewhere
we write <1>:\ to identify the matrix which generates <D if confusion is possible.

Theorem 3. IFPis differentiable and if p- 1 exists, then

<1>,,(1,1 0 ) = p-l(I)<I>[PAP" +PP' ,](1, lo)P(lo)
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Theorem 1. IfA is given by The main importance of this tact for our work is that the formula

liP is any nonsingular n by n matrix, then

eP-1AP = p-1eAp

I of the

(if A and j' A dt commute)

(generally not true)<I>(t. to) = exp[J' A(O') dO']
'e>

,I .,r

A(t) J A(O') de = I A(O') dO'A(t)
to • 10

d ["' ] [~ .]dt exp .tA(O') do = A(t)exp .tA(O') do

'!. exp [r' A(O') dO'] = '!. [I + r' A(O') do + ~ r' A(O') do r' A(O') do + ... ] .
d: ~IO dt "10 2. rc 'ro

I ,,+i<:o+,,-

X(t) = -. I {det(ls - A»)-'{Adj(ls - A»)e" dsX o
2ITl" -jr:n+,,-

Writing (Is - A)-I as the adjoint over the determinant and using the complex
inversion formula, we have

where we lise a circumflex to denote transformed variables. Solving for X
gives

sX(s) - AX(s) = X o

where (J is larger than the real part of any pole of the integrand. Since the

I [.,., ]
= A(t) +;; tA(O') dO'A(t) + A(t) tA(O') do +.

Otherwise this is not necessarily true and the transition matrix is not ncces
sarily the exponential of the integral of A.

The Laplace transform provides an alternative approach to solving linear
time-invariant equations and, as turns out, frequently leads to an explicit
formula for the matrix exponential. Consider solving equation (L) using
Laplace transform theory. Using the expression for the Laplace transform of a
derivative, we get upon transforming (L)

If A and its integral commute, then the A(l) term can be brought out in front
to give

The reason becomes apparent if the series definition is appealed to.

which one might be tempted to conjecture on the basis of corollary
existence theorem is generally false but does hold if for all 1

n'·
0

fJthen eA =
ell':~

. . . .. . . . .

0

On the other hand,

eH
" = 1 + A + B + ~(A2 + AB + BA + B') + ...

The difficulty is that we may have 2AB 'f AB + BA. There is a famous
theorem which relates eA + B and eAeB via the commutator product defined as
[A, B] = AB - BA. The essence of this result is that if the non vanishing of
[A, B] is what prevents equality between eAcB and eA + B

, then the true rela
tionship should be expressible in terms of a power series involving [A, B].
Although we will make no direct use of the result here, it is included as a
reminder that in general eAeB ::j:. e':" B.

Theorem 2. (Baker, Campbell, Hausdorff) Let A and B be square matrices.
Then eAeS = eCwhere C is qicen up to 4th order by

Proof The first assertion is obvious from the definition of e': To prove
the second, it is enough to write out the series involved

eP"AP = 1 + P-1AP + :W-1APP-1AP + ...

= 1 + P-1AP + 1P- 1A'P + ...

= P-1(1 + A + 1A2 + ''')P

= p-1eAp I

The composition rule gives immediate verification of the identity

eAreA<l" = eA(r+<r)

C = A + B + 1[A, B] +T"{[[B, A], A] + [[B, A], B]) + ...

The proof is an involved, but elementary, calculation and is left as an
exercise.

None the less, it is generally false that eAeB = eA + B unless AB = BA. To sec
why, examine the series involved.

eAe"=(1 +A+A2J21 + .. ·)(1+ B + B2J2 1 )

= 1 + A + B + l(A' + 2AB + B') + .

[

a ll

A = 0

o



solution of equation (L) is known to be eA'xo we see that

34 5. MATRIX EXPONENTIALS 5. MATRIX EXPONENTIALS

and the rule eH B = eAeB, valid for AB = BA, to verify that

35

°] [ cos cot sin WI]
e'" - sin wt cos wt

~ [ el7 1
cos t»t eat sin WI]

- e" sin cot e" cos oi:

I[A 0]) _[e A
'exp \ 0 B I - 0

yet) = c' e"b

Find column vectors c and b and a square matrix A such that

"
yet) = 2: a, sin 2nkt + b, cos 2rrkl

k"" 1

is

In what cases can the power series be expressed in terms of exponentials?
2. Show that if A and B are constant square matrices, then the transition

matrix for the time-varying equation

P(/) =!!.. e[HB,]

dl

1. Let A and B be constant n by n matrices. Obtain the first few terms in a
power series for

3. If y is given by

4. If A is a constant n by n matrix, and if it has an inverse, then show that

JreAl7 do = A -leAfl'
o 0

5. Use the fact that

(iv) If A and B are square matrices then an appeal to the series definition of
the matrix exponential shows that

Exercises

sin OJ!]
cos cot([

0 w]) [COSWI
exp (j) 0 t = -sin cot

A quick calculation will verify that

expm b}) = [b n

where Xl is position and X2 is velocity. In this case the series of e" contains
only two terms since Ai = 0 for i;:: 2. We have

[Xl(l)] [0 I] [x,(t)] [0]
x 2(t) = ° ° X,(/) + f(t)

m <:".-1 1 1 I
e"=2: 2: - [(s_s,)"(sI_A)-l]<,,-l-k)I'e"

i'" 1 k=O k! (Ui - 1 - k)! s=s;

1 ~+ico+(I"

eM = -.j {det(Is - A))-l{Adj(Is - A)le" ds
Zni : -1::0+0'

(iii) Using the fact that "I commutes with any matrix, we can use the
decomposition

Examples. (i) Newlon's second law for a point mass is x(t) = f(t). Writing
this in first order form gives

The analysis of the effects off will be postponed until section 6.
(ii) Simple harmonic motion is governed by the equation x(1) + w'x(I) = 0.

If we let Xl = x and Xl = WX2, then

Theorem 3. The matrix exponential is given by

The matrix Adj(Is - A) is a matrix of polynomials so the poles of the integrand
are simply the zeros of det(Is - A), that is, the eigenvalues of A. Suppose
S1, 52'" Sill denote the (distinct) eigenvalues of A and suppose s, is repeated <J'i

times. If ( )(k) denotes the kth derivative, then from the Cauchy integral
formula we obtain the following result.
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to show that

cos t cos (J - sin t sin 11 = cos(t + (J)

and

where ret) = Sci k'(a) do. Let x be defined by x(t) = (1/k(t»)y,(t) where we
now assume k(l) > 0 for all I, Show that y, satisfies the second order
equation

y,(t) - (2k(t)/k(t»)y,(1) + k 4(I)y,(1) = 0

sin t cos o + sin (J cos t = siner + a)
and that x satisfies the second order equation

Hint Use A ~ [ _ ~ ~l
6. One of the simplest problems in quantum mechanics is the one dimensional

potential well problem. Here the wave function VJ satisfies

x(t) + [ii/k - (2i<' /k 2
) + (k 4)Jx(t) = 0

Hence if [ii/kf and Ii(/kl are both much smaller than k", x is a good
approximation to the solution of

Z(I) + e(l)z(t) ~ 0

is

[ 0
w, w,cos WI]

£1(1) = -w3 0 - w 2 Sin W[

-w2 cos cot (u2 sin on 0

Show that

[ cos WI sin cot

~m
0 o J[ cos III

sin 1][

~]X(I) = -Sil~ cot cos en cos e sin 0 - sin lJI cos nt
0 -sin () cos e 0 0

where /1 cos 0 = w3 - (j) and 11 sin 0 = W2

[A, [B, CJJ + [B, [C, AJJ + [C, [A, BJJ = 0

X(t + a) = X(I)X(a): X(O) = I

This technique, generally referred to as the WKB method, is widely used
in finding approximate solutions of Schrodinger's equation.

8. Show that every element of eAt is ~ 0 for all [~O if and only if
a i j ;, 0 for all i '" j. [Hint: for the only if part, write e" = I + AI
+ t'M(I) and look at the ijth element.J (See Problem 2, Section 3,)

9, (Jacob Bracket Identity) Show that

The solution X is, of course, the direction cosine matrix. (See Problem 2,
Section 2 and Problem 4, Section 3,)

II. (Polya) Let X be a square matrix, Show that the only differentiable
solutions of the functional equation

10. The problem of determining, as a function of time, the orientation of a
symmetrical rigid body in torque free spinning motion is equivalent to
that offinding the transition matrix for the system X(t) = £1(I)X(I) where

[x] .; Ii

Ixl > Ii

d'ljJ(x)--,- + Jj'ljJ(x) ~ 0
dx-

[
,i',(I)] [0 k'(I)]' [y,(t)]
),(t) = -k'(t) 0 h(t)

[
y ,(I)] [cos ret) sin ret)] [y,(O)]
h(t) ~ ,-sin ret) cos r(t) h(O)

Assume that CI. and {3 are real and assume that If; and (h/J/dx are continuous
at x = ± a. Determine conditions on 0.: and f3 such that there exists a
solution If; which goes to zero at ± w. Sketch lj; as a function of x (sec
Figure).

7. Show that the solution of the vector differential equation
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The point of departure with linear algebraic equations comes with the intro
duction of initial conditions. These effectively fix which homogeneous solu
tion we must choose.

The form of the homogeneous solutions of equation (IL) are known. They
are $(t, !o)xo. What is a particular solution? In the special case where A is
identically zero we have

Again we approach a new topic via an analogy with linear algebraic equa
tions. Recall that the most general solution of Ax = b consists of two parts,
the first being one particular solution and the second being an element of the
null space of A. Otherwise stated, it is the sum of a particular solution x, and a
homogeneous solution, Xl' To make the analogy still more vivid, rewrite
equation (IL) as

are matrix exponentials. (It is also true that the only continuous solu
tions arc matrix exponentials, but the result is harder to prove.)

12. A simple partial differential equation is the one dimensional homogeneous
diffusion equation which we write as

ox(t, z) 2 02X ( t, z)
---=aot 6x 2

Let the boundary conditions be X(I, 0) = x(t, I) = O. Assume a solu

tion of the form

'"
xf r, z) = L YII(t)sin 27'[/1Z

,,=1

Proceeding formally, show that

[D! - A(t)]x(l) = f(t),
d

D=
dt

(IL)

6. INHOMOGENEOUS LINEAR EQUATIONS

Inhomogeneous linear differential equations of first order take the form

x(t) +fU(t)] +x(t) = 0

.;;(t) = A(t)x(t) + f(t)

Now, reduce the equation

.<

x(t) = x(to) + I f(O') do
-"

which can be integrated to give

to the above form by letting z(t) = <I>(to ,t )x(t) with <I> being the transition
matrix for A. This eliminates the dependent variable on the left and gives

X(I) = <I>(t, to)[x(to) + J,~<I>(to, O')f(O') dO'] = <I>(t, to)xo + (<I>(t, O')f(O') do

(Ve)

and hence

.<
z(t) = z(to) + J <I>(to, O')f(O') do

ro

Hence,

z(t) = <I>-I(t, to)f(t) = <I>(to, I)f(t)

x(t) = f'(r)

(lL)

Ixl ,:; 1
x>l
x <-1

x(t) = A(t)x(t) + f(t)

f(x) = (-:'- 2,

l x + 2,

Show that the differential equation

Inhomogeneous equations of second and higher order can be reduced to
first order form by the same device used before so we need not explicitly
consider higher order equations.

admits exactly one periodic solution in addition to the periodic solution

x = O.

This is an infinite set of equations. Find an appropriate "transition
matrix. ,.

13. Let f be a piecewise linear function of one variable defined by
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and we have already treated uniqueness for this problem.

The variation of constants formula gives an integral form

t

X(I) = eMxo + f eAu'alf(o) do
o

o 2(1 - cos W[)!OJ ] [XI(O)]
I 2 sin cot x,(O)

1 (-3w:+4~in("I)!uJ x,(O)
o -0 T 4 cos est x 4 (0 )

sin oit io»

[

4 - 3
3(0 sin wt cos (Of

6( r- cot + sin wt) - 2(1 - cos wt)!(V

6w( -1 + cos wt) -2 sin wt

[
Xl(I)]
X2(1) =

X3(1)
x4 (1)

having the form X oc" except in certain degenerate cases. In 1';:c1. it is easv to
verify that a particular integral for the given equation is ~

.x(t) = Ax(t) + /; exp(x!)

In the language of elementary differential equation theory, Theorem 1 gives
an explicit formula for a particular integral. For constant c~etlkiel1t equations
with exponential or sinusoidal forcing functions, a simple technique based on
complex variable notation is far more direct. The idea is based on the fact
that the derivative of e7.1 is a scalar multiple of e7.1 for C/. real or complex.
Hence it is possible to find a particular solution of

f
'[ sin wet - o)!w ]

+ cos wet - 0).. ,,[ (0) +
-2(1 - cos w(t - o»)/w

o - 2 sin w(1 - 0)

[

2(1 - cos U)(t - o)/w ]
2 sin wet - 0') "2(0) do

(- 3w([ - 0) + 4 Sin. w(1 - o»!w
- 3 + 4 cos w( t - 0)

x(to) - y(l o) = 0[X(t) - yet)] = A(I)[x(l) - yet)],

[
XI( t ) ] [0 I] [x,(t)] [0]
.x,(I) = 0 0 x,(t) + f(t)

Notice that uniqueness of solutions for equation (IL) is not a problem, for
if x(t) and y(l) are two solutions of equation (IL) satisfying the same initial
data, then

x(t) ~ <1>(/, (0)Xo + r<I>(t, o)f(o) do
''0

Example. Newton's second law for a unit mass is x(t) = f(t). We have
previously expressed this as

Corollary. The solution of the inhomoqeneous linear constant equation x(1) =

Ax(1) + f(t); x(O) ~ X o is given by

Theorem 1. (Variation of Constants Formula). If '1>(1, 10 ) is the transition
matrix for x(t) = A(I)x(t), then the unique solution of X(I) = A(t)x(t) + f(t);
x(to) = Xo is given by

In the literature, this equation is sometimes called the variation ofconstants
formula. It is of major importance in most of what follows. For the sake of
easy reference we summarize the above development with a theorem.

"
x(t) = x(O) + IX(O) +10 (I - o)f(o) do

Example, (SateIIite problem). We are now in a position to express the
solution of the linearized equations describing the motion of a satellite in a
near circular orbit. Using the corollary we have for the equations of Section 2

x(l) ~ Re(Jiw - A)'I/; sin I + Im(JiuJ - A)"/; cos t

,x(l) = Ax(t) + b sin cot

IS

provided the indicated inverse exists. Denote the square root of - 1 bv i. If
'Y. = k», then it can be verified by a short calculation that a particular intezral
fur •

We will return to this in section 16.

(I - 0)] [ 0 ]
I f(o) do[

X[( I )] = [Xl(O) + IX,(O)] + J'[I
x,(t) X2(0) 0 0

and hence an integral form of Newton's law



cos At = Re e iA t

sin At = Im eiA t
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ax
-r-- (z, 0) = x,(z)
ot

x(O) = X o

into the integral equation

x(t) = eA'xo + j'eA('-U1B(O")X(O") do
o

,a2 1i)
( D -;;2" x( z, t) = u(z, t);

uZ ot

"./:-

xit, z) = L x,,(l) sin Lnrn
11"'1

and express x and u as

x(O, r) = x(l, t) ~ 0

\Ve assume boundary conditions at z = 0 and z = I of the form

5. The one dimensional driven wave equation defined on 0 ::::;; z ::::;; 1; t > 0 is

6. INHOMOGENEOUS LINEAR EQUATIONS

4. Convert the differential equation

"(I) = Ax(t) + B(I)X(t),

6. INHOMOGENEOUS LINEAR EQUATIONS

t

y(t) = f w(1 - er)u(er) do
o

2. Let x be an n vector and let A be an n by 11 matrix. Define cos At and sin At

as U=J=-O

Exercises

1. Suppose that u and yare scalars related by equations of the form

x(")(t) + P"_IX("-ll(t) + ... + P1x(l)(t) + Pox(t) = u(t)

y(t) = q"_,x("-l)(I) + q,,-2 x("-'l(I) + ... + q,x(l)(t) + qoX(I)

with the Pi and q, constant. Show that if x(O) = X(ll(O) = .. 'X("-I)(O) = 0
then there exists a continuous function W such that

42

(The convergence proof for eA works with A complex). Derive a variation
of constants type formula for the second order vector differential equation

oz

1I(t, z) ~ L u,,(t) sin 27IIIZ
11= 1

X(I) = - A'x(t) + f(l) Proceeding formally show that the X n satisfy an infinite set of equations
of the form

Find a variation of constants formula.

7. ADJOINT EQUATIONS

= [ ? .j2~ "] [~,,]
-,/ 2n n 0 InG:]

Unfortunately the word adjoint has two different meanings in applied
mathematics. The classical terminology refers to the transpose of the matrix
of cofactors associated with square matrix A as the adjoint of A, thus
leading to the formula A-, = {adjoint (A)l/det A. On the other hand, in the
theory of linear transformations on an inner product space, the adjoint
transformation associated with a given transformation L is defined as that
transformation L* which makes the inner product of y and L(x) equal to
that of x and L "(y). (See Section I.)

The definition of adjoint used in differential equation theory corresponds
to the latter idea. Given a linear homogeneous differential equation in x
defined on an inner product space, we will say that a linear homogeneous
differential equation in p defined on the same inner product space is the

Show that in general the set of reachable states is convex. (Recall a set is
convex if x, and X 2 belonging to the set implies that (1 - a)x 1 + O:X2 also
belongs to the set ifO ,;; a ,;; I.)
Hint: Use the Neyman-Pearson lemma* in the calculation of the set of
reachable states. -

"1(1) = X2(t)

"2(1) = U(I); IU(I)I ,;; I, to = 0, Xo = 0

If u(l) is constrained to lie in the convex set IU(I)I ,;; I for all I in the interval
to ~ t ~ T, then the set of values L (T, xo, to) which x can take on at Tis
called the set of reachable states. Find the set of reachable states for a unit
mass with a bounded force,

,,(t) = A(I)x(t) + bU(I); x(to) = X o

* The Neyman-Pearson lemma is discussed in Reference [5].

Do not assume A -1 exists.
3. Suppose U is a scalar and we have x given by



or

Since <I>(t, to) is nonsingular, this means

4S

[
" 1(1)] = [ 0 1] [Xl (I)]
X2(1) -1 0 x,(t)

This mapping is generated by x(l) = A(t)x(l) + f(t). Write down a similar
mapping for p(t) = -A'(t)p(t) + g(l). Show that it is the adjoint linear
map in the sense given in Section 1, provided we regard the inner product
on En X C'Tt o ' t1J as the sum of the inner products on En and C~[to, tll

3. Show that if A(t) = -A'( -t) for all t, then <1>(t, 10 ) and its inverse have the
same eigenvalues.

"
X(I) = <1>(1, lo)x(to) + J <1>(1, o)f(o) do

'0

" ,
x(lj) = <1>(t l , to)x(lo) + J <1'(11' o)f(a) do

'0

Compute its adjoint. (Compare with examples in Section 1.)
2. Consider a mapping of E" x C;[to, t I ] into Ell x C~[to, t 1J defined by the

pair of equations

"
yet) = J <1>(1, o)f(o) do

'0

I. Consider the mapping of C~[to, tIJ into C~[lo, IIJ defined by

Exercises

<1>'(to, to)<1>(to, to) = I

and the result is immediate. I

However, by definition of the transition matrix, <1>(10' to) = I so

Theorem 3. If <I> is the transition matrix for a self-adjoint system, then
<1>'(t, to)<1>(t, to) = Lfor all t and 10 ,

Proof To verify that <1>(t,lo) is orthogonal if x(t) = A(I)X(I) is self
adjoint, we simply observe that since A(I) = -A'(I)

d
-/ [<1>'(t, to)<1>(t, to)J = <\l'(I, to)[A'(t) + A(t)J<1>(t, 10) = 0
( t

* A square matrix is said to be orthogonal if A'A = 1.

is the best known example. The transition matrix for self-adjoint systems has
the interesting property of being an orthogonal matrix. *

7. ADJOINT EQUATIONS

the harmonic oscillator

7. ADJOINT EQUATIONS

Since the derivative of the transpose is the transpose of the derivative, this
gives the desired result. I

A differential equation x(t) = A(t)x(1) is said to be self-adjoint if for all
I, A(I) ~ -A'(I). Such systems are found in the study of mechanics; perhaps

d
- p'(t)x(t) = p'(t)x(t) + p'(t)x(t)
dt

= p'(I)[A(t) - A(I)Jx(t) = 0 I

Proof: Differentiating the inner product px gives

d
- <1>-I(t, 10 ) = _<1>'1(1, to)A(t)
dt

d
-I {<1>-I(I, to)}' = -A'(t){<1>-I(t, 10»)'
( 1

[
d -I] -I d= - <1> (t, to) <1>(t, 10) + <1> (r, 10) - <I,(t, to)
dt dt

= [::1 {<1>-I(t, to») + <1,-1(1, to)A(t)] <1>(1, to)

The study of variational problems, the general theory of the two point
boundary value problems, and problems in the existence and uniqueness of
periodic solutions depend on properties of the adjoint equation. In these
applications the key property of the adjoint equation is that it propagates the
solution of the original equation backwards in time. This is brought out by
the following theorem.

Theorem 2. 1/<1>(t, 10) is the transition matrix/or x(1) = A(t)X(I), then <1>'(1;, t)
is the transition matrix for its adjoint equation, p(t) = -A'(t)p(t).

Proof Differentiate I = <1>(1, to)<1>(I, to) to get

d d
0=-1 1=- [<1>-I(t, to)<1>(t, 10)J

c t d t

adjoint equation associated with the given equation in x, provided that for any
initial data, the inner product of a solution x and a solution p is constant. A
less restrictive concept of adjointness is discussed in the exercises.

Theorem 1. The adjoint equation associated with X(I) = A(t)x(l) is p(l) =

-A'(t)p(t).

44
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Figure 1 The Floquet-Liapunoo decomposition for periodic equations.

pet) = pet + T)

<1>(1, to)

We now consider a topic of broader interest embracing not only (LP), but
nonperiodic equations as well. To begin, notice that in the development
above pet) is nonsingular so that the definition

In going from the first line to the second we use the composition rule <1>( t, to) =

(D(t, u)(D(a, to)' The third line follows from the second using the definition of
R. The fourth is obtained using the fact that since the system is periodic of
period T, <I>(t + T, to + T) = <1>(1, to). Hence we have p- 1(1)eR' = <I>(t. 0)
and <1>(0,0-) = <1>-'(0-, 0) = e-Rap(o-). Putting this together gives the following
theorem (see Figure I).

Theorem 1. (Floquet-Liapunov) IfA(t + T) ~ A(t), then the associated tran
sition matrix can be written as

8. PERIODIC HOMOGENEOUS EQUATIONS: REDUCIBILITY

Perhaps the simplest class of time-varying differential equations arc those
for which the time variations are periodic. Even with this assumption in force
there is a significant departure from the constant case, and explicit solutions
are generally impossible. Periodicity of the A matrix however, implies certain
structural properties of the associated transition matrix, and it is this aspect
that we want to focus on here. In applications, periodic linear equations arise
very frequently as the result of linearizing a nonlinear system about a periodic
solution. The main result here (Theorem 1) is generally attributed to either
Floquet or Liapunov or both.

A function is said to be periodic ofperiod T if f(t + T) = f(t) for all t. In
particular,.f equals a constant (even 0) is a periodic function. Clearly any
function which is periodic of period T is also periodic of period 2T, etc.; and
thus without some qualification" the period" of a function is ambiguous.
When we use period below, we mean any period.

Consider the periodic, homogeneous system

4. As we have defined it here, the concept of self adjointness is not coordinate
free in the sense that x(t) = A(t)x(t) may not be self adjoint whereas the
change of variable z = Px will give a self adjoint equation. Give necessary
and sufficient conditions on A for there to exist a constant matrix P such
that ;'(1) = PA(I)P- 1Z(1) is self adjoint.

x(t) = A(t)x(t); A(t + T) = A(t) (LP) P(t)x(t) = z(t) or x(t) = P-1(t)z(t)

Let <I>(t, to) denote its transition matrix. Since any nonsingular matrix C can
be expressed as an exponential* C = eR

, let us write

<I>(T, 0) = eRT definition of R

and define P(t) via
p-1(t) = <1>(1, O)e- R,

Notice that P- 1(t + T) can be expressed as

P- 1( 1 + T) = <I>(t + T,O)e-Rt'+T)

= <I>(t + T, T)<I>(T, O)e-RTe-"

= <I>(t + T, T)e-"

= <I>(t, Ole- ..

= P- 1(t)

* See, for example, Coddington and Levinson [201, Chapter 3. If C = M 2 then R can
be taken real; see Erugin [22J. Special cases are easily proved using the Jordan normal
form; see Section 12 and exercises there.

makes sense. The pleasant surprise is that z satisfies the constant equation

;,(t) = Rz(t)

This is an immediate consequence of Theorem 3 of Section 4.
The existence of special types of transformations which render a time

varying system constant has been studied in detail by Liapunov and his
followers. Their definitions are motivated by stability considerations, how
ever, a. discussion of them here is not completely out of place.

A transformation z(t) =L(t)x(t) is called a Liapunor transformation if

(i) L has a continuous derivative on the interval ( - CfJ, CfJ)

(ii) Land tare bounded" on the interval (- CfJ, CfJ)

(iii) there exists a constant m such that 0 < m ,;; [det L(t)l, for all t.

Linear differential equations which can be transformed into equations with

,.. The reader is cautioned that boundedness on (- .:(), co) for scalars means that there
exists a number M (not infinity') such that for all _.. CD < i «: ·XJ the absolute value of the
function is less than or equal to AI. A matrix is said to be bounded if each of its elements are.
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constant coefficients by means of a Liapunov transformation are called
reducible.

In light of our previous calculations, we see that Theorem 1 implies the
following result.

Theorem 2. The equation (LP) is reducible in the sense ofLiapunoi:

Example. Let e'" be periodic of period T and let x satisfy

*(t) = eA'Be-A'x(l)

If Z is defined by

Z(I) = e--"x(t)

pairs. That is, if p is an eigenvalue then so is p-l. (Sec Problem 3, Sec
tion 7.)

7. Assume that the eigenvalues ofeA are distinct and that A = -A'. Suppose
B is symmetric. Show that there exists Do> 0 such that the eigenvalues of
eA+-,BeA-/:B all have magnitude 1 for lEi <;;0. (Use the results of
Problem 6.)

8. Assume that A is periodic of period T and assume that aij{t) ~ 0 for all
i ¥= j and all t. Show that <I>(to + T, Eo) has a real eigenvalue Po which is as
large in magnitude as the magnitude of any other eigenvalue. (Hint: Use a
version of the Perron-Frobcnius theorem" and the results of Exercise 2 of
Section 3. (<I> is not necessarily irreducible.)

9. Let
then

Z(I) = (B - A)z(l)
Hence

o ·1
- 2 + cos t

and

(a) Calculate the transition matrix <1>(1.0) for the system

*(1) = A(I)x(1)
xCt) = eAre{B-A)(t-to)e-Ato x(to)

which is the decomposition called for by theorem I.

(b) Since this system is periodic with period 2rr, the transition matrix can
be written

)'(1 + T) = )'(1)

.;;(1) + '1(1).'(1) + )'(I)X(I) = °

X(I) = Aei"'pJI) + Bei"'p,(I)

11(1 + T) = '/(1);

can be written as

(i) c= [Z' ~2 ]
(ii) c= [ cos 0 sin 0]

-sin 0 cos 0

(iii) C = [-~ - ~] (iv) c= [COSh 0 sinh 0]
sinh 0 cosh 0

* The Pcrron-Frobenius theorem is discussed in Reference [57J.

Do so.
(c) Are all solutions of this system bounded? Do they decay to zero as

t --t (".I) ?

10. Compute a real Ioqarithm (any solution of C = (?R) for the following
choices of C.

[~ 1(I)] = [u 0] [z 1(I)]
22(1) 0 o 22(1)

Generalize this result to n-dimensional equations.
5. Problem 10 of Section 5 gives a transition matrix for a periodic system.

Find a decomposition of it in the form called by Theorem I.
6. Show that if A is periodic of period T and that if for ali lone has

A(I) ~ - A'( -I), then the eigenvalues of <1>(10 + T, 10) occur in reciprocal

[",(1)1_ [ a w] [XJI)]'
.X,(I)J - -r U) u x,(1)

into the constant system II. Show that the general solution of the periodic second order equation

1. Show that if z = L 1x and z = L 2 x are Liapunov transformations then
Z =L,L2 x is also.

2. Show that z = eAlx is a Liapunov transformation if A = -A'.
3. Give necessary and sufficient conditions on A for eAr to be periodic.
4. Show that there exists a Liapunov transformation which transforms the

constant system

Exercises



establish this, recall that from Theorem 7.2 the solution of the adjoint equation
which passes through Po at I = 10can be written as p(t) = <1>' (to , t)po. If this is
periodic, then p(1 + T) = p(t) and hence Po satisfies ['()'(to, 10 + T) - I]po =0.
Vectors Po in the null space of [<I>'(to, 10 + T) - I] give rise to periodic
solutions. Therefore

50 9. PERIODIC LINEAR INHOMOGENEOUS EQUATIONS

with let and }2 real and PI and Pi periodic of period T or else as

x(t) = Ae;"p,(t) + SI e;'Pz(I)

with I. real and PI and Ps periodic of period T.

9. PERIODIC LINEAR lNHOMOGENEOUS EQUATIONS 51

9. PERIODIC LINEAR INHOMOGENEOUS EQUAnONS

We are now interested in the structure of the solutions of inhomogeneous
periodic equations of the form

X(I) = A(I)x(t) + f(t); A(I + T) = A(I); f(1 + T) = f(t) (LIP)

,,[o+T ~10+T

J Po<1>(1 0 , o-)f(o-) do- = I p'(O')f(O') de
10 -ro

and we see that indeed, the orthogonality condition is necessary and
sufficient for v to, be perpendicular to every vector in the nul! space of
[<1>'(10,10 + T) - rj

When specialized to the case where A is constant and f is a constant vector
times sin wt these ideas playa key role in many aspects of system theory. The
results of this section on the structure of solutions complement, but do not
subsume or require the knowledge of, those of Floquet and Liapunov dis
cussed in Section 8. The technique used to establish the results here will be
repeated many times in what follows and bears some comment. It consists of
two steps. The first is to convert the differential equation problem into a linear
algebra problem using the variation of constants formula. The second is to
invoke the basic results on the solubility of Ax = b. This sequence with a little
juggling and interpretation accounts for a great many of the results in this
book.

Theorem 1. Let <1> be the transition matrix associated with A. The solution of
(LIP) passing through Xo at time to call be written as

X(I) = X/I) + <1>(1, 10)[Xo - Xp(lo)]

with xp periodic of period T if and only if

10+Tr p'(o-)f(o-) do- = 0
."

for every n-rector p which is periodic ofperiod T and which satisfies the adjoint
equation

p(t) = - A'(I)p(l)

Proof Let us refer to the condition that the integral in the theorem
statement vanishes for all periodic solutions of period T of the adjoint equation
as the" orthogonality condition." We now show that the orthogonality
condition holds if and only if the vector

[0 +T

V = r <I>(to, o-)f(o-) do-
."

is perpendicular to every vector in the null space of [<I>'Cto, to + T) - I]. To

As an immediate consequence of this result, we claim that the equation

,[0+1'

[<1>(10,10 + T) - I]x , = I <1>(10 , O')f(v) da
''0

has a solution if and only if the orthogonality condition is satisfied. Now bring
in the variation of constants formula in the form

X(I) = <1>(1, 10) [X(to) + (<I>(to, O')f(O') dO']

!fx(to + T) is to equal X(lo) for any value ofx(lo), say x(to) = x , then x, will
satisfy

X, = <I>(to + T, 10)[XI + fO+T<I>(l o , O')f(O') dO']
, '0

Using the identity <I>~I(lo + T, 10) = <I>(to. 10 + T) together with a premu!ti
plication by <I>{to, to + T) gives the equivalent equation

,.[0+ T

[<I>(to, 10 + T) - I]x, = I <I>(to, O')f(O') do

'"
This has a solution if and only if the orthogonality condition is satisfied. At
this point we can conclude that there exists an initial value x , such that the
solution passing through x I at t = (o is periodic if and only if the orthogonality
condition is satisfied.

The rest of the proof is easy. If there exists XI such that the solution passing
through XI at t = to is periodic, then let xp be this solution. The solution pas
sing through X o at t = to is

X(l) = xp(t) + <I>(t, lo)(Xo - x,)

and hence we have shown that if the orthogonality condition holds we can
write the solution as the sum of a periodic part and a homogeneous solution.
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f(1 + 27,) = f(l)[~:i:;] = [-~ b] [::i;;J + [/<0];
What additional restrictions will be needed on / to insure the existence of a
periodic solution'? Since this system is self-adjoint we have

9. PERIOD1C LINEAR lNHO?\IOGENEOUS EQUATIONS

Example. Consider a harmonic oscillator with a periodic drive.

';J. PERIODIC LINEAR INHOMOGENEOUS EQUATIONS

On the other hand suppose the solution can be written as the sum of a periodic
part and a homogeneous part. Then there exists a particular value of xo,
namely x., = xj(io), such that the entire solution is periodic and hence the
orthogonality condition must hold. I

There are a number of special cases of this theorem which are much simpler
to interpret and use. We give two of these here as corollaries.

Corollary 1. If the homoqeneons equation X(I) = A(I)x(r) has no nontrivial
periodic solution of period T, then the solution 0/ (LIP) which passes through
X o at t = to can be uniquely decomposed as

[PI(I)] + [ 0 1] [PI(I)]
P2(1) -1 0 p,(I)

andthe orthogonality condition becomes

has:

Exercises

1. Consider the equation

sin vJ [ 0] I [0]
COS" I(d; (v= 0

.z [ cos (J

Jo -sin (J

.2rr .2IT

J I(v)cosvdv= J l(v)sinvdv=O
o 0

(i) no periodic solution for n = 1
(ii) a unique periodic solution of period 2rr/n for 11 = 2, 3, ... , and
(iii) a two parameter family of periodic solutions for n = 1, :L ±, ..,

3. Determine whether each of the following systems of equations has periodic
solutions of period 2IT, and if so, whether they arc unique:

with b constant. Under what circumstances does there exist a constant

solution for suitable xo? (The answer is not just det A * 0.)
2. Show that the equation

. I)
(D' + 1)(D + l)x(l) = sin nt; (D = '

dl

X(I) = AX(I) + b

Hence we have a periodic solution if the Fourier series of / has no first
harmonic.

This requires

Proof If the homogeneous equation has no periodic solution of period
T, then [<I>(to"';" T, fo) - I]xo = 0 has no nontrivial solution. Therefore
det[<I>(lo + T, 10 ) - I] '" O. Using the identity valid for square matrices,
det AB = det A det B, we see that

"

+ I <1>(1, v)f(v) do
, '0

det[<I>(IO' 10 + T) - I] = ±det <1>(1 0, ' 0 + T)det[<I>(lo + T, 10) - I] '" 0

Corollary 2_ If A is constant and has no eiqcnralnes with zero real parts, then
the solution 0/ (LIP) which passes through X o at t = 0 can be expressed
uniquely as

,~(o+T

xii) = <1>(1, 10)[<1>(10,10 + T) - I] -, I <1>(10' v)f(v) do
, '0

with xp periodic. Moreover, x p is qiren by

As a result, [<1>(10,1 0 + T) - I]x , = v can be solved uniquely for x,, Follow
ing through the algebra of the proof of the theorem gives

,10-';-1'

x, = [<1>(10,10 + T) - Ir' J <1>(10, v)f(v) do

"
and the representation given in the corollary follows immediately. I

with XII periodic. Moreorer, xp is qicen by

Proof Identical to the previous proof with <1>(t, 0) = eA I
. I

(a) X(I) = [b ~~] X(I) + [~] cos I
o -1 0 1

(b) X(I) - [ _ ~ b] X(I) + [~J sin I
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(5)

n = 0, 1,2, ...lim tne-~I = 0,
,-w

" [ W') denotes pth derivative with respect to s,
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half-plane Re[s] < O. Ail solutions are bounded for positive t If the zeros of

det(Is - A) lie in the half-plane Re[s] ,;: 0 and for S, a zero with vanishing real
part and multiplicity a, > 1,*

[(s - 'IY'(Is - A)-l]IU'-l-k)I._.,.,. = 0, !
r (=I,···,(1i-1

Proof Recall from Theorem 3, Section 5 that

ma,+11 1 I
eA> = I I: -. [(s - s,Y'(Is - A)-l]IU,-l-k'tke"

1=1 k=O k: «(1i - 1 - Ie)! ~'=$i

From t~is we see that eAr is a sum of constant terms multiplied by tkesit.

Clearly If all the s, have negative real parts then eAt approaches zero since for
any c > 0

6. = p . 6. = det[P"-l1 1/-1' 2
Pn-::'

On the other hand, if any of the eigenvalues of A have zero real parts then
there IS a term Ai e

S j r
which does not go to zero. Clearly then ali solutions can

~e bounded even though one or more of the eigenvalues have zero real parts
s~n~~1~onvergenceto z~ro is not required. On the other hand, if Re[stJ = °then
t e"' IS not bounded for k ??: 1 and hence we must require that the coefficients
of these terms in the equation for e':' vanish. But this is just what the residue
condition demands.

To be more specific about a criterion for convergence to 0 we need to
know under what circumstances the Zeros of det(Is - A) lie in the half-plane
.Rc[s] < O. One set of necessary and sufficient conditions is given by the follow
mg theorem of Hurwitz.

T~eorem 2. (Hurwitz) A polynomial pes) = PII s" + Prl-ISI/~ 1 + ... + P1S + PO,

l.vlth real coefficients and Pn positive has all its zeros in the half-plane Re[s] < °
if and only if the n determinants

are all positive.

We will not give a proof. See, for example, Kaplan [43].

y ee cxx= Ax + bu,

x(r) = Ax(t) + bu(t)

10. SOME BASIC RESULTS OF ASYMPTOTIC BEHAVIOR

~] X(r) + [n sin t + mcos t[
- 5

x(t)~ -6(c)

x(t) = <I>(t, to)So + P(t)g(l)

is expressible as

X(t) = A(t)x(t) + f(t)

u(t) = sgn(sin I)

Decompose the solution in the form called for by Theorem I under a
suitable hypothesis on A.

5. Interprettheperiodic equation (LIP) as a mapping of E" x C~[to, to + T]
into En according to

10+T

x(to + T) = <I>(to + T, to)x(to) + r <I>(to + T, O")f(o-) do
. '0

with u a square wave

X(t) = Ax(t)

approach zero as I approaches infinity if ail the zeros of det(Is - A) lie in the

For linear time invariant systems and systems which arc" close" to them
in an appropriate sense, stability questions can be reduced to algebraic ques
tions which, in turn, are easily resolved. In this section "ve give some results
on linear time invariant systems and linear periodic systems. The conditions
given by Theorems 1 and 3 are stated as sufficient conditions. They are also
necessary but the proof is omitted. (See Exercise 4, Section 12.)

Theorem L Ail solutions of the time invariant equation

Compute the adjoint of this mapping. Deduce Theorem 1 from the general
principle which states L(u) = b has a solution if and only if b is orthogonal
to the null space of the adjoint of L. (See Exercises 1 and 2, Section 7.)

6. Let A be periodic of period T 1 and let f be periodic of period T,. Show
that if all solutions of X(I) = A(t)x(t) go to zero as t goes to infinity then
there exists a vector g which is periodic of period T 2 and a matrix P which
is periodic of period T1 such that the general solution of

4. Consider
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approach zero as I approaches infinity if the zeros det[Is - <I>(to + T, 10) ] lie in
the disk lsi < I. All solutions are bounded /01' positive I if the zeros 0/
det[Is - <I>(to + T, to)] lie ill the disk lsi';; I and/or s, a zero of maqnitude I
and multiplicity o , > 1,

These conditions can also be stated in terms of the positive definiteness of a
symmetric matrix. In fact Hermite did so (as a special case of a somewhat
more general problem 45 years before the paper of Hurwitz appeared).

If A is periodic then we know that the associated transition matrix can be
expressed as

with R constant and P periodic. Thus the asymptotic behavior of solutions is
determined by the eigenvalues ofR. However TR is a logarithm of<l>(to+T, 10)
where T is the period of A and as such, difficult to calculate. Moreover, for
stability purposes it is entirely unnecessary to do so for if TR has as its eigen
values )'i then eJ

· ; arc the eigenvalues of <I>(T + to, to)' This gives immediately
the following stability theorem for period systems.

Theorem 3. All solutions 0/ the periodic equation

1. Findjo(n) for n = 2,3, ... , such that all solutions of

(D + I)"x(t) +[<(t) = 0

approach zero for all constant/in the interval -I ,;;/,;;jo(n).
Answer:/o(n) = (sec njn)"

2. Let pes) be a polynomial. Show that all the zeros of f! are real and nega
tive if and only if pes') + sp'(s') has all its zeros in the half-plane Re s <-O.
[Here p' ~ (djds)p.] ,

3. Let '1 and y be periodic of period T. Show that all solutions of

Exercises

The zeros of real monic polynomials of degree 1,2 and 3 lie inside the unit disk
if and only if the following inequalities hold:

(a) pes) = s + a; lal < I
(b) pes) ~ S2 + as + b ; Ibl < I, I + a + b > 0, I - a + b > 0
(c) p(s)~s3+as'+bs+c; Icl<1,I-a+b-c>0,3-a-b+3c

> 0, 3 + a - b - 3c > 0, I + a + b + e > 0, (3 - b)' - (a - 3e)'
> (I + b)'- (a + c)'

A(I + T) = A(t)X(I) = A(I)x(I);

k = 1,2, ... , (J'i - 1 ,'«I) + '1(1),':(1) + y(l)x(l) = 0

Show that

are bounded for t > 0 if (i) the average value of 'I over one period is non
negative and (ii) the transition matrix for

with ill suitably chosen. Use this and the results of the previous theorem
to obtain a boundedness result for the original equation.

I ] [Xl(I)]
-~(I) x,(t)[

.':1(1)] [0
,,:,(t) = - yet)

d'x(O') dx(O')
-/-,- + aJO')-/- + x(O') = 0

(a (u

has complex eigenvalues when evaluated at to + 1: to. Use this result and
the result of Problem 6, Section 8 to show that there exists an E > 0 such
that all solutions of the given second order equation are bounded for t > 0
if the average value of ~ is nonnegative, 1'1(1) I < s for all t, and I} = 1.

4. Consider the equation x(1) + a'(I)x(t) = 0 with a positive. Let

r' a(f!) dp =0'(1)
'0

To complete the picture we should give an algebraic criterion which is neces
sary and sufficient for the zeros of a polynomial to have all its zeros in the disk
lsi < I. Instead, we observe that if p is given by

pes) = Pnsll + Pn_lS"-
1 + ... + PIS + Po

then p has all its zeros in the disk lsi < I if and only if q as given by

Examples. The zeros of real monic polynomials of degree 1,2,3, and 4Iie
in the half-plane Re s < °if and only if the following inequalities hold.

