Oscilacoes Forcadas

Forca externa: F(t)z F COS(a)t): F COS(27ZﬁI)

Sistema oscila com a
frequéncia da forca
I I I externa (f),

“““““““““““ mesmo que esta seja
diferente da

frequéncia natural do
f=04 f=101 f=16 sistema.




OsclilacOes Forcadas

d?x
d?x F
F+a)§x = Eocos(a)t)

Propomos a solucéo: X(t) = ACOS((D’[ + (I))



— Aw? cos(at + @)+ Aw cos(at + @) = K cos(at)

m
¢:Ol(a)<a)o) ¢=—172 (0> )
Em fase Fora de fase
com a FORCA
A = i
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Figura 4.6 — Solugdo estacionaria




Oscilacdes Forcadas
BAIXAS FREQUENCIAS: ¢ << ),

dZX 5 Fo
4+ W X = —COS\mt
dtz ° m ( )

— Aw?ces(wt + @)+ Awf cos(at + @) = K cos(at)

m
-
X = m(f)z cos(wt)

0

9=0 (a)<coo)

Solucao em fase
com a Forca



Oscilagoes Forgadas
ALTAS FREQUENCIAS: ) >> @,

2
‘jﬂf % %cos(oot)
— A’ cos(at + @)+ Aa)j,eo{a)t +¢)= % cos(at)
F

0

X = —

_cos(ot)

M

¢O=—7 (a)>a)o)

Solucao fora de fase
com a Forca



Oscilacoes Forcadas

d X
F = mF = —kX+ F, cos(at)

- Solucao particular
SOLUCAO GERAL = +

solucao da eq. homogénea

|:O
x(t) == (@é mpe ) cos(oot)+ B cos(ooot + 9, )

B e ¢, constantes - condi¢oes iniciais



Oscilacoes Forcadas

F

x(t): m(@é — (Dz)cos(mt)+ Bcos(coOt + <|>0)
condicoes Iniciais
(X(O) =0
\V(O) =0
R _
0)- (el —o?)” olh)=0l g m(a)fo )
-




No limite para:

lIm

(0—)0)0

Oscilacoes Forcadas

F,

X(t)=-

 cos(ayt)—cos(at)

M( @, + )

W, — @

cos(at)—cos(myt)

—tsen(ayt)



Oscilacoes Forcadas

RESSONANCIA

F
W=, X(t)= 2m0a)0 t sen(aw,t)
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Oscilacoes Forcadas

f=0,4

f =101

f

1,6

Transient response to an applied force: Three identical

damped 1-DOF mass-spring oscillators, all with natural

frequency f=1, are initially at rest. A time harmonic force

F=Fycos(2 p1f7) is applied to each of three damped 1-DOF

mass-spring oscillators starting at time /=0. The driving

frequencies ® of the applied forces are (matching colors)
£,=0.4, £,=1.01, f,=1.6

The animation at left shows response of the masses to the
applied forces. The direction and magnitude of the applied
forces are indicated by the arrows. The dashed horizontal
lines provide a reference to compare magnitudes of resulting
steady state displacement.



Mass 1: Below Resonance In the plot below the forcing frequency 1s /~0.4. so that the first oscillator is being driven below
resonance. The grey curve shows the applied force (positive 1s upwards), and the purple curve shows the displacement of the
mass in response to the applied force. After the transient motion decays and the oscillator settles into steady state motion, the
displacement is in phase with force. Notice that the frequency of the steady state motion of the mass is the driving (forcing)
frequency, not the natural frequency of the mass-spring system.




Mass 2: At Resonance In the plot below the forcing frequency is /=1.01, so that the second oscillator is being driven very
near resonance. The grey curve shows the applied force (positive 1s upwards), and the blue curve shows the displacement of
the mass in response to the applied force. Since the oscillator 1s being driven near resonance the amplitude quickly grows to
a maximum. After the transient motion decays and the oscillator settles into steady state motion. the displacement 90° out of
phase with force (displacement lags the force). Notice, again, that the frequency of the steady state motion of the mass is the
driving (forcing) frequency, not the natural frequency of the mass-spring system.