(a) pes) = s + a; a> °
(b) p(s)=s'+as+b; a>O,b>O
(c) pes) = S3 + as' + bs + c; a> 0, b > 0, C > 0, ab - c>
(d) pes) = s' + as 3 + bs? + cs + d; a> 0, b > 0, C > 0, d :» 0

abc - c' - a2d > 0

(
(1 + s)] nq(s) = p -- (I - s)
(I - s)

has all its zeros in the half-plane Re[s] < 0. Thus the Hurwitz criterion can be
used here as welL



x, = AX"_l

A result completely analogous to the variation of constants formula holds for
matrix equations of this form.

59

d . .
-I tr X'(t)P(I) = tr X'(t)P(t) + tr X'(t)P(t) = 0
at

This choice is natural in the sense that regardless what index rule is chosen to
convert an n by n matrix into an n 2-tuple, this gives the same value for the
inner product as the standard inner product in RIJ2 would.

We have defined the adjoint differential equation associated with a given
homogeneous differential equation to be a homogeneous equation having the
property that the inner product between its solutions and those of the original
equation are a constant.

To satisfy the constraint

n "
(X, P) = 2:: 2:: Xu Pij = tr P'X = tr X'P

j"" 1 i» 1

Therefore X satisfies the differential equation. It is easily seen that it also
satisfies the initial data. I

The matrix notation here is a possible source of confusion in that the matrix
differential equation could have been written as a vector differential equation
with an n2-component vector." Thus although we have offered a new proof
for the variation ofconstants formula we havedone so only because itis simpler
to start afresh than to struggle with the notation required to apply the old
proof.

We have already seen (Section I) that the set of real n by n matrices is a
vector space. The only difference between it and Rn 2 is the way its elements are
indexed. In Section I we have defined an inner product for this space.

Proof Differentiate this expression with respect to t and use the facts
that <i>,(t, to) = A,(I)<I>,(t, to) and <i>,(t, to) = A;(t)<I>,(I, to). This gives

X(I) = A,(t)<I>,(t, to)X(to)<I>;(t, 10) + A,(t) (<I>,(t,<J)F(<J)<I>;(t, <J) do
'<0.,

+ <I>,(t, to)X(to)<I>,(t, to)A,(t) + f <I>,(t, <J)F(<J)<I>,(t, <J)A,(t)d<J + F
, '0

"
X(I) = <I>,(t, to)X(to)<I>;(t, to) + j <I>'(t, <J)F(<J)<I>;(t, <J) do

'0

* For example, uselexographic ordering and write (Xtt, Xt2, ... , Xl", Xll X22 , .,., X",,)

Theorem 1. (Matrix Variation of Constants Formula) If <I>,(t, to) is the
transition matrix for X(l) = A1(t)X(l) and <l>2(t, to) is the transition matrix for
x(t) = A;(t)x(t), then the solution of equation (LM) with the initial calue X(to)

is given by

11. LINEAR MATRIX EQUATIONS

(LM)

x, = x(n)

11. LINEAR MATRIX EQUATIONS

X(t) = A,(t)X(t) + X(t)AzCt) + F(t)

(a) Find the general solution of this equation.
(b) Show that all solutions of

i(t) = [eB'Ae- B' + B]z(l)

Show that the eigenvalues of eB'Ae- B' + B are independent of I and have
negative real parts. This shows that it is not possible to conclude that all
solutions ofx(t) = A(i)x(l) will be bounded just because the eigenvalues lie
in Re s < O. (Vinogradov, Markus-Yamabe, Rosenbrock.)

7. Closely related to first-order vector difference equations are vector differ
ence equations of the form

A= [-6~] B= [_~ ~]

It is clear that x(i) = Ax(1) admits unbounded solutions. It is easy to
verify that eB t is a Liapunov transformation so that if z is related to x by
Z(I) = eB'x(t) and x is unbounded, then Z is also. The differential equation
for z is

11. LINEAR MATRIX EQUATIONS

We found in Section 3 that the vector equation x(1) = A(t)x(t) could be
most profitably studied by considering first the matrix equation defining the
transition matrix. This interplay between vector equations and matrix equa
tions reoccurs often. As it turns out, the most general linear matrix equation
which arises in this book is

tend to zero if all the eigenvalues of A have magnitude less than 1.
8. Let a be a Gauss-Markov process such that the mean of aCt) is 0 and

the variance of a(1) is <J2 Suppose the covariance, E{a(t)a(t + 1:)} equals
<J' e- 'I <I. Show that in the limit as t goes to infinity the expected value of the
solution of x(t) = [aCt) - l]x(l) goes to zero if <J2jk < 1.

5. Show that the polynomial Pos" + P,J_lSn-1 + ... + PtS + Pohas all its zeros
in Re s < 0 jf and only if the polynomial Pos" + P1S

n
-

1 + ... + P"-lS+ Pil
has all its zeros in Re s < O. Use this to generate alternative forms of the
Hurwitz conditions.

6. Let A and B be given by
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Thus '1 is a quadratic form in X(lo). We adopt the notation

Q(t, [1) = Q\ - eA'(ll-OQ\eA(lt-n

The equation A'Q + QA + M = 0 is very important in the study of linear
systems. The basic properties of it were studied by Liapunov in connection
with stability questions. For our present purposes the following result is
adequate although it is by no means the whole story.

Theorem 3. If the eigenvalues a/A have neqatioe real parts, then A'Q + QA =
- M can be solved for Q and the solution is unique. Moreover, under this same
hypothesis, the solution, Ql will be given by the convergent integral

A' foo eA'IMeAf dt + JroeA'IMeArdtA
o 0

A'Q + QA+ M=O

.u,
Q, = I eA"Me'" <II

'0

Proof The integral is obviously convergent since it is a sum of terms of
the form t'e:' with Re ;" < O. The proof depends on the observation that

~eA'IMeAI = A'eA'IMeA1 + eA'IMeA1A. To show that the integral satisfies

the given equation substitute it in and use this identity, i.e.,

If there exists an equilibrium solution, i.e. a solution Ql of

,0 d 10
= J - eA'IMeA1dt = eA'IMeA r = -IV!

'0 dt 0

To show that this solution is unique, we observe that L(Q) = A'Q + QA can

then the differential equation can be rewritten in terms of'P = Q - Qu

From this we obtain immediately an explicit expression for the value of
QU, I,) namely

we obtain a direct method of evaluating '1. Observe carefully that this is a
differential equation with a boundary condition not at the initial time but at the
final time.

The case where A and M are constant is of special importance. In this
case the differential equation is time invariant

(MA)pe,) = -A',(t)P(t) - P(t)A''(t)

As an application of linear matrix equations, let us consider the problem of
evaluating the integral

."n= I x'(I)M(I)x(l) di
, "

<I
- Q(t, t,) = -A'(I)Q(I, I,) - Q(I, I,)A(I) - M(I);
dt

The value of Q(t" I,) is evidently zero so if we add to the differential equation
a boundary condition to get

= -A'(I)Q(I, t ,) - Q(I, I,)A(I) - M(t)

In order to calculate Q(to, I,) it is not necessary to solve for <I>(t, 10) and
integrate. It is possible to derive a linear differential equation for Q itself. In
fact, replacing 10 by t and differentiating with respect to I yields

d d J"- Q(I, I,) = - <I>'(er, I)M(er)<I>(er, I) do
dt dt I

t

Q(lo, III = r <1>'(1, 10)M(I)<I>(t, 10) dt
''0

."
ry(xo) = I x'(to)<I>'(I, lo)M(t)<I>(I, 10)X(lo) dt

."

for x satisfying a linear differential equation of first order, X(I) = A(I)x(t). We
would like an expression for ry in terms of the initial value, x(to). Clearly
one form of the answer is

along the solutions of (LM) we require

0= tr[X'(I)P(I) + X'(I)P(I)] = tr[X'(I)A;(I)P(I) + A;(I)X'(I)P(I) + X'(I)I'(I)]

Using the facts that tr(AB) = tr(BA) and tr(A + B) = tr A + tr B we see that

0= tr(X'(t)[P(I) + A;(I)P(I) + P(I)A;(I)]l

Thus if this is to hold for all X, P must satisfy

This is the adjoint equation associated with equation (LM). This is summarized
in the following theorem.

Theorem 2. If the inner product between two matrices X and P is tr P'X, then
the adjoint differential equation associated with X(I) = A,(t)X(I) + X(I)Az(l) is
1'(1) = - P(I)A;(t) - A',(t)P(t).
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be viewed as a linear mapping of Rn 2 into R,,2. We have just shown that the
range space of this mapping is n2 dimensional by showing that a solution
exists for all M. Hence the rank is /12, and the null space must be just the
zero element. I

II. LINEAR MATRIX EQUATIONS

If we write x(t)x'(L) as an n l dimensional column vector, say

then the differential equation for z is linear and of the form

63

Exercises
i(t) = Bz(t)

Thus the quartic form in x

6. (Parseval's Theorem, special case). Show that if J. > 0 and "; > 0 then

7. Obtain conditions analogous to those given by Theorem 9-1 for the
matrix equation

yeO) = 1;

andM= [~ ! ~]

A'Q+QA= -M

4 2]
3 I
o 3

Ht) + 3y(t) + 2y(t) = 0;

A = [~
does the equation

have a unique solution?

(Z'(t)Mz(t) dt
o

can be evaluated by solving B'Q + QB = -M.
Follow through these steps to evaluate

ry4(t) dt
, 0

for

rW(ae-;")(fJe-Y') dt = ~ (iW ('~) ('_IJ_) ds
"o 21[/v-iCl) 5+), ,y-s

Show that if the eigenvalues of A lie in the half-plane Re s < 0 then

co 1 +i"cr eN'CeMdt=-.J '(-Is-ATlqIs-A)-lds
-o 2m -iC0

XU) = A(t)X(I) + X(t)B(t) + qt)

to have a periodic solution for suitable X(O) assuming A, B, and Care
all periodic of period T.

8. Let A and B be square matrices. Show that the matrix equation AQ
+ QB = C with Q regarded as unknown has a solution if and only if
tr P'C = 0 for every P which satisfies A'P + PB' ~ O.

9. If

n ~ fWx'(t) dt
, 0

(Anke, Babister, Bruckner, Parks).
3. Consider the time-invariant matrix equation

X(t) = AX(t)

where the eigenvalues of A are assumed to be in Re[s] < O. Show that if
C = C' is constant then

n = rWtr X'(t)CX(t) dt = tr X'(O)QX(O)
'0

where Q'A + A'Q = -C.
Hint: tr (= trace) is a linear operation i.e. tr(M + N) = tr(M) + tr(N).
Also tr(MN) = tr(NM).

4. Write out a vector equation equivalent to X(t) = A(t)X(t) + X(t)A(t) in
the case where A and X are 2 by 2.

5. To evaluate quartic forms for linear constant systems

xU) = Ax(t)

we can observe that dyad xx' satisfies the linear equation

x(t) + 26;«1) + X(I) = 0

with the initial data x(O) = I; i(O) = O. Evaluate

ry = (x2(t)dt

o

Show that the value of 6 which minimizes '1 is 1/2.
2. Generalize the above result to

x''''(t) + p"_,X,,,-I'(t) + ... + PIX(t) + X(I) = 0

and the initial data x(O) = I; X'i'(O) = 0, i = I, 2, ... , n - 1. Find the
coefficients which minimize

d
dt x(t)x'(t) + Ax(t)x'(t) + x(t)x'(t)A.'

1. Consider the differential equation
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NOTES AND REFERENCES

1. The material on linear algebra is completely standard. A good reference is
Halmos [32]. A brief exposition of the basic facts (with no proofs) is
contained in Abraham [1]. Gantmacher's two volumes [24J are very
useful for reference purposes. They arc a unique source for many con
crete results on matrix theory. Greub's two volumes [28J are a very
complete source for abstract linear algebra. For a less systematic, but
quite enlightening presentation, see Bellman [6].

2. Uniqueness theorems can be found in most modern differential equation
books. Birkhoff and Rota [8J is an excellent introductory book. Cod
dington and Levinson [20J and Lefschetz [53J are standard references.

3. Existence theorems for nonlinear equations are treated in differential
equation books previously cited. The term" transition matrix" is not
standard in mathematics. A fundamental solution is any nonsingular
solution of X(t) = A(t)X(t), and many mathematical texts do not give a
special name to the fundamental solutions which start at 1.

4. The behavior of ~ under a change of coordinates in quite important
although often it is not emphasized. The use of diagrams such as figure 3
is now quite common in mathematics. Abraham [IJ makes especially
good use of them. We will not hesitate to use them whenever they might
make the ideas clearer.

5. Functions of matrices can be introduced in many ways. We refer the
reader to Gantmacher [24J for some alternative points of view on the
matrix exponential. In some settings [A, BJ is called the Lie product. It
plays an extensive role in more advanced work. Pease [66J cites a number
of applications. The Cauchy integral formula and related matters are
discussed in Kaplan [43].

6. Following Coddington and Levinson [20J we use the term variation of
constants in place of variation oj parameters, or method oj undetermined
coefficients, as it is sometimes called. It is a pity that such a basic result
has such an awkward collection of names.

7. The idea of an adjoint system is obvious in vector-matrix notation. On
the other hand, the adjoint of a nth order scalar equation is much more
difficult to appreciate, and also to compute. See, e.g. Coddington and
Levinson [20].
Periodic theory and reducible equations are treated in most standard
texts. They are treated extensively in Erugin [22]. Lefschetz [53J can also
be consulted with profit.
These results are very important in the mathematical theory of oscillation
for which Hale [31J is an excellent reference. Special cases are also of
great practical importance (Bode plots, Nyquist Locus, etc. Sec Kaplan
[43J).

-n,]
lIt.

o

"3
o

-11 1

o 0]
1, 0 ;
o 13

-OJ2] [I,OJ, ; 1= 0
o 0

OJ 3
o

[all a12]'[Qll Q12] + [Qll Q12] [all a12 ]. ~ _ [Cll C12]a21 a 2 2 q21 q22 q2I q22 a 2 1 a2 2 C2 1 C22 8.

is equivalent to the matrix equation

["U +ou
a2 l a21

o ]["U] I'U] 9.
a, 2 a 2 2 + all 0 a2 1 qI2 = _ C l 2

a12 0 all +a22 a 2 1 q21 e21

0 au a12 a2 2 + a 22 q22 C2 2

It is clear that this multiplication, like the usual matrix multiplication is
not commutative.

Convert the n by n matrix Q into a n' dimensional column vector Q,
by arranging the elements of Q in the order Ql1, Q12, ... , QIn, Q21, QZ2,

.. " Q21l' ... , qlll' '1,,2, ... , qlm' Define a n 2 dimensional vector Cv in
terms of the elements of C in a completely analogous way. Show that

For example, if A is 2 by 2 we are asserting that the matrix equation

Show that the kinetic energy of a rigid body lU1wi + 12 w~ + 13 (l)~) can
be expressed as -HdetI)tr(QI-')2 If A is an orthogonal matrix which
satisfies A = QA then we can interpret L = A'r'QI- 1A(det I) as the
angular momentum. Show that t = A'NA. Recall that N is expressed in
the moving coordinate system.

11. There is an alternative approach to solving A'Q + QA = - C which is
often more convenient when one is doing calculations. Define B ® A, the
so-called Kronecker product, as a n2 by n2 dimensional matrix having the
block form

10. Show that the Euler equations of Exercise 2, Section 2, can be written
as a matrix equation in two ways

(detI)r'6r 1 =In2 - Q ' I + N

= (det I)(m-1Qr' - r'Qr'Q) + N

where Q, I, and N are 3 by 3 matrices of the form



10. For a proof of the Hurwitz criterion see Gantmacher [24], or Kaplan
[43]. Lehnigk [54] has perhaps the most details on variations. Recently
Hurwitz's original paper on this subject has been translated and reprinted
[7]. Zadeh and Desoer [91] contains the Lienard-Chipart criterion which
involves less calculation than the Hurwitz test as well as the results of
Jury on conditions for a polynomial to have its zeros inside the unit disk.

11. Some results on linear matrix equations can be found in Gantmacher [24]
and Bellman [6]. Viewing the space of n by n matrices as an inner product
space is standard in Lie theory; see Pease [66]. The basic facts on
A'Q + QA = -C were discovered by Liapunov [55].
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2

LINEAR SYSTEMS

The word system is used in many ways. In this book we mean by a linear
system a pair of equations of the form

X(/) = A(/)x(t) + 13(/)u(/);

or more compactly)

[
X(/)] = [A(t)
y(t) C(t)

y(/) = C(/)X(t) + D(/)u(/)

13(/)] [X(t)]
D(t) U(/)

This object is more complicated than just a linear differential equation and
there arc many interesting questions which arise in the study of linear systenis
which have no counterpart in classical linear differential equation theory. We
are interested in questions which relate to the dependence of y on u which
these equations imply. The point of view one adopts is that u is something
that can be manipulated and that y is a consequence of this manipulation.
Hence u is called an input, y is called the output. Consistent with the termino
logy of the previous chapter, x is called the state.

The resulting theory has been applied quite successfully in two broad
categories of engineering (i.e., synthesis) situations. The first is where the
system is given and an input is to be found such that the output has certain
properties. This is a typical problem in controlling dynamical systems. The
second problem is where a given relationship between u and y is desired and
A, B, C, and D are to be chosen in such a way as to achieve this relationship.
This is a typical problem in the synthesis of dynamical systems. 'vVe will
consider some aspects of both questions.

\Ve make an assumption at this point which is to hold throughout. The
elements of the matrices A, B, C, and D are assumed to be continuous func
tions of time defined on CJ) < t < 00.

12. STRUCTURE OF LINEAR MAPPINGS

In Section 1 we discussed linear mappings and their representation by
matrices. Here we continue the discussion, introducing some results on the
structure of linear mappings. This discussion will motivate, to some extent.
the material on the structure of linear systems which follows.
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A second important decomposition theorem exists for matrices which are
symmetric. A matrix A, is said to be congruent to a second matrix A z if
there exists a nonsingular matrix P such that PA,P' = A z . Again it is easy
to show that this definition is reflexive, symmetric and transitive. The follow
ing theorem is quite important in many applications. It describes the
"simplest " matrix congruent to a given one.

Theorem 2. IJ A is a symmetric matrix, then there exists a nonsingular matrix
P such that A = P'SP where S is a diagonal matrix of plus ones, minus ones
and zeros.

Given a set of objects {Xi} we say that a binary relation Xi'" x j (read: Xi

equivalent to x) is an equivalence relation if it is

(i) refiexire: i.e. Xi - Xi

(ii) symmetric: i.e. Xi - x j if and only if Xj - Xi

(iii) transitice : i.e. Xi '" Xj and x j '" xI,; implies Xi '" Xk·

The matrix A, is said to be equiralent to the matrix Az if there exist square
nonsinzular matrices P and Q such that PAl Q = A 2 . The reader should show
that A; is equivalent to itself; that A, is equivalent to Az if and only if Az
is equivalent to A,; and that if A, is equivalent to A z and A z is equivalent
to A 3 , then A, is equivalent to A3 . Thus this definition is reflexive, symmetric
and transitive and hence an equivalence relation in the logical sense. The
basic result on equivalent matrices is given by the following theorem.

Theorem 1. lf M, belongs to R JII
x 11, then there exist nonsinqular matrices P

in RHl x m and Q in R"X/l such that PMzQ = 1\1, with :\1z being an m by II

matrix of the form

M, of the form

o o ...

~]

00 ... 0

M, = [~!rJ] = [~ ~]
o 0 0 ... 0

with the number of l's on the diaqonal equal to the rank oJM t -

As a visual reminder of this theorem, we can construct a diagram to go
along with the equations y = 1VI Jx = Pl\1 zQx

Figure 1. Diagramming the rctationship between equivalent matrices.

As a direct consequence of this theorem. there becomes available some
factorization results.

Corollary. Ijf\1 belongs to R"?" and is 0/ rank r, then there exist matrices P
and Q belonging to n->: and «>: respectirety, such that M = PQ. At the
same time, there exist matrices P and Q and 1\1z belonging to R'llx

m , R'":",
and R:":' such that p 2 = P, Q2 = Q, lVI2 is ncnsinqular and M = PM,Q with

o 0

o -I

s=
0············· -I 0

0··· .. ············0

0···· ·······0

Gantmacher [24J contains a proof.

The zz-tuple of diagonal elements (I, ... , J. - I, ... , - I, 0, ... , 0) is some;
times called the signature n-tuple ojA. The number of nonzero entries is equal
to the rank of A.

We say that a real symmetric matrix Q is positive definite, in symbols:
Q> 0, iffor all real vectors x"# 0 we have xQx > O. We say a real symmetric

A

s

Figure 2. Diagramming the congruence relations.
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matrix is nonnegative definite if for all real vectors, x, we have x'Qx ~ .0.
As we define it, nonnegative definite includes positive definite as a special
case. An important result on positive definiteness is the theorem by Sylvester.

Theorem 3. An n by n symmetric matrix Q is positive definite if and only if its
signature n-tuple consists oj plus ones only. This will be the case If and only if
the n quantities

'113}'123. ; ... det Q

'133
are all positive.

A very important criterion for linear independence of ~'ectors,can b~ s:ated
in terms of the positive definiteness of a certain symmetric matrix. This IS the
Gram criterion. Recall that a set of real vectors Xl' X2, ... , X m , in Ell is called
linearly independent if there exists no set of non-zero real numbers aI' a2,

am such that

If one wants to test a set of vectors for linear independence, a simple way is
to form m equations for the "i by premultiplying the above equation by

X'I' x;, etc. to obtain

[
X',X' x;x, x',x", ][a'] [0]x~x: x;xz .,. x; x., az _ 0

~;11·~:··X~n·~~··:::"~;II·~:1l ~m ~

The m by m matrix of inner products on the left will be called the Gramian.
associated with the given set of vectors. It is clearly symmetric since X~Xj =

x/.x.·, moreover it is nonnegative definite since an easy calculation shows
J ,

[a l,a2' ... ,amJ[X'IXI x',x, X'lxm]["']
x;x 1 x;xz x;xm at

~;',~;~;,,~;... ~~,:~:, ;",

Clearly there exists no nonzero set of a's such that a l Xl + Ct. zXl ... am Xm = 0
if and only if the Gramian-is positive definite. Observe that a set of m vectors
of dimension n cannot be linearly independent if m exceeds n so that in this
case the Grarnian matrix is always singular.

If P is any nonsingular matrix and if A and B are two square matrices
related by p-l AP = B then A and B are said to be related by a similarity
tram/ormation and are called similar matrices. Using the fact that
det AB ~ det A det B we see that det(Is - A) ~ clet P" I (Is - P -, AP) -, P ~

det(Is - p-1i\.l», and hence similar matrices have the same characteristic
equation. If A is a symmetric matrix then the eigenvalues of A (i.e. the zeros of
det(Is - A) are all real and the eigenvectors of A can be taken to be mutually
perpendicular. By taking P to be a matrix where columns are the eigenvectors
of A normalized to unit length, one obtains a matrix B = P - lAP which is
similar to A and is both real and diagonal. For norisymmetric matrices such a
reduction is not generally possible. In the first place it is clear that if D is "
diagonal matrix then any vector with only one nonzero entry is an eigen
vector; using the fact that DXi = }'iXi defines the eigenvalues it is likewise
clear that each of the diagonal entries is an eigenvalue. Hence a rcaI matrix A
with complex eigenvalues cannot be similar to a real diagonal matrix. The
following theorem illustrates to what extent an arbitrary matrix can be
reduced by a similarity transformation.

) R"

IP-'

) R"

Figure 3. Diagramming Similariry Transformations.

Theorem 4. If A is a real matrix then there exists a real nonsiuqular matrix P
such that A = p-l BP where B is of the form

B, 0 0 0 0 0
0 B1 0 0 0 0
..............................

B~
0 0 Bill 0 0 0
0 0 0 Bm + 1 0 0
0 0 0 0 Bm + Z 0
...........................

0 0 0 0 0 B"

~t'itl: B 1 through Bm taking thefonn

[' I 0

q~ ]s, ~ :~ Si I Si = [ o , Wi]. . . . . . .. . . .
-Wi "i0 0 Si
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and Bm + 1 through B, taking the form

Bj = [~J.::.. .~.]
o 0 0 ... Sj

This is a very difficult result to prove, see Gantmacher [24].

An easy corollary of this theorem is the highly useful Cayley-Hamilton

Theorem.

Theorem 5. If det(Is - A) = p(s) then p(A) = O. ThaI is if det(Is - A) =
s" + Pn_lSn~l + ... + Po then All + Pn_1An-1 + ... +PoI = O.

It may happen that in addition to p(A) being the zero matrix, there is a
polynomial p, of degree less than the dimension of A, such that p,(A) = 0;'
The polynomial of lowest degree having the property that p,(A) = 0 is called
the minimal polynomial of A.

5. Show that if Q = Q' then there exists a matrix P such that p-l = P'
and PQP' = A with A real and diagonal. Show that if Q = Q' > 0 then
there exists a unique symmetric matrix R> 0 such that R2 = Q. R is
called the square root of Q. Show that any nonsingular matrix T can be
written as OR where 0' = 0- 1

, i.e., 0 is orthogonal and R = R' > O. This
is called the polar form of T because of the analogy with polar representa
tion of complex numbers. Show that the polar form is unique except for
the order of e and R.

6. Let A be an /1 x 11 matrix of the form

[

J... l.0]
A = . 1

o ".
I.

Show that

Exercises 2'. (n - I)!

2!

t
I

o

[

0 " I ,0]
Z = '. I

o 0

Hint: Let A = }J + Z where

7. If A is a symmetric matrix, show that its range space and null space are
orthogonal in the sense that if x belongs to the null space of A and if y
belongs to the range space of A then x'y = O.

8. What we have done for linear independence of vectors we can equally

well do for vector functions if we interpret scalar product and linear
independence in a suitable way. Consider a set of vector valued continuous

and use the fact that (since (JJ)Z = Z(JJ»

i¥j
i=j

1. Given a collection of vectors x., X2' ... , XII which is linearly independent,
define a new set by

v, = xJllx,Ii)"

v, = (x, - VJv', x 2) ) IIx 2 - v,(v;x,)II"

v, = (x , - v, (v',x,) - v2(v; x,)) IIx, - v,(v',x,) - v,(v; x,)!I"

X(I) = AX(I)

That is, show that (v" v" ... , v")'(v,, va ... , v,,) = I. This is called the
Gram-Schmidt orthonormalization process.

2. Show that the eigenvalues of a symmetric matrix are real.
3. Show that an n by n symmetric matrix is not necessarily nonnegative defi

nite if the n determinants in theorem 3 are nonnegative.
4. Use theorem 4 to show that all solutions of

do not go to zero if the conditions for convergence to 0 given by
theorem 10-1 are violated. Show that all solutions do not remain bounded
if the conditions for boundedness given by theorem 10-1 arc violated.

Show that



problems in control and may be thought of as motivating the results of this
section. \\ie will refer to the first as the sen.omechanism controllability problem
and the second as the ballistic controllability problem.

To begin, lets consider a special case of the ballistic problem. Suppose the
dynamics are given as
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functions <P" <1>2' ., <Pm defined on the interval to ~ t ~ f,_ We will say
that these are independent if no nontrivial linear combination of them
vanishes identically on to ~ t ~ t t : Let II be the dimension of the vectors.
Given a set of 111 real constants 0:1,0':2"'" 'Y..,." the sum O:I<Pl(/) + ell <P2(t)
+ ... + (1m<Pm(t) is identically zero if and only if
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13. CONTROLLABILITY

Show that if we regard the scalar product of c?; and <l>j as

.',
x, = J G(I)U(I) d t

to

Lemma 1. An n-tuple XI lies in the range space of L(u) = J;~ G(t)u(t) dt if
and only if it lies in the range space of the matrix

Z(I,) = Zo + rB(I)U(I) d t
'0

is linear. \Ve say that x , belongs to the range space of this mapping if there
exists "I in Cm[to, t1J such that

."
L(u) ~ I G(t)U(I) dt

~ I,)

Hence, if z , - 20 lies in the" range space" of the linear mapping

then the desired transfer is possible and otherwise it is not.
To put this discussion on a more formal basis we need a precise definition.

If G is an 11 by tn matrix whose elements are continuous functions of time
defined on the interval to ~ t ~ t I' then the mapping L: C"Tt o , t lJ -'I- R"
deli ned by

;'(1) = B(I)U(I),

."J G(I)U(I)dl = W(lo, 1,)11, = x ,

"

Proof If x , lies in the range space of \V(to, t 1)' then there exists 111 such
that W(to, 1,)11, = x ,

Let u be given by G'lll, then

" ,
W(to,I,)~ I G(I)G'(I)dl

'"

"II

L(u) = I B(I)u(l) dt
. "

Assume Band Zo are known and let the problem be that of finding u so as
to.insure that at t = t l > to' z takes on acertain value. In symbols: Z(tl) = Zt.

An integration of the ditTerential equation gives

On the other hand, if XI does not lie in the range space then there exists an

ll'12 .. , ll""'] [a,]
11'22 ••. 1I'2m a.2 = 0

11'm2 ... I\'mlll (J.'!/1

.11I Ila,<I>,(I) +", <1>,(1)'" a",<I>",(I)i!' d: = 0
•'0

.~IlI <I>;(t)<I>itJ dl = Wu
'10

[a" ",.','. a",]["'"
11'21

\\'",1

then theconditionson thea, demanded byo,<I>,(I) + ",<1>,(1) ", 0",<1>,,,(1) = 0
are

Up until now, we have been concerned with the analysis of linear dynamics.
That is, we have concentrated on how one goes from an implicit equation
such as xU) = AU)x(t) + f(t) to an explicit expression for x as is given by the
variation of constants formula. The forcing function f was regarded as given.
On the other hand, in control theory the problem typically is tojinc/the input
which causes the state or the output to behave in a desired way.

The classical servomechanism problem is concerned with making' certain
variables associated with a dynamical system, say a telescope, follow a
particular path. On the other hand, the standard problem in guidance of
rockets is to make certain variables associated with a dynamical system take
on particular values at one point in time. These two examples are typical

Show that \V is symmetric and nonnegative definite. We will call it the
Cramian associated with the set of <Pi and the interval to ~ t ~ t t - Show
that a necessary and sufficient condition for linear independence of the
<1>, is that W should be positive definite,

9. Show that a symmetric matrix H is positive definite if and only if tr(QH)
is positive for every nonnegative definite matrix Q #- O.

10 Show bv means of the Cavlev-Hamiltonian Theorem that there exist
'functjons~~(t) such that eA I

': I:I:J 'l.j(t)A i
.
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Xl such that \\'(/0' t ,)x 2 = 0 and x;x, i:- O. Suppose, contrary to what we
want to prove, that there exists a Ul such that

.~Il

I C(I)Uj(l) dl = XI
.' 10

then

Moreover, if 110 is any solution of W(to, t Lhl = Xo - <I>(to, t 1)Xj then u as
given by u(t) = - B'(t)$'(to, 1)110 is one control which accomplishes the desired
trailsfer .

Proof If we define Z by Z(I) = <1>(10' I)X(I), then

z(l) = <1>(10' I)B(I)u(I); X(I) = <1>(1, 10)Z(I)

.• 11

I x, C(I)UI(I) dt = x, XI'" 0
" 10

From the previous lemma we know that the set of values which z(t 1) - z{to)
can take on are those which lie in the range space of

But,

"II

X,W(to, II)X, = J [x, C(I)][C'(I)X,] dl = 0
'0

Since G(t) is continuous we know that the vanishing of

,.11

X,W(l o, II)X2 = I nC'(I)x,!i' dt
, '0

implies the vanishing of G'(t)x2 and the contradiction of

r"x, C(I)UI(I) dt '" 0 I
01 10

Corollary. There exists a control u which transfers the state oj the system
z(l) = B(I)u(I)/rom Zo all = 10 10 ZI all = II ifand only i/z i - Zo lies in the
range space of s;~ B(t)B'(t) dt, lf the transfer is possible then one particular
control which actually drifts the stale to Zl at t = t 1 is u(t) = B'(t)l1 where 11
is any solution of

r"B(I)B'(I) dl'1 = ZI - Zo
, '0

",
W(l o, II) = I <I>(to, I)B(I)B'(I)<I>'(to, I) dt

'<0

To accomplish the desired transfer, we require Z(II) -z(lo) = <1>(10' t1)X I -xo.
Hence, the desired transfer is possible and if and only if [xo - <1>(10' II)xJ
lies in the range space ofW{to, t J ) . From the comments following the previous
lemma we see that one particular control which accomplishes the transfer is
defined by

U(t) = - B'(I)<I>'(lo, 1)'1

with '1 satisfying W(lo, 11) '1 ~ Xo - <I>(to, II)xI' I

It is jnstru~tive to interpret the quantity x., - <I>{to, t\)x
j

in terms of
trajectories. Since <I> describes the motion of x with no input <1>(1 I)x• , 0' 1 I

has the interpretation of a state x, at t = t 1 propagated backwards in time
to to· If x; - <1>(to, [l)X I is zero, then no control need be applied to accom
plish the transfer hecause the free motion passes through XI' (See figure.)

The matrix \V plays an important role in the theory of forced linear systems.
We call it the controllability Gramian. The following theorem describes some
of its properties.

The extension of these results to dynamics of the form
/

Figure 1. Illustration a/Theorem 1.

Controlled motion

'j

Free motion

'0

xo,

I /'
I /'
I/'/'

-----------y

f"W(to, 1,) = <1>(10, I)B(I)B'(I)<I>'(to, I) dt
, '0

is the subject of theorem 1. (Note carefully the order of the arguments in <I>
and W in this theorem statement.)

Theorem 1. There exists au which drives the state of the system

X(I) = A(I)x(I) + B(I)u(I)

X(I) = A(I)x(l) + B(I)u(l)

from the value X o at t = to to the calue x, at t = t l > to t( and only if
Xo - <1>(10' Ij)X j belonas to the ranqe space of
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Theorem 2. The matrix W defined in the statement of Theorem I has the
following properties

(i) W(to, tI) is symmetric
(ii) W(to, ttl is nonnegative definitefor t l '" to·
(iii) W(to, t l ) satisfies the linear matrix differential equation

d. )- W(t, t l ) = A(t)W(t, t l ) + W(t, tl)A'(t - B(I)B'(t);
dt

(iv) W(to, II) satisfies the functional equation

W(to, tI) = W(to, t) + <1>(to, I)W(t, t1)<1>'(tO' I)

Proof Property (i) follows immediately from the definitions. To establish
(ii) we observe that for any constant vector 11 we have

,"
q'W(to, tl)q = J q'<1>(to, a)B(a)B'(o-)<1>'(to, a)11 do

ro

= rliB'(a)<1>'(to, a)qll' do
'0

Hence q'W(to, tl)q '" 0 for all real q.
To establish (iii) it is enough to evaluate the derivative of Wet, (1) with

respect to t. Using Leibnitz's rule we have

d ~rl- J <1>(t, a)B(a)B'(a)<1>'(t, a) do
dt ,

.fl d
= -B(t)B'(t) + I -d (<1>(t, a)B(a)B'(a)<1>'(t, a)} do

, t t

= -B(t)B'(I) + A(t) r<1>(t, a)B(a)B'(a)<1>'(t, o) do,
~rl /

+ J <1>(t, a)B(a)B'(u)<1>'(t, u) duA'(t),
Thus the differential equation has been verified. The boundary condition
at t = t l is obvious from the definition ofW.

To prove (iv) we expand the integral defining W to get

W(to, t l) = r<1>(to, u)B(a)B'(u)<1>'(to, u) do
'0
+ ('<1>(to, o)B(a)B'(u)<1>'(to, u) do

"

~ W(to, t) + <1>(to, t) r<1>(t, o)B(u)B'(u)<1>'(I, u) da<1>'(to, t),
From which property (iv) follows using the definition of W(t, t I)' I

In the special case where A and B are time invariant it is possible to calculate
the range space of \V quite easily. Moreover, contrary to the general case,
the range space does not depend on the arguments of \V except in a trivial
way. The following theorem expresses the situation.

Theorem 3. For A and B constant and A n by II, the range space and the null
space ofW{to, t) for t > to coincide with the range space and null space of the
11 by n matrix

WT = [B, AB, .. , A,,-I B][B, AB, ... , A,,-I B]'

Moreocer.for any vector Xo and any t > (0'

Rank[W(to, t), xo] = Rank[B, All, ... , A,,-I B), xo]

Proof If XI is in the null space ofW(to, ttl, then

'"0= X'I\V(to, 11)X I = J x'le A( IO- <1 )B B ' e A' {1o - a l x 1 do

'"
Since the integrand is of the form !!B'eA

' (lo -- I1)x 1i1
2 we can sec that

Xli W(to, t l)X I can vanish only if, for all o

B'eA ' ( IO- <1 ) X
1

= 0

Expanding the left side of this equation in a Taylor series about (J = to

we see it demands that

B'x I = 0

B'A'x, = 0

Thus, if XI is in the null space of W(to, t l) it is in the null space of
[B, AB, ... , A,,-I B]' and hence in the null space of WI"

Now suppose x, is in the null space of \VT . By virtue of the Cayley
Hamilton theorem, we can express eA

(l o - l1) as (Exercise 10, Section 12)

,,-1

eA
( I O - I1) = I (:(i(t o - cr)Ai

i e O

Hence

Now x'IAiB = 0 (i = 0, 1, ... ,11 - I) since XI is in the null space of WI"
Therefore
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This matrix is of rank 4. Since u 1 was radial thrust and U z was tangential

y(l) = CCI)X(t)x(t) = A(t)x(t) + B(t)u(l);

to Y1 at t""= t 1 > to ifand only ifY1 - C(t 1)<J)(t 1 , to)xo lies in the range space
of CCt ,)<I>(t" to)W(to, I,).

y, (s) - CCls - A) ~ IX" ~ [CCls - A) ~ I B + D]il(s)

yes) = [CCls - A)-'B + D]il(s) + CCIs - A)~'XO

If 5' 1(s) is a given desired output, it is necessary to be able to solve

Proal Using theorem I we know that the set of states that can be reached
at i, are those states expressible as <1>(1" to)xo + <1>(1" to)W(to, 1,)Tj. Thus
we know that the set of values y(t 1) can take on are those which are expressible
as CCt,)<I>(I" lo)Xo + CCt,)<I>(t" to)W(to, II)Tj. Hence in order to be able to
reach a particular y, it must happen that y, - CCI,)<I>(t" to)xo lies in the
range space of CCt ,)<I>(t" to)W(to, I,). I

thrust we see that loss of radial thrust does not destroy controllability, where
as loss of tangential thrust does.

In some cases the entire state vector x is not of interest and some subset
of its components is all that matters. The following theorem is then of
interest. It generalizes Theorem 1 and although the generalization is not deep
it helps fill in certain gaps.

Theorem 4. There exists a u which drives the output ofthe system

[X(I)] = [A B] [X(I)]
yet) C D u(t)

It is important not to read too much into the preceding theorem. It is a
result about controllability in the ballistic sense and does not imply that the
output Y can be made to be a particular function, i.e. it does not imply that
y(t) can be made to "{ollow a path". Questions about controllability in a
servomechanism sense have been avoided thus far. The following informal
discussion, which is based on the Laplace transform and hence is limited
to time invariant systems, is intended to serve as an introduction.

Suppose we start with the time domain equations

and transform to get

for u in order to generate it. Note however, that even if C(Is - A)- 1 B + D
is invertible, some terms in the solution may correspond to delta functions
when transformed back into the time domain. By requiring Y<I, defined as
y,(t) ~ YI(t) - CeA,xo , to have sufficiently many derivatives this problem
can be avoided provided C(Is - A)-IB + D is invertible. The following
theorem gives necessary and sufficient conditions for the invertibility of
CCls - A)~'B + D.

o
_w2

-2w
o

2w
o
o

-4w2

I
o
o

-2w

[

0 0
2' 0 2w

(B" AB" AB" A B,) = 0 1

I 0

A = [~w'
1

o 0 ] B~[l ;]0 o 2w .
0 o 1 '

-2w o 0

An easy calculation gives

[0

0 1 0 0 2w -w'
o ]z 1 0 0 2w -w' 0 0 _2eu3

[B, AB, A B, A B] = ~ 0 0 I -2w 0 0 -4w'
1 -2w 0 0 -4w' 2w' 0

This matrix is only of rank 3. Setting zz ~ 0 reduces B to B, = (0,0,0, 1)'
and gives

As may be verified, this is of rank 4 so that the system is controllable.
On the other hand, if one of the inputs is inoperative is the system still

controllable? Setting "2 = 0 reduces B to B, = (0,1,0,0)' and gives

and since W(to, t 1) is symmetric

W(to, t,)x, = 0

so that x, is in the null space of W(to, tJ. Using the fact that W(to, t ,) is a
symmetric matrix and therefore that its null space and range space are
orthogonal, we conclude that Wyand W(to, (1) have the same range and
null spaces. Clearly (B, AB, ... , A"~'B) and W T have the same range spaces
so that the rank equality holds. I

We will call an n-dimensional linear constant system controllable if
(B, AB, ... , A"~'B) is of rank n. No attempt is made to define the term
controllability in broader context.

Example. (Satellite Problem). The linearized equations for a unit mass
with thrusters in an inverse square law force field have been given in Sec
tion 2. In the notation of the present section
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Theorem 5. Let A, B, C and D be n by 1'1, n by m, m by n, and m by In, respec
tit-ely, The determinant of the m by m matrix e(ls - A) - I B + D is identically
zero If and only If the rank of the matrix

[

D CB CAB CA"~'B CA"B " CA'" B]

~ ~ ~t ~~::=~~ ~~::=.:~ ~.~~::.=.:.~
° ° ° D CB CA"~'B

is less than (11 + 1)111.

This theorem is not used in the sequel, and its proof is omitted.

5. Let Q be a positive definite matrix. When is the time invariant system

[~ , ( t) ] ~ [ ° Q][x,(t)] + [O]U(I)
x,(I) - Q ° x,(t) B

controllable?
6. Show that the differential equation

x(t) + u(t)X(I) + X(t) ~ 0

is controllable in the sense that given any Zo . io and Xl' il there exists
a u and aT> 0 such that X(T) = X, and X(T) = X, provided XG + XG
and x~ + i~ #- O.

7. Given the time invariant system

Exercises

1. Show that the limit
and the constraint

x= Ax + bu(t); x(O) = 0

lim W(O, I) ~ lim ['<1>(0, a)B(a)B'(o')<1>'(O, a) do
I~'::/; r-ro: ·0

exists if the transition matrix for X(I) ~ -A'(I)x(t) approaches zero at an
exponential rate and !iB(t)l! is bounded for 0 ~ t ~ co .

2. Obtain controllability conditions analogous to those given by theorem
13-1 which apply to the matrix equation

X(I) ~ A(I)X(I) + X(I)B(I) + CCI)U(t)D(I)

3. Let I( ) be a continuously differentiable scalar function of a scalar
argument. Assume F(y) ?o e > °for all y. Show that if det(b, Ab, . __ ,

A"~'b) '" °then for I, > °the equation

/

has a unique solution p for every given x.
4. Suppose that for every constant k in the interval 0 ~ k ~ I

det[b + ke, A(b + kc), ... , A"~ '(b + kc)] '" °
does it follow that for all II> °and all time-varying k satisfying
o~ kef) ~ I, the matrix

,,11

WiG, t ,} ~ I e~"'[b + k(t)c][b + k(l)c]' e~A" d:
'0

will be positive definite '?

UrI + -j-) = u(l)

Show that it is possible to select it such that x(J) = x, if and only if there
exists a vector 11 such that

(eAI' + I)(b, Ab, ... , A"~ 'b)11 = x ,

8. Specialize theorem 4 to the case where A, Band C are constant in such a
way to obtain a generalization of Theorem 3.

9. Consider the vector differential equation

x = g(I)[Ax(l) + BU(I)J

with 9 continuous and bounded

Let A be u by nand B n by In. Both are constant. Show that if rank
(B, AB, ... , A"- I B) is 1'1 then given any T> 0 and any x., and x I there
exists a control u which transfers the system from Xo at t = 0 to XI at
1= T.
flint: Consider a change of time scale.

10. Calculate W(O, T) for the system

[~ , ( I) ] ~ [ ° OJ] [XI(I)] + [O]U(I)
X2(1) _-OJ 0 x,(I) I

II. Consider a harmonic oscillator with a drive u, satisfying the equation
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Suppose we want to drive the system from the state [1,0]' to the state
[0,0]' in 2rr units of time.
(a) Does there exist a control u which makes this transfer?
(b) Now suppose II is to be a piecewise constant function of time of the

form: r/,: 0," I < 2rr/3
U(I) = "2; 2rc/3 '" I < 4rr/3t1J; 47[/3 ~ t ~ 2n

Do there exist constants u" U 2 and u) such that we can make the transfer
from [1,0]' at I ~ 0 to [0,0]' at time I ~ Zx?

12. If A and B are constant then
" ,

W(O, I,) ~ J e""BB'e'A', dt
o

From Theorem 2 we know that

d
-, W(I, I,) = AW(I, I,) + W(I, I.lA' - BB'; W(t" I,) = 0at

If Qo is an equilibrium solution of this equation, i.e. if

AQo + QoA' - BB' ~ 0

Then show that 2(1, I,) ~ [W(t, I,) - QoJ satisfies the differential
equation

IS, Show that W satisfies the integral identity

r<1>(1, p)W(p, P + <5)<1>'(1, p) dp
>0

.•10+0

= J <1>(1, o-)W(O', I - I" + 0')<1>'(1, 0-) do
'0

(SiIverman-Anderson)
16. Consider a time-varying periodic system of the form

x~ Ax + sgn(sin t)Dx + Bu

where x is an n-vector and u is an m-vector. Show that a necessary and
sufficient condition for the existence of a u defined on 0 ~ t ~ 2iT such
that any Xo can be driven to zero at 2rr is that

rank(B, AB, ... , AI1
-

1B, B. DB, ... , nl1
-

1B) = n

17. Show that

[
A BB'] = [eA

' e"'W(O, I)]
exp 0 -A' t 0 e:':'

where W(O, I) is the controllability Gramian for X(I) = AX(I) + BU(I),
18. Let b be a column vector and let A be a real square constant matrix.

Let W(O, T) be defined by Theorem I and factor W(O, T) as DD', If
we denote by ¢, the ith component of the vector D"e'A'b then show

with the initial condition 2(11' [,) = -Qo and that as a result

Wet, (1) = Qo - e-A(lI-t)Qoe-A'(ll-l)
(¢,(I)¢i l) dt = (6 if i =j

if i v !

Remark: AQ + QA' ~ BB' may not have a solution Qe , here we are
maklnq an explicit assumption that it does.

13. Let A and F be constant n x n matrices. Let b be an n by I vector and
let G = A-F. Show that it is possible to drive the state of the system

X(I) = eF'Ae'F'x(l) + eF'bll(t)

from any state at t = 0 to 0 at t = 1 if and only if

det(b, Gb, , __ , G'" 'b) 'J' 0

14. If A is n by n show that the range space of the two matrices

(B, AB"", A""B) ~ L,

e\B, AB, "', A'" 1B) ~ L 2

is the same.

Thus the <Pi are orthogonal and normalized on the given interval. Also
show that the least squares approximation to an arbitrary square integ
rable function tJ; defined on [0, T] using a linear combination of the
(/) j is

r
,p"(I) = D'e'A',W' '(0, T) f >/!(I)e'A"bdo

o

19, Given that WA(tO' t ,) is the controllability Gramian for X(I) = A(I)x(t)
+B(I)U(I) and given that WH(to, I,) is the controllability Grarnian for

i(t) = [P(I)A(t)P'l(l) + P(I)P'l(I)JZ(I) + P(I)B(I)u(l)

show that
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call be expressed as

where Yt(t) is the known quantity,

(*)y(/) = C(t)x(t)x(t) = A(/)x(/);

Lemma 1. Let H be an m by n matrix whose elements are continuous all the
interrat /0 .:::;; l .:::;; t i - The null space of the mapping L: R lI

~ C"[to , t J ] defined
by L(x) ~ Hx coincides with the null space of

.1

Yl(t) = I C(t)<I>(I, ,,)B(,,)u(,,) 1i<T
, "

with H being continuous with respect to t. For these transformations we
define the null space of this mapping as the set of all vectors x such that
H(t)x is identically zero on to .:::;; t .:::;; t i - A characterization of the null space
is given by the following lemma.

y(/) = C(t)<I>(/, to)x(to) + y,(/)

provided the system and the input are known.
We see, therefore, that homogeneous problems lead to linear transforma

tions of the form

Thus if we want to ask questions about the determination of x(to), the
starting state, based 011 the output y(t), we may as well consider the homo
geneous system

X(/) = Ax(t) + BU(/)

is controllable then show there exists a matrix C (depending on b.) such

that

23. If the time invariant system

is positive definite.
22. Show that the inverse of the controllability Grarnian satisfies the nonlinear

equation

d
- [Wet, 1,)]-' = -A'(/)[W(/, 1,)]-'
dl

- [Wet, 1,)r'A(/) + [Wet, t,)r'B(/)B'(t)[W(t, I,)r'

W* = N(B, AB, ... , A"-' B)(B, AB, ... , A"-' B)'N'

is positive definite for all I > 0 if and only if

"W(O, t) = J Ne"BB'eA"N'dl
o

20. Show that if rank (B, AB, ... , A"-'B) = 11 = dim A and that if the
eigenvalues of A lie in the half-plane Re s < 0 then the solution of
AW + WA' = - BB' is positive definite and that the solution of AW
+ WAf = BB' is negative definite.

21. Show that the integral

14.0BSERVABILITY

Observability questions relate to the problem of determining the value
of the state vector knowing only the output y over some interval of time.
This is a question of determining when the mapping of the state into the
output associates a unique-state with every output which can occur.

If we know A(/), B(/), C(t) and U(/) for to ~ I ~ I, , then clearly the output
of the system

X(/) = (A + BC)x(/) + biv(/)

is also controllable where b, is any nonzero column of B. (Heymann)
24. Let A be an n by n matrix. We say that a linear subspace of R" is

invariant under A if every vector x in that subspace has the property that
Ax also belongs to that subspace. Show that det(b, Ab, ... , A"-lb) oF 0
if and only if b does not belong to an invariant subspace ( oF R") of Ay

yet) = C(t)x(t)x(t) = A(t)x(/);

Since H is assumed to be continuous this means H(t)xo vanishes for all t in
the interval and so Hx., = O. On the other hand, if Hx., is zero, then H'Hx.,
is zero and hence its integral, which is IVl(to, t J)xo, is zero.

The following theorem is closely related to Theorem 1 of the previous
section,

fttl ~II

I x~H'(t)H(t)xo dt = I IlB(t)xoii' dt = 0
·10 • 10

Then it is possible to determine x(to) to within all additive constant vector

Proof If M(to, t ,)xo ~ 0, then x,,;YI(to, 11)XO = 0 and so

,.11

M(to, ttl 00 I H'(t)H(t) dl
'·10

Theorem 1. Suppose A, C, and yare qicen on the interred to .:::;; l .:::;; t 1 together
with

yet) = C(t)X(/)x(t) = A(t)x(t) + B(t)u(/);
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which lies in the nul! space ofM(tO' tI) where

1,(1

M(to, t I) = J <I>'(t, to)C'(I)C(t)<I>(t, to) dt
'0

In particular, it is possible to determine x(to) uniquely {j'IVI(to, (1) is nonsinqular.
Moreover, it is impossible to distinguish, with a knowledge of y, the starting
state x, from the starting state X z if x, - X z lies in the null space o[IVI(to, 11),

Proof Starting with the differential equation we obtain

y(t) = C(I)<I>(I, to)x(to)

Premultiplication by <1>'(1, to)C'(I) gives

<I>'(t, tolC'(t)y(t) = <I>'(t, tolC'(I)C(I)<I>(t, tolx(to)

Integrating this over to ~ t :'( t1 gives

(<1>'(1, 'o)C'(I)y(l) dt = M(to, tl)x(to)
to

Since the left side is known the value of x(t o) can be determined to within
an additive constant vector XI which lies in the null space of M(to, I I)'
If M(to, t l) is nonsingular then

x(to) = M-I(to, t l) (<1>'(1, to)C'(t)Y(I) ai
to

Suppose that XI - x 2 lies in the null space of M(to, 'I)' Let YI and y, be
the corresponding responses. Then

r" IIYI(t) - Y2(t)11 2 dt = (11C(t)<I>(I, to)x I - C(t)<I>(t, to)x,il
2 dt

~IO 10

."
= (XI - x 2)' J <I>'(t, to)C'(t)C(t)<I>(t, to) dtt x ; - x 2 )

so

= (XI - x,)'M(to, tl)(X I - x 2 )

=0

Thus Yl = Y2 on the given interval, hence x, and Xl are indistinguishable. I
The matrix M(to, II) plays a role analogous to that of W(to, II) introduced

in the previous section. We call it the obseruability Gramian.

Theorem 2. The matrix M defined in the statement of Theorem I has the
following properties;

(i) M(to, t I) is symmetric
(ii) MUa, (1) in nonnegative definite for t 1 ~ fo

(iii) M(to, t I) satisfies the linear matrix differential equation

d
di M(t, t l) = -A'(t)M(t, trJ - M(t, tl)A(t) - C'(I)C(t); M(tl' t l) = 0

(iv) IVI(to, (1) satisfies the functional equation

M(lo , I L) = M(to, t) + <I>'(t, to)M(t, tl)<I>(t, to)

Proof Property (i) follows immediately from the delinitions. To establish
(ii). we observe that for any real constant vector 11 we have

e',
,(M(to, t l )1] = I ,(<I>'(t, to)C'(t)C(t)<I>(t, to)ll dt

• '0

,.11

= J ilC(t)<I>(t, (0 )111" dt '" 0

"
To obtain (iii) we merely evaluate the derivative of IVI(t, t 1) with respect

to its first argument. Using Leibnitzs rule we have

d ,.11

-I J <1>'(0", I)C'(O")C(O")<I>(O", I) do
lt,

.•11 d
= -C'(t)C(t) + I -/ <1>'(0", t)C(t)C(O")<I>(O", t) do

.' I (t

."
= -C'(t)C(I) - A'(r) I <1>'(0", t)C'(O")C(O")<I>(O", t) do

, ,
.r- I <1>'(0", t)C'(O")C(O")<I>(O", t) dO"A(t).,

A rearrangement of terms gives the differential equation. The boundarv
condition is obvious. To establish (iv) we expand the integra! defining )\1 as
follows.

.',
M(t o, trJ = I <1>'(0", to)C'(O")C(O")<I>(O", to) do

. '0
.,

= I <1>'(0", 'o)C'(O")C(O")<I>(O", 10) do
. '0

.t

+ J <1>'(0", to)C'(O")C(O")<I>(O", to) do,

=M(t o, t) + <1>'(1, to)M(t, tL)'()(t, to) I
We now state without proof the observability version of Theorem 3 of

Section 13.The proof is easily constructed along the lines of the proof of that
theorem.
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Theorem 3. For A and C constant and A n by n, the range space and null space
of l\Jl{to, t1)for t 1 > to correspond with the range space and null space of

M r = [C; CA; ... ; CA"-'nC; CA; ... ; CA"-']

ments alone but not radial measurements alone. It is physically clear that
radial measurements alone will not determine a circular orbit. The other
conclusion is not so obvious.

An »-dimensionul linear constant system is called observable if the matrix
[C; CA; ... ; CA"-'] is of rank n.

Example. (Satellite Problem) As a continuation of the example of the
previous section, we now examine the observability of tile linearized equations
of a particle near a circular orbit in an inverse square law force held. Assum
ing that the distance from the center of the force field and the angle can both
be measured we have in the notation of Section 2

[Yl] = [I 0 0 0] [XI]Y, .a 0 I a. X, .

X3 '

X4

I 0 0 ]o 0 2w
001'

-2w 0 O·

Exercises

I. Consider a linear time invariant set of equations x(t) ~ Ax(t); )"(t) = Cx(t).
Suppose )' can be measured only at particular points ill time, say 0, T,
2T, .... Under what circumstances will sufficiently many such samples
serve to determine x(O) uniquely?

2. Show that if A has its eigenvalues in the half-plane Re s < 0 and

Q = C";eA'IC'CeA t dt
·0

then x'Qx is positive for all x of 0 if and only if the rank of
(C; CA; ... ; CA"-I) = 11 where n is the dimension of A.

3. The variable x is known to satisfy the differential equation

with )'1 being a radial measurement and .h being an angle measurement. itt) + x(t) = 0

(S)

x(t) = Ax(t) + BU(I)

[
x(t ) ] = [A(t) B(tr] [X(I)]
)"(t) C(I) 0 u(t)

is controllable if and only if the system

and the value of X is known at t = IT, 2", 3", ... , etc. Can x(O) and itO)
be determined from this data?
Suppose that the rank of (b, Ab, ... , A,,-Ib) is 11 with A being /I by 11.

Show that if cl(Is - A)-Ib = c,(Is - A)-lb then c i = c,.
Show that the linear constant system

.,
)"(t) = )"0(1) + I T(I, ,,)u(a) do

•'0

there exists the possibility of a description by an integra! equation of the
form

is observable.

In addition to the possibility of describing a relationship between an input
u and a response y by the system

IS. WEIGHTING PATTERNS AND MINIMAL REALIZATIONS

x(t) = - A'x(t)

)"(t) = B'x(l)

o 0 0 ]I 0 0
o () 2w

_w2 0 0

(C,; CIA; C,A'; C IA
3

) = [~W2

I 0 0 0
0 0 I 0
0 I 0 0 4.
0 0 0 I

(C; CA; CA'; CA 3
) = 3ul 0 0 2w 5.

0 -2w 0 0
0 -w' 0 0

_6(1)3 0 0 -4u/

[ 0
0 I

o ](C,; C,A; C,A2
; C,A3

) = ~ 0 0

-L-2w 0
-6w3 0 0

This matrix is of rank 4. Hence the system is observable from angle measure-

This matrix is of rank 4 so that the system is observable. To minimize the
measurements required we might consider not measuring .h. This gives
C I = (I, 0, 0, 0) and

which is of rank 3. If Y 1 is not measured then Cz = (0,0, 1, 0) and
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In fact, if (}) is the transition matrix associated with system (S) then it implies

-,
y(l) = C(I)<I>(I, (0)X(lo) + , C(I)<I>(I, ,,)B(,,)u(<1) do

• '0

associated with the system (S) is called the weighting pattern. A given matrix
T( , ) is said to be realizable as the weighting pattern of a linear finite dimen
sional dynamical system if there exist matrices A, B, C such that equation
(WP) holds for all pairs (I, ,,) with <b(t. (0) = A(t)<I>(I, 10) and <1>(10' (0) = L
The triplet [A, B, C] is then called a realization ofT( , ).

It is apparent that if a given weighting pattern has one realization, then
it has many. For example, if P(t) is nonsingular and differentiable for all t
and if system (S) is one realization of T( , ) then in terms of z(t) = P(t)X(I)
we have an alternative realization

[
Z(I)] _ [P(I)A(t)P-. 1(1) + P(I)P-

1(1)
P(t)B(I)] [z(l)l (S')

y(t) - C(I)P- 1(1) 0 U(I)J

It is instructive to look at the expression for y in a slightly different way.
Since <I>(t, ,,) = <1>(1, 10)<1>(10' c} we can, assuming X o = 0, write

The matrix
T(t, ,,) = C(I)<I>(I, ,,)B(,,) (WP)

F is symmetric, and F, G and H are bounded. This can always be done. Let
P(I) = e(A'-A),/2 Then z(l) = P(I)X(I) satisfies

z(t) = W(I)(A + A')P'(I)z(l) + P(I)Bu(t)

y(l) = CP'(I)Z(I)

It is easy to verify that F(t) = ~W(I)(A + A')P'(I), G(I) = P(I)B and
H = CP'(I) meet the symmetry and boundedness constraints.

By focusing on the weighting pattern it is possible to define a type of
equivalence relation between various systems with the same input-output
characteristics assuming x(to) = O. Moreover, in the design of systems for
control or communication purposes it is frequently much more natural to
specify a weighting pattern than it is to specify the complete system (S).
This point of view makes the following theorem important.

Theorem 1. A given matrix T( , ) is realizable as the weighling pal tern of a
linear finite dimensional dynamical system if and only if there exists a decom
position ualidfor all I and" of the form

T(t, ,,) = H(t)G(,,)

with Hand G being finite dimensional matrices.

T(t, c) = C(I)<I>(I, u)B(,,)

However, if to is any constant we have from the composition law for transition
matrices

Necessity: Suppose there exists a finite dimensional realization in the form
of system (S). Then as we have seen

(*)

y(l) = H(I)X(I)

G(<1) = <I>(to, ,,)B(<1)

x(t) = G(I)U(I);

y(l) = H(I)X(to) + H(I)f G(,,)u(u) do
'0

= H(I)X(lo) + J'T(I, ,,)u(,,) do
'0

<I>(t, c) = <1>(1, 10)<I>(to, e)

Hence if we make the identification

H(t) = C(t)<I>(t, (0) ;

we see that H(I)G(,,) = T(t, c). I

Clearly this gives

Proof Sufficiency: Suppose the factorization given in the theorem
statement is possible. Consider the deqenerate realization [0, G, H]. That is,
consider the realization

B(,,) <l>A(lo, " ) f <do <I>A(I, (0 ) C(I)
'0

c-~r~c)
") RII ") R11

)L RII
?> Cq

IP-
1(I

O) tP(t0) IP-
1(t)

P(u)B(,,) R" C(1)P- 1(1)

") Rn
)L RIJ ?: R"

t

<I>A,(tO' u) f <do <I>A,(I, 10 )

'0

An interpretation of the sequence of operations on u which yields y is obtained
by looking at the top row of the following diagram. On the other hand, the
same diagram for S' is obtained by following the lower route. The main
point is to see clearly the interrelationships between the mappings in the
two similar realizations.

-,
y(l) = C(I)<I>(I, (0) J <1>(1 0 , ,,)B(,,)u(,,) do

<0

Figure 1. lltustrotinq alternative realizations. Here Al = PAP~1 + pp-l

Example. Given a time invariant realization [A, B, C] it is sometimes
of interest to find a second realization [F, G, H] having the property that
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and

y(l) ~ C(1)x(t)
;;(t) = F(t)z(l) + G(t)u(t)

PS,P-'G(I) = G(t)

H(I)Q-'S,Q = H(t)

To verify the first of these we observe that

It is easy to show that for to ~ 1 ~ t 1

and

."
PS,P'= J G(I)G'(t)dl=W(to,I,)

io

.',
Q'S,Q ~ I H'(t)H(t) dt = M(to, I,)

'"[0

.11 ~Il

M(to, 1,)W(to, I,) = , '1"(1, (0)'1'*(1) dt I r*«J)r'«J, (0) do
~ 10 ~ '0

Now from the dimension of "11* and F" we know the right side has rank less
than or equal to \' < JI. Hence both I\l(to, 11) and \\'(10' t J cannot be positive
definite for any to and t 1 •

Necessity: Fix to and t r- Let H(t) = C(t)<I>(I, (0) and let G(t) = <I>(to, I)B(t).
Since the matrices \V(to, tJ and lVI(to, t l ) are symmetric and positive semi
definite the congruence theorem asserts that there exist nonsinaular matrices
p' and Q and signature matrices 51 and 8 2 such that 5i = s., 5~ = 52 and

Integrating over the square to ~ t ~ t I' to ~ (J ~ 11 gives

with '1'* having v columns and r- having v rows. Let'l'(t, 10 ) = C(1)<il(I, 10)
and let I'(o, 10 ) = <I>(to, (J)B«J). Then

'I'(t, 10Jr«J, to) = 'I'*(I)P«J)

and a pre and post multiplication by 'I"(t, (0) and r'«J,to) respectively g.ves

'1"(1, (0)'1'(1, loJr«J, 10Jr'(IJ, (0) = 'I"(t, (0)'I'*(t)r*«J)r'«J, to)

f'[PS,P-'G(t) - G(I)][PS,P-'G(I) - G(t)]' dt

"
= PS,P-'W(to, I,)P'-'S,P' - PS,P-'W(to, t,) - W(to, I,)P'-'S,P'

+ W(to, I,)

= PS,P-'PS,P'P'-'S,P' - PS,P-'PS,P' - PS,P'P'-'S,P' + PS,P'

~ PS,P' - PS,P' - PS,P' + PS,P' ~ 0

A similar calculation works for H.
Hence,

H(I)G«J) = H(t)Q-'S,QPS,P-'G«J)

Using the corollary of the equivalence theorem (Theorem I) of section 12, we

y(l) = C(t)X(I)

y(t) = H(I)Z(I);;(1) ~ F(I)z(t) + G(t)U(I);

X(t) = A(t)x(t) + B(t)u(t);

is a lower dimensional realization. For definiteness assume dim x = 11 and
dim z = v < n. Clearly the. z-realization of T( , ) gives rise, via equation
(*), to a decomposition

are both positive definite for some pair (to, I J.
Proof Sufficiency: We will show that if the realization is not minimal

then the matrices Wand M cannot both be positive definite for any I,
and to. Assume the given realization is not minimal and that

I"M(to, t,) = <I>'«J, to)C'«J)C«J)<I>«J, to) do
10 ~/

is a minimal realization ofT(t, (J) = C(1)<I>(t, (J)B«J) if and only if

W(to, I,) ~ {<I>(lo, (J)B«J)B'«J)<I>'(to , (J) cI(J
r

Apparently there can be no upper bound on the dimension of a realization
ofT. However, under reasonable assumptions there does exist a lower bound.

If system (S) realizes the weighting pattern T( , ) it will be called a mini
mal realization if there exists no other realization of T(t, a) having a lower
dimensional state vector. This minimum dimension is called the order of
the weiqtnmq pattern.

Since a lack of controllability indicates a deficiency in the coupling between
input and state vector and a lack of observability indicates a deficiency in the
coupling between state and output it is reasonable to expect that rninirnality
is related to these ideas. The following theorem shows that this is indeed the
case. The proof gives a constructive method of minimizing the dimension of
the state vector and is of independent interest.

Theorem 2. The system

T(I, (J) = 'I'*(I)r*«J)

X(I) ~ A(I)x(l) + B(I)u(t)

It is clear that for a given weighting pattern there exist realizations having
state vectors of different dimensions. A trivial example of this is the realiza
tion of T( , ) obtained from system (S) by adding a vector equation which
does not affect the output; e.g.
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find a finite dimensional linear dynamical realization of the form

15. WEIGHTING PATTERNS AND MINliIL\L REALlZATlO;-..;S

with Q and P defined by congruence decompositions

x(t) = Ax(t) + B(t)u(t)

y(t) = C(t)x(t)

For example, if Ttt, 0) = cos te", find a realization of the form

and

and Rand N being q by no and flo by m where flo is the rank o/Q - IS2QPS
1
1'-1.

Proof The key step in the reduction part of the necessity proof above
now becomes equivalent to establishing

PSp-1e-AuB = e-AO"B and Ce A 1Q - 1S2Q = CeA 1

for the given definitions of P and Q. However this is equivalent, by the
Cayley-Hamilton Theorem, to showing for i = 0, I, ... , n - I

PSP-'A'B=A'B and CAiQ-'S,Q~CA'

This will follow if for i = 0,1, ... , n - I

i(t) = 2x(r) + b(I)1I(I)

y(t) = c(t)x(t)

T(I, 6) = H(t)G(6)

These matrices are nonnegative definite, hence they vanish if and only if
theirsumdoes. However, WTisthesum, BB' + ABB';\' + ... + A/l~lBB'A"J-l

and similarly for M T · Hence establishing the original eq ualities is equivalent
to showing

Exercises

and

However, both follow immediately from the definitions. The remainder of
the proof follows the necessity part of Theorem 2.

1. Given a constant matrix A and a weighting pattern

15. WEIGHTING PATTERNS AND MINHvIAL REALIZATIONS

Figure 2. Illustrating the proof of Theorem 2.

We conclude this section with a specialization of this construction to the
stationary case.

Theorem 3. If [A, B, C] isa constant realization and if W,. and M, have
the meaning given in Sections 13 and 14, respectively, then the realization
[0, Ne-AtB, CeAtR is minimal where Rand N satisfy

RN = Q-1S,QPS,P-'

can write S2QPS 1 as N 1N 2 with the number of columns of N, equal to the
number of rows of N, and both equal to the rank of S,QPS,. Clearly the
rank of SzQPS, equals the number of rows in G if and only if S, and S, are
nonsingular. This is the case if and only if M(to, I,) and W(to, I,) are both
nonsingular.

This shows that a reduction of the realization is possible for 1 and 6

restricted by to .:::;; t ~ t1 and to ~ <5 ~ fl' The minimum order of a weighting
pattern restricted to a square [r] ~ t 1, jO"j < i, is clearly a monotone-increasing,
integer-valued, function of fl' Since it is bounded from above, it has a limit
and there exists a finite II such that on the square It] ~ 11 the order of the
weighting pattern is maximum. Since lo and 11 in the proof above are arbitrary,
a reduction is possible if W(t o, t,) and M(t o, t,) are not positive definite for
any to and t,. I

The necessity part of this proof provides an algorithm to reduce the
dimension of a nonminimal realization in one step to a minimal realization.
The various steps in the reduction procedure are illustrated in the following
diagram. Here no is the rank of S2QPS,. .

96
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ifand only if1'(t, c) can be expressed as H(I)G(rr) with H(t) and G(I) differenti
able and

(i) Given a weighting pattern, does it have a time invariant realization?
(ii) Given a realization, is its weighting pattern time invariant?

Only the first question will be treated here although some results on the second
are discussed in the exercises.

If a weighting pattern has a time invariant realization we call it stationary.
It turns out that fairly simple necessary and sufficient conditions for a given
weighting pattern to be stationary are available.

Theorem 3. A given matrix T( , ) has a time invariant, finite dimensional
realization

2. Theorem 1 leaves unanswered the question: "When does there exist a
linear finite dimensional system such that a given pair, or set of pairs,
of time functions are input-output pairs?" Can you show that there exists
no finite dimensional linear system such that sin cot and cos tot arc input

output pairs for al1 OJ?
3. Consider a time varying system of the form

;;(1) + a,'<(t) + bX(I) = li(t) + f(I)U(I)

with a and b constant and f differentiable. Find a first order vector differ
ential equation representation for the system. Find the weighting pattern

relating x and u,
4. The substitution i = .y3 converts the equation

5, + x/3 = u/x';

x(t) = AX(I) + BU(I); y(l) = Cx(t)

into the linear equation

i +.i = 3u
1'(1, e) = T(t - a, 0)

realize the same weighting pattern.

and the nonlinear system

16, STATIONARY WEIGHTING PATTERNS:
FREQUENCY RESPONSE

f"W(lo , I,) = G(rr)G'(rr) do
to

with

T(t - a, 0) = T(t, rr) = H(t)G(rr)

1'(1, rr) = CeA«-a)B = (Ce"')(e-AaB) = 1'(1 - a, 0)

Let H(t) = Ce-" and let G(rr) = e-A'B. Both Hand G are differentiable.
S~fficie~cy: From Theorem 15.2 we know that if a weighting pattern IS

realizable It has a factorization such that

[:t H(t)] G(rr)G(rr) + H(I{;~ G(rr)] G'(rr) = 0

Proof: Necessity: Clearly for time invariant systems we have

This gives

d d d d
0= -'IT(t, 0-) + -, 1'(1, rr) = - [H(t)G(rr)] + - [H(I)Gk)]

( ((1 dt do

both positive definite for a suitable to and t,. Because T(t, c) = 1'(1 - o , 0)
It follows that

.',
MUo, II) = I H'(t)H(I)dl

, "

and

I] [XI(I)] [0] (r):
( )

+ j u t ,
-a X2 l[

,'< 1(1)] = [' °
X2(t) - I

i 1 = Z2

22 = -ZI + 3u

y = g(ZI' z,)

is a state representation?
5. Nonlinear realizations of weighting patterns are also sometimes useful.

Using polar coordinates, verify that the linear system

Is it possible to express x in terms of z and i? That is, does there exist
a g such that

0(1) = - I - a[cos O(I)][sin OU)] + U(I)[COS O(I)]/r(t)

;'(1) ~ -ar(t) sin' 0(1) + sin O(t)U(I)

y(l) = b[cos O(t)]r(l) + c[sin 0(1)]1'(1)

Because of the important role played by constant realizations it is desirable
to characterize their weighting patterns as completely as possible, There are
two main questions which arise.
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Theorem 15.3 and the above result give a simple reduction procedure
for rendering a constant realization minimal. This problem has been
particularly stressed by Kalman.

Given that a system is linear and time-invariant there is a second character
ization of the input-output properties which is of great importance in both
theoretical and applied work.

The matrix C(Is - A) -I B of rational functions in complex variables is
called the frequency response of the linear time-invariant system

Integrating this equation with respect to o from to to t s yields

where

Clearly this gives

H(I) = H(O)eA';
*(t) = Ax(t) + BU(I); y(t) = Cx(t) (S)

on the other hand

H(t)G(o-) = H(I - o)G(O)

and since H(I) = H(O)eA
'

H(I)G(o) = H(O)eAU-Q'G(O)

The triplet [A, G(O), H(O)] is therefore a realization of TU, 0). I
Given a constant nonminimal realization [A, B, C] we showed in section

15 that it is possible to minimize it without the calculation of any matrix
exponentials or doing any integration. We now show that it is possible to
get a constant minimal realization with a little additional work.

Theorem 2. Suppose we are given a minimal realization [0, Ne-ArB, CeAtR]
which has a stationary weighting pattern. Then the constant realization
[NAW"N'(NW,N')-I, NB, CR] is also a minimal realization. As before

W y = (B, AB, ... , A'-'B)(B, AB, ... , A,-IB)'

Proof The proof of this theorem proceeds along the lines of·the proof
of Theorem 16-1. Since the weighting pattern is stationary we have

.:!-. CeAlRNe- A<7B = CAeA1RNe- A<7B

dl

Now take partial derivatives of this with respect to 0 and evaluate at (J = 0
to get

H(I)N(B, AB, ... , A,-IB) = H(t)NA(B, AB, ... , AHB)

Now post-multiply by (B, AB, ... A"-'B)'N' to get

H(t)NWyN' = H(t)NAWyN'

This gives

HUf= H(t)NAWyN'(NWyN*)-'

The rest of the proof follows as in the proof of Theorem 1. I

Justification of this definition is not possible on purely mathematical
grounds. It is apparent that C(Is - A) -I B is just the Laplace transform of
the weighting pattern. On the other hand, when one restricts the complex

variable s to the line s = ico with i =,/'-:=---i and 0 ~ co ~ o: it is possible to
give the frequency response an interpretation which is much more in keeping
with its name.

Theorem 3. Let u and y be related by the time-invariant system (S). Assume
that A has no eigenvalues Oil the line Re[s] = O. Then ifu is given by

U(I) = Uo sin cot

there is for all w a unique periodic response y given by

Yp(l) = Re{ C(Iiw - A) -I BuG}sin wt + 1m{C(Iiw - A) -I BuG}eos cot

Proof Examining the equation

*(t) = Ax(t) + Bu., sin cot (*)

and using the corollary of Theorem 9-1, reveals that there exists a unique
periodic solution for (*) because the adjoint system

jJ(t) = - A'p(t)

has no periodic solutions. (Observe J.(A) = -),( - A') and hence - A' has no
purely imaginary eigenvalues.) Thus, if we can display one periodic solution
of(*) we will know it is the only one. Try a solution of the form

xU) = x, sin cot + X 2 cos wt

Substituting into (*) gives

xlw cos cot - x 2 w sin wt = AX 1 sin cot + AX 2 cos cot + Bu o sin wt

or equivalently, the simultaneous equations

x1w - AX2 = 0

-Axt-x2 w = +Buo
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or

For which of these problems could a time invariant realization be found?

IVj

y(t) = c(t)x(t)

y(t) = Ce-"x(l)

x(t) = p(t)X(I) + b(t)u(I);

x(t) = Ax(t) + eF'Bu(t);

has a time invariant weighting pattern if there exists a constant ). such
that

(a) Calculate the weighting pattern, and show that it is time invariant.
(b) Calculate the frequency response function relating y and u.
Repeat for the system

x(t) = Ax(t) + B(sin I)u(t)

i(t) = Az(t) + B(cos t)u(t)

y(t) = (cos I)Cx(t) - (sin t)Cz(t)

x(t) = Ax(t) + B(sin t)u(t)

i(t) = Az(t) + B(cos I)u(t)

Y(I) = (sin I)CX(t) + (cos I)Cz(t)

[
X(I)] = [A(tl B(t)] [X(t)]
y(t) C( t) 0 u(t)

T(I, e) = G(t)G'(cr)

<'(I) b(t)
- + p(l) = l = - - + p(t)
c(t) b(t)

is stationary then C(t)[DI - A(t)]iB(t) is constant for i = 0, 1,2, ..
6. Let F be an n by n matrix a~d let CeA'B be 11 by n. Show that

e-FtCeA(r-cr)BeFO" is a stationary weighting pattern if and only if
FkCAiB = CAiBFk for all k and i positive integers.

7. Let A, B, and C be constant. Consider the system

Under what additional hypothesis is this also a necessary condition?
5. Let A and B be infinitely differentiable functions of time and let D = djdt .

Show that if the weighting pattern of

is stationary if FA = AF. Calculate it if FA = AF.
4. Let p(t) be a continuous function and b(t) and c(t) be differentiable.

Show that the one dimensional system

3. Show that weighting pattern associated with the system

2. Show that a constant realization [A, B, B'] with A ~ - A' has a weight
ing pattern of the form

lb. STATIONARY WEIGHTING PATTERNS: FREQUENCY RESPONSE16. STATIONARY WEIGHT£NG PATTERNS: FREQUENCY RESPONSE

1. Find a finite dimensional linear dynamical system which yields a weighting
pattern of the form

(i) sin 1sin a

repeat for

(ii) sin(t - o)

y(t) = 1I(1 - 1)

isf(t - o), where z'(r) is 1 for T larger than 1 and zero for T < 1. The frequency
response is e-Sjs. There is, however, no finite dimensional realization of this
weighting pattern. If there were to be one, there would necessarily be a time
invariant realization since the weighting pattern depends only on the dif
ference of the arguments. However, no function of the form CeAtB can
vanish for 0 '" T '" 1 without vanishing identically everywhere (use Taylor
Series), hence no realization exists.

(XI + ix 2) = (Iiw - A) -) Bu,

and the indicated inverse exists for all real t». Thus the periodic solution X
is given by

x(t) = Re(Iiw - A)-I Buo sin cot + Im(Iiw - A) -) BUD cos wt

The expression for Yp follows if we premultiply by C.
Thus the matrix C(Iiro - A) -I B can be viewed as a mapping which, gives

the output as a function of the frequency co. From a knowledge of it one can,
of course, determine C(Is - A) -) B for all complex s. A common way of
finding the frequency response for a complicated physical system is to let u
be a sinusoid and to measure the resulting output when the transients have
disappeared. Naturally this only works if all solutions of the homogeneous
system go to zero as 1 approaches infinity, and must be repeated many times
if a characterization over a range of frequencies is desired.

Example. The weighting pattern associated with the differential-differ
ence equation

/_.,,_. .. .
Multiplying the first by i =..j -I and adding It to the second gives

(XI + ix2)iw - A(x i + ix2) = BUD

102



8. Let n be defined on the interval 0 ,;; 1 ,;; 00 and let it be differentiable
and positive. Show that the weighting pattern associated with

Therefore the weighting pattern relating the voltage to the driving current is

104 16. STATIONARY WEIGHTING PATTERNS: FREQUENCY RESPONSE

i(l) = [IX - >j(I)/ry(I)]Z(I) + [1/ry(I)]u(l)

y(l) = ry(I)Z(I)

16. STATlONARY WEIGHTING PATTERNS: FREQUENCY RESPONSE

q flowing through the inductor are

ij(t) +4(1) + q(l) = (sin l)i(l)

u(l) = 2i(I)(sin I) - i(t)

105

is stationary.
9. Show that the weighting pattern relating i and v for the networkshown

is stationary if and only if the two resistors are constant.

10. Let Land C be constant in the network shown below. Under what
circumstances is the weighting pattern relating i and v stationary?

T(I,O') = 2(1 - 0') - sin Iw(t - O')sin 0'

where co is the inverse Laplace transform of (52 + s + I) -'. Now
consider putting two such circuits together as shown with C3(t) =

(I + cos 1)-1; C4(1) = (I - cos I)-I In this case the weighting pattern
of the circuit on the left is

T(t,O') = 2(1 - 0') - cos Iw(t - cjcos 0'

To get the weighting pattern relating v to i we simply add the weighting
patterns. This gives

T,(t, 0') = 4(t - 0') + (sin 1sin 0' + cos 1cos O')W(I - 0')

= 4(1 - 0-) - COS(I - O')W(I - 0')

Hence conclude that the weighting pattern is stationary.
(Brockett-Skoog)

(S)Y(I) = Cxtr)*(1) = AX(I) + Bu(t);

17, REALIZATION THEORY FOR TIME-INVARIANT SYSTEMS

Clearly this matrix has elements which are rational functions of s. Moreover,

We have seen how the matrix C(Is - A) -1 B arises naturally in the study
of time-invariant systems of the form

12. If [A, B, C] is a (possible time varying) realization of a stationary weight
ing pattern, then show that [A', C', B'] realizes the transpose of the
weighting pattern where A(I) = A( - 1),13(1) = B( - I), and ('(I) = C( - I).

(Brockett-Skoog)

"

-0->-, Cl/'\,C, 0 c

C37~C4C,
vi H Hr,

Figure 2.
C2~/CI C/\/C3

Figure 4.

Figure 3.

where C,(I)=(l+sinl)-1 and C2(1)=(l-sinl)-I Show that the
differential equations relating the voltage v, the current i and the charge

I I. In exercise 7 of section 2 the circuit shown below was introduced
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sinee C(Is - A) -, B has the character of C(Is) -, B as lsi becomes large we see
that C(Is - A) -r I B approaches zero for large lsi and, hence, that the degree
of the denominator of any element of the matrix must exceed the degree of
the corresponding numerator. Here we will show that subject to these two
constraints any matrix of rational functions R can be written in this form.

. This is called finding a realization of R because if R. is given as a desired
_Yr~qlle~0:~resjJonse, the decomposition R(s).~ C(Is - AC.Bgi",es,via

systerrl(~),af1rstorder vector differential equation which yields this frequency
response.

To fix notation we assume R is a q by m matrix with elements rij. Initially
we want to establish what was claimed above, regarding the decomposition
of R.

To verify this observe that (Is - A) -1 B is the solution X of the equation

(Is - A)X ~ B

Ifwe partition X conformably with A and take AX to the right, this equation
becomes

Thus we see that
Theorem 1. Given any matrix of rational functions R, such that the degree
of the denominator of each element exceeds the degree of the numerator of that
element, there exist constant matrices A, Band C such that

i = 1, 2, ... , r - 1

and hence from the equation for sXr it follows that

C(ls - A)-'B = [l/p(s)][Ro + R,s + ... R,_"r '] = R(s)

The realization of R given by these equations will be called the standard
controllable realization of R.

Proof 2. Let p(s) be defined as above and let r be its degree. This time
we expand R about lsi = 00 to get

R(s) = Los-' + L,s-z + L2s-
3 + ...

Let 0, be the q by q zero matrix and let I, be the q by q identity matrix.
Define A as an rq by rq matrix of the form

A=[ :: ~ :: :: ]
-Pol, -PIIq -hI, -p,_,I,

and let Band C be given by

(s' + p,_,s'-' + .. 'p,s + Po)X, = 1m

Since C(ls - A) -1 B = CX we see using SXi = :\i+ 1

where r is the degree of pes). Let Om be the m by m zero matrix and let 1m

be the m by m identity matrix. Define A as an rm by rm matrix of the form

pes) = s' + Pr_1Sr-1 + ... + P1S + Po

and let Band C be given by

where

Actually we will give two proofs ofthis because tlie proofs have independent
interest and lead to useful definitions.

Proof 1. Letp(s) be the monic least common multiple ofthe denominators
of the rij(s). Then p(s)R(s) is a matrix of polynomials and can be written as

p(s)R(s) = (R, + R,s + c- C'+ R,_,s'-')

A = [ :~" ::: ~~ ::: ]

-Pol", -P1Im -P2Im -Pr-l1m

-[~:]B- :
Om
1m

Our claim is that with these definitions, C(Is - A) -1 B = R(s).



lsi , - Ao 0, 0']
det(Is _ A) = det .0: .....":': ..':: ....~:

0,. .,. . . . . . ..... sIr - Ao

CA,-I = (0", 0'1' ... , 0", 1'1)

it follows from the definition of B that

qIs - A)-IB = LOS-I + L,s-' + L,S-3 + ... + L,_IS-' + ...

Thus the first r terms in the expansion of C(Is - A) -I B agree with those of
R. To complete the argument, observe that

To verify that this gives a realization, we observe that the expansion of
qIs - A) -I B about lsi = CIJ is given by

qls - A)-IB = CBs- I + CABs-' + CA'Bs- 3 + ...

Since for our choice of C and A we have

C = (1'1,0", , 0'1,0,,)

CA = (0", 1", ,0",0'1)

IU~1'1, REALIZATION THEORY FOR TIME-INVARIANT $Y$TUvis

fact that the coefficient of s - 2 must also be zero then we obtain

(B, AB,.

is clearly of rank rm. Likewise for the standard observable realization we
have the observability condition of Theorem 14-3 fulfilled since

PoCAB + p,CA'B + '''P,_ICA'B + CAdlB = 0

POLl +P1L2 + "'Pr-lLr+Lr+l =0

which implies CAr+'B = Lr+ 1 . Repeating this we obtain CAiB = L, for
all nonnegative integers. I

This proof leads to a second definition. The realization of R(s) defined by
the choice of A, B, and C in Proof 2 will be called the standard observable
realization of R.

By way of justification of our terminology we observe that for the standard
controllable realization the controllability condition given in Theorem 13-3
is satisfied i.e.
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where

AO=[.~..... ~ ..r........~ ]
r P» -Pi -Pr-l

therefore pes) is the minimal polynomial of the matrix A. Hence,

p(A) = O.

Since p(s)R(s) is a polynomial matrix, the coefficient of S-I must vanish

in the expansion

p(s)R(s) = (5' + p,_IS,-l + ... + P,S + Po)(Los-1 + L ,s-2 + L,S-3 + ...)

Thus we see that

PoCB + p,CAB + ... + P,_ICN-IB + CA'B = Cp(A)B = 0

and

poLo +p,L, + ... + p,_IL,_1 + L, = 0

This shows that agreement of the first r terms in the expansion (which we
have) insures that the r + 1 term will agree. If we repeat this, now using the

[

I" 0'1 0" 0,]
Oq I, . .. 01/ Oq

(C,CA; ;CN- 1) = .