I




Mass 3: Above Resonance In the plot below the forcing frequency is /~1.6, so that the third oscillator is being driven above
resonance. The grey curve shows the applied force (positive is upwards), and the red curve shows the displacement of the
mass in response to the applied force. Since the oscillator 1s being driven near resonance the amplitude quickly grows to a
maximum. After the transient motion decays and the oscillator settles into steady state motion, the displacement 180° out of
phase with force. Notice, again, that the frequency of the steady state motion of the mass 1s the driving (forcing) frequency,

not the natural frequency of the mass-spring system. Also notice that the amplitude of motion is less than when the mass was
driven below resonance.
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Oscilacoes forcadas amortecidas

mX = —pX —kx + F, cos(at)

d’°x | dx| , F
HY—H O X = —COSlmt
dt? ydt ° m ( )

Equacao diferencial Linear de segunda ordem
nao homogeénea



Solucao Geral:
X(t)=x, (t)+Xx, (t)
/

Solugao da homogenea Solucéo da particular

Por exemplo, no caso sub-critico (m,>y/2)

N

X, (t)=Be 2 cos(Qt +¢)

2
Onde: Q:\/a)oz _7/_
4

B e ¢ sao constantes definidas a partir das condico0es Iniciais.



Solucéo da particular

Considerando a equacio complexa:

. F,
I+yi+afz=-"Le"
m

A parte real da equacao acima reproduz a equacao do oscilador forcado

_ it
Uma solucéo tentativa do tipo; 2 (t)=2ze

(—coz +iyw+ coj)zo exp(iawt) = %exp(icot)

A equacao acima é satisfeita para todo t quando:



F 1

—
0 -
m (a)g ~ o+ Iya))

z, & complexo e para ser escrito na forma:  Z, =a+bi

Multiplicamos e dividimos por:

h1 (oo
m (a)(f—a)2+i7a)) (a)g—a)z—iya))

F, (a)o—a)z—iya))
m [(wg—w2)2+720)2}




a=

F

(@ -o')

m [(a)g_a)z)z_l_yza)z}

2, =a+bi = A¢®

F 20,

b=- 2
i [(wg—wz) +7/2w2}
z=|z|e"

Z =X+ Yi=|z|cos0+|z|sindi




1

mj[(wng)ﬁr?/zwz}”z

go(w)zarctan(— 27/&) 2]:—arctan[ 270) 2]

@y — @ oy — @

—

2(t) =z, exp(ict) = Aexp(ip)exp(ict) = Aexp| i(at +) |

X, (t)=Re| z(t) | = Acos(at +¢)

Oscilador harmonico de frequéncia o, amplitude A(w) e fase inicial ¢(o)



Ressonancia da amplitude

Amplitude A(w) da onda estacionaria € maxima quando denominador for minimo:

d [ 2 2\ 2 2} 2
— & -0") +7°0" |=0 = _ |2 7

Efeito da ressonancia:

Amortecimento fraco: ¥ << @),
Proximo da ressonancia: ‘a)— C‘)o‘ <L @,

@y — 0" =(w, + o) (o, —a))z[Za)o +(a)—a)0)J(a)O - )

& - :Zwo(a)o—a))—(?cf/a))z = 20, (0, — @)
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AT [4a)§(a)o—a))2+72w<ﬂm oma, { 72}1/2

<o<w>z-a”ta”[zwo<f;—w)];‘a““a”{z(wf —w>]

A amplitude maxima é dada por:

|:
Anax: A(wo): m((j]/
0
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Figura 4.8 — Amplitude e fase perto de
ressonancia



Solucao Geral:

X(t)=x, (t)+x,(t)
Exemplo: Solucdo da homogénea para @, ~ L

X(t) = B(?Zt cos(ext +9) + A(@)cos[at + ()]

\ Iﬁ' \

' Y
estacionaria

m =1,0 kg, w, =5,0s",
v=0,50s,B=20m,

¢ = -0.05 rad, Fo= 10 N
Q=50s".




t A(c)/A(0)

_’r O L e T T

Para o<< oy

Ala,)

Wy

Figura 4.9 — Curvas em fungao de Q
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