0'1 0'1 I" 0'1
0" 0" 0" r,

is of rank rq. Notice we have truncated both the controllability and observ
ability matrices since we stopped at Ar

-
1 instead of going on to Amr

- 1 or
Aqr-l. These additional terms would certainly not decrease the rank however.

Example. (Kalman) To relate the ideas of controllability, observability,
minimality and frequency response in one concrete physical problem consider
the electrical network shown. Consider the voltage v as being the input and

+ -~

i ,
C iX2

V

Il, 112

Figure 1. A constant resistance network for R 1 = R 2 and R} C = L.
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consider the current i as being the output. Let Xl' the voltage across the
capacitor, and x" the current through the inductor, be the state variables.
The equations of motion are

111

, ,>..X.x.loV ,----<>
+i
vo

U= -cx+Y

y = cx + U

(A, band e constant)x= (A - j(l)be)x

x= Ax + bu;

show that the system

x= (A - be)x + by;

17. REALIZATION THEORY FOR TIME-INVARIANT SYSTEMS

is minimal. What are the implications for the analysis of the system

is inverse to the original system in the sense that

[e(Is - A)-'b + 1][1 - e(Is - A + be) -'b] = 1

5. Assume that the single-input system

the constant resistance type each having unit resistance. Calculate the
frequency response l/V. Calculate the frequency response Do/D.

Figure 2.

,
IO-,---'----f-L----'----

is controllable (but not necessarily observable). Show that there exists
a similarity transformation which puts this in standard controllable form.
Explain why your proof will not work for a multiple-input system.

6. Write down the conditions on a, b, c and d for the polynomials
S3 + as? + bs + land S2 + cs + d not to have common factors.
Hint: Use observability criterion.

7. Consider the network shown below which IS made up of n sections of

x(l) = AX(I) + bU(I)

y(l) ~ CX(I)

obtained by adding time-varying feedback, i.e., do A - j(t)bc and its time
integral ever commute?

4. Consider a dynamical system

18. McMILLAN DEGREE

Given a stationary weighting pattern '1'(, ) or a frequency response R,
it is interesting to characterize, as completely as possible, all the time invariant,
minimal realizations of it. In particular, we know that all controllable andy = ex

-l/(R,C)']
-R,/L'

-~,/L]

x=Ax+bu;

[
l /R , C

(b; Ab) = l/L

[
- l /R ,

(e; eA) = l/RiC

1'(1) = [-l/R,

17. REALIZATION THEORY FOR TIME-INVARIANT SYSTEMS

[
" ,(I)] = [-l/R,C
"2(1) 0

This system

(i) is uncontrollable if R,R, C = L,
(ii) is unobservable if R,R, C = L,

(iii) has a constant impedance if R, = R, and Ric = L.

If condition (iii) is in force, then the network is said to be a constant resistance
network. Such networks are quite useful in electrical filter design.

1. Let [A, B, C] be a minimal realization of a symmetric frequency response
R. (That is, R(s) = R'(s) for all s.) Show that [A', C, B'] is also a min
imal realization of R and show that there exists a unique, nonsingular,
symmetric matrix P such that P-'AP = A', P-'B = C and CP = B'.
(Youla and Tissi)

2. Show that if [A, b, e] is a realization such that e[Adj(ls - A)]b = s'
+ 3s + 2 and det(ls - A) = S3 + 3s' - s - 3, then the realization is not
minimal.

3. Two matrices with distinct eigenvalues commute if and only if they have
the same set of eigenvectors. Show that A and be do not commute if the
system

(Ric - L)s + (R, - R,) 1
r(s) = , +-

(Ls+R,)(R,Cs+R,) R,

The matrices (b; Ab) and (e ;eA) are

o ] [X,(I)] + [l/R,C]V(I)
- R2/L x,(t) l/L

l][x,(I)] + (l/R )v(l)x,(I) ,

The frequency response is c(ls - A)-'b + l/R, which comes out to be

110
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(*)y(t) = Cx(t)

y(t) = Hz(t);(t) = Fz(t) + Gu(t);

x(/) = Ax(t) + Bu(t);

PAP- 1 = F; PB = G;

and

there exists a constant nonsinqular matrix P such that

Proof Since the two systems realize the same frequency response they
have the same weighting pattern and so for all T, t, and (J

When proving results which depend only on the weighting pattern or
frequency response it is often convenient to work with a particular realization
such as the standard controllable realization. We now show that ali time
invariant minimal realizations are equivalent in the sense that we may pass
from anyone to any other one using a nonsingular time invariant coordinate
transformation.

is the standard observable realization of R then by Theorem 13-3, rank W(O, t I)
for i, > °equals rank (B, AB, ... , A"-lB). The reduction to a control
lable realization will eliminate all but rank (B, All, "', ;\11-1 B) com
ponents of the state vector. However, the second phase of the reduction
is trivial since we have observability already. Thus, the final state vector
has a dimension equal to rank (B, AB, ... , A,,-I B). For the standard observ
able representation, however, one easily sees that (C; CA; ... ; Cc'V-1) = I
and so

Pre and post multiply by eA'rC' and Bte~A'<T respectively, to get

eA'rC'CeAreAte-A<TBB'e-A'<T = eA'rC'HeFteFte-FcrCB'e-A'<T

Theorem 2. Given any two time-invariant minimal realizations of the same
frequency response, say

An integration of this with respect to t and (J over the square 0 ~ r ~ T°" (J " T gives with the obvious definition of M , and W, '

M(O,T)eA'W(O, T) = M,eF,W ,

using the fact that the [A, B, C] realization is minimal we see that M(O, T)
and W(O, T) are invertible. Hence

eA
' = M-1(O, T)M,e"W,W-1(O, T)

y(t) = Cx(t)x(t) = Ax(t) + Bu(t);

* Matrices whose jkth element depends only on j + k are called Hankel matrices.
Accordingly, partitioned matrices whose jkth block depends only on j -1- k are called
generalized Hankel matrices.

Theorem 1. Given any q by m matrix ofrationalfunctions R such that the degree
of the denominator ofeach element exceeds the degree of the numerator of that
element, and given that R has the expansion

R = Los-1 + L,s- 2 + L2s-
3 + ...

the McMiiian degree Ic ofR is given by k = rank H'_l where*

observable realizations use a state vector of the same dimension; how can
this dimension be cornputed ?

In general the dimension of x in either the standard controllable realization
or standard observable realization is not minimal since this would be the
case only if the realization simultaneously satisfied a controllability and
observability condition. To get at the question of minimal realization we find
it convenient to make the following definition.

If R is a matrix of rational functions each element of which has a denomi-,
nator whose degree exceeds its numerator, then we will say that k: is the
McMillan degree of R if R has a realization qls - A)-lB with A being
k by k and no realizations with A of dimension r by r with r < k exists.

This leads the way to the following important result on linear constant
realization.

with r being the degree of the least common multiple of the denominators of R.

Proof. First observe that for any realization

H'_l = (C; CA; ... ; CA'-l)(B, AB, ... , A'-lB)

Since the rank of the product of two matrices cannot exceed the rank of
either and since neither (C; CA, ... , CA'-I) nor (B, AB, ... , A'-lB) can
have rank greater than dim x, we see that any realization must be of dimension
n ~ rank H r - 1 .

We now show that there is at least one realization of dimension n =

rank H'-l' We will obtain it by reducing the n-dimensional standard observ
able representation of R via the technique used in the proof of Theorem IS-2.
In fact, if
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Since the [A, B, C] and the [F, G, H] realizations are minimal it follows
that A and F are of the same dimension. At t = 0 we have

1= [M-'(O, T)M,][W,W-'(O, T)]

so the pre and post multipliers arc inverses of each other. \Ve denote these
by p-l and P respectively. Using Theorem 1 of Section 5 we have \.

e" = p-1eFtp = eP-1FPr

Thus we see that A = P-' FP,
To show that B = P-1G we write the weighting pattern identity as

CeAIB = HeFIG

and prernultiply by eA'rc'. An integration gives

T .Tr eA'rC/Ce~r dtB = J eA'/C'HeF1 dtG
, 0 0

Hence
B = l\r'(O, T)M,G = P-'G

Finally, write the weighting pattern identity as

Ce-AIB = He-FtG

and postmultiply by B'e-A'l. An integration gives

C = HW,W-'(O, T) = HP I

The substance of this result is that if [A, B, C] and [F, G, H] are t\VO
constant minimal realizations of the same weighting pattern then not only
arc they of the same dimension, but in addition there exists a constant n011

singular matrix P such that the following diagram commutes

Figure 1. The generation of all constant minimal realizations from a given minimal
realisation,

Example. (Satellite Problem) The problem of controlling and observing
a mass near a circular orbit in an inverse square law force held has been
examined in Sections 2, 3, 6, 13, and 14. Let's now represent the linearized
equations in terms of the frequency response. ]f we regard Xl and x J as the
output vector then (see previous sections)

[

52 + w' 5(5,2:,W,)]
C(I5 - A)-'B =

- 2(0 S2 _ 3w 2

'(52 + w 2
) 5'(S' + w 2

)

Notice that the dynamics may appear to be 2nd, 3rd, or 4th order depending
on exactly what is regarded as the input and what is regarded as the output.
The frequency response matrix makes it clear that the system is not control
lable from u since the McMillan degree of the first column is 3 not 4, Like
wise it is apparent that the system cannot be observable from Y1 since the
McMillan degree of the first row is 3 not 4.

Exercises

1, Suppose that R(s) has a partial fraction expansion of the form
,

R(5) = L: Zi(S + }I'
i= 1

Show that the McMillan degree is equal to the sum of the ranks of the Zi'
2. Suppose that R(s) has the partial fraction expansion

/J 0';

R(s) = L: L: Zjs + }.,) - j
i= 1 i» 1

Let Hi be given by

Show that the McMillan degree of R equals the sum of ranks of the H.
(Hint: Consider the special case where n = I and }j = 0.) I'

3, Determine the McMillan degree of

5 ]
52 + I

" + ~s + 2

Find a minimal realization.
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(ii) 1fT, is the weighting pat/ern of the realization [A, B, C] and T, is the
weighting pat/ern of [(A - BKC), B, C] then

(iii) Assume the realizations [A, B, C] and [(A - BKC), B, C] are time
invariant.lfR, is the frequency response of [A, B, C] and R, is the frequency
response of [A - BKC, B, C] then

BK23C implies A, - A 3 = B(K" + K23)C. This transitivity is more diffi
cult to prove for the weighting pattern definition since not all realizations
are required to be in the same feedback equivalence class.

Theorem 1. Consider tH'O realizations in the same feedback equivalence class,
[A, B, C] and [(A - BKC), B, cj

(i) If <1> , is the transition matrix for X(I) = A(t)x(t) and <1>2 is the transition
matrix jar x(t) = [A(t) - B(t)K(t)C(I)]x(t) then

<1>,(t, to) = <1>,(t, to) - r<1>,(t, o)B(,,)K(a)C(a)<1>,(a, to) do (i)
, "

(ii)

(iii)

"
T 2(t, to) = T,Ct, to) - I T,(t, a)K(,,)T,(a, to) do

, "

PI < 2, <Fi ... Pn-l < 2n-1 <Pn

Show that I' has a realization [A, b, b'] with Areal and diagonal and b real.
Also show that if Q is any real symmetric matrix then the poles and zeros
of b'(Ls - Q)-'b are real and interlace. (Hint: As a lemma show that
p + kq has real zeros for all - 00 < k < CfJ if and only if the poles and
zeros of qjp are real and interlace.)

5. Let res) be as in Problem (4). Show that the associated Hankel matrix
H

r
-

l
as given by Theorem 1 is necessarily positive definite.

6. If we denote by oCR,) the McMillan degree of R, then if R, + R, is
defined, show that lo(R,) - o(R,)1 ,,; oCR, + R,) ,,; oCR,) + oCR,) and if
R,R, is defined, show that

lo(R,) - o(R,)I"; o(R,R,)"; oCR,) + oCR,).

7. Show that if T(t, 0') = T(t - 0', 0) and if T(t, 0') = H(t)G(a) then T(t,a)
is analytic in t and a.

4. Let r be a scalar rational function of s with the property that at lsi = 00,

sr(s) = a > O. Suppose the poles and zeros of r are real, simple, and inter
lace; i.e, if PI' P2' ... , P,l are the values of s at which r has its poles and
z r, 22' ... , 2,,-1 are the values of z at which r has zeros, then with suitable

ordering of the Pi and z,

19. FEEDBACK
Proof (i) Using the variations of constants formula we can write the

solution of the matrix equation

A central problem in classical control theory is that of evaluating the effects
obtained by replacing the input by a linear combination of the input and the
output. We want to study some aspects of this question here and will return
to it again in Section 34 where the feedback results of Nyquist will be

discussed.
We will say that two realizations [A" B" C,] and [A" B" C,] are in the

same feedback equicalence class if B, = B, = B, C, = C, = C and for some

matrix K

X(t) ~ AX(t) - B(t)K(t)C(t)X(t)

as

"
X(t) = <1>,(t, to)X(to) - J <1>,(t, a)B(a)K(,,)C(a)X(,,) do

t

Letting X(to) = I gives equation (i).
(ii) The weighting patterns T 1 and 1'2 are given by

A, - A, = BKC

We will say that two weiqhtinq patterns T, and T, are in the same feedback
equivalence class if they have realizations which are in the same feedback

equivalence class.
Notice that if the realizations [A" B" C,] and [A" B" C2] are in the

same feedback equivalence class and if the realizations [A" B" C,] and
[A 3 , B3 , C3 ] are in the same feed hack equivalence class, then [A" B" C,]
and [A 3 , B3 , C3 ] are also in the same equivalence class since B = B, = B, =
B

3
, C = C, = C, = C 3 and the fact that A, - A, ~ BK 12C and A2 - A3 ~

T,(I,a) = C(t)<1>,(t, a)B(a)

T,(t,a) = C(1)<1>,(t, a)B(a)

Pre and postmultiplication of equation (i) by C(t) and B(,,) respectively gives

C(t)<1>,(t, a)B(a) = C(1)<1>,(t, ,,)B(a)

- {C(t)<1>,Ct, p)B(p)K(p)C(p)<1>,(p, ,,)B(,,) dp
q

This gives equation (ii).
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(iii) In terms of Laplace transform quantities, the above equation in the
case <1>1(1, 0') = eA(t-o') becomes

from which we can drive the system

X(I) = A(I)x(t) + B(t)u(I); yet) = ql)x(t) (S)

because if a control Do drives the solution of system (S) to the origin along
a trajectory Xo then the control U I = Uo + BKCxo drives the solution of
equation (SF) to zero along exactly the same trajectory. Since the same
transfers are possible for systems (S) and (SF) the range space of W, and W2

must coincide.
This result says that the range space of W, and W 2 coincide if A, - A2

is expressible as BRIC. Since 1\1 and \V satisfy the same type of equation
we can use this result. Thus the range space of the solutions M, and IVJ 2 coin
cide if -A', + A; is expressible as C'K2Bf. Taking transposes and letting K,
go into -K~ gives the result. I
Corollary. If two realizations are in the same feedback equicalence class they
are either both minimal or both nonminimal.

Proof. This is an immediate consequence of Theorem 15-2 and the
theorem above.

An important final result on time invariant systems is given in Theorem 3.
Existing proofs are a little too difficult for inclusion here.

Theorem 3. If [A, B, C] is a time invariant realization and C is n by n and
nonsinqular, then there exists a constant K such that det(Is - A + EKe)
has its n zeros in any preassigned configuration, provided rank (B, AB,
A"-'B) = n.

It is appropriate to conclude our discussion of feedback by introducing
the block diagram notation which is used so effectively in systems engineer
ing. These are schematics for showing the innerconnection of systems and are
particularly effective in dealing with feedback. The basic idea is to reduce all
operations to addition and multiplication and to describe these operations
by the symbols in figure 1.

to the origin at time t1- This set is clearly the same for the system

(SF)y(l) = C(t)X(I)X(t) ~ [A(t) - B(I)K(I)C(t)Jx(t) + B(t)u(t);

r, - qjp = -r.st»

~w,«, I,) = A;(t)W,(I, I,) - w,«, I,)A,( r) - B(t)B'(I); W,(t" I,) = 0

Then their range spaces coincide for all I and t r- IfM, and M, satisfy

_, det(Is - A + bc) - det(Is - A)
e(Is - A) b = det(Is _ A)

To verify this observe that the poles of e(Is - A)-'b are the zeros of
det(Is _ A) and the poles of e(Is - A + be) -'b are, from the equation for r,\.
the zeros of p + q.

Theorem 2. LeI [A" B, C] and [A 2 , B, C] be Iwo realizations in the same
feedback equivalence class. IfW, and W, satisfy

1", = qj(p + kq)

This is the important formula" forward gain over one plus ~oop g~in" on
which so much of classical control theory is based. It has an Immediate and
nontrivial matrix interpretation, namely

or

qIs - A + BKC)-'B
= qIs - A) -,B - qIs - A) -, BKqIs - A + BKC)-, B I'

In the case where qIs - A) -t I B is a scalar equation (iii) has a special
significance. Let the transfer function associated with [A, b, c] be wntten as

qjp. Then

:IM,(I, I,) = -Ai(t)M(I, I,) - M(I, 1,)A,(t) - C'(I)qt); M,(t" I,) = 0

~ M
2(1

I,) = -A,(t)M(t, t,) - M(I, t,)A 2(t ) - C'(t)qt); M,(t" I,) = 0
dt '

x±y

Figure 1. Block diagrams/or addition (subtraction) and multiplication.

then their range spaces coincide for all t and t 1-

Proof We can establish this result without calculation. We know from
Theorem 13-1 that the range space of W JI, I,) is the set of states at time I

y

(a) (b)
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W(to, 10 + b);?o d

for suitable positive e and b.
(Silverman-Anderson)

then for some real k, (J + it» is an eigenvalue of (A - bc'x). Sketch the
root locus of r if r(s) = I/(s' + 1) and also r(s) = S/(S2 + I).

2. Show that the McMillan degrees of C(ls - A) -1 Band C(Is - A
+ BKC) -I B are the same.

3. Let [A, B, C] be a time invariant minimal realization. Show that if
K(t) is bounded for - co < 1 < co then the Controllability Gramian for
[A - BK, B, C] can be bounded from below uniformly with respect
to 10 by

l~. FEEDBACK

y

19. FEEDBACK

It is common practice to allow the multiplication to be either in the time
domain or the frequency domain. Hence it is common to view the system

X(I) = A(t)x(l) + B(I)u(l)

y(l) = C(I)X(I)

as a block diagram with S-1 I used for integration. (See figure 2.)

+

120

Figure 2. Basic System Con!!guration.

We will fwd it useful in our treatment of least squares to express the
optimal control Uo as being generated by a certain time varying matrix
operating on the state. The result will then be a configuration of the form
shown in figure 3. It is the latter configuration to which the theorems

of this section primarily apply.

y

Figure 3. Showing a feedback control.

Exercises

1. Let r be a scalar valued function of a complex variable s. We call the
subset of the complex plane given by

L = {O" + it»: Irn r(O" + iW) = OJ

the root locus of r. We also divide L into two parts

L+ = {O" + ito: Im r(O" + iW) = 0 and Re r(a + iw);?o OJ

C = {a + k»: Im r(O" + iW) = 0 and Re r(O" + iw) .;; OJ

and call L+ the positive gain root-locus and call C the negative gain
root-locus. Show that if a + ico lies on the root locus of c'(Is - A) -Ib

NOTES AND REFERENCES

12. These topics are standard in linear algebra. Most often the normal form
for similarity is given in complex form with the eigenvalues on the diag
onal. The form given here is easily obtained from that one. The references
for Section 1 are appropriate here as well.

13. The paper of Kalman, Ho, and Narendra [42] is a basic reference. The
(B, AB, ... An-1 B) condition appears in early work on optimal control
see e.g. LaSalle [50] and Pontryagin et al [67]. We use the term" con
trollability Grarnian " to suggest that the role W plays is very much like
the conventional Gramian defined in Section 12. Theorems on output
controllability appear in Kreindler and Sarachik [47] and Brockett and
Mesarovic [17]. The latter reference contains a statement of Theorem 5.

14. Observability in the sense we study it here was introduced by Kalman
and used in a series of papers on various aspects of system theory (see
Kalman [36J, [39J, and [40]).

IS. We follow the terminology of Weiss and Kalman [77] and Youia [87]
in designating T as the" weighting pattern," the term imp/use response
is more common. Kalman [36J shows that separability implies realiz
ability. In our development we follow Youla's excellent paper [87J
which gives the rninimality construction used here. You la's paper also
gives additional results beyond what we have included here.

16. The idea of characterizing a system by Laplace transform and/or its
frequency response is standard. The idea of introducing complex numbers
to solve for the periodic solution is popularly attributed to the electrical
engineer Steinmetz. In our proof of Theorem I we follow Youla [87].

17-18. Two important early papers in this area are those of Gilbert [26] and
Kalman [39J. These papers relate controllability and observability to
minirnality and discuss the question of the dimension of the minimal



realization. Gilbert points out that in the special case where the de
nominators of G have no common factors a minimal realization can be
obtained by elementary methods (partial fractions). The term.McMilian
degree is used frequently in Electrical Network Theory. It IS inspired
bv a fundamental paper of McM illan [58] on synthesis questions. The
r~lationshipbetween the McMillan degree and Hankel Matrices has been
pointed out recently by Youla and Tissi [90J and Ho and Kalman [34J.

19. These questions have not received much attention in the literature. som]e
results along these lines are contained in Brockett [14J and Morga~ [60 .
See also Silverman and Anderson [73]. The result on the relocation of
poles by feedback (Theorem 3) is easy in the case where B has one
column (see, e.g. [14]) but is much harder in the general case. Popov [68]
contains a proof. (See also Wonham [81].) Feedback equivalence classes

are discussed in Popov [68].

3
LEAST SQUARES THEORY

The subject of optimal control is concerned with the calculation of a time
function u which, subject to certain constraints, drives the state of a system
x(t) = f(x(I), U(I), t) from an initial value Xo to some target set and minimizes
a loss functional of the form S:: L[X(I), U(I)] dt + D[X(tI)]. A central result in
this area, the maximum principle of Pontryagin, is beyond the scope of this
book. However, there is a class of problems of this type which can be treated
in a completely satisfactory way using elementary methods. This class, which
is characterized by quadratic loss functions and linear systems, is perhaps
understood better and used more often than any other in the entire field of
optimal control.

The systematic use of least squares methods in systems engineering began
around 1940 with the work of Wiener on filtering. The part of his work which
was most rapidly incorporated into the engineering literature considered
linear time invariant systems and infinite time intervals. For these problems
the spectral factorization methods proposed by Wiener were ideal. More
recently there has been a considerable effort devoted to unifying his approach
with the older methods based on calculus of variations. In this chapter we
consider both points of view. This is necessary because neither by itself is
really capable of conveying all the essential ideas.

By a least squares problem we mean a problem for which one is given

1
' ) .1" , [I N(t)] [U(t)] ,n= J"c" (I), X (t)J N'(I) L(I) X(I) dt + x (I,)QX(I,)

(ii) X(I) = A(I)X(I) + B(I)u(t); x(to) = Xo
(iii) the set to which x(t,) must belong.

and asked to find a control function u defined on the interval to ~ t ~ t1

such that u minimizes J} and meets the boundary conditions. Without loss of
generality we can let Land Q be symmetric.

Although these are problems in the calculus of variations, it is not neces
sary to view them as such. It is possible to obtain the minimizing function
in a direct way using the linearity of the equations of motion and elementary
properties of quadratic forms. In fact one can obtain somewhat more infor
mation about the answer using direct arguments than one does by a routine

123
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application of variational principles. For example, one obtains using.a direct
argument an expression for the amount by which f} is increased when the
minimizing control is replaced by an arbitrary second control. We also get
automatically conditions under which there actually exists a solution to the

minimization problem.
It is important to distinguish between two types of answers to these

problems. If we find the optimal u as a function of A, B, N, L, Q x.,; the set
which x(tt) must belong, and t, but not xir), then we say we have an open
loop solution of the least squares problem. On the other hand, if we express
the optimal u as a linear function of the optimal x, uCt) = F(t)x(t), then we
say we have a closed loop solution of the least squares problem. Of
course, this distinction never occurs in the classical calculus of variations. It
is important in system theory, however, because open loop and closed loop
implementations of an optimal control behave differently in the presence of
uncertainty and because open loop and closed loop solutions are imple
mented in a significantly different way.

In this chapter all controls are assumed to be continuous functions of time,
When we claim that a control minimizes an integral we mean that among all
controls which are continuous it gives a minimum. In no case are there con
trols which are discontinuous and known to be superior for the problems we
treat.

20. MINIMIZATION IN INNER PRODUCT SPACES

This can be written as

[,11, n[(Xl' XI)(X I, X'~J [I:J ;-,0
(Xl' X2)(X2, X2i I,

A necessary and sufficient condition for this matrix to be nonnegative
definite is that the Schwartz inequality hold. Clearly equality holds itXI =

ax,. To prove it does not hold otherwise, notice that if equality holds then

[(XI' XI) + (x" x,)J(x I - x" x, - X,) = [(XI' XI) - (X" X,)]'

Hence if (XI' Xl) = (x2 , x 2 ) we see that equality demands that XI = x.,. On
the other hand, if (Xl' Xl) 01= (X2, x 2) we can obtain a contradiction by
scaling x 2 • I

If we regard Xl as being fixed, it is possible to view Schwartz's inequality

as answering the question of how to minimize (Xl' Xl) subject to the constraint
(Xl' X,) = a. The answer is to let x, be proportional to x, and to pick the
constant of proportionality so as to meet the constraint. The following
theorem is equivalent to Theorem 1.

Theorem I'. Let Xl 01= 0 be a given vector in an inner product space and let a
be a given scalar. Then the value of X which minimizes (x, x) subject to the
constraint (x, x2 ) = a is Xl = a(x2 , x 2 ) -IX

2.
.

Proof First notice that x, meets the constraint. If X is any other solution
of (x, x,) = a then

Before considering the main question of this chapter, which concerns
choosing functions so as to minimize integrals, it will be helpful to consider
carefully some basic results on the minimization of scalar valued functions
of many variables. In this section all the results depend on having an inner
product space. Recall that in Section 1 we defined inner product spaces and
gave several examples. As indicated there, we are most interested in Ell and
C~[to, tJ, but to avoid duplication of effort we work with an abstract inner
product space.

The very first extremization question which arises in an inner product space
is the subject of Schwartz's inequality.

Theorem 1. /fx I and x2 are rectors in an inner product space then

(Xl> x,»)' ~ (Xl' XI)(X" X,)

and equality holds if and only if x, and X, are proportional.

Proof Let Ii and), bereal numbers. Then

o~ (px I + J.X2' fiX I + I,X 2) = p.2(XI> Xl) + 2p),(x l , Xl) + 2(x2 , Xl)

(*)

(X, x,) = (XI' x,) = a
thus

(X - xl> x,) = 0

multiplying by a(x2 , Xl) -I and completing the square gives

(x, x) - (Xl' XI> = (XI - X, XI - X) ;-, 0 I
The geometrical picture which goes along with this idea is that of finding

the vector x joining the origin and a hyperplane* normal to x, such that the
length of x is a minimum. The basic device is geometric and consists of con
structing a line which is perpendicular to a given line and also passes throuzh a
particular point. This construction is important in inner product spaces as a
method f?r determining the. minimum distance between a point and a hyper
plane which does not contain that point.
. Recall that if X is an inner product space with inner product ( , >x and Y
IS an inner product space with inner product < , )y then in Section I we

* A hyperplane is the set of all points of the form {x : (x, b) = c} for some vector band
some real number c.
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Plane normal to x2

Figure 1. Illustrating Schwartz's inequality in £2.
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Y
L*

X."

(LL*)-l j'LL*

Y

Figure 2. Diagramming the result 0/ Theorem 2
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agreed to say that a linear transformation T is the adjoint transformation
associated with a linear transformation L if for all x and Y

<Y, L(x»y = <T(y), x)x

We used the symbol L* for the adjoint of L. Again we emphasize that it is
possible for the spaces X and Y to be quite different; the mapping L takes
X into Y and the mapping L* takes Y into X.

The following theorem generalizes Theorem I' and although it is by no
means the most general result of its type, it is sufficient for our purposes.

Theorem 2. If L: X -t Y is a linear mapping from an inner product space .'X
into a finite dimensional inner product space Y and if the composite map
LL*: Y -+ Y is invertible, then L(x) = Yo has a solution

Xo = L*(LL*)-!(yo)

Moreover, if Xl is any other solution of L(x) = Yo then
)

<x;, Xl);' <Xo, xo)

Proof Let LL*(Yl) = Yo ; such a Yl exists because LL* is invertible. Then
Xo = L*(Yl)' Clearly Lx., = LL*(LL*) -lyo = Yo so Xo is a solution. If x, is
any other solution, then L(x!) - L(xo) = 0 and so

<Yl,L(xo» = <L*(Yl)' xo) ~ <XO' XO) = (Xo, Xl)

This implies immediately that

(xo - Xl' Xo) = 0

Completing the square gives

(Xl' Xl) - (Xo, Xo) = (Xl - Xo, Xl - Xo);, 0 I

As a memonic device, the reader may find the following diagram helpful.
The spirit of this picture is that although it is impossible to pass directly up
from Y to X, because any y has many inverse images in X, it is possible to

identify the inverse image which minimizes [x] by passing from Y to X via
L*(LL*)-I

Example. Let z be an m-vector and let A be an m by n matrix of rank In.

Our problem is to find an n-vector x such that Ax = z and nxH is a minimum.
Since A is of rank 111, it follows that the 111 by 111 matrix AA' is invertible, and
so by the previous theorem

is the solution with the smallest length. As a slight generalization, let Q =

N'N be given and ask for the solution of Ax = z which minimizes x'Qx. If N
is nonsingular (as it will be if Q is positive definite and not just nonnegative
definite), then we can let Nx = y and proceed as before. The best x is then

Xo = Q-lA'(AQ-lA')-IZ

In addition to these results which describe minimization of (x, x) subject
to linear constraints, there are many problems of interest where one wants
to minimize the sum of a quadratic and a linear term. 'Ne will use a direct
method to prove an elementary but immediately useful result.

Theorem 3. If Q = Q' is positive definite. then for all X in R"

ry = x'Qx + 2r'x + b;, b - r'Q-Ir

with equality being achieved if and only ifxo = -Q-'r.

Proof First notice that since Q is positive definite, Q -, exists. If we add
and subtract r'Q-lr from n we" complete the square" and obtain

n = (x + Q-Ir),Q(x + Q-Ir) + b - r'Q-!r

Since Q is positive definite the first term has a minimum value of 0 and this is
achieved only for X = -Q-'r. I

Finally, we describe a result where (x, x) is to be minimized subject to
constraints of the form

(X, Qx) = I



128 20. MINIMIZATION IN INNER PRODUCT SPACES 20. MINIMIZATION IN INNER PRODUCT SPACES 129

and there exist values of x such that the extremes are achieved.

Proof Consider the problem of extremizing x'Qx(x'x) -lover x "., O.
Setting the partial derivatives with respect to the components of x equal to
zero gives

Since fJ.. is a scalar we see this necessary condition for a minimum can only be
achieved if x is an eigenvector and J1 is an eigenvalue. Since Q is symmetric all
the eigenvalues are real and there is a minimum and a maximum eigenvalue.
From the definition of J1 we see that the inequality in the theorem statement
holds.

which minimizes xi + x~ + x~.

4. Establish the identity

X'Q-I X = _det[O
x

3. Find the solution of the vector equation

5. Show that if A and B are positive definite symmetric matrices then
A - B is positive definite if and only if B- 1 - A-I is positive definite.
Show by example that A - B positive definite does not imply A2 _ B'
positive definite.

6. Let A and B be symmetric and positive definite. If )1' i.2 , •.. , }" are the
eigenvalues of A listed in decreasing order and SI' S2' ... ,5/1 are the eigen
values of A + B listed in decreasing order, then s, - Ai~ O.

7. Let Q be nonnegative definite. Show that x'Qx vanishes if and only if
Qx vanishes. (Hint: Consider (x + l,y),Q(x + i.y) for - co < I, < co;
y'Qy = 0 and Qy "., 0.)

8. Let A be an n by m matrix and assume that for all m by m matrices C
the equation

)l(x) = x'Qx(X'X)-1Qx - )l(x)x = 0;

These problems can very often be treated using the Lagrange multiplier
technique after existence of minima has been established; again we use a
direct method.

Theorem 4. Let Q be real and symmetric and let l.m;JQ) and }o",(Q) denote .
its minimum and maximum eigenvalues, respectively. Then/or all x in R"

Exercises A'Q+QA=C

converge then x(t) approaches zero as t approaches infinity.
Hint:

can be solved. Find the solution for which tr Q'Q is a minimum.
9. Theorem2deals with underdetermined setsoflinearequations; the problem

is to choose an optimal solution from many possible ones. The comple
mentary problem is, in the simplest case, where Ax = y has no solutions,
but it is desirable to find x so that IIAx - Yil is a minimum. Show that if
A is m by n and of rank n then the choice Xo = (A' A)-1 A'y minimizes
IIAx-Yli.

10. Given a set of n pairs (Xi' til find the function/(t) = at + f3 (a and f3
constants to be determined) such that '[,7" 1 [/(t,) - xJ' (use Problem 9).

11. Show that if the integrals

,.ro

I x2( t) dt
- 0

and

n = x'Qx + 2r'x + b

if r lies in the range space of Q and that no minimum exists otherwise.
Is the minimizing value of x unique?

2. Consider the problem of heating steel billets which are passing through
a furnace which is segmented into 5 zones. Suppose that the heating costs
associated with each zone is proportional to the square of tIle temperature
and suppose the temperature of a billet coming out of a zone is related
to its temperature going in according to

If the billets start at l(}" and must be heated to 1000°, find the valnes
of T1, T2 , T3 , T4 and T, which minimize the heating cost. (Inoue
Leftowitz).

1. Let Q be symmetric and nonnegative definite. S]lOW that there exists a
minimum for
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Also show that if in addition I-'(/)j ~ M jX(I)j for some M and all I then
there exists y > 0 and I" > 0 such that IX(I)I ~ ye-;·'.

12. Minimize x'Qx + b'x subject to the constraint Cx = 0 where C is m by n
and of rank m.

13. Let Q = Q' be positive definite with minimum and maximum eigen
values )'1 and 1./1 respectively. Show that for [x] = 1

I ~ (x'Qx)(X'Q-I X) ~ ~ [C:.) 1/2 + GJ 1/2] 2

(Kantorovich)

21. FREE END-POINT PROBLEMS

hence it does not exist on the interval 0 ~ t ~ 2. In the statement of both
the theorems of this section it is assumed that it is possible to find solutions for
appropriate Riccati equations which do not pass off to infinity on the interval
in question. Our notation for the solution of the Riccati equation will be
II and by ll(l, KI, II) we mean the value at time I of the solution which passes
through KI at I = II'

Our treatment rests on the following simple identity.

Lemma 1. Let A, B, and K = K' be given matrices. Suppose that K exists
on the interval 10 ~ I ~ II. Then for X and U related by x(l) = A(I)x(t) +
B(I)U(I),

0=

Proof If x is any differentiable trajectory and if K is any differentiable
matrix, then

('X'(I)K(I)X(t) + x'(I)K(I)X(I) + x'(I)K(/)X(I) dt
•'0

I
"- x'(I)K(I)X(/) = 0
'0

In this book we will consider explicitly two types of least squares problems:
those for which the terminal state X(II) is unconstrained, and those for which
the terminal state is completely fixed. The first case is slightly simpler and will
be considered in this section. It should be pointed out in advance that the
problems considered here are only" solved" to the extent that the optimal /
trajectories and the optimal controls are computed in terms of a solution of a
certain nonlinear matrix differential equation which can be explicitly evaluated
only in exceptional cases. Even so, the results playa central role in modern
system theory because they give a great deal of structural information and
when numbers are desired they are easily translated into computer algorithms.

The problems of interest here are those for which the end point is free and
the performance functional is of the form

., . [ 0J" [u'(I), X'(I)] K(I)B(t)
B'(I)K(I) ] [U(I)]

K(l) -I- A'(I)K(I) + K(I)A(I) X(I) dt

I
',

- x'(I)K(I)x(l)
'0

. ~f I

n = I X'(t)L(/)X(I) +U'(I)U(I) dt + X'(II)QX(II)
• '0

We assume that L is symmetric but not necessarily positive definite or even
nonnegative definite although it will be in many control theory applications.
Because L is not assumed to be nonnegative definite it is not generally true
that a minimum for 1] exists. It turns out that the determination of conditions
under which a minimum exists as well as the actual calculation of the mini
mizing control can be made to depend upon solving a first order matrix
equation of the Riccati form, i.e. an equation of the form

K(t) = -A'(I)K(I) - K(I)A(I) + K(I)B(I)B'(t)K(I) - L(I)

Since this equation is nonlinear it is not clear that for a given initial condition
matrix Ko, a solution will exist. Moreover, even if solutions do exist for some
times, they may fail to exist over longer intervals. To illustrate the typical dif
ficulties which arise, consider ;'(1) = k'(I) + I; k(O) = O. Separating variables
and solving gives kef) = tan t. The solution passes off to + co at t = n/2 and

The substitution of A(I)X(I) + B(t)u(l) for X(I) establishes the lemma. I

It is not difficult to use this result to get a solution to the free end point
least squares problem.

Theorem L LeI A, B, L = Land Q = Q' be qicen malrices. Suppose there
exists on the interral to ~ t ~ t 1 a solution IT of the differential equation

K(l) = -A'(t)K(I) - K(/)A(I) + K(I)B(t)B'(t)K(I) - L(I);

Then there exists a control u which minimizes

.',
ry = I x'(I)L(t)X(/) + u'(t)u(l) dt + X'(II)QX(I I)

• '0

for the system X(I) = A(I)X(I) + B(I)U(I); x(to) = xo. The minimum colue 0/ 't is
x'(to)ll(to' Q, II)x(to)· The minimizing control in closed loop form is

U(I) = - B'(I)ll(/, Q, II)X(I)
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whereas in open loop font! it is

U(t) = -B'(tlD(t, Q, t,)<1>(I, tolx o

with <I> being the transition matrix for

x(t) = [A(t) - B(t)B'(I)D(t, Q, t,)JX(I)

Proof Since xu) = A(I)x(t) + B(I)U(I), adding the identity of Lemma I to

'I gives

" [I 0] [U(I)J ,',n= t [u'(t), x'(I)J 0 L(I) x(t) dl + x'(t,)QX(I,) + J" [U'(I), x' (I)J

[
0 B'(I)D(I, Q, I,) J

x D(I, Q, 1,)B(t) tI(I, Q, II) + D(" Q, 1,)A(t) + A(t)n(I, Q, I,)

[ U(I) I ' I"x () dt - x (I)D(I, Q, I,)X(I)
x J J so

Combining these two integrals and using the differential equation for II /'
gives

_ ('[ '(I) '(I)J [I B'(I)D(I, Q, I,) ] [U(t)] d:
n > -r U,X n(I,Q,t,)B(I) D(I,Q, 1,)B(I)B'(t)D(I,Q, I,) X(I)

+ x (to)D(to, Q, 1,)X(to)

But this expression makes the optima! control obvious. The integrand is
nonnegative. Clearly the minimum value of l} is x'(to)n(to, Q, It)X(to) and the
minimizing choice of u(l) is -B'(t)D(I, Q, I,)X(I), Hence for optimality, x
satisfies

x(t) = [A(I) - B(I)B'(t)D(I, Q, I,)]X(I)

lf <I> is the transition matrix for this equation, then u is given by u(t) =

-B'(t)D(I, Q, 1,)<1>(1, lo)X(to), I

It is of some interest to visualize the closed loop optimal control as a
feedback diagram, This is illustrated in Figure L '

Example, Given that x(O) = I find x on the interval 0 ~ I ~ T such that

'(

,n= r :('(1) + x'(t) dt
'0

is a minimum. To convert this into a control problem set ;i;: = u. The Riccati

x(l)

In" ,I I I

I, L, A(I) I II 1

1

,1
,[ ,

I 'I
~ B'(t)Il(I, Q, 'I) t= II

Figure 1. A feedback visualization of the free end-point problem.

equation is then

h(l) = k'(I) - I

The solution which passes through zero at T is tanh(T - r). Hence the
optirnUl11 x satisfies

-,(I) = - tanh(T - I)X(I)

This integrates to give

(
sinh T)

X(I) = cosh I - --- sinh I
cosh T

U(I) = - tanh(T - I)X(I)

The minimum value of I) is X(O)71(O, 0, T)x(O) = x'(O)tanh T

There is one special case in which the solution of the Riccati equation is
directly interpretable in terms of the controllability Gramian. Suppose L is O.
Then the Riccati equation is

K(I) ~ - A'(I)K(I) - K(I)A(I) + K(I)B(I)B'(I)K(t)

Now if K has an inverse we know that:!.- K-'(I) = -K-I(I)K(I)K-I(I) and
dl

hence it follows from the above equation that

d
- K-I(I) = K-I(I)A'(t) + A(I)K-I(I) - B(I)B'(I)
dt

Notice that from Theorem 13,2 we know that W satisfies an identical linear
matrix equation. The matrix variation of constants formula gives immediately

no, Q, t ,) = [Wet, I,) + <1>(t, 1,)Q-I<1>'(I, 1,)]-1

provided the indicated inverses exist. This calculation yields the following
theorem.
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. 'J

po

K+A'K+KA+L

~igllre 2. The effects of a transformation z(r) ,-:c P(t)x(f) 011 the Riccati equation for
X(I) ~ A(I)x(I) + 8(I)u(I); 1(1) ~ u'(I)U(I) + x'(I)L(t)x(l).

p

1. Consider minimizing the quantity

Exercises

n= ([u'(t), X'(t)][N~t) ~(:jJ [~i:n dt

for the system x(t) = A(t)x(t) + B(t)u(t). Show that the relevant Riccati
equation is

K(t) = -A'(t)K(t) - K(t)A(t) - L(t) + [N(t) + B'(t)K(t)]'[N(t) + B'K(I)]

and prove an analog of Theorem 1.

2. Show that if n is a solution of the time invariant Riccati equation

K(t) = - A'K(t) - K(t)A + K(t)BB'K(t) - L

then e-A'tn(t, Q, It)e- At satisfies the time varying Riccati equation

K(t) = K(t)eA'BB'eA"K(t) _ e-A"Le-A'

3. Show that there exists an initial state p(to) for the adjoint equation p(t) =
-A'(t)p(t) such that the control "0 which minimizes

'I = (u'(t)II(I) dt + X'(I')QX(I,)
"

for x(t) = A(t)x(t) + B(t)II(I) is given by

no(t) = - B'(t)p(t)

(K(t) = K(t)G(t)G'(t)K(t) - H'(t)H(t)
(:. //

The entire set of transformational properties of the least squares·proble~;s
can be read off the diagram in Figure 2. In this diagram K, K, etc. are to be
regarded as linear transformations On R" even though in some respects this
is unnatural.

Hence the Riccati equation for the new system is

K,(t) = - [P(t)A(t)P"(t) + P(I)P"(t)]'K, (r) - K, (t)[P(t)A(t)P"(t)

+ P(t)P"(t)] + K,(t)P(t)B(t)B'(t)P'(t)K,(t) - P"'(t)L(t)P"(t)

x(t) = A(t)x(t) + B(t)u(t)

A particular case of interest is to let pet) = <D(to, t) in which case the linear
terms in K vanish and the Riccati equation takes the form

;,(t) = [P(t)A(t)P"(t) + P(t)P"(t)]z(t) + P(I)B(t)u(t)

and n becomes

As in all aspects of linear systems theory, the effects of changing coordinates
needs to be considered in order to have a reasonably complete picture. For the
least squares problem, what is the effect of changes of variable on the struc
ture of the Riccati equation? In what coordinate system does it take the
"simplest" form? We conclude this section with a study of these questions.
Consider making the change of variable z(t) = P(t)x(t) with P nonsingular
and differentiable. As we have seen (Section 4), the dynamics of Theorem 2
assume the form

f"~ = u'(t)u(t) dt + x'(t,)Qx(tJ
t

~ = (U'(I)U(t) + z'(t)P'- '(I)L(t)P"(t)z(t) dt + Z'(I,)P' - '(I JQP"(t ,)z(t ,)
t

is invertible for all t in the interval to ::::; t ~ t1 then there exists a control which
minimizes

If the matrix

Theorem 2. Let A, B, and Q = Q' be given matrices. Let W be the controllability -,
Gramian for the system
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4. Consider the system

x(t) = A(t)x(t) + B(t)u(t)

and suppose that we want to keep x(t) close to the trajectory d(t), where
d(t) is a solution of the homogeneous equation x(t) = A(t)x(t). To do this,
we define the cost functional

T

J = f u'(t)u(t) + [x(t) - d(t)]'L(t)[x(t - d(t)] dt
o

Show that the control which minimizes this has the form

u*(t) = F(t)x(t) + g(t)

What are F(t) and g(t)?
5. Let A and B be constant matrices and let

x(t) = Ax(t) + Bu(t)

be a controllable system. Assume A has no eigenvalues with zero real
parts. Show that if K is defined as

K = lim [W(O, tJr I

then A - BB'K has all its eigenvalues in Re s < O.
6. A pulse width modulator is a device which operates on con~i13uolls functions

whose amplitude is between plus and minus one to produce piecewise
constant functions y according to the rule

_ (sgn x(nT); 0", t - nT '" Tx(nT)
y - 0; Tx(nT) < t - nT '" T

Show that for a suitable choice of [i
T Tr ty'(t) dt '" [i f u 2(t) + ti'(t) dt

"0 0

22. FIXED END-POINT PROBLEMS

If the control u is required to drive a system to a particular state at the end
of the interval to ~ t ~ 11 or if the state at time 11 is required to belong to a
certain set, then the methods of the previous section must be modified. \Ve
consider explicitly only the case where the terminal state is completely fixed,
but various extensions are .possible within the framework presented here.
(See the Exercises.) As it turns out, the fixed end point problems are gener
ally more difficult than those of the previous section in that not only is one
required to solve a Riccati equation, but in addition a certain controllability
Gramian must be evaluated. We begin with a simple case where L is zero.

Theorem 1. Let A and B be given matrices and let W be the controllability
Gramian for the system

x(t) = A(t)x(t) + B(t)u(t)

Ifllo is any control of the form

uo(t) = - B'(t)<I>'(to, 1)1',

where I', satisfies

W(to, tJI', = Xo - <I>(to, tl)XI

then the control 00 drives the system from X o at t = to to x, at t = t
l

• and if u,
is any other control which drives the system from X o at t = to to x, at t = t

1
then

rU;(I)UI(t) dl;;' ('uo(t)uo(t) dt
to "to

Moreover, ifW(to, t I ) is nonsinqular then

."j uo(t)uo(t)dt= [x o - <I>(to,tl)xl]'W-I(lo, 11)[XO - <!>(to,tl)X I]
"

Proof By assumption U 1 achieves the desired transfer and so

XI = <I>(tl' to) [x(to) + ('<I>(to, er)B(er)uJer)der]

As was shown in the proof of Theorem 13-1, Uo also achieves the desired
transfer. Thus

XI = <1>(1 1 , to) [x(to) + ('<I>(to , er)B(a)uo(er) der]

Subtracting these two different equations for x, gives

."I <1>(10, er)B(er)[u,(er) - uo(er)] do = 0
-"

The pre-multiplication of this equation by';' together with the definition of u.,
gives

."
J uo(er)[uM) - uok)] do = 0

'0

This equality permits one to verify directly that

~tl .t I

j u;(er)uJer) - uo(er)uo(er) do = j [uJer) - uo(er)]'[ul(er) - uo(er)] do
~ to

Since the right side is clearly nonnegative, this completes the proof of the
optimality of uo.
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exceeds the left.
The structure of the optimal feedback system is shown in figure 1.

."I <1>(10, ,,)B(,,) - do
, '0

R"

B'(,,)<I>'(IO' c)

Figure 2. Illustratino the solution given by Theorem I.

The composite map LL* is simply W(to, I,). If this is invertible, then accord
ing to Theorem 20-2 the choice

Uo(l) = -B'(I)<I>'(lo, t)W-'(lo, t,)p

minimizes (u, u) for L(u) = p. The following diagram illustrates these ideas.

I=:::;-;::=~x(t)
-')

+

vet)

r r"f U'JI)U,(t) dt ~ u~(t)uo(t) dt
~ -10

" r"f U~(I)UO( I) dt = ~' <I>(tO' a)B( o)B'( ,,)<I>'(t0 ' o) du~
10 ~Io

= ~'W(tO' Il)~

~ [XO- <I>(tO' t,)X,]'W- 1(t O' t,)[XO - <I>(tO, t,)X,] I

Notice that the proof gives additional information beyond what is given
in the theorem statement; i.e. it gives an expression for the amount by which

the right side of inequality

Observe that in the event that W(tO, 11) has an inverse (and this is probably

the situation of greatest interest) one has

r

Example. The equation of motion for the electrical network shown in
Figure 3 is

where i is current out of the Source. The energy dissipated in the resistor over
the interval 0 :::; t :::; t, is

r = value of resistance

c = value of capacitance
d
- CV(I) = ;(1);
dl

r";'(1) dt
• 0

r"d= r;'(I)dl;
'0

Suppose we are to find the current i as a function of time such that v(O) = Va;

v(tl ) = V 1 and the energy dissipated in the resistor is a minimum. We want to
minimizeL(u) = ('<I>(to, ,,)B(u)u(,,) do = [<I>(t o , t,)x, - xo]

.' to

Now L( ) defines a linear mapping of C:;[to , t1J into Ell. Since <Xl' X2) =

X',X2 and

Figure 1. The optimal feedback control for a fixed end-point problem. Here
'(I) ~ 8'(1) W-, (I, 1,)"(1, I, lx,

We could have used Theorem 2 of Section 20 to prove Theorem I. To do
so observe that it is necessary to solve

are the inner products in E" and C'~[to; I,] respectively, the adjoint L* maps
E" into C'~[to, t1J according to

L*(p) = B'(t)<I>'(to, t)p

c

Figure 3. Mininnzinq the loss in charginu (J capacitor.
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J" [I
'] = '0 [u'(r), X'(I)] ll(t,K" I,)B(I)

For this problem the controllability Gramian is JY(O, ll) = tdel so that the
optimum drive is

io(t) = +(c/I,)(v, - vol

and hence is constant. If L'O is 0 a short calculation shows that the ratio of the
energy stored over the energy delivered in this case is 1/(1 + 2rc/t 1 ) and hence
that this ratio limits the efficiency orthis circuit as an energy storage device. '

The last step on OUf assault on least squares problems is to treat those fixed
end point problems which have an x'(I)L(I)x(l) term in the expression for 'I.
This is only a matter of bringing to bear the right combination of preceding
results. The final solution is however complicated to state.

Assuming dynamics of the form

*(1) = A(I)X(I) + B(t)u(l)
and a penalty

.',
'] = I U'(I)U(t) + x'(I)L(I)X(I) dt

.' 10

the solution, again, centers around the Riccati equation

Proof Since *(1) = A(I)x(l) + B(I)u(l) adding the identity of Lemma I
(Section 21) to ngives

('" , [I 0] [U(I)] "', ,ry = . '0 [u (t), x (I)] 0 L(I) X(I) dt + t [u (I), x (I)]

[
0 B'(I)ll(I,K"I,)]

x ll(t, K" I,)B(I) rro, K" 1,) + n«, K" I,)A(I) + A'(I)ll(l, K" I,

[ U( I)] I"x X(I) dt - x'(I)ll(l, K" I,)X(I) '0

Combining these two integrals and using the differential equation for IT gives

B'(I)ll(t, K" I,) ] [U(I)] d
ll(I,K"I,)B(I)B'(I)ll(I,K"I,) X(I) I

+ x(lo)ll(lo, K" t ,)X(lo)

J
"

= l!u(l) + B'(I)ll(t, K" 1,)X(I)ll' dt + x(to)ll(to, K, ,I,)x(to)
w

It(t) = -A'(I)K(I) - K(I)A(I) + K(I)B(I)B'(I)K(I) - L(I) (R)/) Letting V(I) = U(I) + B'(I)ll(l, K" I,)X(I) we obtain an equation in x and v

However, now we have some freedom in the choice of the boundary condi
tions.

Theorem 2. Assume that there exists a symmetric matrix K l such that the
solution net, K j , t1) of the matrix Riccati equation (R) exists on the interval
to ~ t ~ t l · Then a differentiable trajectory x defined on the interval to ~ t ~ t1

minimizes

-'"ry = I U'(I)U(t) + x'(I)L(I)x(l) dl
• '0

for the differential equation

*(1) = A(I)x(t) + B(I)U(I)

and the boundary conditions x(t o) = Xo, X(tl) = x, if and only if-it minimizes

f"ry, = V'(I)V(I) .u
'0

for the differential equalion

*(1) = [A(I) - B(I)B'(I)ll(l, K" 1,)]x(l) + B(I)v(l)

and the boundary conditions x(to) = xo, xCt l ) = x.. Moreover, along any
trajectory meeting the boundary condition

n= ry, + x~ll(to, K" 1,)Xo - x'(t,)K,x(t,)

*(1) = [A(I) - B(I)B'(I)ll(l, K" lo)]X(I) + B(I)v(l)

and a functional to minimize

'7 = j"V'(I)V(I) dt + x'(lo)ll(to, K" 1,)X(lo) - x'(I,)K,x(I,)
'0

This completes the proof of equivalence. I

It is unfortunate that the ideas here tend to become obscured by the
complicated formulas. The feedback diagram in Figure 4 illustrates the
definition of v.

x(l)

Figure 4. Illustrating the relationship between u and v in Theorem 2.
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Exercises

1. Determine under what circumstances there exists a control uo(t) which
drives the system

X(/) = A(/)X(/) + B(/)u(/)

from X o at to to x, at t1 and minimizes

,"
J = J U'(/)U(t) + 2u'(/)Nx(/) + x'(/)L(/)X(/) dt

t

Assume that the controllability Gramian W(to, I,) is positive definite.
(cf. Problem 21-1.) Find the control assuming it exists.

2. Let C be an m by n matrix of rank m. Find u such that the state of the
system

Hint: Replace n/2 by n/2 - 8 and carefully analyze the limiting case.
6. Show that if x(O) = x(n) = O. Then

,."If ~r.:

J U(/)Y dl;;' J [X(/)]2 dt
o 0

Show that if x(O) = x(O) = x(n) = x(n) = 0 then

{[;'(t)]' dt > {[X(/)Y dt
o 0

Is this the best inequality of its type?

7. Show that if H" X(/) dt = 0 and x(O) = x(2n) = 0 then

2>'1: 2rr

f ,~' dl;;' r X'(/) dt
o '0

such that the control u which minimizes

p(t) = - A'(/)p(/)

is minimized.
3. Show that there exists an initial state for the adjoint equation

"n= J x'(I)L(/)x(/) + u'(/)u(t) dl
o

- cos T] [X(O)]
1 x(T)f" , z (T ) [ -1,~-(t) - x (I) dt;;, -r--,- [x(O), x(T)] T

o sm T -cos

q = {[>/J(/) - b'e'A"xo]' dt
o

8. Show that for 0 < T < n and x differentiable

9. Let A be 11 by 11 and constant and let b be a constant z-vector. Suppose
det(b, Ab, ... , A" - 'b) "" O. Given a time function >/J defined on 0 ,;; t ,;; (J

find X o such that the following integral is minimized

X(O) = XoX(/) = A(t)x(/) + B(/)u(/);

is driven to the null space of C at I = 1 and

f"n= U'(/)U(/) dt

"
for transferring the state of

X(/) = A(/)x(/) + B(t)u(/)

from Xo at 10 to x, at t, is given by U(/) = -B'(t)p(I).
4. Find the minimum value of

f\'(/) dt
o

with the constraints x(n) = 0 and x(O) = 1.
5. This and the following two problems consider classical inequalities

associated with Rayleigh and Wirtinger which are of use in partial
differential equations:

Show that if x is differentiable and x(O) = 0, then
7tj2 ]t12

f x'(t) dt > f x'(t) dt
o 0

10. We have considered minimizing

.',
n= J 1/'(/) dt

o

Subject to the constraint that u should drive the system

X(t) = AX(/) + burt)

from X o at t = 0 to x, at t = t,. The same methods work for

~ = ('G(u) dt
'0

provided G is a differentiable, convex function. Assume we express G as

G(u) = (g(V) dv; g"( ) = f( )

and let p be the unique solution of (Exercise 3, Section 13)

rte-Alb!Cb'e-A'lp) tit = X
o

- e-A11X1o
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Then show that the control

u(l) = -!(b'e-A"p)

13, Let A be n by II, Suppose that
[B, AB, A2B, "', A',-lBJ

is driven to zero and

(Hempel and Tschauner)

x(O) = IX(I) ~ U(I);

,;;(1) = -X(/) + u(l)

is driven from x = 1 at 1 = 0 to x = 0 at 1 = 1 and

has rank nand vet) is a known function of time. Find the control u(r)
which drives the system

,.1/2 ,I

n= J ,,2(1) dt + 2/ "'(I) di
o ~ 1/2

~x

-'f>?"

.r

II = I ,,2(1) + X2(1) dt
'0

where (1 is the time when the line is reached and the dynarnics are

x(t) = u(t)

is driven from x(O) = 0 to x(T) = 1 while minimizing [over u and TJ
the quantity

"(I) = AX(I) + BU(I)+ CV(I)

IS a minimum.

,T

J= I u 2(t l d l + T
'0

15. Consider the problem of driving x to the line shown and at the same
time minimizing

from Xo to 0 in T units of time and minimizes the quantity

,T

J = J i!u(t)I,' dl
o

14. Find the control u and the final time T such that the scalar system

Figure 5

16. Find U such that the scalar system

/

o 0]o 2
o 1 '
o 0

1
o
o

-2

accomplishes the transfer and that if o is any other control which accom
plishes the transfer then

Show that W(O, 0') is given by

"'11 = (60' - 8 sin 0' + 2 sin 20')

"'12 = (- 3 + 4 cos 0' - cos 20')

"'13 = (30" + 2 cos 0' - 60' sin 0' - 2 cos 0')

"'14 = 2( - 50' + 7 sin 0' - sin 20')

wn = 2cr - sin 26

"'23 = (-0' sin 0' + 60' cos 0' + 40' - 2 sin 20')

"'24 = (4 + 2 cos 20' - 6 cos 0')

"'33 = (30'3 + 80' - 4 sin 20' - 24 sin 0' + 240' cos 0')

, 9 )
"'34 = ( -:2 0",+ 120' sin 0' + 4 cos 20' - 4

W 4 4 = 1717 =+- 4 sin 2cr - 24 sin (J

X(I) = x(l) + '1(1)

n= J~U
4(/) dt

o

is a minimum. Find u as a function of x. That is, find a feedback control
which steers the system along the optimal trajectory, (Use Problem 10,)

11, Let A and b be derived from the inverse square law force field problem
with tangential thrusting and with w = L

(' G[V(I)J - G[U(I)J dt = ('G[V(I)J - G[U(I)J + ['1(1) - u(I)Jg[u(I)J dt
~ 0 -o

Since G is convex the integrand on the left is nonnegative for all u and v
and hence the given control is optimum.

11. Find u as a function of time such that the unstable system
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Note that it is necessary to have the condition x,(t,) = X2(0).
18. Find the control that transfers

17. Consider the system ;«t) = ax(t) + u(t) with u constrained by

u(t + t,) = u(t)

The boundary conditions on Xare X(O) = 1, X(2t1) = O. Find the minimum
value of

.a-,
'II = J u

2
(t ) d t

o

Compare this result with that obtained without the constraint on u(t).
Hint: Consider the two dimensional system

X, (t) = ax , (t) + u(l)

x,(t) = aX2(1) + u(t)

Specializing any result to the time invariant case is a pleasant task since
some simplification and clarification is inevitable. In the case at hand the
simplification is considerable. The solution of the Riccati equation can be
obtained (conceptually at least) by computing a matrix exponential, parti
tioning it, and taking an inverse. To get the easiest case however it is necessary
to let the time interval be infinite and restrict L to be nonnegative definite.
In that situation the whole story is told by the solution of a set of algebraic
equatIons. In the literature, this infinite time problem is referred to as the
regulator problem. It is a useful starting point for the design of many types of
systems.

Theorem 1. If [A, B, C] is a constant minimal realization then there exists a
real symmetric positive definite solution of the quadratic matrix equation

(CR)

(CRE)

23. TIME-INVARIANT PROBLEMS

A'K + KA - KBB'K = -C'C

Proof Let n denote the solution of

K(t) = -A'K(t) - K(t)A + K(t)BB'K(t) - C'C

/

o~ t ~ t1

t1 ~ t ~ 2t 1

for

for

x(t) = x ,(I)

X(I) = x,(t - 1,)

with

x(t) = b(t)u(t)

from the state x(O) = 1 to the state x(l) = °and minimizes

From Theorem 21.1 we have

x;n(O, 0, I)Xo = min {ll'(o-)U(O-) + x'(o-)C'Cx(o-) do-
" 0

19. Consider a system with two controls

1

n= r u2 dt
·0

x= Ax + bUr + CU2

The controls lit and U2 are constrained by rU'(o-)ll(o-) + x'(o-)C'Cx(o-) do
o

and this upper bound is of the form x; 110 Xo .

For all Xo the quantity Xo nco, 0, t)xo is thus a monotone increasing func
tion of t and it is bounded from above. Therefore by a well-known theorem
in analysis, there is for all X o a limit

Hence TICO, 0, t) is monotone increasing, in a matrix sense, as t increases.
Moreover, since th~T~.~~i,z~~.ion is, minimalIt isccntrcllable .and there exists
a-bounded control which' drive's' x to zero in any positive interval. Such a
control obviously gives a finite value for

lim nco, 0, t) = n;
Does there necessarily exist a matrix limit

lim x; nco, 0, I)xo = ')

[1,0, ... , O]IT(O, 0,1)[1,0, ... ,0]'

Yes. To prove this we observe that the scalar

for .a~t<1

for -t~t<~

for l<t~l

.rI u;(I)dt~ 1
'0

,
r u;(t)dt~ 1;
'0

Imagine that lit and U 2 have conflicting objectives. The object of lit is to
minimize l!x(l)!1 while that of!/2 is to maximize !lx(I)!I. We assume that
u and U2 cannot observe each other directly but that u, and "2 only know

xeD) for °~ t < i
x(O), x(t)

x(O), xCi), xC±)

x(O), xCi), x(1), xU)

Find the best play for lI, and u«.
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has a limit as t approaches infinity and that its value is nIl (0, 0, 00 )~r 7[11 'Xi'

Repeating this for a vector with a one in the jth spot shows Trjj(O, 0, t) has a
limit. Hence the diagonal elements of Il approach a limit. Let Xo now be
given by

Ith jth

x~ = [0, 0, ... , 0, 1, ... , 0, 1, 0, ... , OJ

then the limit of

XoIl(O, 0, t)xo = 11;;(0, 0, t) + 11j;CO, 0, t) + 211;/0, 0, t)

exists and hence 7rij (=nj) has a limit for all i and j. Since the differential ,/
equation (CR) defining II is time invariant,

lim Il(t, 0, 0) = fIw

As X o varies over the set of all vectors of unit length the nonnegative quantity

x~nco Xo - x~ e(A-BB'n0)'lllw e(A-BB'n0)lx
o

takes on a minimum value. If that minimum is zero then for the corresponding
value of X o

{x'(t)C'Cx(t) dt + rX'(t)Il~ BB'Ilwx(t) dt = °
o 0

However if B'Tl , x(t) vanishes identically then the differential equation is
x(t) = Ax(t) and if, in addition, Cx(t) vanishes identically then using the
observability assumption we see that Xo must be zero. Hence for some e > 0

x'(t)IlwxU) - x'(r + l)Il'fl x(t + I);;' eilx(tli:'

This means that

d
di 'I"l(t) = +(A - BB'Ilw)'I"'(t) + 'I"'(t)(A' - Il, BB') - BB'

.CO co

J x'(t)CC(t)x(t) + U'(I)U(t) dt;;' 1:: eiix(n)il'
o n~l

;;, fW x'(t)C'Cx(t) d t
'0

(CRE)A'K + KA - KBB'K + L = °
Then rewriting equation (CR) in terms of 'I' = K - Il., gives

1'(t) = -(A' - IlwBB')'I'(t) - 'I'(t)(A - BB'IlifJ + 'I'(t)BB''I'(t)

This equation is still nonlinear but if it is pre- and post-multiplied by '1"1

it becomes linear in '1"1 (Use ~ '1',1 = _'1"11''1''1)
dt

.w
= I x~ e(A-BB'II"Y1C'Ce(A-BB'n,£}lx o dt

'0

Hence the integral Yl 1 converges. I

Using these two theorems we can proceed to find a complete solution of
the Riccati equation.

Suppose llr.Q satisfies the quadratic equation

Since the integral on the left converges this implies that \ix(t)\l, approaches
zero as t approaches infinity. Using the fact that x(t) approaches zero we see
from (*) that

x'(O)Ilwx(O) = fW x'(t)[C'C + n, BB'Ilw]x(l) dt
'0

w
1]1 = r e(A-BB'n""rrC'Ce(A-BB'IL/.,)1 dt

• 0

Theorem 2. Let [A, B, C] be a constant miniminal realization. If nO'. is a
positive definite solution of A'K + KA - KBB'K + C'C = °then all solutions
of x(t) = (A - BB'Ilw)x(t) go to zero as t approaches infinity and the integral

The derivative of Il is related to n by a time invariant differential equation
and therefore n approaches a constant also; clearly it must be O. Hence I1',Q
satisfies

r

lim x; Il(O, 0, t)xo = lim min f u'(t)u(t) + x'(t)C'Cx'(t) dt
r-+oo I-CO II 0

and the observability condition guarantees that the integral cannot vanish
identically for any nonzero Xo· I

The next theorem gives an important property of positive definite solutions
of (CRE).

ATl., + Il, A - IlwBB'Ilw = - C'C

Thus IllfJ is a solution of equation (eRE). It is positive definite since

converges.
Proof Let nco be positive definite and let xo be an arbitrary initial value

ofx. For t > °we have

x;IlwXo - x'(t)Ilw x(t) = - J'x'(t)Ilwx(t) + x'(t)Ilwx(t) dt
o

=' - {x'(t)(Ilw A + A'Ilw - 2Il wBB'Il w)x(t) d
o

= rx'(t)(C'C + n, BB'Ilw)x(t) dt ;;, ° (*)
o



150 23. TIME"INVARIANT PROBLEMS 23. TIME-INVARIANT PROBLE~IS 151

In fact

Thisis an equation of the type discussed in Section 11. In view of Theorem 2
we can find Q, which satisfies

(A - BB'Iloo)Q + Q(A' - Il oo BB') - BB' = 0

In terms of Q,

,00

Ql = - J e(A-BB'Jlw)IBB'e(A-BB'n",)'1 dt
o

/

Theorem 4. IJ [A, B, C] is a minimal realization then there is exactly one
symmetric positive definite solution of A'K + KA - KBB'K + CC' = O.

Proof This is an immediate consequence of Theorems 1, 2 and 3.

The use of these theorems permits an analysis of still one more special case,
namely minimization of quadratic functionals for linear constant systems
on the interval 0 ~ t ~ co. This problem is of special interest because of the
comparatively simple form which the answer takes. The following theorem
contains the main results.

so that

There exists a control which minimizes

Make the change of variable

x(O) = Xox(t) ~ Ax(t) + Bu(t);

for the system

n= r u'(t)u(t) + x'(t)C'Cx(t) dt
o

whereas in open loop form it is

u(t) = -B/llc£) e(A-BB'O",,)lx o

Proof First observe that if IIx(t)11 does not approach zero as t approaches
infinity then the integral

The minimum value of rj is x~ no:; xu. The minimizing control in closed loop
form is

A'K + KA - KBB'K = -C'C

~ = rU'(I)U(I) + X'(I)C'CX(I) dt
o

will diverge. This is an immediate consequence of the observability assumption
which together with 2I· I implies

vet) = U(t) + B'If; X(I)

'+ I

min f U'(I)U(t) + x'(t)C'Cx(t) dt = x'(t)Il(O, 0, l)x(t) ~ Blix(t)!1
" ,

Theorem 5. Let [A, B, C] be a constant minimal realization. Lei Il oc be the
positive definite solution of

X(I) = (A - BB'Iloc)x(t) + Bv(t)

'l'-'(I) = Q, + e+(A-BB'n'h)'['l'-'(O) _ Q,]e+(A-BB'nA '

This gives as a solution of the Riccati equation:

Il(t, Ko' 0) = Fl., + {Q, + e(A-BB'n~)'[(Ko - Il oc ) - ' - Q,]e(A'-nooBB')'j-'

To complete the picture on II we include the following result on the
uniqueness.

,)

Theorem 3. 11A, Band L = L' are constant then there is at most one symmetric
solution of KA + A'K - KBB'K + L = 0 having the property that A - BB'K
has its eigenvalues in Re s < O.

Proof Assume, contrary to what we want to prove, that there are two
symmetric solutions, K, and K, such that A - BB'K, and A - BB'K, have
their eigenvalue in Re s < O. All solutions ofx(t) = (A - BB'K)x(t) approach
zero as t approaches infinity. Moreover, as we have seen in the proof of
Theorem 22-2,

tf u'(o-)u(o-) + x'(o-)Lx(o-) do
o

= x'(O)K,x(O) - x'(t)K,x(l) +rII,u(t) + B'K,x(t)',i 2 dt
o

= x'(0)K2x(O)- x'(t)K2x(t) + (liu(t) + B'K2x(t)!1
2 dt

'0

"'''\:-;Since K1:l: K2 and both are symmetric there exists Xo such that x~ K1xO i=
x;' K2XO: Say.x;',K,x",0'x;' K, Xo' Then let U(I) = - B'K, x(t). Taking the
limit as t goes toinfinitygives

x;'K,xo c= x;'K,xo + rocliB'(K, - K,)X(I)11 2 dt
'0

which is clearly impossible. Hence we contradict the hypothesis that there
exists K, -I K, such that (A - BB'K,) and (A - BB'K,) have their eigenvalues
in Re s < O. I
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and n becomes

ry = r [V(/) - s'n, X(/)]'[V(/) - a-n, X(/)] + x'(t)CC'x(t)dl
o

expanding the integrand, with the use of Il., A + A'Tl., - llooBB'lloo =
_CtC, gives

n = (V'(/)V(t) - [(A - BB'lloo)x(t) + Bv(t)]'lloo x(t)

- x'(I)lloo[(A - BB'lloo)x(l) + Bv(t)] dt

= (V'(I)V(I) d: - X'(t)llooX(I)]~

From Theorem 2 we know that all solutions of X(I) = (A - BB'lloo)x(t) go
to zero as I approaches infinity. Hence the best choice of v is O. I

Example. Consider minimizing -,
T

n = f u'(I) + x 2(1) dt
o

for x(l) = u(I). In this case the Riccati equation is

k(l) = k2(1) - 1

We could solve the Riccati equation directly of course, but instead we follow
the path outlined in the above discussion. There is a positive definite equilib
rium solution k = 1 (and also the solution k = -1 which is of no interest).

Let ijJ = (k - 1), then

if;(I) = ijJ'(I) + 2ijJ(l)

Dividing by ijJ2 and letting ijJ -1 = 4> gives

1>(1) = -(24)(1) + 1)

Thus 4>(1) = ae- 2
' - -} and

1 _ e2 (f - T)

k(/) = '« T) tanh(T - I)
1 + e

Notice that k(t) goes to I as (I -T) goes to minus infinity.
There is one final result on linear constant systems which will be of interest

in Section 25.

Theorem 6. Let A, Band L = L J be constant matrices. Assume there exists
lloo. a negative definite solution of

A'K+KA-KBB'K= -L

such that the eiqencalues oj (A - BB'n oo) lie in the half-plane Re s < O. Then
there exists a control which minimizes

.00

'I = J u'(t)u(t) + x'(t)Lx(l) dt
o

for the system x(t) = AX(I) + Bu(t); x(O) = xo. The lI1inill111111 value oJ 'I is
xollooxQ. The minimizing control in closed-loop form is u(t) = -B'IIo:;x(t)
whereas in open-loop form it is u(t) = -BTI(.fJ e(A-BB'n"o}rx o

Proof Introduce v as in the proof of Theorem 5 to get

*(1) = (A - BB'llx)x(t) + BV(I)

Notice that for the altered performance measure 'll we have

-"
ry, ~fmin J u'(t)U(I) + x'(I)Lx(l)dl + x'(t,)llooX(I,)

u 0

f"= min V'(I)V(I) dt + x'(O)llx x(O)
v 0

= x'(O)lloox(O)

and that this minimum is achieved for u(t) = - B'lloo X(I). Moreover, since
n; < 0,

t

ry = f U'(/)U(t) + x'(t)Lx(t) di > '/,
o

k(l) = ijJ(/) + 1 =
ae

2ae- 2r + 1
Zce 2r - 1

1 2
"r 1- + 1 = 2 2, _ 1 + 1
- - 2 ae

On the other hand, for the choice u(t) = -B'n"" x(t) we have X(I)'~ 0 as
t -+ 00 so that n = lJ1 and hence the choice of u must be optimal. I

Exercises

If x(O) is fixed and x(T) is free, then the minimizingvtr) is -k(/)x(t) where ",
in the definition of k, is picked so as to make k(T) zero. The minimum value
of the integral in this case is x 2(0)k(0) and

1. Let [A, B, C] be a minimal realization. Let nee be the symmetric positive
definite solution of A'K + KA - KBB'K + C'C = O. Show that ll(l, Q, 0)
approaches llx as I approaches - 00 for all Q = Q' ?o O.
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2. Let Il be a solution of A'K + KA - KBB'K + M ~ 0 such that the
eizenvalues of A - BB'Il lie in the half-plane Re s < O. Suppose that N,o Cf;

defined as

the integral

I) = r"u'(t)u(t) dt + J'~ y'(t)y(t) dt
~o 1

"N = r e(A-BB'n.,.;)IBB'e(A-BB'".:r.l't dt
'0

is invertible. Then show that Il., - N- 1 is also a solution of

A'K + KA - KBB'K + M = 0

and that the eigenvalues of A - BB'Il", + BB'N-' all lie in the half-plane
Re s > O.

3. Deduce from Theorem 1 the fact that every positive definite matrix has a
unique symmetric, positive definite square root. (Compare with Exercise 5,
Section 12).

4. Let nco be a positive definite solution of the quadratic matrix equation

A'K + KA - KBB'K + C'C = 0

is a minimum.
8. The network shown has, at t = 0, one volt across the capacitor and no

current flowing in the inductor.

Figure 1

If A = A' and B = C' then show that - n~, 1 also satisfies the same equa
tion. If [A, B, C] is a minima! realization can there be other negative
definite solutions?

/5. Find a and f3 such that for

X(t) + a)(t) + [h(t) = 0

the integral
,.m ?

q ~ I let) + [a)(I) + f3x(t)]- dt
• 0

is a minimum. Show that the answer does not depend on )(0) and X(O).
Explain.

/6. Show that the feedback control law for the constant system

How much of the stored energy can be delivered to a load by using the
best possible matching (i.e. choice of i{t»)? Infinite time is available to

discharge the circuit.
9. The one-dimensional wave equation defined on 0 ~ z ~ I, 0 ~ r < <c was

discussed in Exercise 5 of Section 6. Proceeding formally, minimize

,00 I'I} = I ,,2(Z, I) + [Dx(z, 1)[DI]2 dz dt
"0 0

for the equation and boundary conditions given there. Show that

LI,lI) = -allxiO -/Jlly,Jt)

for a suitable «, and fi".

x(t) = Ax(t) + BU(I)

and the penalty functional
24. CANONICAL EQUATIONS, CONJUGATE POINTS,

AND FOCAL POINTS

QA.+ A'Q - QBB'Q + C'C = 0

is of the form u(t) = Fx(t) with F constant if Q satisfies the equation

_,fj

I) = I u'(t)u(t) + x'(t)C'Cx(l) dt + x'(t,)Qx(t,)
• 0

and is positive definite.
7. Let [A, B, C] be a time invariant minimal realization. Find u such that for

In the previous sections conditions under which a minimum exists Iorccrtain
least squares problems were derived together with an explicit formula for the
minimizing control and the minimizing trajectory. The constructions given
centered around being able to solve a matrix Riccati equation with certain
boundary conditions specified at one point in time. In this section we want to
study the Riccati equation itself and at the same time consider an alternative
point of view which occupies a central position in the further development of
this subject.yet) = CX(I)X(I) = AX(I) + Buu):
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Vole begin by establishing an important and somewhat surprising fact.
Namely, that the solution of a Riccati equation can be obtained by solving
a suitable set of linear differential equations.

It is often pointed out in introductory books on differential equations that
scalar Riccati equations are related to second order linear equations by a
simple transformation. The idea is to relate the equation

X(I) + fJ(t)X(I) + y(l)x(l) = 0
/

to a first order equation by letting k(l) = x(l)jx(I). This makes

condition is clearly correct since <l>(tt, (1) = I. To keep the algebra in hand,
define X and P by

[X(I) -P(I)J = [Q -IJ[<I>II(.II, I) <l>uCII> I)]
, , <1>21(11) I) <1>22(1 1, I)

according to the lemma statement n(l, Q, II) = P-'(I)X(I) and hence

. [X(I)] [X(I)] 2k(l) = - - -
x(l) X(I)

and so

k(l) + k 2(1) + fJ(l)k(l) = -y(l)

Using the properties of <I> we have

[X(t), - i'(I)J = [X(I), - p(tn [ - ~i;i

Hence

B(I)B'(I)]
A'(t)

Lemma. Let <I> be the transition matrix for the set of 2n linear differential
equations

A similar method works in the non scalar case, Instead of a second order -::
vector equation, however, we start with a pair of first order vector equations.

[
X(I)] [A(I)
P(I) = - L(I)

-B(I)B'(I)] [X(I)]
- A'(t) pet)

d
- fI(t, Q, I) = P-I(t)X(I)B(I)B'(I)P-'(t)X(I)
dl

- P-'(I)P(I)A'(t)p-I(t)p-I(I)X(I)

- P-I(t)X(I)A(I) - P-I(I)P(I)L(I)

= rr«, Q, II)B(t)B'(I)n(l, Q, tl) - A'(I)n(l, Q, II)

- n(t, Q, II)A(I) - L(I) I
Let <1>= [(<1>", <1>12); (<1>21' <1>,,)] be a partttloninq of <I> into 11 by 11 blocks.
If n is defined as

n«, Q, II) = [<I>,,(tl' I) - Q<I>uCII, t)r'[Q<I>I,(t l , I) - <1>21(1 1, I)]

or equivalently as

n«, Q, II) = [<1>21(1, tl) + <1>22(1, II)Q][<I>II(I, II) +<1>12(1, II)Qr l

then n(tl' Q, II) = Q and

"- n(l, Q, I,) = -A'(I)n(l, Q, I,) - n(l, Q, II)A(t)
dl

+ nel, Q, II)B(I)B'(I)n(l, Q, II) - L(I)

if the indicated inverses exist.

Proof 'rYe will prove only the first form. Previously it has been
established (Section 7) that (djdl)<I>ill' I) = -<1>8(11) I)B(I). Moreover,
(djdl)P-I(I) = -P-'(t)P(t)p-'(t). Using these two facts we will proceed to
verify that n as given here does satisfy the Riccati equation. The boundary

Naturally the matrix <1>22(t1, t) - Q<1>12(tt, t) which appears in the above
expression for n need not be invertible for all t. Hence Lemma 1 certainly
does not imply the existence of a solution of the Riccati equation for all time.
However, <1>22(£1' 11) = I and <1>12((1' [1) = 0 and both are continuous func
tions of t. Since I is invertible it is clear that <1>22(tJ' t) - Q<I>lZ(tt> t) is also in
vertible for It - t J I sufficiently small regardless of Q. Hence for the first time
we have-a local existence theorem for the Riccati equation.

Theorem 1. (Local existence theorem for Riccati equations) . If A, Band L
are bounded 011 the interoal u- tol ~ T and ifKo is given, then there exists an
e > 0 such that for II - 10 1 < e a unique solution of

K(I) = -A'(t)K(I)-K(t)A(I) + K(I)B(I)B'(I)K(I) - L(I); K(t o) = K,

exists on [he imerval u- tol < E..

Proof. Existence follows by Jetting Ko = Q in the above lemma. Unique
ness follows from the fact that in any bounded subset of R" x n the right side
of the Riccati equation satisfies a Lipschitz condition and hence the unique
ness theorem of Exercise 3 of Section 2 applies. I
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Example. Consider the Riccati equation

The associated linear system equation is the harmonic oscillator equation

, t

x

(a) (b)

Figure 1, Conjugate points and focal points for a simple problem,

x

where ;«(1) = !/(I) and x(O) ~ O. The canonical equations are

[
X(I)] [0 -I] [X(I)]
1;(1) = + I 0 .p(l)

so that x(t) = A sin I + B cos I, p(l) = - ;«(t). Regarded as a fixed end-point
problem we see that the interval 0 ~ t < IT contains no conjugate points so
that for T < nand x(O) = x(T) = 0 we have

,T

min J ~"'(I) - X'(I) dt = 0
" 0

On the other hand, if this is regarded as a free end-point problem then
X(I) = sin I gives x(O) = p(nI2) ~ 0 so that the interval which is free of focal
points is only 0 " I < n12. (See Figure I).

points if it is possible to find a nontrivial solution of the canonical equations
such that x(to) = x(tJ = 0, Two points in time to and t l are focal points if it
is possible to find a nontrivial solution of the canonical equations such that
x(to) = p(I,) = O.

Existence of minima and nonexistence of focal and conjugate points are re
lated as follows. From Theorem I of section 21 we know that the free end-point
problem with no terminal penalty term has a solution if the associated Riccati
equation has a solution II(t, 0, t 1) which exists on to ~ t ~ t l _ It may be shown
that this is the case if and only if no focal points exist on to ~ t ~ t l , On
the other hand, for a, fixed end-point problem a sufficient condition for the
existence of a minimum is that net, K 1 , 11) should exist for some symmetric
matrix KI , The precise choice of K1 is left open and in fact, can be made ill
such a way as to prolong the existence of net, K I , td, It may be shown
that a choice of K, which yields a solution on 10 " I" I, is possible if and
only if no conjugate points exist on the interval to ~ 1 ~ t r-

Example. Consider the minimization of

T

'] = Ju'(I) - x 2(1) dt
o

[
X(to)] = [xo]
p(to) Po

-sin I] [I ]
cos t ko

- 1] [X(I)]
o p(l)

U(I) = - B'(I)p(l)

-B(I)B'(I)] [X(I)].
-A'(I) p(l) ,

[
X(I)] ~ [0
p(l) 1

[
X(I)] = [cos I
p(l) sm I

[
X( I)] [A(t)
p(l) = - L(t)

with u being given by

The proof involves a lengthy caculation and is omitted,

In the classical literature on the calculus of variations, the conditions for
existence of minima are stated in terms of the nonexistence of conjugate
points and focal points, Two points in time to and ti are called conjugate

H(x, p, I) ~ {X'L(I)X(I) + p'(I)A(t)x(l) - {p'(I)B(I)B'(I)p(l)

x(t) = oHlop Ix. p,'

p(t) = - oHlox lx, p,'

Obviously, quadratic Hamiltonians give rise to linear equations, For the pair
of equations introduced above the appropriate Hamiltonian is

k(l) = k 2 (1) + 1

(
lc 0) _ k 0 cos I + sin I

n 1, 0, - ,
cos 1 - k o sm t

A set of 2n differential equations are said to be in canonical form if there ':
exists a scalar function H, called the Hamiltonian, such that H depends on
x, p and I and

In deriving these results from classical variational techniques these equations
playa central role, The following theorem indicates one of the reasons,

Theorem 2. Lei x andu be optimal in the sense ofTheorem 21-1, Theorem 22-1 '
or Theorem 22-2, Then there exists an n-cector p such that x and p satisfy the
+~ canonical equations

Therefore,

The solution corresponding to x(O) = I and p(O) ~ k o is



" ,
xoll(to, 0, II)XO = min I u'(t)u(t) + x'(t)L(t)x(t) dt

U "fO

0,;; n«, 0, t I )

Moreover, if net, 0, t 1) and net, 0, t 2 ) exist over to ~ t ~ (1 and to ~ t ~ t 2

then with x(to) = Xu and t 2 ~ t1
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to

Iliustratina inequality (i) of Theorem 4.Figure 2.

,.fl

x'(t)ll(t, 0, t ,)x(t) = min I u'(t)u(t) + x'(I)L(t)x(t) dt
u "

Thus using L(t) ~ 0 we see that as long as net, 0, td exists we have
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This leaves unanswered questions about the effect of terminal cost on
existence. One of the easier qualitative results is given in Theorem 3.

Theorem 3. IfQI - Q, is nonnegative definite, then for all t < II the difference
ll(/, QI' t I) - ll(/, Q" tIl is nonnegative definite as long as both ll's exist.
Hence if the solution passing through Q2 exists on to ~ t ~ t1 then the solution
passing through Ql exists on an interval extending back at least as far as to.

Proof This is an immediate consequence of Theorem 22.1 which gives
x'(O)ll(to, Q" tI)x(O) as the minimum value of 'i. Clearly increasing the
terminal penalty increases the total cost. I

The question of existence of solutions of the Riccati equation on a whole
half-line will now be examined. As is apparent from the example, nontrivial.
assumptions will be required to keep n from passing off to infinity at finite
values of t. To investigate this question we will assume that L(t), in addition
to being symmetric, is nonnegative definite as well. We also assume that an
associated system satisfies a controllability condition. -:

Theorem 4. Assume that the controllability Gramian for

,,(t) = A(t)x(t) + B(t)u(t)

'"The inequality A> B or A:> B means, as usual, that A - B is positive definite or
positive semidefinite.

is positive definite and that L(t) = L'(t) is nonnegative definite for all t. If
ll(t, 0, t I) is the solution of equation (R) which passes through 0 at t = t I, then
given to, Il(t, 0, t1) exists on to ~ t ~ t1 regardless of to. Moreover,

,.12

,;; min I u'(t)u(t) + x'(t)L(t)x(t) dt
U "10

= x~n(to, 0, (2) XO

Since this holds for all Xu this validates inequality (i) on the monotone be
havior of Il.

It remains to show that n exists over t0 ~ t ~ t, for all t1. Since the only
way 11 could fail to exist is for it to pass to infinity for some finite time; we
can establish existence by proving boundedncss. Consider the control

() _ (-B'(t)I!>'(t o, t)[W(to, tIlr 'x(to) to';; t s; t I
U 1 t - 0 t1 ~ t

applied at to to the differential equation. As we have seen (Theorem 13.1),
this makes x(t) zero for t ~ t,.Hence for this control and resulting response
Xl (I) satisfies

rU'I(t)UI(t) + x',(t)L(t)xI(t) dl?' min ('u'(/)U(/) + x'(t)L(t)x(t) dt
~ u "10

= x'(to)ll(to, 0, /,)x(to)

for all t z > t 1 . An elementary calculation shows that the left side of (his
inequality is given by x'(to)N(to, II)X(tO)' Since N(to, t I ) is evidently finite, for
all t1 we see that n(t, 0, t,) exists on any interval to ~ t ~ (1' I

(i)

for

for

N(to, t I) = [W(to, tI)]-I + (X;(o)L(O)XI(O)do
t

X I(0) = <1>(0, to) - r<1>(0, P)B(p)B' (p )<1>'(10 , p) dp[W(to , II)] - I

"

where

and

with

and <I> the transition matrix of"(t) = A(t)x(t).

Proof From the local existence theorem we know that for It - tIl
sufficiently small, ll(/, 0, III exists and from Theorem 21-1



where <I> is the transition matrix for

drives the system from Xo at to to 0 at 11 and minimizes

X(I) = [A(t) - }B(t)B'(t)II(I, Q, lo)]X(t)

163

be controllable and observable, and let the loss functional be

[X,(I)] = [ 0 I] [X,(I)] + [O]U(I)
x 2(1) -I 0 x,(t) I

from Xl = 2, Xl = 0 at t = 0 to the circle x~ + x~ = 1 at t = 1 and
minimizes

k(t) 0( 2 + lI(t)

which for J~ ,,'(t) dt 0( fJ gives

/13
h(a) 0( h +~

a

.i

n= J ,,2(t) + x;(I) dt
o

6. Does the function x(t) = 0; 0 ~ t ~ 2 minimize

'/ = (i'(t) - yx'(I)dt
o

For the boundary condition x(O) = x(2) = O?
7. Consider a unit mass on a spring of unity spring constant. The Lagrangian

is L(x, x) = }(.i:' - x'). If x(O) = o: and x(T) = fJ then for what values
of T can \Ve assert that the actual motion minimizes the integral of the
Lagrangian subject to the fixed end points x(O) = a, x(T) = fJry (Compare
with Hamilton's principle in mechanics.)

8. Show that if HI' ,,2(,,) do 0( I then the solution 1[(t, 0, 0) of

i,(t) = k'(t) + I + ,,(t)
is finite at t = 1.
Hint: For k: < I we have

T

J = f u'(t)u(t) + x'(I)C'Cx(t) dt + x'(T)Q,x(T), Q, > 0
o

(a) Show that the Riccati equation

K(t) = -A'K(I) - K(t)A + K(I)BB'K(I) - C'C

K(T) = Q,

has a unique solution K(I) such that K(t) > 0 for all i s; T, and hence
deduce that K-'(I) exists for all 10( T.

(b) Show that K-' also satisfies a Riccati equation. Identify the system
and cost functional which lead to this second Riccati equation. Is
this system controllable and/or observable?

5. Find the control which drives the system
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K(I) = -A'K(I) - K(t)A + K(t)BB'K(I) - L(I)

with L(t) = L'(I) = L(t + T) and A and B constant. Suppose rank (B, AB,
. , A"-'B) = n = dim x. Show that for a suitable value of Q = Q' > 0

the solution II(t, Q, 0) is periodic of period T provided L(t) is positive
definite for all I.

4. Let the system

Find K. What is the relation between K and the controllability Gramian?
3. Consider the Riccati equation

uo(l) = - B'(I)K(I)x(l)

It is desired to determine a matrix K defined on to ~ t ~ 11 such that the
control

X(t) = A(t)x(t) + B(I)u(l)

X(lo) = Xo

X(t) = Ax(t) + Bu(t)

y(l) = Cx(t)

II(I, Q, (0) = <1>'(10' t)Q<I>(lo, I) +r<1>'(", I)L(")<I>(,,, t) do
"

Use the matrix variation of constants formula to show that it satisfies the
matrix integral equation

f"n = u'(t)U(I) dt
'0

K(I) = - A'(I)K(t) - K(I)A(I) + K(I)B(I)B'(t)K(t) - L(t)

Hence show without any appeal to variational ideas that II(lo, 0, I) is
monotone increasing with increasing t if L is nonnegative definite. ':
(J. c. Willems)

2. Given the controllable system

162

Exercises

c/]. Suppose II satisfies the Riccati equation
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For k '" 1 we have

k(t)Jk 2(t) ~ 2 + u(t)

which for

1/'J u'(,,) do ~ 1 - j3
"

gives

9. Let J be a 2n-by-2n matrix defined in terms of n-by-n identity matrices as

J = [0 I]
-I °

Proof. Since x(O) is zero the transform of y is Y= Ru. Using Parsevals
relation we have

.W 1 .• -ri ca

J y'(t)y(t)dt=",J fi'(-hv)R'(-iw)R(iw)fi(iw)dw
o ~7U -ioo

1 .+iif~

~ -. J fi(-iw)(a'I)fi(iw) dw
2m -ioo

=,' rx

u'(t)u(t) dt I
·0

Using this result it is possible to derive a simple inequality relating the
solutions of the quadratic equation

KA + A'K - KBB'K = -,CC; ~ '" 0

and the linear equation

a 2n-by-2n matrix is called symplectic if A' JA = J. Show that symplectic'
matrices are invertible and that the product of two symplectic matrices is
symplectic. Show that the transition matrix for a canonical system is
symplectic.

10. Prove Theorem 2.

25. FREQUENCY RESPONSE INEQUALITIES

The least squares theory of linear constant systems on the interval 0 ~ t :s;; co
can be treated entirely in terms of Laplace transformed quantities. We have
not done so here because this approach is not well suited for time varying
equations or finite intervals. To give the reader some appreciation for the
power of this approach in dealing with linear constant problems we discuss
here some applications of transform techniques. One of the results (Theorem
2) plays an important role in the treatment of stability of time varying
systems. We begin with a simple application of Parseval's equality for sums
of exponentials.

Lemma. Let u be given by u(t) = Her'g. Let y be given by

KA + A'K = -CC

First of all notice that if the eigenvalues of A lie in the half-plane Re s < 0,
then positive definite solutions exist for both equations. If we denote the
positive definite solution of the quadratic equation by K+ and if we denote the
solution of the linear equation by Ko, then clearly K-;. ~ o:Ko . (One way to sec
this is to think of the optimal control interpretation of x~ K+xo.) Can one
bound K+ from below? The following theorem gives a very useful bound in
terms of K, and the frequency response.

Theorem 1. Let [A, B, C] be a minimal realization oj R. Assume that the
eigenvalues a/A lie in the half-plane Re s < O. IfK+(a) is the positive definite
solution of KA + A'K - KBB'K = -,CC and if Ko is the solution of
KA +A'K = - CC, then for a > 0

provided I - R'( -iw)R(iw) '" o.
Proof We know from Theorem 23.3 that for the system

Assume that the eigenvalues of A and F lie in the half-plane Re s < o. If
R(s) = C(Is - A)~IB and a21 - R'( -iw)R(iw) '" Ofor all real co then

(y'(t)y(t) dt ~ a' (u'(t)U(t) dt If Do and Yo denote the optimal controls, then

,x
min J U'(I)U(t) + ,y'(t)Y(I) dt = x~K+(,)xo

" 0

u = -B'K (~)e(A-BB'K+(~))lxo + -0

x(O) = Xoyet) = cx(t);x(t) = Ax(t) + Bu(t);

Y = Ce(A-BB'K+(O:))l
x

.
o . 0'

we have
x(O) = 0yet) = Cx(t);x(t) = Ax(t) + Bu(t);



[A' - K(a)BB'] elK(a) + elK(x)[A - BB'K(a)] = -(bC'C

exists and is given by Xo K+(a)xo.

Proof Taking a derivative with respect to a gives

and so for a such that [A - BB'K(a)] has its eigenvalues in Re s < 0 we have

dK(a)/da = - foo e[A-BB'K(a:)J'tC'Ce[A-BB'K(a)]t dt
o

167

yet) = Cx(t)

n= min (u'(t)u(t) + ay'(t)y(t) dt
" '0

x(t) = Ax(t) + Bu(t);

the quantity
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Theorem 2. Suppose all the eigenvalues ofA lie in Re s < O. If

1- R'( - iw)R(iw) ;, 0

for all real wand if [A, B, C] is a minimal realization of R, then for
-1 ~ o: < 0 there exists a unique negative definite solution K+(o:) of
A'K + KA - KBB'K = - aCT having the property that A - BB'K+(a) has
all its eigenvalues in Re s ~ O. For y and u related by

.00

xoKoxo = J y;(t)YI(t) dt
o '::

Denote this last quantity by p2 and let y' be defined by

y' = roo y;(t)Y2(t) dt
• 0

Xo K+(~)xo = ra[y',(t) + y;(t)][y.(t) + Y2(t)] + u'(t)u(t) dt
o

Using the preceding lemma we have

J, x u'(t)u(t) dt > roo y;(t)Y2(t) dt
o '0

Also, from the known relationship between KA + A'K = -C'C and quad

ratic integrals,

In terms of this notation
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Moreover, Yo can be expressed using transforms as the sum of an initial con

dition term and the effect of 0. 0 , i.e.

Yo = qls - A)-'xo + G(s)fiO(S)d;'.,' y,(s) + Y2(S)

Combining these results we have

XoK+(a)xo ;, ap2 -[J:2x/I(t)Y2(t) - + (, + l)y2

Now use the Schwartz inequality

Ify;(t)Y2(t) dtl ~ JJ:~;0;;~(;;;t JJ:-~~;Y2(t) elt

to obtain
Xo K+(a)xo ;, ap2 - 21alPY + (c + 1)y'

Considering this is a function of Y, it has a minimum at Y= lalp!(1 + a) and
the minimum value is ap2!(1 + a). Therefore

x'K1xO~ (_a_)XoKoXo I
I + a

In the above inequalities we have treated (J. as if it could be ne~ative. This
will be capitalized on below. .

As a second application of these ideas, we state a theorem on the existence
of solutions of least squares problems where the integrand is not positive
definite. This problem is more difficult than the corresponding ones with

positive semi-definite integrands.

Hence starting from 0, K+(a) is monotone-decreasing, in a matrix sense, with
decreasing a. The question is, "How big can I!XI get before solutions cease to
exist? "

For [«] sufficiently small, the eigenvalues of A - BB'K+(a) lie in the half
plane Re s < O. Hence we have from Theorem 23·6 for x(t) = Ax(t) + Bu(t);
yet) = Cx(t),

XoK+(a)xo = min ru'(t)u(t) + ay'(t)y(t) dt
" 0

However, reasoning exactly as in the proof of Theorem 1, we see that this last
integral is bounded from below by

K+(a) ;, [a!(I + a)]Ko; a> -I

Therefore the solution K+(a) valid for [c] small, can be continued up to
a = -I.

We now need to show that lim,... _ -1 K+(a) exists and satisfies the given equa
tion. Notice that since K+(a) is monotone decreasing with o: the limit will
exist if we can bound K+(a) from below. However, for a> -I we see that
K(a) is bounded from below by (see exercise 5)

K+(a);' [fe-A'BB'eA
" elf'
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Consequently, lim._ -1 K(x) does exist and using a continuity argument we
see that the limit indeed satisfies the equation. The results contained in the
proof of Theorem 23.3 suffices to give uniqueness. I

Exercises

5. Show that in the proof of Theorem 2

K+(a);' - [fe-A'BB'e- A" dt]-'

for x > -1. (Introduce K_(a) using Exercise 2, Section 23.)

1. Suppose that F is In by In and suppose 1- F'(t)F(t) ;, °for all t ;, 0. If
1- R'(iw)R(iw) ;, 0 for all real wand if [A, B, CJ is a minimal realization
of R then there exists a control u such that /

n= r u'(t)u(t) - y'(t)F'(t)F(t)y(t) dt
o

is a minimum.
2. Show that if R is a matrix valued rational function of s which goes to zero

at lsi = 00 and if

1- R'( -s)R(s) 1,0''';' 0

then there exists a matrix valued rational function H such that

1- R'( -s)R(s) = H'( -s)H(s)

26. SCALAR CONTROL: SPECTRAL FACTORIZATION

As we have seen, it is always possible to convert a linear nth order scalar
equation into a first order vector equation and thus there is no need to pro
vide additional arguments for nth order scalar equations. On the other hand,
a number of arbitrary choices must always be made in the process of writing
a scalar equation in first order form and these choices frequently obscure the
essentials of the problem. Here we discuss an alternative approach which is
not so broadly applicable as those discussed in Sections 22 and 23 but which
provides a very informative point of view for a certain class of problems. Some
results of this section will be used in later developments.

Consider the linear constant scalar equation

x(O)(t) + Po_lxtO-1)(t) + ... + P1X(l)(t) + Pox(t) = °
or

Show that a system is passive if and only if there exists a positive definite
solution of a certain matrix equations.

4. Show that if

and the McMillan degree of H is no larger than that of R.
3. We call a linear constant system [A, B, CJ passive if there exists a positive

definite matrix K such that along solutions of

d
- x'(t)Kx(t),;; u'(t)y(t)
dt

f"'i = [h(D)x(t)J2 dt
'0

can be evaluated by finding a first order vector differential equation represen
tation for the nth order equation, expressing [h(D)x(t))' in terms of the state
variables, and finally solving an equation of the form A'Q + QA = -C. We
are interested in establishing a more direct route,

Everything in this section centers around a result on integrals of the form

p(D)x(t) = °
where as usual D = djdt and p(D) = DO + Po-l Do- 1+ ... + P, D + Po. If
h(D) is a second polynomial in D of degree 11 - I or less, the integral

yet) = Cx(t) + Du(t)x(t) = Ax(t) + Bu(t);

we have

Yet) + 4y(t) + yet) ~ °
x(t) + 4.«t) + x(t) = {1I(t)

with x(O) = yeO) and '«0) = yeO) then regardless of the choice of u,

f'" x'(t) + u'(t) dt 16
o >,_

~OO ::;-- 17
J y'(t) dt
o

(P)

where (p is an n-times differentiable function of time. In general the value of
such an integral will depend not only on the values which q) and its derivatives
take on at a and b but also on the open interval a < t < b. In some cases the
dependence on the form of the path disappears; for example

bf 2¢(t)¢(t) dt = ¢'(b) - ¢'(a)
a
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where 110 is a function of the end points only and the sum is over i + j even.
But since

11 n 11 II

I I ~iJS\ -s)j + (-s)'sjJ = I I aij[( -I)j + (-I)iJsi+ j
l e O j e O i=O j=O

The integral n defined by equation (P) will be said to be independent ofpath
if it can be evaluated in terms of ¢ and its first n - 1 derivatives at a and b.

A simple characterization of path independent integrals is given by the
following lemma.

Lemma 1. Assume that </> is an n times differentiable function of t and that
~ij are constants. The integral (P) is independent of path if and only if the
polynomial

Q(tl' t 1 ) = 0(>(t) = A'Q(t) + Q(t)A + C'C;

With A and C taken (for example) from the standard controllable represen
tation of h(s)/p(s).

Let's try a different approach. Suppose it is possible to solve the linear
polynomial equation

p(D)x(t) = 0

Suppose that the degree ofp(D) exceeds that ofh(D). Then this problem could
be treated using the results of Section II by solving

_00

'} = I [h(D)x(t)]2 dt
'0

along solutions of the differential equation

,00

~(x) = J x' eA"CeMx dt
o

Its importance stems from the fact that under certain conditions derivatives
can be calculated simply by removing the integral sign.

With this result in mind, let us return to the problem of evaluating the
integral

.,I(X) 1J II

~(x) = J I I aij (p,i'(t)</>UJ dt = x'Kx
r(O) i e-O j=O

to describe a path integral which starts at 0 (i.e. </>[t(O)J = 4,(1 '[t(O)J =
(p("- [)[t(O)J = 0) and ends at a point x (i.e, </>[t(x)J = Xl' (/>(1'[t(x)J =

X2 ... </>,,-I)[t(X)J = X,,). Thus this integral is to be interpreted as a line
integral in the state space (see Figure I).

What we have developed is nothing more than an integral representation
for a quadratic form just as is

(E)
/

11 II

h(s) = I I aiJsi( -s/ + (-S)isjJ
i=O }=o

vanishes identically.

Proof If i +J is odd then by using the integration-by-parts formula
(v > 1')

., I' f'J, </>("(t)</>")(t) dt = </>,,-I'(t)</>"'(1) ,,- ,,</>"-1)(1)4/'+ 1)(t) dt

a total of (Ii - JI - 1)/2 times the integral is rednced to one of the form
x(P'(t)X,p-l'(t) which can be integrated. If i +J is even the situation is~

more interesting. Using integration-by-parts a total of Ii - JI/2 times leaves
one with Ii - JI/2 terms expressed in terms of the end points plus a term
-}[( _1)' + (-l)jJ{XU / + j]/ 2 ) j 2 inside the integral. Adding all these up gives

We see that the integral term in equation (P) vanishes if and only if equation
(E) holds. I p(s)q( -s) + q(s)p( -s) = h(s)h( -s) (*)

It is clear that if the integrability condition holds then ') can be expressed as

with k i j = k j i . That is to say, if 1] is expressible in terms of the end points it is
a quadratic form in </> and its first n - I derivatives. Since the times a and b
play no role in our applications we introduce the notation

x

Xl

Figure 1. Illustrating the meaning of 7j(x).
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r(D)x(l) = 0

r(s)r(-s) = c(s)

be a perfect differential. But from Lemma I we see that this is the case if

Moreover, if res) has all its zeros in Re[s] < 0 then an input" which makes

(SF)

y(l) = h(D)x(t)

p(s)p( -s) + h(s)h( -s) ~ r(s)r( -s)

p(D)x(l) = u(t);

is a minimum. Taking a cue from the proofs in Section 22 we look for some
function of the state at t = 0 and infinity' which we could add to make the
integral a perfect square. If this square were to be [r(D)x(t)]' then we would
require that the integrand of

is surely a good candidate to minimize 'I.
As an equation in the unknown, r, equation (SF) is nonlinear. The condi

tions under which there exists a real polynomial res) which satisfies it have
long been known since they playa wide role in mathematical physics and
engineering.

Theorem 2. (Spectral Factorization) Let c(s) be an eren polynomial having
real coefficients and being of degree 2n. If c(s) is nonnegative jor Re[s] = 0
then there exists a polynomial res )which has real coefficients and is of degree n
such that

., co "a::
J
o

[p(D)X(t)]2 + [h(D)x(I)]' - [r(D)x(t)]' dt = n- J
o

[r(D)x(t)]' dt

~'lJ ,,':1)

ry ~ I "'(I) + Y'(I) iu = I [p(D)x(I)]' + [h(D)x(t)]' dt
~ 0 • 0

find x( t) such that

To prove uniqueness we observe that the equations for the 11 coefficients of
q(s) arc linear. We have displayed a solution for all possible choices of his}.
This is an n parameter family. Hence the matrix defining the transformation
between the elements of h(s) and those of q(s) must be nonsingular and the
solutions unique, I

Now let us consider some variational problems. We will immediately treat
only the simplest cases-slinear, constant, scalar, systems on an infinite time
interval.

Starting with

but in view of equation (*) and our previous Lemma we see that for some q

([h(D)X(t)]' - 2p(D)x(l)q(D)x(l) dt =~t~ :t~% x("(t)xu'(t) I::
Thus from a knowledge of q(s) we can evaluate the given integral in terms of x
and its derivatives at to and fl'

This focuses attention on the polynomial equation (*). Clearly it is playing
a role here equivalent to that played by A'Q + QA + M = 0 in Section II.
Its theory is similar but more elementary.

Theorem 1. Consider the scalar polynomial equat ion (*) with pes) monic and of
degree n. Assume that the coefficients of all polynomials are real and that the
degree of h(s) is less than n. Then given pes) and h(s) there exists a unique
solution q(s) ifalt the zeros ofp(s) lie in the half-plane Re s < O.

Proof Pick e, A, and b so that .:

x= Ax + bu; y = ex

is the standard controllable representation of h(s)jp(s). Since we have assumed
that the zeros of p(s) lie in Re s < 0 Theorem 2 of Section 11 guarantees that
we can solve the equation

or
p(s)q( -s) + p( -s)q(s) = h(s)h( -s)

p(s)p( -s)b'( -Is - A')-IQb + p(s)p( -s)b'Q(Is - A)-Ib = h(s)h( -s)

If Qo is the solution then

q(s) = p(s)b'Qo(Is - A)-Ib

satisfies equation (*). To see this add and subtract Qo s from the left side of
A'Q + QA = -e'e to get

-Q(Is - A) - (-Is - A')Q = -e'e

Now pre- and postmultiply by b'( -Is - A')-I and (Is - A)-Ib respectively,
and remove a minus sign to get

b'( -Is - AT'Qb + b'Q(Is - A)-'b = b'( -Is - A')-lec'(Is - A)-Ib

If we now multiply by p(s)p( -s) we see that

A'Q + QA ~ -c'e

for q(s). Along solutions of p(D)x(t) = 0 we have

f[h(D)X(t)]' dt = ('[h(D)x(t)]' - 2p(D)x(t)q(D)x(t) dt
to ~ to

as claimed. Moreover, res) can be taken to have all its zeros in the half-plane Re[s] ~ o.
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o
iw

o

Theorem 3. Assume that p(D) and qeD) have no common/actors and consider
the system

Then the control

p(D)x(t) = u(t); yet) = q(D)x(l)

o o

u(t) = - [p(D)p( - D) + q(D)q( - DJr X(I) + p(D)x(l)

drives the system from a given initial state at t = 0 to the equilibrium point at
1= 00. For this choice of 11

Figure 2. Showina the zero locations ofan even polynomial with real coeficients.

Proof To begin let us observe that since c(s) has real coefficients and
since C(3) = c( -s) it follows that if s, is a zero then so is -Sj and -Sj where'
an overbar denotes complex conjugate. This means that with the possible
exception of zeros which arc purely real or purely imaginary, all zeros occur
in fours. (See Figure 2.) Thus c(s) can be expressed in factored form as

[(5) ~ Co IT (5 + p)(s - p) IT [(5' - (Ji)' + 2wiCs' + (Ji) + w~]
j .

with the a j and co, real and non-negative and the Pj purely real or purely
imaginary.

If c(iw) ;-, 0 for all real co then clearly any zero of e(s) which lies on the
imaginary axis must be of even multiplicity for otherwise c(s) would change
sign on the imaginary axis. This means we can assume that all the Pi in the
above representation are real and positive, the imaginary axis factors being
accounted for by (s' + wi)' type factors. We take for r(s)

res) = j~o IT (s + p) n [(5 + (J,)' + wi]
j t

Clearly this meets all the requirements of the theorem and at the same time
has all its zeros in the half-plane Re[s] ~ O. I

Given an even polynomial c(s) which is nonnegative for Re[s] = 0 we
write

[e(s)]+ = res)

with r(s) given above and call [c(s)]+ the left half-plane spectralfactor of c(s).
We also write

[c(s)r = r( -$)

and call [c(s)r the right half-plane spectral factor of c(s).

'I = ('u'(t) + y'(t) dt
• 0

,.r(x)

I (p(D)x)' + (q(D)x)' - ([p(D)p( -D) + q(D)q( -DJrx}' di
"/(0)

is less than the corresponding value for any other U which drives x to zero infinite
or infinite time.

Proof We will manipulate the expression for n in such a way as to
make the minimizing choice of x obvious. Consider adding and subtracting
([p(D)p( - D) + q(D)q( - D)] +x(t)}' from ry to get

/] ~r (p(D)x)' + (q(D)x(t)} , - ([p(D)p( -D) + q(D)q( -D)rx(t)}' dt
o

+ roo ([p(D)p( - D) + q(D)q( - D)] +x(t)}' dt
• 0

From Lemma 1on path integrals we see that the first integral is independent
of path. The value of x and its derivatives at t = 0 are assumed given and we
know x(t) and all its derivatives approach zero as t approaches infinity.

Since the end points are fixed at I = 0 and at I = co, we cannot influence the
value of that term. Clearly one can do no better than to make

[p(D)p( - D) + q(D)q( - D)] +x(t) = 0

since this will make XCI) go to zero and will also make the second integral in
the above expression for ry be zero. This will be the case if

11(1) = - [p(D)p( - D) + q(D)q( - D)] +X(I) + p(D)x(t)

and this must be the minimizing choice of U(I). I

Finally, notice that if the equation

x(t) = AX(I) + bU(I)
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is in standard controllable form then x(t) = [x(t), X(ll(t) ... X(,,-I '(t)]' and
so if

t(x)

x'Kx = J [p(D)x(t)]' + [q(D)x(t)y
((0)

- [(p(D)p( -D) + q(D)q( -D»+x(t)]' dt

then

KA + A'K - Kbb'K = -c'c

provided c(Is - A)-Ib = q(s)/p(s).

Exercises

I. Show that the control law which minimizes

n = ru'(t) + x 2(t) dt ; x(O) = xo
o

4. Find [c(s)] + (i.e. the spectral factor with roots in Re s < 0) for the follow
ing polynomials.
(a) (1 - s')
(b) (I- S2+ S4)
(c) (I + 20s + S2)(I - 20s + S2)

5. Consider the nth order dynamical system

xl"'(t) = lI(t)

Find u(t) as a function of x(t) and its first !l - I derivative such that

~ = r t/'(t) + ax'(t) dt
o

is a minimum. Sketch the zeros of {[a + s"][a + (-s)"]} + as a function
of a.

6. Use integration by parts to show that the values of )" such that the two
point boundary value problem

yeO) = );(0) = yell = j'(l ) = 0

for the system

xU) = ax(t) + 2u(t)

is

has a nontrivial solution are real,
7. Consider an inhomogeneous, one-dimensional wave equation on 0.:::;; z:% 1,

o~ t < 00.

x(O, t) = x(l, t) = 0u(x,t);

and the functional

Show that if x is any sufficiently smooth solution then

x(t) = Ax(t) + bll(t)

/
" [ox(z, 0)] 2 [ox(z, 0)] 2 J~" [OX(z, t) ] 2-,-- + dz+ J --,-+11 dz dt

~ 0 oz at 0 0 ct

,~ (' [OX(7 t)]2
= J ...:....;:- + ['l(x, t)]' ds dt

0"'0 cz

For the scalar input system

27. SPECTRAL FACTORIZATION AND A'K"- KA - Kbb'K = -c'c

hence to minimize the performance measure on the right one should let
u = -ox/ot. (Compare with exercise 9, Section 23.)

n = rx'(t)Lx(t) + I/'(t) dt
o

yet) = cx(t)

yet) = q(O)x(t)p(O)x(t) = 'l(t);

x(t) = Ax(t) + bll(t);

and

where

for the system

T Tf y'(t) dt « maxi g(im)I' f u'(t) dt
o (,) 0

3. Show that if x(O) = 0 and all the eigenvalues of A lie in Re[s] < 0 then for
all T> 0

2. Find necessary and sufficient conditions for the existence of

~ = min ('tI(t) y(t) dt
" 0



to minimize we have two methods of possible solution. We can attempt to
solve the equation

27. SPECTRAL FACTORIZATION AND A'K+KA-Kbb'K~-C'C

A'K, + K,A - Kjbb'K, = -CC' - (Kjb - k)'(K,b - k}'

If we can show that K,b ~ k then we will have shown that K, satisfies (CR).
To do this multiply the above equation by - I and add and subtract K,s to gel

178

A'K + KA - Kbb'K ~ -L

or we can attempt to solve the spectral factorization equation

(CR)

27. SPECTRAL FACTORIZATION AND A'K+KA-Kbb'K= -c'c

Clearly we have

179

A'K + KA - Kbb'K = -cc'

We have as yet, however, not discussed a method of passing directly between
equations (CR) and (SF) without appealing to the variational problem. The
objective of this section is to rectify this situation. We do so by proving a
special case of Theorem 23-4 in a new way.

Tbeorem 1. Let [A, b, cJ be a constant minimal realization. Then there exists
one or more real symmetric solutions of

p(s)p( -S) +h(s)h( -S) = r(s)r( -s) (SF) (-Is - A)K, + K,(Is - A) + K,bb'K, = CC' + (K,b - k)'(K,b - k)'

Now pre and post-multiply this equation by b'( -Is - A')-l and (Is - A)-'b
respectively to get

b'K,(Is ~ A)-'b + b'(-Is - A')-'K,b + h'( -Is - A)-'K,bb'K,(Is - A)-'b

= b'( -Is - A')-'CC'(Is - A)-'b

+ b'( -Is - A')-'(K,b - k)'(K,b - k)'(Is - A)-'b

Now introduce the notation

so that the previous equation becomes

e(s)r( -s) s: -s)r(5)
--;-.,--;-.,--;-., + = 0
p( -s)p(s) p(s)p( -s)

Clearly p(s)p( -s) and r(s)r( -s) are both nonzero so this last equation implies
that

,.(s)r( -s) «5)« -s)
p(5)p( - s) + '-P(-'5)'-p(:-_-s'-)

pes) + n(s) p( -s) + H(-5)

pes) p( -5)

n(s) n( -s) n(s)n( -s)
- + -- + --77-c;---c
p(s) p( -s) p(s)p( -s)

or more simply

r(s),.( -s) 11(05) - [r(s) - p(s)J
--;-.,--;-.,--', - I + -"---"---"-'-"---"--c..:..=
p(s)p( -05) pes)

+ _n(:--_s,-)_--.e[:-r(:--_s-,-)_--,P-.e(_-_s",)J
p( -s)

Now let n(s) - r(s) + pes) = «s). In terms of «5) and r(s) we have

e(5) + «-s) = 0
res) r(-s)

Using the fact that [r(s)r' is analytic in the half-plane Re s;" 0 we see that
those two rational functions have no common poles and hence their sum can
vanish only if they vanish individually hence 8(S) = O. Thus

(b'K, - k')(Is - A)-'b = 0

k'(Is - A)-'b ~ [res) - p(s)]jp(s)

Observe that det(Is - A + bk') = res) and hence that A - bk' has all its
eigenvalues in the half-plane Re[sJ <; O. However from the equation defin
ing m(s) we see that m has a real part which is bounded from below by I
for s = ico and so rn can have no zeros on Re[s] = O. This means r can have
no zeros on Re[sJ = 0 and thus A - bk' has its eigenvalues in Re[sJ < O.

Now introduce K 1 as the (unique and positive definite from Theorem 11.3)
solution of

(A' - kb')K + K(A - bk') = - cc' - kk'

b'( -Is _ A')-'CC'(Is _ Ar'b + I = ,.(s),.(-s)
p(s)p(-s)

where pes) = det(Is - A). In particular, we can let r be given by

res) = [m(s)p(s)p( -s)J+

Since p is monic and c'(Is - A)-, b goes to zero as [sl approaches infinity we"
see that r is monic also. Hence r - p is of degree n - 1 or less. Since we have'
assumed det(b, Ab, ... , A"-'b) # 0 we can without loss of generality assume
that (A, b) is in standard controllable form. Obviouslv there exists an /1-vectorc
k such that

is clearly nonnegative for s = it» and hence can be written as

exactly one of which is positive definite.

Proof The rational function m defined by

b(-Is-A)-'cc'(Is-A)-' + I ~m(s)



Exercises

This means that

A'K2 + K2 A - K 2 bb'K, = - CC'

(b'K, - k')(b, Ab, ... , A"-'b) = 0

NOTES AND REFERENCES
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20. Minimization of functions in E" is an extensive subject in its own right.
This section simply contains some of the basic facts needed later on.
Theorem 2 is related to the idea of a generalized inverse (See e.g. Zadeh
and Desoer [91]). It is an easy consequence of the projection theorem
(see Loomis and Sternberg [56]) and in fact can be generalized substan
tially using Hilbert space ideas.

21. The role of the Riccati equation in solving least square proberns of this
type has long been known. Radon's paper [69] uses it as do standard
sources' in the calculus of variations (e.g, Gelfand and Fomin [25]). The
method of proof given here suffers from the defect associated with all
proofs by verification-one is left wondering how to attack the next prob
lem. On the other hand, the results come quickly and with very little
machinery. The development is such that there can be no confusion about
the question of when a minimum exists. Popov's highly enlightening
paper [68J and Gelfand and Fomin [25J describe similar approaches to
the problem. The role of the Riccati equation has been emphasized in the
control theory literature by Kalman [40J.

22. The technique used in the proof of Theorem 1was apparently first used in
the control tlieory literature by Kalman, He, and Narendra [42]. The
results themselves can be obtained in many ways. See e.g. Lee and Markus
[52J and Athans and Falb [4J.

23. Kalman [40] is an excellent source for this problem. Wonham [82]
describes a weakening of the liypothesis with respect to controllability and
observability. Athans and Falb [4J and Bryson and Ho [18J have a
number of detailed examples. The relationship between this approach and
Wiener Theory is more or Jess clear in the scalar case (see Sections 26 and
27) however the general case is decidedly nontrivial. Popov [68J and
Anderson [3J have examined some aspects of this question.

24. In more conventional treatments of these problems (Gelfand and Fomin
(25]) the canonical equations are derived first and the Riccati equation is
obtained from them. The conjugate point conditions are usually intro
duced before the Riccati equation is on hand rather than afterward as
we have done. Results of the type given by Theorem 4 can be found in
Kalman [40J and Kleinman [44]. Full specification of the boundary con
ditions for the canonical equations can be obtained from the so-called
transversality conditions [25].

25. These results are closely related to some recent work in stability theory.
Theorem 2 is particularly useful in that respect (see Section 33).

26. When applied to scalar problems the general theory tends to render
obscure some otherwise simple results, Lemma 1 permits one to obtain

/

y(t) = (W + d<X)~(t) + du(t)~(t) = (1: - <x<x')~(t) + W- d<x)u(t);

n(s) .
Letting b'K,(Is - A)-'b = - and reasorung as before shows that

- p(s)

n(s) r(s)
1+-=-

p(s) p(s)

and since the equation has a unique solution, we see that K2 = K t · I

1. Given a frequency response function r which has a nonnegative real part
for s = jco, show that it has a minimal realization of the form

as before and so k = K2 b = K, b with the zeros of A - bb'K, In Re s < O.

Since K2 satisfies

K2(A - bk') + (A' - kb')K2 = - cc' - kk'

provided r has all its poles in the half plane Re s > 0 and is bounded at
infinity. (Compare with Darlington's form [29].)

2. Show how the techniques of this section can be used to find solntions of the
given quadratic matrix equation which are not positive definite or negative
definite. (Consider factorizations which are not spectral factorizations).

we multiply by -I, add and subtract K2 s, and pre- and post-multiply by
b'( - Is - A') -, and (Is - A) -, b respectively to get

b'K
2(Is

- A)-'b + b'( -Is - A')-'K2 b + b'( -Is - A')K 2 bb'K 2(Is - A)-'b

= b'( -Is - A')-'CC'(Is- A)-'b

Since the system was assumed to be controllable we see that b'K, = k' and
hence K, satisfies equation (CR).

To show that this is the only positive definite solution assume the contrary.
Let K

2
> 0 be a second solution of equation (CR). Then starting with
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Using the Laurent series expansion of (Is - A) - 'b we see that

(b'K, - k')(s-' + As- 2 + A2s- 3 + ... + A"-'s-")b = 0
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by inspection some results which look quite difficult from other points of
view. Special forms of this lemma were used by Wonham and Johnson
[83J and Brockett [IS]. Special cases of Theorem 3 can be proven using
the Wiener-Hopf technique (Newton et al. [64J). The spectral factorization
theorem could also be derived from the property of the matrix Riccati
Equation.

27. These calculations playa basic role in the work of Yacubovich [84-85J
and Kalman [37-38]. See Aizerman and Gantmacher [2} for related
material.

c.,

4
STABILITY

A number of classic papers on theory of feedback systems deal with
stability. In fact, stability was probably the first question in what is now called
system theory, which was dealt with in a satisfactory way. In the hands of
Maxwell, Minorsky and Nyquist, stability questions motivated the introduc
tion of new mathematical tools in engineering and in particular, Nyquist's
paper on stability showed in a very precise way, how complex variable
methods can be used in the design of man-made systems.

Of course stability theory has been of interest to mathematicians and astron
omers for an even longer time and has had a similar stimulating impact on
these fields. The specific problem of attempting to prove that the solar system
is stable accounted for the introduction of many new methods. Lagrange,
Laplace, Liapunov and Poincare are but a few of the many contributors.

Starting about a decade ago, work relating the approaches of Nyquist and
other engineers to the results of Liapunov et al., began to appear. It soon
became apparent that a number of interesting results could be obtained in this
way and the literature expanded rapidly. In the selection of topics for this
chapter we have been completely partial to this work which attempts to use
the best of both areas, even so, only the most fundamental questions are
considered. None of the interesting results on nonlinear systems is included,
although some of these are easy consequences of the basic tools developed.

28. NORM ED VECTOR SPACES AND INEQUALITIES

We began Chapter 1 with a discussion of vector spaces. In Section 12 we
discussed Linear Transformations and in Section 20 we considered vector
spaces with inner products. In this, the last section devoted to Linear Algebra
per se, we discuss Norrned Vector Spaces.

Recall that associated with every vector in an inner product space is a
length, C<x, X»)112. However in some cases other definitions of length are
useful and this leads to a discussion of vector spaces with a norm. A vector
space X is said to be a normedoector space if corresponding to each element x
in Xthere is a nonnegative number [x] which is called the norm and which has
the properties

183
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IL(x)IY .; k Ixlx

IAI = max [Ax]
[xl"" 1

Proof Replace each integral by the approximating sums and use the
triangle inequality to obtain

IIA + BII = max [Ax + Bx]

.; IIAj[ max IIBxli
llxli == 1

~ max iiAxi! + max [Bx]
lix!! ""1 i!x!! '" 1

= [A] + IIB,I

To prove (iv) we need only the definition 01" the induced norm.

IIABII = max ilABx!1
!!x!t== 1

We have already introduced the norm [x] for elements of RI!. 'vVe reserve the
notation [A] for the matrix norm which it induces. The following lemma tell,
how to calculate this matrix norm.

Lemma 2. If A is a real 1'1 by m matrix then liA!1 = I:A'li and both equal the
square root ofmaximum eigenvalue ofA'A which, in turn, equals the square root
of maximum eigenvalue of AA'.

Proof, From the definition of IIAII we have

IIAII = max IIAxl1
Ilxg '" 1

= max (xA'Ax)!"
Hxii'" 1

r-
= 'vi tl

where J..l is the maximum eigenvalue of A' A. On the other hand, if J. is a
nonzero eigenvalue of AI A then it is also an eigenvalue of AA" in fact if
A'Ax = I.X then AA'(Ax) = 1.(Ax). Hence :,A,i = l'A'j[. I ' ,

The basic properties of the induced matrix norm are given in Theorem 1.

Theorem 1. If A and B are real matrices then

(i) liAII?' 0 and :IAII = 0 ifand only if A ~ 0
(ii) l]aAli = ialllAli

(iii) IIA + BI] .; I]AI] + IIBII
(iv) ]!ABlI'; i]AII . IIBI]
(v) IIA'II = liAl1

.; IIAii 'IIBII

The fifth equality follows from the previous lemma. I

provided the dimensions ofA and B are such that the indicated operations make
sense.

Proof The first statement is obvious and (ii) follows immediately from
the definition of II . II for vectors. For (iii) we have from the definition and the
triangle inequality

(positive definiteness)
(scaling identity)
(triangle inequality)

(i) Ixl?' 0 and [x] = 0 if and only if x = 0
(ii) laxl = lallxl for all scalars a

(iii) [x + yl .; [x] + Iyl

Examples

(i) R" with [x] defined as in Section I,

[x] = (x; + x~ + ... + x;;)'/2

(ii) CO [to, t,] with IfI defined as

IfI = nif(a)II do
'0

for all x. Otherwise L is said to be unbounded. It is easily seen that all linear
transformations whose range and domain are finite dimensionalvector spaces
are necessarily bounded. The greatest lower bound on the set of k's which
suffice in this inequality is called the induced norm of L. For linear transforma
tions of B" into R" this gives a definition for a norm of a matrix. That is, if A
belongs to R" x m then

l.t,x( I,) Ll,I.; ,t,IX(t,)1 Ll

from which the integral inequality follows immediately. I

If L is a linear transformation of a normed vector space X into a normed
vector space Y then we call L a bounded linear transformation if there exists a
constant k such that

(iii) R"?" with IAI defined as

IAI = (tr A'A)'/2

The verification of properties (i)-(iii) in each case is left to the reader.
In vector analysis the triangle inequality is a basic tool. One useful implica

tion of it is the following lemma.

Lemma 1. If each of the components of x( ) are Riemann integr,gble on
to ~ t ~ t 1 then
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It is apparent that we have two competing interpretations for HAil when A is
an n by 1 array of real numbers. If we regard A as a matrix which maps R I

into R' then IIAII = max ilx ll " I II Ax II whereas if we regard A as an n-vector
then IIAII is just the square root of the sum of the squares of the components.
Happily enough, these are numerically equal and hence we can permit a certain
amount of carelessness.

A sequence x, in a normed vector space is said to be a Cauchy sequence if
given any E > 0 there exists an integer N(e) such that for all i and j larger than
N(e) it follows that IIx, - x)1 < e. An element Xo of Xis said to be theJjmit ofa
convergent sequence {x.} if given any 6 > 0 there exists an integer N such that
IIx, - xoll < e for all i> N. If every Cauchy sequence has a limit then the
normed vector space is said to be complete. Complete normed vector spaces
are also called Banach spaces. Examples of complete normed vector spaces are:

(i) The space R' with [x] defined by

[x] = (x; + xi + ... + X;)112 (Euclidean norm)

(ii) The space of continuous functions defined on the interval [0,

Exercises

[x] = max Ix(t)1
O~t'" 1

(uniform norm)

1] with

IIAII = max IIAxl1
lixll '" 1

with the vector norm being I]YII = (yi + y~ + ... + YI~)1/2.

6. Show that for x in R" we may define a norm as

[x] = max Ix,l
r cr c»

What is the matrix norm which this vector norm induces?
. 7. The space of real n by n matrices can be viewed as an n2 dimensional inner

product space with the inner product being defined as (A, B> = tr A'B.
This makes (tr A'A)I!2 the" length of A." Show that

(tr A'A)112;:, max IIAxl1
!ixE'" 1

8. Verify the following for n-vectors x and y and n by n matrices A.

(i) [x] = max y'x
bii=l

(ii) I!AII = max [Ax] = max max y'Ax
lIx!l=l IIYII=lllxll=l

9. (Coutraction Mapping Principle) Let T be a transformation of a Banach
space into itself. Suppose that for each x in the set B; = {x: [x] ,,;; b) we
have II T(x) I! ,,;; b and suppose that for all XI and X2 in Bb

1. The spectral radius of an n by n matrix A is defined as the maximum of the
magnitudes of the eigenvalues of A. Show that any induced matrix norm is
greater than or equal to the spectral radius. (Caution: A may have complex
eigenvalues. )

2. Let 5 denote the set of all complex n-vectors x = u + iv such that
u'u + v'v = 1. If A is an n by n matrix, the subset of the complex plane
which (u' - iv')A(u + fv) sweeps out as x ranges over 5 is called the
numerical range of A. Show that the numerical range is a convex set and
that it contains the eigenvalues of A.

3. Ann by 'I matrix is called normal if A'A"" AA'. Show that if A is-normal
then the numerical range of A is the smallest convex set which contains the
eigenvalues of A.

4. Let 51 and 52 be subsets of the complex plane and let 5 1j52 be the set of
all quotients, zjw with z in 51 and win 52' Show that every eigenvalue of
A-IB belongs to O'(B)jO'(A) where O'(B) aud O'(A) are the numerical ranges
of B and A respectively. (Williams)

5. A Banach Algebra is a normed vector space V together with a mapping
(written as a multiplication) of V x V into V such that if A and B belong
to V then liAB11 ,,;; IIA!I . I!B!I. Verify that the space of Il by n matrices is a
Banach Algebra if !lAIl is defined as

k<l

Prove that there exists an element x* of Bb such that

T(x*) = x*

i.e. prove that T leaves one point unchanged. Proceed by successive
approximations. Let

X o = 0

x.; 1= T(x,)

and using the above inequalities show that

IIx,+ I - x.] ,,;; k'b

and hence

Show that this is a Cauchy sequence and hence has a limit. Prove that the
limit is a fixed point. Show that there cannot be two fixed points in B

b
•

Compare this series of successive approximations with those used in the
proof of Theorem 3.1.
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29. UNIFORM STABILITY AND EXPONENTIAL STABILITY

We begin our discussion of stability by using some standard inequalities
to establish the basic properties of linear differential equations.

The differential equation x(t) = A(t)x(t) is said to be uniformly stable if
there exists a positive constant }' such that for all real I and [0 in the half
plane t > to

H<I>(t, to)1! ~ 'I

It is clear that uniform stability does not imply that solutions which start
near zero will converge to zero. For example, the harmonic oscillator equation

["~ l e t)] = [ 0 I] [xJt)]
"2(t) -I 0 X2(t)

is uniformly stable although Jxi + ;~, the length of x, IS constant
throughout the motion.

In order to study convergence to zero we introduce a second definition,
The equation x(t) = A(t)x(t) is said to be exponentially stable if there exi~l

positive constants y and i. such that for all real t and to in the half-plane
t> to,

1I<I>(t, to)1I ~ '1e-""-'o)

In Section 8 we defined Liapunov transformations. One of their main uses is
in studying stability.

Theorem 1. IfPx = z defines a Liapuno» transformation then x(t) = A(t)x(t) is
uniformly stable (exponentially stable) if and only if

i(t) = [P(t)A(t)P-'(t) + P(t)P-'(t)Jz(t)

is uniformly stable (exponentially stable).

Proof Suppose that x(t) = A(t)x(t) is uniformly stable then by definition
II<l>A(t, to)1I is bounded for t > to by a constant N which does not depend on
to. Since by Theorem 4.3,

<l>PAP-'+>P-,(t, to) = P(t)<I>A(t, toW-'(to)

we have

II<I>PAP-'+>p-,(t, to)iI ~ IIP(t)11 . 11<1>(1, to)11 . IIP-'(to)11

Since P is a Liapunov: transformation IIP(t)li and IIP- '(t)1[ are bounded
by some constant M. As a result the transition matrix for the z-equations is
bounded. Since the inverse of a Liapunov transformation is also a Liapunov

transformation, it follows that if the z-equation is uniformly' stable then the
x-equation is also. Exponential stability may be established in the same way.
The details are omitted. I

Theorem 2. II A is constant or periodic and bounded, (hen x(t) = A(t)x(t) is
exponentially stable ifand only iffor ereryfixed '0' !!<I>(t, 'oH approaches 0 as!
approaches infinity,

Proof The necessity part is obvious. To establish sufficiency we observe
that from the results of.Section 8 we can alway's find a Liapunov uansforma
tion such that the system is time invariant. From similarity theory (Section 12)
we can find a Liapunov transformation to reduce the constant system to one
which is in Jordan normal form. For systems in Jordan form, <Il is a block
diagonal matrix with each element being one of the three forms

since (keGt goes to zero if and only if there exist }' and ). > 0 such that
{ke<JI ~ ie-

i.
t the theorem is proven. I

Such a simple relation between convergence of <I> and exponential stability
generally does not hold. (See Problem I.) Nonetheless, it turns out that if A
is bounded then exponential stability is, in fact, equivalent to a number or
other conditions which at first sight seem less demanding. Notable among
these are various conditions on the boundedncss of the integrals of !i<ll(t, f o)!:.
Theorem 3 below gives four such conditions. Figure I illustrates the t\VO
different paths of integration used.

--+
//

Figure 1. ltlustratinq <P(t, 0) and paths of inteqration for Theorem 3.
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Theorem 3. Let A be bounded on ( - 00, 00). Then anyone of the following four
statements is equivalent to exponential stability for x(t) = A(t)x(t)

(i) t I! <I>(t, to)I!2dt .; M,
"
,"

(ii) J ii<l>(t, to)11 dt .; M 2
t

(iii) ('11<1>(1" ")11 2 do e: M 3
. "

(iv) tll<l>(t" ")[1 d".; M 4

"

for all t, ;" 10

for all 11 ~ to

for all 11 ~ to

for all t, ;" 10

Using the triangle inequality for matrices gives

1I<I>'(t,. to)<I>(t,. to)1I .; 1I<I>'(t" to)<I>(t" to) - III + 11I11

.; 2aM, + 1;

This implies 11$(11' 'o)i! is itself bounded for /1 ?: f o by a constant Nt.
To obtain an exponential bound we write <I>(t, to) = <I>(t, ")<1>(,,. to) and

observe that

t 11<1>(1, tolil' do = t 11<1>(1, ")<1>(,,, toll!' do
to 10

.; tll<l>(t, ,,)11 2
. 11<1>(", loW do

r

(The constants M, do not depend on to or t,.)

Proof. It is easy to see that exponential stability implies (i)-(iv). Ifthe null
solution is exponentially stable then 1I<1>(t, to) 1I .; ye-;·C<-',l Using this
estimate in the above integrals gives as a suitable choice: M 1 = M 3 = l/2).
andM2 =M4 = yji.

The reverse implications need to be taken one at a time. ~)

(i) Assume there exists a bound M" Since A is bounded it follows that
there exists an a such that

1Id>(t, to)1I = IIA(t)<I>(t, to)11 .; all<l>(t, to)ii

Hence

11<1>'(1" to)<I>(t" to) - 1[1

= 11('d>'(t, to)<I>(t, to) + <1>'(1, to)d>(t, to) dt II

.; tlld>'(t, 10)<I>(t, to) + <1>'(1, lo)d>(t, 10)11 dt
'0

.; f 11d>'(t, to)<I>(I, to)[1 + 1[<1>'(1, 10)d>(1, 10)11 dt

"

.; r" [[d>'(I, to)!1 . 1I<I>(t, to)11 + 1I<I>'(t, to)1I . 1Id>(t, to)1I dt
, '0

.; 2a t II~(I, to)1I 2 dt
r

~ 2aM!;

.; N, t 11<1>(", to)11
2 do

"
::::;: NilvI!

However, since the integrand on the left does not depend on o this gives

(t - to) 1I<I>(t, toW.; N,M" t;" to

Thus for T = 4N,M, we have

1l<I>(to + T, to)11 .;-}

and in general

[I<I>(to + nT, to)1I .; (1)"

It follows from this that 1I<1>(t, to)1I is exponentially bounded. (See problem 2.)
(ii) The philosophy is the same but we now work with <I>(t" to) instead

of <I>'(t" to)<I>(t" to). Use as before, lid>(t, to)11 .; o:l[<I>(t, 10)[[ and generate the
string of inequalities

1I<I>(t" 10) - 1[[ = 11(d>(I, to) dtll

.; tlld>(t, to)[1 dt
'0

.; 0: {iI<l>(I, 10) [1dt
'0

~ alv!z;

Use the triangle inequality to obtain

H<I>(t" 10)11.; aM2 + 1
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Now this lets us establish the inequality

r11<1>(1, (0)11' dt '" (aM, + I)r 11<1>(1, (0)11 dt
to to

'" (aM 2 + I)M,

and so (ii) implies (i) and hence exponential stability.
(iii) Here the argument used in (i) needs to be modified slightly. Since A is

bounded there exists a such that IIA(t)11 '" a for all I. From Theorem 2 of
Section 7 we have

d
- <I>(t, e ) = -<I>(t, u)A(u)
du

Hence

II :u <I>(t, rr)II'" aJ!<I>(t, u)l!

However,

Hence

JI<I>(I, (0)1i 2
'" N 3/v!3(1 - to) - 1

and for T= 4N3M3 we have

11<1>(10 + T, 10)II '" t
Therefore

11<1>(10 + nT, [0)]1 ~ o-yJ
and we conclude that <I> is exponentially bounded.

(iv) Ifa suitable M. exists then we can modify the approach used in (iii) in
the same way (i) was modified to get (ii). In this way we obtain

11<1>(1 1,10) - II! '" aM., I;:' 10

And so !I <1>(1 I' to)!1 is bounded for II ;:, 10 byaM. + I. However, this gives the
inequality

!II - <1>'(11' to)<I>(1 1 , to)11

= III:: [:u <1>'(/ 1, U)]<I>(t 1, rr) + <1>'(11) u) [:u <1>(11) U)] dull

Reasoning as in part (i) this becomes for 11 ;:, 10

III - <1>'(11) (0)<1>(1" to)1I '" 2alv!3

')

,fl ,It

J 11<1>(1, u)II' do '" (aM. + I) I 11<1>(11) u)il do
fa "to

",(aM. + I)M 4

Hence (iv) implies (iii) which implies exponential stability. I

Exercises
Using the triangle inequality we have

11<1>'(11,10)<1>(1 1, lo)!! '" H<I>'(II' to)<I>(I" 10) - III + HIli '" 2aM3 + I

This shows that 11<1>(1, (0)11 is bounded for t > 10 by a constant, N 3 , indepen
dent of I and 10 .

To get the exponential bound we begin with the observation that for I> 10
we have

.'
(t - (0)11<1>(1" to)11

2 = J 1I<I>(t l , to)11
2 do

'0

= J' 11<1>(11' u)<I>(u, (0)11' do
<0

'" J' 11<1>(11' u)II'II<I>(u, (0)11' do
'0

'" N 3 J' 1',<I>(t1 , u)II' do
'0

I. Show that all solutions of X(I) = -21(1 + 1)-2X(I) go to zero as I
approaches infinity but that the equation is not exponentially stable.

2. Give a complete argument to show that if A is bounded on to ~ t ~ r:JJ

then

11<1>(10 + liT, 10)ll '" OJ"
implies exponential stability.

3. (Wazewski) Show that the equation x(t) = A(t)x(t) is exponentially stable
if there exist constants c ;?; 0 and a> 0 such that for all positive f o and
t> to we have

-'J }'m(u)du", -a(l- (0 ) + c
'0

where )m(u) denotes the largest eigenvalue of A(u) + A'(c}.
Hint : Show that

d
-, X'(I)X(I) '" l",(l)x'(t)x(t)at
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4. The second order equation

;'(1) + 2.i:(t) + f(l)x(t) = °
Can be expressed as

0] [X,(I)] _f(t) [i
-2 X2(1) 2

with x(t) = x,(t) - x 2(t). Use the results of the previous exercise to show
exponential stability if

r'max[ - f(er), !(er) - 4] do
• 0

imply II y(l) II '" k for I ~ to. We want to treat Uniform BIBO Stability in some
detail in this section. In particular, our interest is in establishing circum
stances under which it is equivalent to exponential stability. The following
lemma will be a basic tool.

Lemma 1. Let yond u be related by

y(l) = rT(t, O")u(er) do
'0

There exists a constant k such that for u constrained by

t ~ to
! > to

it follows that

!!y(t)1! '" k; all t > to

if and only if there exists a constant N such that

~ N; t~to

Necessity. If for some to it follows that for every finite k there exists a time
tk such that

(n(tb <r)lI d ~ k

"
then there can be no bound on h(t)ll. To prove this use liYl1 = max v'y with
lIvll. = 1. For a given Ik

t

II YO(tk) II = J max max v'(tk)T(lk, er)u(er) do
to 11""(lkH == 1 IiU(.;f)H = 1

= (1IT(lk , er)lI de
'0

allt>toN ~rIIT(t, er)1I do ;
'0

Proof Sufficiency. Assume that the bound on the integral holds, then
if liu(I)1I '" I the following string of inequalities is valid.

lIy(I)11 = IltT(t, er)u(er) derll

'" rIIT(t, er)u(er)/i do
'0

'" rIIT(I, er)11 . Iln(er)11 do
'0

'" (' IIT(I, er)!1 do
•'0

converges, then :'<:(1) = [A(I) + B(t)]x(l) is also uniformly stable.

:'<:(t) = A(t)x(l) + f(l)

s, =rB(er) do ,)
o

[
:'<:(1)] [A(t) B(I)] [X(I)]
y(l) = C(I) D(I) U(I)

is BIBO stable if for all 10 and for zero initial conditions at t = 10, every
bounded input defined on [to, co) gives rise to a bounded response on [to .co),
We will say that this system is uniformly BIBO stable if there exists constant k
(independent of to) such that for all 10 the statements

x(to) = 0

Ilu(l) II ,;; I; t ~ 10

In the preceding section we were concerned exclusively with the transition
matrix which in turn reflects the behavior of the solution vector x in the
absence of any input. There is a second type of stability which refers to the.
effects of inputs. It centers around the idea that every bounded input should
produce a bounded output if a system is to be regarded as being stable. We will
say that the system

30. INPUT·OUTPUT STABILITY

are bounded.
6. Show that if :'<:(1) = A(I)x(t) is uniformly stable and B is such that the

integral

is suitably bounded.
5. Show that if:'<:(t) = A(t)x(t) is uniformly stable and So II f(er) II do exists then

all solutions of
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Hence IIYo(I,)Ii cannot be bounded if no bound exists on the integral of the

norm ofT. I
As an immediate consequence of this lemma we have the following theorem

relating exponential stability and input-output stability.

Theorem 1. Lei A be bounded on ( - 00, 00). The system

[~i:n = [~(I) ~] [:i:n
is uniformly BIBO stable if and only ifx(r) = A(t)x(t) is exponentially stable.

Proof By the previous lemma and the variation of constants formula we
see that this system is BlBO stable if and only if there exists a constant N such

that for all I

r 1I<1>(t, O')lIdO'<:; N
'ro

However, from part (iv) of Theorem 3 of Section 29 we see that this holds if
and only if x(t) = A(t)x(t) is exponentially stable. I

Corollary. Let A be bounded on (- 00, (0). Assume that the system

[~i:i] = WtJ ~] [~i:i] ~)
is uniformly BIBO stable. Then if !!u(t)ll is bounded on (to, 00) and if !ju(t)!!
approaches zero as t approaches infinity then l\x(t)11 also approaches zero as t

approaches infinity,

Proof The system is BIBO stable and hence it is also exponentially
stable. Since lIu(I)11 goes to zero as I goes to infinity, it follows that given any I'
greater than zero there exists a time t 1 such that for t ~!l l!u(t)1[ ~ u, From
the bound derived above it is clear that the change in the response x due to
truncating u at t 1 is bounded by Np, On the other hand, given p > O· there
exists a time 12 such that for t> t 1 + [2' the response x is bounded by
p!lx(t,)l! ;" Ilx(t)ll; all t > I, + t 2' Hence given any number c > 0 and any
input satisfying the hypothesis there exists a time II + 12 such that for t> t 1 + [2

the length of X(I) is less than e. I ;
The following theorem includes Theorem 1 as a special casco

Theorem 2. Let A and B be bounded on (- 00, co). Assume there exist positive
constants e and 8 such that \V(to, to + 8) ?: EI; both e and /5 are independent
oj 10, Then the system

[
X(I)] [A(I) B(I)] [X(I)]
y(l) I 0 U(I)

is uniformly BIBO stable if and only ifx(t) = A(r)x(r) is cxponentiaily stable.

Proof Sufficiency. Clearly boundedness of B and exponential stability of
X(I) = A(t)x(l) imply that there exists N such that

.'
J !I<I>(t, O')Baii do <:; N
~ - if;

Using Lemma 1 this gives uniform BIBO stability.
Necessity. Assume such an e and (5 are given. Write I as

1= {<I>(O', p)B(p)B'(p)<I>'(O', 1') dpW"(O' - 0, 0')
cr',

The hypothesis insures that W"(O' - ,), 0') is bounded independent of a,
Since B(p) is bounded, and <1>(0',1') is bounded for 10' - 1'1 <:; 0, we see there
exists a constant M such that

Premultiply the above equation by <1>(/, 0") and use this bound to get

ll<l>(t, O')i! <:; M I 11<1>(t, p)B(p)!I dp
~ <J" - Ii

Now observe that

( ll<l>(t, p)B(p)l! dp = (1I<I>(t, p)B(p)l! dp + (6 II <IJ(I, p)B(p)1I dp + ...
'I-Ito -1-,) 'r-20

;" [I1<1>(t, tJll + lI<1>(t, I - O)I! + ... + 1!<I>(t, I - nO + o)i!]M"

So we see that

1!<I>(t, 1)11 + li<l>(I, I - '»)11 + 1I<I>(t, I - 20)!i + ... <:; 11M

Since H<I>(t, (1)11 ~ e"'o for It - <11 ~ 6 this insures that there exists p> 0 such
that

.t

I ii<l>(t, o-)!! do <:; pe'"I1M I
,'- 'l.'

Finally, to conclude this section, we give a result which uses both controlla
bility and observability in the hypothesis.

Theorem 3. Let A, Band C be bounded on (- 00, (0). Assume that there exist
positive constants c\ and 0\ such 'hat \V([o, '0 + 6\) ~ C\, I and assume that
there exists positive constants £2 and 62 such that

M(to, to + O2 ) ;" e2 I
Then the system

[
X(t)]" = [A(I) B(t)] ["X(t)]
yet) C(tJ 0 U(I)
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is uniformly BIBD stable if and only ifx(t) = A(t)x(t) is exponentially stable.

Proof The fact that exponential stability implies BlBO stability is easily
established. Its proof is omitted.

Suppose uniform BlBO stability does not imply exponential stability. Then
by the previous theorem it must not imply uniform BlBO stability of the
system

[~i:n = [Ai t) B~)] [:i:n (*)

Indeed, if there is no bound on the state there can be none on Ilyli for setting
u equal to zero on to ~ t ~ to + ;j gives

.10+ 0

j II y(t) Ii dt = x'(to)M(to, to + 6)x(to)

"so
max Ily(t)H;" 6-'x'(to)M(to, to + 6)x(to)

10 ~ I ~ 10 +"
;" 6 -1 nx(to)11 )'m'o(Mto, to + 6)

Hence if Ilx(t)ii is not bounded for all bounded u, liyii cannot be either.
However, by the previous theorem, uniform BlBO stability of (*) implies
exponential stability of x(t) = A(t)x(t). I

Now that basic theorems have been proven, let's return to the relationship
between Bl BO stability and uniform BIBO stability. More specifically, can
it happen that the system is BIBO stable but not uniformly BIBO stable? For
the class of systems under consideration here the answer is no. However, the
proof of this is very tedious if the argument is constructed from first principles
(Kaplan). Otherwise, the relatively deep" principle of uniform boundedness "
can be invoked to establish equivalence easily (Desoer and Thomasian).
Having remarked that equivalence can be shown we are content to drop the
subject.

Exercises

l. Show that for the system

x''')(t) + P"_I(t)X'''-''(t) + ... + p,(t)Xl1)(t) + Po(t)x(t) = u(t)
y(t) = X(I),

uniform BIBO stability implies x(t) goes to zero at an exponential rate
(i.e.lx(t)1 ~ ye-i,') for u '" 0, provided the coefficients p, are bounded.

2. Is the system
x(t) = x(t) + e2>u

y(t) = e-2>x(t)

BIBO stable? Is the homogeneous equation exponentially stable?

31. LIAPUNOV'S DIRECT METHOD

Determining whether or not all solutions of a particular linear differential
equation remain bounded or go to zero as t approaches infinity can be quite
difficult. Even two dimensional equations such as the Mathieu equation

[
;\: I( t)] [ 0 I] [x1(t)]

;\:2(t) -a + 2q cos 2t 0 X2(t)

must ordinarily be studied numerically in order to determine if particular
values of parameters give rise to transition matrices which are bounded. On
the other hand, it is possible to generate some useful sufficient conditions
which, if satisfied, guarantee that all solutions will be bounded or even
approach zero. This section is devoted to the study of one method of gener
ating such sufficient conditions.

In order to determine the stability properties of solutions of differential
equations, we will introduce certain scalar functions of x and t and study
their evolution in time. The basic idea has its origin in classical dynamics
where stability criteria involving the scalar energy are quite useful. Liapunov
developed this method of investigating stability further in his memoir [55]
and although the subject has evolved considerably since, we refer to this
approach using his name.

Let v(x, t) be a quadratic form in x such that v is once differentiable with
respect to t, and v and (ov/ot) are bounded according to v(x, t) ~ k ilxii2 and
II(ov(x, 1)/ot)11 ~ k , lixH2 Suppose G is a subset of the state space. We will say
that v is a quadratic Liapunoo function for the differential equation x(t) =

A(t)x(t) on the set G if iJ, the time rate of change of v along the solutions of
x(t) = A(t)x(t) as computed by

III au au
iJ = L - -i:, + -;;-

i== I ox, at

satisfies iJ(x, t) ~ w(x) ~ 0 for all x in G and all t.
Lets now make this notation more explicit. Since v is a quadratic form it can

be written as

v(x, t) = x'Q(t)x

Differentiating this gives

V(x, t) = x'Q(t)x(t) + x'(t)Q(t)x(t) + x'(t)Q(t)x(t)

= x'(t)[A'(t)Q(t) + Q(t)A(t) + Q(t)]x(t)

If w(x) is to be an upper bound on iJ(x, t) then we can always let w(x) be a
(time independent) quadratic form w(x) = x'Wx.
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Thus, a quadratic Liapunov function on a set G is a quadratic form whose
derivative, b, as computed along solutions of the given equation, is 000

positive. OUf definition does not restrict the sign of v although it restricts the
sign of v. This is in contrast with a great deal of the literature on Liapunov's
method.

Throughout this section we wiil give a fixed meaning to the letter E in
accordance with

E= {x: w(x) = 0; XE OJ

If 0 is a closed, bounded subset of the state space and if v(x, I) is a Liapunov
function on 0 for X(I) = A(t)x(l) then since v(x, I) is bounded by klixll 2 it is
bounded on G. Moreover, v is monotone decreasing and since it is bounded
on 0, one might expect that either x leaves 0 or else v(x, t) approaches zero.
A result of this type is given by the following very useful theorem.

Theorem I. If v is a quadratic Liapuno» function for X = A(I)x(l) on a closed
bounded set 0 and if II A(I) II is bounded on - 00 < 1 < 00 then any solution of
x(t) = A(I)X(I) which remains in 0 for all I > 10 approaches E.

Proof Consider a solution <I>(t, 10)Xo which remains in 0 for I ~ to.
Since A is bounded and x is bounded, it follows that x is bounded. Moreover

v(X, 1)1"'" = tV(X, I) dt
to.xo 10

Hence if v(x, t) is bounded on to ~ t < 00 it follows that the integral

Vo = {v(X, I) dt

"
must converge. Since vex, t) is less than x'Wx it follows that

JWX~<I>'(I, 10)W<I>(I, to)xo dt < 00
'0

However, because <1>(1, lo)Xo and its derivative A(I)<I>(t, (0)Xo are bounded it
follows that

lim x~ <I>'(t, 10)W<I>(I, 10)Xo = 0

and this implies X(I) approaches E. I

Example. (LaSalle) To illustrate the use of Theorem I we consider the
second order equation -

X(I) + a(t)x(t) + xU) = 0

It can be written as

X1(1) ~ x2(t )

_'2(1) = -a(t)X2 (1) - x 1(t )

If a is positive, then vex) = x~ + x~ is a Liapunov function on any set G in the
state space because v(x, I) = - a(l)xi(I).

E

Figure 1. Applying Theorem Ito .qt) -~- aCt) x(t) = xU) = O.

If in addition we assume that a is bounded and a(l) ~ e > 0 for all t. Then we
can apply the above theorem and conclude that any solution which stays
in a compact set approaches E = (x: X, ~ OJ. In this case a simple ad hoc
argument shows that all solutions are bounded. For example, v(x) = Ex!i' is
monotone nonincreasing. Thus iix(l)ii ~ ilx(to)li, and hence x is bounded.
Our conclusion is that all solutions are bounded and that X,(I) approaches
zero as t approaches infinity. If we write the equations of motion as
x(t) + 6,,(t) + x(t) = (a(l) + 6)X(I) and use the corollary of Theorem 30-1 we
see that [x] goes to zero.

Theorem 2. If there exists a quadratic Liapunor [unction for x(t) = A(I)x(t)
such that v is negative for some x and t and vex, t) ~ x'Wx with \V negative
definite, then x(t) = A(I)x(l) is nOI stable.

Proof From Theorem 1 every solution which remains bounded ap
proaches E. However since \V is negative definite, E = {O}. Thus all solutions
which are bounded approach zero. However if v(x o , 10) is negative vex, I)
remains negative and, in fact, vex, t) remains less than v(x o, to)' Since
v(O, t) s 0, <1>(1, to)xo cannot approach zero and hence must be unbounded. I

This same type of an argument can be used with a slightly weaker hypothesis
to conclude the absence of exponential stability.
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then X(I) = A(I)x(l) is exponentially slable if for some constant It > 0, and
all i e t.,

v(X, I) 0( -1,lIxII 2

Proof Since v(x, I) is a Liapunov function it is bounded from above
by k IIxV Hence we have

d
- v(x, I) < -I' IIxII 2 < -(I'/k)v(x, I)
dt

Theorem 3, If there exists a quadratic Liapunov function jar X(I) = A(I)x(l) on
the whole state space such that vex, t) is negative for some x and t, then
x(t) = A(I)X(I) is not exponentially stable.

Proof Since v is a Liapunov function on the whole state space it follows
that v is nonincreasing as a function of time. Hence if it is negative for some
Xo and to the solution starting at Xo at time to cannot go to zero because
v(O, I) = O. I

In order to qualify as a Liapunov function it is necessary that X'(I)Q(I)X(I)
be bounded from above by k IIxI1 2 Hence e'x' can never be a Liapunov func
tion according to our definition. In order to prove stability or exponential
stability, however, we need a lower bound on v of the form

v(x, I) ?' c IIxlI'

as well.

Theorem 4. Ifv(x, I) is a quadratic Liapuno» function for x(t) = A(I)x(t) on the
whole state space and iffor some constant 8 > 0,

v(x, I) ?' s IIxI1 2

then X(I) = A(I)X(I) is uniformly stable.

Proof Since v is a Liapunov function its derivative is nonpositive, Hence
for all Xo and all I ;, 10 we have

v [<1>(1, 10)Xo, I] 0( v(xo , 10)

However, since k IIx11 2?, v(x, I)?, e IIxiI' we see that if Ilxoll = I then
v(xo, 10) ?' e and therefore ilx(I)II' 0( kle for all I ?' 10 , This establishes uniform
stability. I

Our final result in this direction is a theorem on exponential stability.

Theorem 5. If v(x, I) is a quadratic Liapuno» function for x(t) = A(I)x(t) on the
whole stale space and iffor some constant 8 > 0

Iix(I)11 < e-1e-("jkll'-'olv(xo, (
0

)

which establishes exponential stability. I

Q(t) = r <1>'(0', I)L(O')<I>(O', I) da,
converges jar all real I and the dericatioe ofx'Q(t)x along solutions o(x(t) =

A(I)x(l) is -x'L(I)x. Moreover, ifL(I);' dfor alii then there exists constants
ryl and ry2 such that jar all t

Iryl ?' Q(t) ?' Iry2 > 0

Proof Let mI be an upper bound on L. Since X(I) = A(t)x(l) is exponen
tially stable there exists y and l, both positive, such that

11<1>(0',1)11 0( ye-!"'-<); 0' ?' I

Using these two estimates we see that Q is bounded according to

Q(I) 0( fWmle-2)'('-<)I do
t

= (mI2l)lI

This gives the upper bound on Q.
To compute the derivative observe that

ddi X'Q(I)X= x,[A'(I)Q(t) + Q(t)A(I) + Q(I)]X(I)

.00

= x' J A'(I)<I>'(O', I)L(O')<I>(O', I) + <1>'(0', I)L(O')<I>(O', I)A(I) do x
t

+ x' dd r <1>'(0', I)L(O')<I>(O', I) dox
1 t

= x' fW .'!.- [<1>'(0', I)L(O')<I>(O', I)] des:
t dt

= -x'L(I)x

The question naturally arises as to whether Of not there actually exists a
Liapunov function which establishes stability if in fact, stability exists, for
otherwise a search for a Liapunov function might be in vain. The following
result shows that if exponential stability is on hand, then there always exists a
Liapunov function meeting the requirements of Theorem 5.

Theorem 6. Let A be bounded and suppose that the equal ion X(I) = A(I)X(I) is
exponentially stable. LeI L( ) be a bounded symmetric matrix. Then the
integral

Hence v(x, I) is bounded from above by e-("/kll'-'olv(xo, 10), Since "(X,I);'
s II x Ii this means

all t ~ to»(x, I) ?' e [x].";
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In going from the second line to the third we have used the differential equa
tion for <I> and in going to the final expression we have used the fact that
<1>(", I) goes to zero as" approaches infinity and also the fact that <1>(1, I) = I.

To show that x'Q(t)x is bounded from below as indicated provided
L(I) ~ sl > 0, observe that if a is an upper bound on !!A(t)1! valid far all t then

II '~I <1>(1, lo)Xo II,,; a I!xo!1

and hence for x= Ax

IIxll"; allxll

Integrating this inequality gives

li<l>(", I)x!l ~ e-01o-'1 ilxll

Using this on x'Q(I)X gives

X'Q(I)X = rx'<I>'(", I)L(")<I>(,,, t)x do
t

~ ilxll 2 e foo e- 2 0(0 - , ) de
r

~ IIxl1 2 el2a I
Notice that the special case where A is a constant has been treated in

Section II where the equivalence between solving

A'Q+QA= -L

and the evaluation of

,00

Q = J eA"LeA< dl
o

was established.

Exercises

1. Find q12 and q22 such that the quadratic form

2. If z = Px is a Liapunov transformation and if x'Q(t)x is a Liapunov
function for X(I) = A(I)x(t) which establishes exponential stability, then
show that Z'P'(I)Q(I)P(t)Z is a Liapunov function which establishes the
exponential stability of i(l) = [P(t)A(tJP -'(t) + P(tJP -'(I)]Z(t). Use this
result to find a Liapunov function for X(l) = eF1Ae-r'x(t) assuming eFr is
periodic and A + F has its eigenvalues in Re s < O.

3. Compute v for v = e31x 2 and ,x: = ~ x. Compute v for v = e- 3 t x 2 and
x = x. Explain why theorem I is not violated.

32. SOME PERTURBATIONAL RESULTS

Among the most basic results in stability theory are those which assert that
the behavior of the solutions of a particular vector equation is about the same
as that of a '" perturbed" version. A simple result of this type will serve to
illustrate the idea.

Theorem 1. Assume that the equation x(t) = A(t)x(t) is exponentially stable.
Then there exists an 8 greater than zero such that if liB(l)!! < e for all t, then
the nuli solution o/x(t) = [A(t) + B(t)]x(t) is also exponentiatly stable.

Proof In the proof of Theorem 6 of Section 31, let L = I.

Then the resulting Q is positive definite and along solutions of X(I) ~ Ax(t)
+ B(I)x(t) the derivative of x'Qx is

d
- x'Qx = x'[A'Q + QA + Q + QB + B'Q]x
dt

= -x'x + x'[QB + B'Q]x

Given p> 0 there exists e > 0 such that if IIB(t)1I < s for all t, then

HQB(t) + B'(t)QiI ,,; p < I

Hence, x' { - 1+ QB + B'Q}x is negative definite and x'Qx is a quadratic
Liapunov function which is positive definite. The set E is just the origin.
Using Theorem 31-1 we see that x(t) approaches zero as t approaches in
finity. I

This result is only the simplest and most basic of many in the same vein
which require the magnitude of the perturbation to be small. This type of
estimate is not effective in treating perturbations which are large but slowly
varying. For example, if we have ,"(t) + L'(t) + (5 + 4 cos wt)X(I) = 0 and
express it as

vex) ~ [x" x,] [1 (II 2] [Xl]
_qI2 ql2 Xl

is positive definite and vas computed along the solutions of

[::i:n ~ [-~(I)
is nonpositive for 0 ,,; ~(t) ,,; 4. [

X1(1)] [ 0
,',(1) - 5 - 4 cos cot

I] [Xl(tr]
-2 x,(t)
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then the preceding theorem cannot be used regardless of the value of w,
although for w sufficiently small, intuition suggests that the null ,solution
should be asymptotically stable. The following theorem shows this to be the
case.

Theorem 2. Consider a time varying matrix A. Assume that there exists a
bound b such that IIA(t)iI < b for all t and assume the eigenvalues of A lie in
the half-plane Re s ,;; )' < 0 for all t. Then there exists an e > 0 such that if
IIA(t)II';; e for all t the null solution ofx(t) = A(t)x(t) is exponentially stable.

Proof Let Q be the solution of

QA+A'Q= -I

Since A depends on t, Q will also. Since A is bounded and since the eigen
values of A lie in Re s';; )' < 0, Q is also bounded. (See Problem 8.)' More-
over, QA +A'Q = -QA - A'Q and so, "

,00

Q(t) = J eA'«)O[Q(t)A(t) + A'(t)Q(t)JeA«)o do
o

Clearly UQ(t)\1 can be made less than one for all t by making HAil suitably
small. To complete the proof we observe that the time rate of change of
x'Qx along solutions of the given equation is

.'!. x'QxI = x'(A'Q + QA + Q)xI
dt t t

= -x'(t)x(t) + x'(t)Q(t)x(t)

which is less than zero if IIQ!I, hence if IIAII, is small. I

To complement the above result on slowly varying coefficients we now
establish a result which requires the coefficients to be rapidly varying and to
have a suitable average value.

Theorem 3. Let A depend continuously on t and assume it is periodic a/period T.
Suppose that

1 :r
A = - j A(,,) do

T 0

has all its eigenvalues in the hal/plane Re s < O. Then there exists a number 0:0

such that the null solution of

X(I) = A(al)x(t)

is exponentially stable for all a larger than ao.

Proof From the Pcano-Baker series we know that the transition matrix
for this equation is given by

t. 1 t 0"1

<D(t, to) = 1 + fA(aO') do + - f A(aO',) f A(aO',) d0'2 dc ; +.,.
-u 2! 0 0

now

ro+TJ':J. 1 ,1 0+11(1. O"J

. <D(t + rt«, to) = 1 + f A(""r) do + 2i j f A(au,) A(aO',)dO'z do ;
to . to 10

1_ (I)'= 1 +; A + terms of order ;

Letting t]« = 8 we see that at e = 0 the eigenvalues are on the unit disk but

d _
-I <D(to + a; to) = A
te

hence for B sufficiently small the eigenvalues of <D lie inside the unit disk. I
None of the three preceding theorems is sufficiently sharp to permit an

analysis of the equation x(t) + e(sin wt),i:(t) + x(t) = 0, regardless of how
small lei is required to be, As an example of the more delicate perturbation
theorems applicable to problems of this type consider the following theorem of
Liapunov.

Theorem 4. Let A be a constant matrix with A = - A' and assume that the
eigenvalues of A are distinct mod 2nijT. Let B(t) = B'(z) = -B( -t)for all t,
and assume B is periodic of'period T. Then there exists an 80 > 0 such that i/
lei < 80 all solutions of

x(t) = [A + EB(t)]x(t)

remain bounded.

Proof We begin by showing that if }, is an eigenvalue of <D(to + T, to)
then ).-1 is also. Since the eigenvalues of a nonsingular matrix M are the
reciprocals of those of M- r, this is equivalent to showing that if l is an
eigenvalue of <D(lo + T, to) it is also an eigenvalue of <D-r(lo + T, to) ~
<D(lo, to + T). Observe that if -ic(t) = Ax(t) + eB(r)x(t) then,

d
"it x( -I) = -Ax( -I) - 8B(-t)x(-I)

= A'x( - t) + eB(I)x( - I)

Hence x satisfies the adjoint differential equation when it is regarded as a
function of -:t. This means <D(lo, to + T) = <D'(to + T, to). Using the fact
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4. Let A be periodic of period T and assume that X(I) = A(I)x(l) is expo
nentially stable. Show that there exists a positive definite matrix Q which
is also periodic of period T such that x'Qx is a Liapunov function for
X(I) = A(I)x(l) on the whole state space.

5. Let A depend on t in a continuous way and assume A' = A. Let }./I/I) b~

the maximum eigenvalue of ACt). Show that if the integral satisfies

Figure 1. The unit disk and the eigenvalues ofeAT.

that the eigenvalues of any matrix are identical to those of its transpose we see
that <I>(to, 10 + T) and <I>-'(to, to + T) have the same eigenvalues.

Now at e = °the eigenvalues of <I>(to + T, (0 ) are just those of e" and since
A = - A' these all lie on the unit disk. Moreover, since the eigenvalues of A
are distinct and remain so when n2ni/T is subtracted from them we see that
the eigenvalues of eAr are distinct. From the Peano-Baker series we know
that <I>(to + T, to) depends continuously on e.

Now use the fact that the eigenvalues of a matrix depend continuously on
its entries. At e = °the eigenvalues of <I>(to + T, to) are distributed as shown
by the crosses in the figure. They move continuously as s is increased but
since they must occur in reciprocal pairs they must lie on the circle until two
eigenvalues come together. Thus using Theorem 10-3 we see that the null
solution is stable for lei small. I

Exercises

1. If <I> is a symplectic matrix (Exercise 9, Section 24) show that its eigenvalues
occur in reciprocal pairs. Use Theorem 4 to obtain a stability theorem for
periodic canonical systems.

2. Construct a Liapunov function for the equation

X(t) + ax(t) + bx(t) = °
which has a negative definite derivative provided a and b are positive.

3. Show that all the eigenvalues of A have real parts less than ..:.... (J if and
only if for every symmetric positive definite matrix C there is a unique
symmetric positive definite Q such that

A'Q+QA+20'Q= -C

.<I )'m(t) dt <; -e(1 - (0 )

-"
then the equation x(t) = A(I)x(l) is exponentially stable. (See Exercise 3,
Section 29).

6. Use the previous result to show that if R is a symmetric frequency
response having a Laurent expansion R(s) = Los-1 + L ts-

2 + ... and if
the Hankel matrices

11=0,1,2, ...

are all posruve definite or positive semidefinite, then the equation
X(I) = A - BK(I)Cx(t) is stable if K = K' and the average value of the
maximum eigenvalue of A - BK(t)C has a negative real part.

7. Consider the controllable system

X(I) = AX(I) + BU(I)

with A constant and B constant. Let W(O, (1) be given by

W(O, (1) = ('e-AcrBB'e- A' cr da
'0

Show that if t1 is positive all solutions of the linear system

X(I) = (A - BB'W-'(O, I,)X(I)

are bounded on [0, co). (Canales)
8. If A is an n by n matrix whose entries are less than At! in magnitude

and whose eigenvalues lie in the half-plane Re s <; e < 0, find a bound
onIIA-'I!.

9. Consider the second order equation of the Mathieu type

X(I) + [I + t: cos wI]x(l) = °
For what values of co is it impossible to use Theorem 4 to establish
stability for lei suitably small?

10. Show that all solutions of the second order equation

X(I) + [I + f(I)]x(t) = °
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are bounded if f(t) = - f( - t) = f(t + 1) for all t and

.1

n = I f'(a) do
'0

is sufficiently small.
11. Show that if pet) = - 1'( - t) = pet + 1) '" 0 then the equation

x(t) + p(t)x(t) = 0

is uniformly stable if

"J p2(t) dt < 4
o

(Liapunov).

33. FREQUENCY DOMAIN STABILITY CRITERIA

One of the main themes of system theory is the fruitful interplay between
stationary weighting patterns and their associated frequency response func
tions. We have seen that although the frequency response function is the
Laplace transform of the associated weighting pattern, it is not necessary to
view it as such or, in fact, to know anything about Laplace transforms to
make effective use of it. Moreover, it is an observed fact that in many problems
the introduction of a frequency response function at the right moment results
in a dramatic simplification. An early and still very important use of frequency
response characterization to investigate the stability of dynamical systems was
developed by Nyquist in connection with feedback amplifier design. His
results, which apply only to a special class of problems, will be discussed in
the following section together with some generalizations. Our objectives here
are to prove a basic result which is in many ways broader in scope and to
establish some associated techniques.

\Ve begin with a lemma on equations of a special type.

Lemma L If [A, B, C] is a minimal realization of a frequency response Rand
ifF is a bounded, matrix ualued. function of time, then for the system

with K(a) being nonnegative definite for all (J > O. In view of tile observability
assumption the integral cannot vanish for x(t) *0 so K must be positive
definite. To apply this to the problem at hand, let u(t) = - F(t)Cy(t) to get

'+0r y'(p)[I + C'F'(p)F(p)C]y(p) dp > x'(t)K(a)x(t)
- t

Since F is bounded we see that if liy(t)1I approaches zero, then Ilx(t)il must
also. I
Theorem L Let [A, B, C] be a minimal realization of the frequency response
function R and assume that the eigenvalues of A lie in the half-plane Re s < O.
Suppose that for all real co

1- R'( -ico)R(ico);:' 0

Then if I - F'(t)F(t) ;:. eI > 0 for all t > 0, it follows that all solutions of

x(t) = Ax(t) - BF(t)Cx(t)

are bounded and approach zero as t approaches infinity.

Proof From Theorem 25-2 it follows that there exists a negative definite
solution of equation

A'K + KA -KBB'K = C'C

Denote this solution by -Ko . Then along solutions of the given differential
equation

d
- x'Kox = xl - KoBWKo - C'C - (KoBFC) - (KoBFC)']x
dt

= - (y, + Fy,)'(y, + FY2) - y;(I - F'F)y,

where Y1 = B'Kox and Y2 = C'x. This last expression is clearly negative semi
definite as a function of x, so we see from Theorem 31-1, that all solutions
approach the set {x: Y2 = OJ. Hence by Lemma I it follows that x goes
to zero. I

Example. Consider the scalar equation

t+'aJ u'(p)u(p) + y'(p)y(p) dp > x'(t)K(a)x(t),

it follows that iix(t)1I approaches zero as t approaches infinity provided lIy(t) Ii.
approaches zero as I approaches infinity.

Proof For the system (MF) we know (Theorem 24.4) that for fixed x(t),

x(t) + (a(t) + o),Y(t) + (!J(t) + l)x(t) = 0

If we make the identifications,

x(t) = Ax(t) - BF(t)Cx(t); yet) = Cx(t) (MF)

[

S 2 + ~s + 1]
R(s) = ;

s
F(t) = [!J(t), aCt)]



then we see that all solutions are bounded and approach zero as t approaches
infinity provided

I
1 -'- w' I

s~p[f32(1) + a'(I)] . s~p (l _ W;)2 + iiw2 < 1
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Then ir follows that al/ solutions 0/

x(l) = Ax(t) - BF(t)Cx(t)

go to zero as I approaches infinity.

213

There are two simple auxiliary ideas which greatly extend the usefulness of
this result. Let Fabe a constant matrix having the same dimensions as F. Then
one can either study equation (MF) or else study the equivalent system

Exercises

l. Apply Theorem I to the equation

Figure 1

[
'" I(t)] [ 0
X,(I) = -(2 + a sin t)

."(1) + 2:'(1) + (2 + a sin t)X(I) = 0

in the form

R(s) = [r(os) 0]
res) ;

How large can (J. be if the hypothesis is to be fulfilled? Make a change of
coordinates according to

has a stationary weighting pattern. Call it RJs). Then show that

Show that the system

[
ZI(I)] _ [. cos cot sin wt] [XI(IY]
z,(I) - -sin on cos cot x,(t)

Apply Theorem 1 again. Can w be chosen in such a way as to allow for a
larger value of (J. than was found before?

2. Evaluate C'(Ls - A + BFo C) 'I B in terms of R(s) = C'(I,r _ A)' I Band
Fa· (See Section 19.)

3. Let Rand n be defined as shown:

it follows that al! solutions of

X(I) = AX(I) - BF(I)Cx(t)

x(t) = (A - BFa qX(I) - B(F(t) - Fa)Cx(t)

are bounded and approach zero as t approaches infinity.

This result essentially permits one to apply Theorem 1 to any equation in
the same feedback equivalence class.

Theorem I as it stands, cannot be improved by letting X(I) = PZ(I) and
studying the z equation. It is coordinate free in that sense. However, in another
sense it is not. If P IQI ~ I and P 2 Q, = I, then it is enough that the hypothesis
be satisfied for RI = Q2 C(ls - A)'IBP I, and F(I) = QIF(I)P,.

Corollary 2. Let [A, B, C] be a minimal realization of the frequency response
function R and assume that the eigenvalues of A lie in Re s < O. Assume that
there exists constant matrices PI' Qt. P z, and Q2 such that P IQ l = I and
P 2 Q2 = I. Let RI(s) = Q2R(s)PI and let F I(/) = QIF(t)P2. Suppose that
for all real w

1- [F(I) - Fa]'[F(I) - Fa] ;;, sl > 0
Then iffor all I

I - Ro(-iw)RaCiw);;, 0

This leads to the following corollary.

Corollary 1. Let [A. B, C] be a minimal realization 0/ the frequency response
function R. Assume that there exists a constant matrixF0 sucli that th,~ eigen
values 0/ A - BFa C lie in the half-plane Re s < O. Let

Ro(s) = C(ls - A + BFa q'IB

Suppose that for al/ real w

1- Ri( - iw)RlCiw) ;;, 0

and suppose that for al! real t

I - P;F'(t)Q'IQ,F(I)P2 ;;' eI > 0

if

allw

and conversely.
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34. NYQUIST CRITERION: POSITIVE REAL FUNCTIONS

When specialized to the case where Rand F are scalars, the results dis
cussed in Section 33 become much more concrete and easier to apply. In
particular, comparisons between the necessary and sufficient conditions
available for stability of time invariant linear differential equations and the
sufficient conditions for stability of time varying linear differential equations
are easier to make. The actual comparisons are postponed until the next
section. Here we set the background.

Let r be a rational function of a complex variable s = (J + k». The locus of
points

r(r) = (li + iv: 11 = Re I'(iw), v = l m r(iw); - CO ,;; co s; co)

is called the Nyquist Locus of r. That is, the Nyquist Locus is the image
of the line Re[s] ss 0 under the mapping I'.}f 1(1') is bounded we will say that

1
~th~...!JEJ!:!.i}~L_~~~I~_.J!!Hjrf:!f~ ..~(LIZ!!j!ZL!!.Q±J~~o ..P_tJUH%§JrJlo +,1.£10, 5SnJIOt. on.the.
...N.:Lq~ .ist_k9~~~S_.;!_I1.g)i'rpj..s_~t1:!~_.ntliD.~.r~.o,.?e::jI1.Jhe argurnenLofI(iW)- ,lfO.~ ilio
as u~ __ i11c:.re'lse~ f~om - 00 .. t9 "..00. We regard clockwise rotations as the
direction of increasing argument. Negative encirclements are counterclock
wise encirclements.

\Ve will frequently assume that the Nyquist Locus is bounded. This will be
the case if and only if the degree of the denominator of r equals or exceeds
that of the numerator and r has no poles on the line Re[s] = O.

The first result we will give relating to the Nyquist Locus is the following
version of a feedback stability theorem generally attributed to Nyquist.
Mathematically, the result is best viewed as an application of the principle of
the argument.

Theorem 1. Suppose r has a bounded Nyquist Locus. If r has v poles in the
half-plane Re[s] > 0 then 1'/(1 + kr) has p + v poles in the half-plane
Re[s] > 0 if the point -Ilk + iO is not on the Nyquist Locus and 1(1')
encircles -(ilk + iO) p times in the clockwise sense.

Proof If 1" denotes the derivative of r then for any simple closed curve C
an integration around this curve in a clockwise sense gives

I .'
-. J 1"(.1)/1'(5) ds = I' - \'
27U C

where 1-( is the number of zeros of I' inside C and v is the number of poles of r
in the same region, repeated zeros and poles being counted according to
their multiplicity. To see this, observe that the singularities of the integrand
inside C are the poles and zeros of r inside C. Write r as

1'(.1) = (.\ + s,)""ri(s)

and notice that the residue of r']r at every pole of r of multiplicity J}/; is
-In; and that the residue at every zero of r of multiplicity In is mi. That is

1"(.\) IJl j I',(s)
--=---+--
r(s) (5 + S,) 1'(5)

with rJr analytic near -Si. The desired result then follows from applying the
residue theorem to all such expansions with r s, inside C.

Moreover, by direct integration we see that

I, I
-. J1"(5)/I'(S) ds = -. In I'
21[[ 27[[

Thus, if we integrate around a closed curve C we get no change in the mugni
tude of In I' but the argument of I' will change by a multiple of 2" equal to
the number of times the image of C encircles the origin in the r plane. Thus,

I' _ v = _1_. I' r'(s)/1'(5)d5 = (nUmber of times the image of qr)
271:1 • r encircles the orrgin 111 the r-plane

Consider the frequency response of the closed loop system 1'/(1 + kr). Clearly
it has zeros where r has zeros and poles where 1 + kr has zeros. Let C be a
contour consisting of the imaginary axis and notice that the Nyquist locus of
1 + kr encircles the origin if and only if the Nyquist locus of r encircles the
-Ilk point. Using the integral expression for /1 - V we obtain the desired
result. I

A second result which we require and which uses the Nyquist Locus,
concerns a special class of rational functions which we now define. Ifq(s) and
pes) are polynomials without common factors we will say that q(s)/p(s) is
positive real if

(i) Re q(iw)lp(iw) ~ 0 for all real w.
(ii) '1(5) + pes) has all its zeros in Re[s] < O.

We want to give a necessary and sufficient condition for (co- + l)/(fJr + I) to
be positive real in terms of the Nyquist Locus of r. Naturally r itself is positive
real if r(r) lies in the closed right half-plane and the zeros of I + I' lie in the
open left half-plane. In order to study positive realness of the bilinear trans
formation of r we introduce the following notation.

Let a and jJ be real numbers with o: < Ii. If ajJ > 0 the symbol Di«, jJ)
stands for a disk in the complex plane deli ned by

( [ 1'1 I)]' 111112)D(a, jJ) = u + iv: u + - (- + - + v2 < - - --I
2 a Ii. 4 a jJl

.;'\ ;
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r + I!a
Z=---

r + lJ[3

takes the exterior of the disk D(a,)i) in the r-plane into the half-plane Re[z] ;'0.
Hence, if r(r) does not intersect Di«, [3)

r(jw) + i]«
0,;; Re[z(jw)] = Re r(jw) + l!Ji

Po(jw)qo! - jw) + po(- jw)qo(jw)
2po(jw)1,

We have shown that our assumptions insure that C/o and Po do not have
common factors and that z is nonnegative on the line Re[s] == O. It remains to
shov..' only that Po + qa has, or does not have, all its zeros in Rc[s] < 0
according to whether (a) or (b) is satisfied. The polynomial Po + '10 takes the
form

The hypothesis prevents r(r) from passing through the point r= -·\(I!a + I !/i)
(i.e., the center of the disk). Thus Po + C/o has no zeros on Re[s] = O. Accord
ing to Nyquist's theorem, Po + ao has v + p zeros in the half-plane Re[s] > 0
where p denotes the number of times I'(r) encircles the point r = - HJ/x -i- 1/[1)
in the clockwise sense. Thus Po + qo has v + p zeros in the half-plane Re[s] > O.
When (a) is satisfied z is positive real and when (b) is satisfied z is not positive
real. I

We conclude that if the Nyquist locus t(r) does not intersect the disk
Dt«, [3) then for all real co

Po(jw)qo( - jw) + Po(-jw)qo(jw) ;, 0

1. Suppose that q and p do not have common factors. Show that q/p is
positive real if (i) p(iw)q( -iw) + p( -iw)q(iw);, 0; (ii) all poles of p on

Exercises

'!. = '10 - Po
I' [3'10 - apo

If qo and Po have a common factor then this is surely a common factor of Cf and
P, contrary to the hypothesis.

The mapping

and if a i' [3 then the polynomials '10 = q + plo: and Po = 'I + p!Ii are without
common factors. Indeed, an inversion of the bilinear map defining z gives
(assuming CI. i' ii)

-it«
I

-l/a

I

I

-st«
I

'I + p!"z=
'I + pJ[3

Figure 1. Defining D (cc, f3).

- I~-1/0:
I
!

If a[3 < 0 then a < 0 < Ii and D(a, [3) is the complement of a disk.

" D(a, [3)= (u + iv: [u + H~ + ~)r+ v
2

> ~ I~ + ~ I)
J {'

If a = 0 then Ii > 0 and Di«, [3) is a half plane ' c.- c'.,

D(O,[3) = (u + iv: u<-M
and if CI. < 0, [3 = 0, D(Ct., [3) is the half plane

D(a,[3) = (u + iv: u> -~)

For all other cases D(CI., [3) is left undefined. (See Figure I)
In the statement of Theorem 2 below, properties of (Ct.r + I)J([3r + I) are

related to the Nyquist Locus of r, Here and elsewhere, when reference is made
to encirclements of theD region described above by the Nyquist locus, it should
be understood that this is possible only if a[3 > O.

Theorem 2. Suppose the Nyquist Locus ofr is bounded and suppose r has vpoles
in the half-plane Re[s] > O. Let z be given by

/. + IJCI.
z=---

I' + 11[3

(a) If r(r) does not intersect D(CI., [3) and encircles it v times in the counter
clockwise sense then z is positive real.

(b) Ifr(r) does not intersect ix«, [3) and encircles it fewer than v times in the
counterclockwise sense then z is not positive real.

Proof Write I' as the ratio of two polynomials qJp which do not have
common factors. Then
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(F)

(S)y = cx(t)X(I) = AX(I) + bU(I);

X(I) = Ax(t) - bj(t)cx(l)

and consider the related differential equation

To get an actual generalization of the Nyquist Criterion, however. is
another matter. Nyquist's theorem also gives instability criteria and nothing
done thus far gives any information on instability. This change, in effect,
necessitates a whole new approach to the problem. The techniques to be used
here are based on a scalar representation of the equations of motion which we
now introduce.

. Consider the system

s+a
res)

Z(5)
S2+QjS+Qo

52 + PlS + Po

is positive real if and only if CIo' CJ" Po, Pi are all positive and

52 + bs + 1

then r is positive real if and only if b ~ a ;:::. O.
3. Show that

Re[s] = 0 are simple. and (iii) the residues of qlp at these poles are real
and positive.

2. Show that if r is given by

Thus (F) can always be reduced to this form if the system (S) is controllable.
For notational convenience we let Xl = x and write the basic equation as

If the system (S) is controllable, then there exists a nonsingular matrix P
which puts the system in standard controllable form. For (S) in standard
controllable form the differential equation (F) takes the form

[:~:i:i ]=[ ~ ~ ~ ~ ][::i;; ]
-'"_,(1) 0 0 0 I X"-l(1)
.",,(1) -Po -PI -Po -p"_, X,,(I)

+ ((1)[ ~O"""~"'" .~ ~ ][::i:i ]
o 0 0 X,,-l(l)

-qo -q, -qz -q"-, x,,(l)

and in particular, the variable Xl satisfies the nth order differential equation

(SF)

f(t)

I----~-~y

p(D)x(l) + j(t)q(D)x(t) = 0

o

Figure 1. The system configuration for the circle criterion.

35. THE CIRCLE CRITERION

When specialized to the case where F and G are scalars, Theorem 1 of
Section 33 states that if the Nyquist Locus lies inside the circle {z: izl 0( I}
and if lis less than one in magnitude for all t, then all solutions are bounded.
It was this form of the basic frequency response theorem that Bongiorno flO]
established using the additional assumption that I is periodic. Some manip
ulation of this special case yields the more appealing statement that all solu
tions are bounded if the zeros of r lie in Re s < 0 and the Nyquist locus of r
does not encircle the disk Di«, Ii) where a < 1(1) < 13. This is directly com
parable with the stability part of the Nyquist Criterion.

p'(D)x(l) + jq'(D)X(l) = 0

is uniformly stable for all constant I in the interval 0 < I < co.
5. If 1'1 and r2 are positive real, show that 1'1 + 1'2 and (r1) - 1 + ("2)-1 are

also positive real.
6. Consider the polynomial with real coefficients

pes) = as' + bs" + cs3 + ds' + es +I;
Use the Nyquist's Criterion to show that it has its zeros in the half-plane
Re s < 0 if and only if the polynomial

q(s) = b's4 + (be - ad)s' + bds? + (be - ans + b

does. Also show that the Hurwitz determinants for pes) are positive if and
only if those of res) are positive.

(qo + Po - q,Pi)' 0( 4qoPo

4. Suppose that q and p do not have common factors and suppose further
that q(ilV)lp(ilV) has a positive real part for some lV. Then qjp is positive
real if and only if
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Theorem 1. (Circle Theorem) Let [A, b, c] be a minimal realization of the
frequency response function r. Assume that v eigenvalues of A lie in the half
plane Re s > 0 and that no eigenvalues 0/ A lie on the line Re s = O. I/ / is a
piecewise continuous/unction bounded according to a + E ~ J(t) ~ fJ - 8~ C. > 0
then

(i) all solutions O/X(I) = [A - b/(I)C]x(l) are bounded and go 10 zero as t
approaches infinity provided the Nyquist locus of r does not intersect the disk
DCa, [3) and encircles it exactly v times in the counterclockwise sense.

(ii) at least one solution O/X(I) = [A -b/(I)c]x(t) does not remain bounded
as t approaches infinity provided the Nyquist Locus of r does not intersect
the disk D[a, fJJ and encircles it fewer than v times in the counterclockwise
sense.

Proof Since the Nyquist locus of r does not intersect the disk 4.Sa, Ii)
we know from Theorem 2 of Section 34 that

r + s]« 'I + pia
z = --- = ':--'':''''

r + lili 'I + pll!

is nonnegative on the line Re[s] == 0 and in addition, that z is positive real if
(i) is satisfied and that z is not positive real if (ii) is satisfied. Since z(iw) ;;, 0
for all real to we see that

Re[aq(iw) + p(iw)] [liq( - iw) + p(iw)] ;;, O.

for all real co. Thus the definition

reD) = (Ev[aq(D) + p(D)][j!q( - D) + p( - D)]} -

involving spectral factorization makes sense.
Consider the definition (see Section 26)

t(x)

vex) = f [aq(D) + p(D)]x(r)[[iq(D) + p(D)]x(l) - [r(D)x(I)]' dt
reO)

where x = (x; x(l); ". , x(n-ll)' with n being the degree of p. We will show
that vex) is a Liapunov function for the equation in question.

First observe that the integral in the definition of vex) is independent of
path (see Lemma I of Section 26) and hence unambiguously defines a function
of x. From our definition of a Liapunov function we need only show that
along solutions of equation (SF) vex, I) ~ w(x) ~ O. If we rewrite equation
(SF) as

[p(D) + aq(D)]x(l) + (f(I) - a)q(D)x(t) = 0

and then multiply by [(jJq(D) +p(D)]x(l) we see that along solutions of

equation
,.1~

v[x(t,)] - v[x(t,)] = J - [f! - j(I)][f(I) - o][q(D)x(I)]' - [r(D)X(lI]' .it
t

so
vex, I) = - [Ii - }(t)] [1(1) - o][q(D)x(I)]' - [r(D)x(I)]'

This is clearly non positive if (f. ~f(t) ::::; ii and so rex) is a Liapunov function.
It should be pointed out that since reD) and qeD) may be of degree 11, the right
side of the equation for i, as it is written may depend on x, x(l) ... x(n-l ) and

X(lI) hence the differential equation (SF) itse!fmust be used to re-express this in
terms ofx = (x; x(1); ... ; X(I1-1). From problem 8 (this section) we know
that the Liapunov function vex) is positive definite if z is positive real and
neither positive definite nor positive semidefinite if z is not positive real.

We now complete the t\VO parts of the proof separately.
(i) \Ve have a positive definite time independent quadratic form such that

vex, I) ~ - ,'(q(D)x)'

This implies via Theorem 31-1 that (n(D)x)' ~ O. By lemma 33.1 we see x ~ O.
(ii) We have vex) < 0 for some x and 1'(0) = O. Using Theorem 31-1 we

see that every solution which remains bounded approaches q(D)x = 0 which
means by lemma 33.1 that x --.. O. However this is impossible if li is initially
negative. Hence those solutions for which n(O) is negative go to infinity as I

approaches infinity. I

Example. Consider the second order equation

X(I) + 2.i'(r) + x(t) + /(I)X(I) = 0

The Nyquist locus and some appropriate D regions arc shown in Figure 2.
A quick calculation shows that this equation is stable if for some o: > 0

a' ~f(t) + I ~ (~ + 2)2

and thus the null solution of

x(t) + 2.':(1) + 1J(t)X(I) = 0

is stable for

u' ~ g(l) ~ (~ + 2)'

Using the instability part of the theorem we see that the null solution 1$

unstable if/(t) < - I for all time.
Unfortunately the circle criterion usually docs not give the least restrictive

conditions possible on /(1). Since this is an important point we will use the
second order equation of this example to illustrate.
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m = (dx)!(dx) = - 2 - f{I)(xj5:)

Figure 2. The Nyquist Locus for 1/(.'>2·;-2.1'+ 1) and some circles appropriate for
applying the circle criterion.

x

I

(T)

n = 0,1,2, .
n = 0,1,2, .

for 0 < t - nT < T,
for T 1 ~ t - nT < Tf(l) = G

1 ;-::--..
1= / tan-' - v v-I

" v-I

units of time to move from ..."\:" = 0 to x = 0 along solutions of

.'«1) + 2.i:(1) + VX(I) = 0

x(t) - 2,'1(1) + 2x(l) + j(I)[3.'1(I) - 4x(t)J = 0

with f(t) constrained for all t by

o<f(l) < I

Now the zeros of (D 2
- 2D + 2) + f(I)(3D - 4) are sketched in Figure 4. As

/varies between zero and I at least one zero stays in the half-plane Re[s] ~ I.
We will show that in spite of this there is a time function fwhich makes the
equation exponentially stable.

Let/{t) vary periodically between the limits 0 and I according to the rela
tionship

Example. (Brockett and Lee) Consider the differential equation

Imposing the above boundary conditions then we see that v must be chosen so
as to satisfy equation (T). We see from the expression for the slope of the
trajectories that for any f(l) such that 0 <f(t) < v, the trajectories which
start inside this contour will remain inside for all time. I

It may be shown that v is about 11.6 compared with an upper limit of 4
predicted by the circle criterion.

In order to conclude stability using the circle criteria it is necessary that
[A - be'f(I)J have all its eigenvalues in the half-plane Re[sJ < 0 for all
permissible values of f(t). On the other hand, the results of Theorem 2
clearly indicate that this condition is not sufficient since it is not sufficient for
this special case. In order to be able to use the circle criterion to establish
instability, it is necessary to have at least one eigenvalue of [A - be'/(I)J in
Re[sJ > 0 for all permissible values of f(t). Thus far we have no evidence to
indicate whether or not this condition in itselfimplies instability. The following
example shows that like stability, instability cannot be concluded on such
weak evidence as eigenvalue locations.

An elementary calculation using the transition matrix for two dimensional
equations shows that it takes (0 ~ tan- 1x < a)

(T)

) ."1;

Proof The plan of the proof is to construct a closed curve in the state
space which the trajectories always remain parallel to or else cross from the
outside inward.

Consider the solutions in the phase plane. The slope of the trajectory at any
point is

Theorem 2. All solutions 0/ the equation in the above example are bounded if
o< f(l) < v, v being the solutionof

. cos-'(1! /~)
2=,,/vexp ; ...'::. ;v>l

yv-l

Now consider the trajectory in the first quadrant of the phase plane if one lets
IU) = 0 and starts at x = 1, x = O. This is a straight line which ends at x = 0,
x = 1-. In the fourth quadrant consider the trajectory obtained by setting f
equal to a constant whose value is such that if the trajectory starts at ...-X- = 0,
x = t it crosses the line x = 0 at ~'1 = -I. (See Figure 3.)

Figure 3. Showing some trajectories 0/ .((1)-;-2-'.'(1)+f(r)x(t)"~,O. where T, = tan -I 3, T, = IT, T = T, + T, (see Figure 4).
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-2 1
x(1,i)

4.,

2. The second order equation

)'(1) + ry(I)X(I) + )o(t)~f = 0

can be converted to a second order equation containing only one time
variation in various ways. Let y(l) ~ p(t)x(t) and verify that

x(l, -i)

HI) + [-2jJ(t)/p(t) + ry(I)JY(I)

+ [y(l) - ry(l)jJ(I)/p(l) + 2jJ'(I)/p(l) - p(I)/p(I)JY(I) = 0

kIt)
, Suppose, for example, that 11 is periodic and ij is its average value. Show

that if p satisfies

-Tl

---T--::~:;-----!L-__L.-?- t

2jJ(t) = [il + ry(I)Jp(l)

then y satisfies an equation of the form HI) + ily'(I) + V(I)y(l) = 0 and that
x is bounded if and only if y is.

3. The Damped Mathieu equation is

.X + o.f + (a - 2b cos 21)x ~ 0

is asymptotically stable in the large if /(CJ)/CJ ;, e > 0 for all real CJ and

p(D)x(l) + [[q(D)x(t)J ~ 0

Use the circle criterion to obtain an estimate for the range of a, band 6
for which this equation is uniformly stable.

4. Consider a piecewise constant system of the form

A(I + w) = A(I)

Ai for 0 ~ t ~:Xi(!)

A, for wa l ,;; I < (al + a,)w

k = A(I)x;

k(l) = AX(I) - [(t)bcx(l)

is exponentially stable if 1[(1)1 < a and

IceA'bl ,;; (l/ai)e-;"

Show that the circle criterion gives a better result. (J. L. Willems)
6. Use of the technique of the proof of the circle criterion to show that null

solution of

AI) for (0: 1 + CX2 ••. +O:Il_i)W ~ t < (0: 1 + 0'.2·" +CX Il ) = W

Show that this system is stable as w -j. 0 if L.}" 1 ::Xi A, has all its eigenvalues
in the left half-plane. (Desoer-Page)

5. Let (A, b, c) be a minimal realization. Use the Gronwall-Bellman inequality
(exercise 9, section 2) to show that the linear equation

Figure 4. Illustrating the example.

Exercises

1. Let[be periodic and let [A, b, cJ be a minimal realization of r, Assume
that the circle criterion permits one to conclude that the null solution of
k(l) = AX(I) - b[(t)cx(l) is exponentially stable for a ';;[(1) ,;; {3. Show
that if a ';;[(1) ,;; {3 then all solutions of k(t) = AX(I) - b[(t)cx(l) + b
approach a periodic solution and show that the average value of this solu
tion is less than cA-lb. (Wolaver)

Use of the quadratic formula shows that [z II < I and Iz,l < 1. Thus regard
less of the initial state, Ilx(I)II' approaches zero at an exponential rate.

Accordingly, the example equation is not nniformly stable for any fixed
gain satisfying 0 ~f~ 1 but is uniformly stable for at least one time-varying
gain satisfying the same constraints.

For [(I) given above, the general form of the solution is

X(I) = pl(l)e!'" + P2(I);'"

where Pl(t) and p,(I) are bounded periodic functions dependent on the initial
state having period T, and the }'i are the so-called characteristic exponents. A
straightforward but lengthy calculation shows that the quantities eA.i = 2 i

satisfy
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(I + as)q(s)jp(s) is positive real for some a > O. Hint: Show that

[~q(D) + p(D) + fJq(D) + p(D)x(I)] = 0

If z is not positive real assume v is positive definite and use Liapunov
Theory to get a contradiction.
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Desoer and Thomasian [21], Youla [88]) but very often the distinction
has been erroneously overlooked, The basic trick used to establish
Theorem 2 is due to Silverman and Anderson [73].

31. Good surveys of the basic stability definitions can be found in the
nice monographs of Hahn [30] and LaSalle and Lefschetz [51]. The survey
of Kalman and Bertram [41] is very readable and contains a number of
interesting applications. Our basic approach is taken from LaSalle [49]
who also emphasizes the importance of Yoshizawa's paper (Yoshizawa
[86]). One merit of this approach is that it allows one to give a single
satisfactory definition of what one means by a Liapunov function. B~/

using Yoshizawa's theorem we can come to conclusions about time
varying equations using a LiapUDOY function which is only negative semi
definite. This was apparently not widely recognized before the appearance
of Yoshizawa's paper.

32. Theorem I is completely standard and can be found e.g. in Coddington
and Levinson [20]. Theorem 2 is contained in Rosenbrock [70]. Erugin
[22J refers to Theorem 3 as originating with Demidovich.

33. These results are easy consequence of the main theorem of Popov [68J
(also Anderson [3]). They have also been obtained by others. The type
of proof given here has the merit of producing a Liapunov function
without requiring a knowledge of matrix spectral factorization.

34. Nyquist's result [65] is widely used in feedback system design. Together
with the root locus technique [43], it has been for many years the basis of
design for control systems and electronic amplifiers. The concept of a
positive real function originated in engineering circles with Brune who
discovered that a positive real function could always be realized as the
impedance of a linear passive electrical network [29]. These functions are
also important in mathematics and have been studied by Bochner and
Mathias. It may seem strange to put these two ideas together here, but in
fact it is quite difficult to separate them as is evident, for example, in
Hurwitz's paper.

35. Many people have worked on the stability criterion referred to here as
the circle criterion. References [9,10,48,61, 62, 71, 72,92] in addition to
others are devoted to the subject. Reference [12] contains some historical
remarks. The instability part of this theorem was discovered later [16].
Desoer, Narendra, Popov, Sandberg, J. C. Willems, J. L. Willems,
Yacubovich, and Zames have done a great deal of interesting work on
this type of problem including generalizations far beyond the result given
here.
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is a Liapunov function. (This is a version of Popov's Theorem)
7. Consider a scalar nonlinear equation of the form

,.r(x)

+ C( I j[q(D)X(I)]Dq(D)x dt
~ «oi

[(xl

vex) = J (1 + aD)q(D)xp(D)x - {Ev[(1 + aD)q(D)p( -DWX)2dl
[(0)

p(D)x(l) + k(l)q(D)x(l) = 0

is exponentially stable for any k( ) such that a ~ k(l) ~ fJ for all I. Show
that all solutions of the original nonlinear equation approach the same
periodic solution and that the least period of this solution is T or less.
Hence conclude that jump phenomena and subharmonic responses are
impossible in this type of system.

8. Show that vex) as given in the proof of Theorem 1 is positive definite if z
is positive real and is not positive definite otherwise. Hint: If z is positive
real evaluate the integral along a solution of

p(D)x(l) + j[q(D)x(t)] = u(l)

with U(I) periodic of period T. Suppose that j is differentiable and that
C( ~f'(x) ~ fJ· Moreover, suppose that

28. Kolmogorov and Fornin's two small volumes [45) are excellent Sources
for material on norrned linear spaces. Varga [75] and Marcus and Mine
[57] are both good references on vector and matrix inequalities.

29. The relationship between exponential stability and integrability of
11<1>(1, O")!I' is considered in Kaplan [43] and Kalman and Bertram [41].
Original work was done by Perron around 1930. We have tried to be
systematic in stating side by side 4 equivalent conditions on the integral
of the norm of <1>. However it is clear that integrability of the first and
second powers of the norm are not all that might be of interest.

30. There is considerable confusion in the literature about the distinction
between BlBO stability and what we have called uniform BIBO stability.
The equivalence of these two ideas for linear systems has been correctIv
established in several places and in several different settings (Kaplan [43],
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GLOSSARY OF NOTATION

A. Spaces, Norms, and Transformations

RII

E"
CIl(to, t I)
C~(to, II)

Rn x m

[x]
EAI',
I(I,,)
0(0,,)
(A, B)
(A; B)

0> 0 (0 ;:, 0)

L
L*

<D(/, 10)
<DA(/, 10)
x, z
p
eM

P- 1(I )eR\<- ''')P(to)

Cartesian n-space
Euclidian n-space (R" + inner product)
Set of continuous maps of [to, t lJ into R"
Cm(to , t 1) + inner product
The space of all real n by m matrices
RIl xm + inner product
(xi + x~ + ... + X~)1!2

Max of !,IAxE for [x] = I
Identity matrix (of dimension n)
Zero matrix (of dimension n)
Column partition of matrices
Row partition of matrices
Eigenvalues
o is symmetric and positive definite (nonnegative
definite)
Linear transformation
Adjoint transformation

B. Differential Equations

Transition matrix
Transition matrix for X(/) = A(/)X(I)
State vectors (n-dimensional)
Adjoint equation variable (n-dimensional)
Matrix exponential
Floquet-Liapunov representation of <I>
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U

y
x
W(tO,t l )

w
M(tO,I I)
M,.
T(I, o)
[A, B, C], [F, G, H]
s
ii, X, etc.
R
pes)
H,

W(tO,l l)
K
X,P
n«, Ko, 10)

lI~

R
[p(sW
Evh(s)

n
x'(t l)QX(l l)r x'(t)L(I)x(l) dt

'0

(' U'(t)U(I) dt
•'0

F(I)

Q

C. Linear Systems

Input variable (m·dimensional)
Output variable (q·dimensional)
State variable (n-dimensional)
Controllability Grarnian
(B, AB, ... , A Il

-
1B)(B, AB, ... , Atl~lB)'

Observability Gramian
(C; CA; ... ; CN'I)' (C; CA; ... ; CA,,'I)
Weighting pattern
Realizations
Laplace transform variable
Laplace transforms
Frequency response
Least common multiple of the denominator of R(s)
Hankel matrix r;

D. Least Squares

Controllability Gramian
Riccati equation variable
Hamiltonian equation variables
Riccati equation solution
Positive definite solution of
A'K + KA - KBB'K = -L..
Frequency response
Left half-plane spectral factor
Even part of h(s) = 1[h(s) + h( -s)]
Penalty functional
Terminal penalty

Trajectory penalty

Control penalty

E. Stability

Feedback gain
Solution of A'K + KA - KBB'K - L = 0

vex)
R
li
r

Liapunov function
Frequency response
Eigenvalues
Nyquist locus
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Adjoint, classical meaning, 43
differential equation, matrix case, 60
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linear transformation, 8
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Anderson, 85,121,122,181,227,228,232
Anke,62
Argument principle, 214
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Babister,62
Baker-Campbell-Hausdorff theorem, 32
Ballistic controllability, 75
Banach algebra, 186
Banach space, 186
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Beckenback, 228
Bellman, 65, 66, 228
Bertram, 226, 227,230
BIBO stable, 194
Birkhoff, 65, 228
Block diagrams, defined, 119-120

for basic linear system, 120
for circle theorem, 219
for optimal control, 133, 138, 141

Bochner, 227
Bode, 65
Bongiorno, 218, 228
Bounded linear transformation, 184
Boundedness, 47
Bridgeland,228
Brockett, 121, 122, 182, 223, 228, 229
Bruckner, 62
Brune, 227
Bryson, 181, 229

Canales, 209

Canonical systems of equations, 158,208
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Capacitor, 17
Cartesian n-space, 1
Cauchy integral formula, 34
Cauchy sequence, 186
Cayley-Hamilton theorem, 72
Cesari,229
Characteristic equation, 9
Characteristic polynomial, 9
Circle criterion, 220
Closed loop optimal control, 124

fixed end point, 138, 141
free end point, 133

Coddington, 65, 227, 229
Commutative diagrams, 29

for composition rule, 29
for congruent matrices, 69
for constant minimal realizations, 114
for equivalent matrices, 68
for Floquet-Liapunov Theorem, 47
for least squares solution, 127, 139
for obtaining minimal realizations, 96
for ¢A, 30
for Riccati Equation, 135
for similar matrices. 71
for similar realizations, 92

Commutator product, 32
Companion matrix, 16
Completeness, 186
Complex differential equation, 27
Composition rule, 12, 29
Congruent matrices, 69
Conjugate points, 158, 159
Constant resistance network, 110, 111
Contraction mapping principle, 187
Controllability. 74-86
Controllability gramian, definition, 77

differential equation for, 78
functional equation for, 78

Controllable system, 80

Convergence, 20
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absolute, 20
Cauchy, 186
sequence, 20
series, 20
uniform, 20

Darlington, 180
Degenerate realization, 93
Demidovich, 227
Desoer, 66,181,225,227,229,233
Determinant, 9
Diffusion equation, 38
Dimension of a vector space, 4
Direction cosines, 25
Direct sum, 10

Eigenvalue, 9
Electrical circuits, 17
Encirclements, 214
Equation of flrst variation, 14
Equivalence relation, 68
Equivalent matrices, 68
Erugin, 65, 227, 229
Euclidean space, 7
Euler equations, 16, 64
Exact differentials, 169
Exlstance theorem, linear differential

equations, 20
periodic solutions, 50
Riccati differential equations, 157, 160

Exponential of a matrix, 31
Exponentially stable, 188

Falb, 181; 228
Feedback, control, 133, 138, 141

diagrams, 119~120
equivalence class, 116

Fixed end-point problems, 136-147
Floquet-Liapunov theorem, 47
Focal points, 159
Fomin, 181, 226, 229, 230
Free end point problems, 136
Frequency-domain stability criteria, 210-

213,214,218-226
Frequency response, 101
Frobenius,49
Fulks, 21, 22, 229
Function of a matrix, cosine, 42

exponent, 31-38
logarithm, 46, 49
sine, 42

INDEX

square root, 73, 154
Functional equation, 29

for controllability Gramian, 78
for observability Gramian, 89
for transition matrix, 29
of Polya, 37

Fundamental solution, 65

Gantmacher, 65,66,182,228,229
Gelfand, 181, 229
Gilbert, 121, 229
Goldwyn,231
Gould, 231
Graham, 228
Gram criterion, 70
Gramian, 70, 74
Gram-Schmidt orthonormalization, 72
Greub, 65, 229 '-
Gronwall-Bellman inequality, 19,225
Gruber, 229
Guillemin, 229

Hahn, 227, 229
Hale, 65, 229
Halmos, 65, 229
Hamiltonian, 158
Hamilton's principle, 163
Hankel matrix, 112, 116, 209
Hermite, 56, 229
Heymann, 86
Ho, B. L., 122, 230
Ho, Y. c.,121, 181, 229, 230
Hurwitz, 55, 227
Hurwitz criterion, 55, 66
Hyperplane, 125

Identity matrix,S
Impulse response, 121
Independence of path, 170
Induced norm, 184, 185
Inductor, 17
Inhomogenious linear, algebraic equations,

9
differential equations, 38 -43

Inner product space, 7
examples, 7
minimization in, 124-130

Inoue, 128
Input, 67
Input-output stability, 198
Instability theorem, 201, 202, 220

INDEX

Integrating factor, 23
Integration by parts, 170
Invariant subspace, 86
Inverse matrix, 9
Inverse system, 111

Jacobi bracket identity, 37
Johnson, 182
Jordan normal form, 71
Jury, 66

Kaiser, 231
Kalaba,228
Kalrnan,109, 121, 122, 181,182,226,227,

230
Kantorovich,130
Kaplan, 65, 66, 226, 230
Kleinman, 181,230
Kolmogorov, 226, 230
Krasovskii, 230
Kreindler, 121, 230
Kronecker product, 64
Kudrewicz, 230

Laplace transform, 33
LaSalle, 121, 200,227,230,231
Least squares, fit, 129

fixed end point, 136-146
free end point, 130-136
frequency response inequalities, 164-169
infinite interval, 151
time invariant systems, 147-155
problem definition, 123

Lee, E. B., 181, 231
Lee, H. B., 223, 229
Lefschetz, 65, 227, 231
Leftowtiz, 128
Lehnigk , 66, 231
Length (In Ell), 7
Levinson, 65, 227,229
Lexographic ordering, 59
Liapunov, 66, 207,210,231

direct method, 199~205
equation, 61
function, 199
reducibility, 48
stability results, 207,210
transformation, 47, 188

Lienard-Chipart, 66
Lie product, 65

Linear, differential equation, 12
independence, 3, 70
transformation, 4

Linearized equations, 14
Linear system, 67

controllability Gramian, 77
controllable, 80
exponentially stable, 188-194
frequency response, 101
McMillan degree, 112
minimal, 94
observability Gramian, 88
observable, 90
uniform BIBO stable, 194
uniformly stable, 188-194
weighting pattern, 92

Lipschitz condition, 16
Logarithm of a matrix, 46, 49
Loomis, 181, 231

McMillan, 122,231
McMillan degree, 111-116
Marcus, 226, 231
Markus, 58,181,231
Mathias, 227
Mathieu Equation, 199, 209, 225
Matrix, 3

adjoint, 43
characteristic polynomial, 9
companion, 16
congruent, 69
cosine, 42
differential equation, 58-64
equivalent, 68
exponential, 31-38
inverse, 9
logarithm, 46, 49
minimal polynomial, 72
nonsingular, 9
nullity, 6
null space, 6
orthogonal, 45
polar form, 73
product, 4
range space, 6
rank, 6
resolvent, 9
similar, 71
sine, 42
square root, 73, 154
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symmetric,6
transpose, 6

Matrizant, 23
Mesarovic, 121,229
Method of undetermined coefficients, 65
Meyer, 231
Mine, 226, 231
Minimal polynomial, 72
Minimal realization, 94
Minkowski space, 9
Morgan, 122, 231
M-test,21

Narendra, 121, 181, 227, 230, 231
Naumov, 231
Nemytskii,231
Newton. G. c., 182,231
Newton's Second Law, 34, 40
Neyman-Pearson lemma, 42
Nonnegative definite matrix, 70
Nonsingular,9
Norm, of a matrix, 184-185

ofa vector, 183~184
Normal form, congruence, 69

equivalence, 68
similarity, 71

Normal matrix, 186
Normed vector space, 183
»-tuples, 1
Nullity, 4, 6
Null space, 4, 6, 87
Numerical range, 186
Nyquist, 227,231
Nyquist locus, 214
Nyquist stability criterion, 214

Observability,86-91
Observability Grannan, definition, 88

differential equation for, 89
functional equation for, 89

Observable system, 90
Open loop, 124
Order of a weighting pattern, 94
Orthogonal, complement, 10

matrix, 45
subspaces, 73

Orthonormalization,72
Output, 67
Output-controllability, 81

INDEX

Page, 225
Parks, 62
Parseval's theorem, 63, 164
Partial fraction expansion, 115
Particular integral, 41
Partitioned matrices, 6
Passive system, 168
Path integrals, 169-177
Peano-Baker series, 22
Pease, 66, 231
Periodic equations, homogeneous, 46-50

inhomogeneous, 50-54
stability; 56, 207

Periodic functions, 46
Perpendicular vectors, 7
Perron, 226
Perron-Frobenious theorem, 49
Polar coordinates, 98 ':.
Polar form for matrices, 73
Po1ya,37
Polynomial equation, 172
Pontryagin, 121, 231
Popov, 122, 181,227,232
Positive definite, 69
Positive real function, 214~218
Positive semidefinite, see Nonnegative definite
Potential well problem, 36
Projection Theorem, 181
Pseudo-inner products, 9

Radon, 181, 232
Range space, 4, 6, 75
Rank,4,6
Raleigh, 142
Realizable, 92
Realizations, 92

McMillan degree of, 112
minimal,94
similar, 92

Real vector space, 2
Reducible (in the sense of Liapunov), 48
Reflexive, 68
Regulator problem, 147
Resistance, 17
Resolvent matrix, 9
Riccati equation, 130

equilibrium solutions, 147-153, 164-169,
178-180

fixed end point case, 140 I
\

INDEX

free end point case, 131
global existance theorem, 160
local existance theorem, 157
related to canonical equations, 156

Rigid body dynamics, angular momentum,
64

direction cosines, 25
Euler equations, 16, 64
solution for torque free motion, 37

Root locus, 120
Rosenbrock, 58, 232
Rota, 65, 228

Sandberg, 227,232
Sarachik, 121, 230
Satellite problem, 14

controllability, 80
controllability Gramian, 144
frequency response, 115
observability, 90
transition matrix, 24
variation of constants formula, 40

Schwartz's inequality, 124
Self-adjoint differential equation, 44
Servomechanism controllability, 75,81
Set of reachable states, 42
Signature, 69
Silverman, 85, 121, 122, 227, 232
Similar matrices, 71
Similar realizations, 92
Similarity transformation, 71
Simple Harmonic motion, 23, 34,45,54,

188
Singular matrix, 9
Sinusoidal response, 101
Slepian,232
Spectral factorization, 173, 177-180
Spectral radius, 186
Square root of a matrix, 73, 154
Stability, BIBO, 194

criterion of Hurwitz, 55
exponential, 188
of periodic equations, 56, 207
of constant equations, 55
uniform, 188
uniform BIBO, 194

Standard, basis, 3
controllable realization, 107
Euclidean space, 7
inner product, 7
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observable realization, 109
State, 11,67
State space, 12
Stationary weighting patterns, 99
Stepanov, 231
Sternberg, 181, 231
Subspace, 10
Subspace spanned by, 3
Sylvester's theorem, 70
Symmetric, relation, 68

matrix, 6
Symplectic matrix, 164,208

Thomasian, 227,229
Tissi, 110, 122,233
Trace, 7, 27, 30
Transition matrix, 19-27, 65
Transitive, 68
Transpose, 6
Triangle Inequality, 184
Tsypkin, 231
Two-point boundary value problem, 26

Undetermined coefficients, 65
Uniform BIBO stability, 194
Uniform convergence, 20
Uniform stability, 188
Uniqueness Theorem, linear differential

equation, 13
nonlinear differential equation, 16

Varga, 226, 232
Variation of constants formula, 40
Variation of parameters, 65
Vinogradov,58

Wave equation, least squares, 155, 177
vector form, 43

Wazewski,193
Weierstrass M-test, 21
Weighting pattern, 92
Weinberg, 232
Wiener, 181
Wiener-HopfTechnique, 182
Weiss, 121, 232
Williams, 1. C., 162, 227,232
Williams, 1. 1., 225, 227, 232
Williams, 186
Wininger, 142

WKB method, 37
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Wolaver, 224
Wonham, 122, 181, 182, 232
Wronskian, 31

Yacubo~ch, 182,227,232,233
Yamabe,58
Yoshizawa, 227, 233

Youla, 110, 121, 122,227,233

Zadeh, 66, 181, 233
Zames, 227, 233
Zeiger, 233
Zero matrix,S

r;

INDEX


