CHAPTER 17

13.2- input source: population having hair
Calling units: castemers wanting” haircuts
ueue: customers waiting foy o voarber
Service drscipline : usually Pirat in, first out.
Setvice mechanism: barbers and c%uipmgnt.

13.2-%
| 4 6 4 1Y . he average
a) L=O(-—-— +1| — |+2| = |[+3| — |+4 "3 = 2 which represents the averag
16 16 16 16 _ o
number of customers in the shop, including those getting their hair cut.
b)
n # in queue probability product
0 0
1 0
2 0
3 1 0.25 0.25
4 2 0.0625 0.125

Lq = 0.375 which represents the average number of customers in the shop
waiting to get a haircut.

c) € (# eustorers baiug served ) =4-P +2 (Pz"'f’s**P{) -

=5 +2(9—+i 4-1_):5

L 2
= —/'f = Z = 0.5 =30 minutes
L 0.37
W, = —f = %—é =0.094 = 5.625 minutes

These. quantities mean that customers will be in the shop an average of half an
hour, including the time to get a haircut, and will have to wait an average of
9) 5.625 minutes before their haircut will begin.

W -Wq =0.5-0.094 = 0.406 hours = 24.36 minutes
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a) A parking lot is a queueing system for providing parking with cars as the
customers, and parking spaces as the servers. The service time is the amount of
time a car spends in a space. The queue capacity is 0.

b)
L=0(R)+1(R)+2(R)+3(R)=0(0.2)+1(0.3) + 2(0.3) + 3(0.2) = 1.5 cars

Lq =0 cars

W=(£)=(l'—5)=0.75 hours
A 2
L 0
W =| L = —|=
A (/1) (2) 0 hours

¢) A car spends an average of 45 minutes in a parking space.

11.2-4

a) False. The queue is where customers wait before being served.

b) False. Queueing models conventionally assume that the queue is an infinite
queue.

¢) True. The most common is first come first served.

13.2-5
a) A bank is a queueing system with people as the customers, and tellers as the
servers.
b)
W, =1 minute
W=Wq+l=l+2=3 minutes
u
40
L= /Wi{} =—(1) =0.667 customers
60
L=AW = ﬂ)—(3) = 2 customers
60
11.2-6

The utilization factor p represents the fraction of time that the server is busy. The
server is busy except when there are zero people in the system. P, is the probability

of having 0 customers in the system. Hence,p=1-P,.

.23 )\z':.?-A[ , I"l = 1{‘(' , Ls =2L;
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13.2-8

(a) Lt{ Lg when mo ome s on the system
‘—ﬁ+1 otherwise

So L. ?‘,L" +(1-®) (L.‘H)- L‘i + (4-7,)

(b) L- AW-= A(V\)?fA//L)‘ AW%_"'A/}L= Lar-f/a

(e) L:Lc‘,-&P = L%+(4-P.) from (W) and ). So p 1B

13.2-9 @ -1 o
- Z ? = §':“‘ bid
L w:':\ £ m%‘h P 4 WZS_»\ Pu =2 P + :&;bﬁ)vm;%s?l,
= —p 3 =
1/\-120—_“ m t Lq_+ sﬂ%P@
4 S
= 2P agn 5(1-—’”2:3?,‘)
13.3-1
Part CusTomers Sevrvers
(&) | Customers waiting eheckout checkKers
(b) | fires fice fighting units
(e) | cars

tol\ collectors
bicycle vepairpersons
Longshoremen + g uipment

(Q) | broken bicycles
_(e) |[ships h be loaded or unloaded

t$) [machines needing oparator opevrator

(9) |materials to be hawndled handling equipment
(h) |calls for plumbers plumbers

(V) |cusTom oraaers customijed process
({) |typing requests typists

134-1

A =V . W2 for mn=t
n 2 for n>o and/un- {l for N2

@) P§ next arrival before poo}=i- e/t .393 .
P § next arrival between 1:00 and 2:00} = (1o %' )=(1-€" )= .239
P§next arrival after 21003 = 27 =, 308

Y
. no arrivals between?t - |~ =,
(b) P{ne‘t“::r;ml between) ivals between} = (- e 393

o 2t
le) Pfho arrivals belween i00 yna z;oo}: (rt) e = e"/z = 607

0!
Pfone arrival between jioo and 2:00} - Q_t_)l:'_e_ﬂ :ZL-C-V‘: 303

F{two or more arrivals between o and z:oo}: | ~€ % %

-Le
2
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114-1 ‘
(d) Pinone served by 2100}z & = .368

PSnOn& served by \'o;o} - e"(“,‘3___ 84%L
~i(Ko) = . 983

P{none seérved b\) o1} = €
-2

1142 .
An=2 for nyo =% P{n arcivals {n an hour } :ET{e{"

ta) P{0arrivals jn an hour§ = e =135
b) Pf2 arrivals /n an hour}'-‘a:e'-l s 2 e-1
! y
r - -
¢) P{%or m:re °":‘V"[’ ‘n an hour}: "'Z‘;.OP{n arvivals 'n an hour}
- :h; T2 ~2e - (4)3) e (33) o2
=i~/ = o052
1243 !
P =loo-pfT<2t + S0 PIT>2 Fo= e - 2o-Pf‘T>2’5—

'. ~|
e F? 5 7% = 0.607

= 270

PETadsz} =

1
~“2 __'

PfTs\aaa'aQ >2 } =e * 2
Incrzase = PAj,f,c,ap - P@,u = 20(P{Tau>2 } - Pquam‘w( ’9?)
< 20(e"¥-e"')
k4
Griven +he menonyless propesty , the sysleat tfums fifs a. tan-Serier gre«e
afer first w»?olaﬁ?m occus .
T = amowit of time after | and befne next sepvice mrv/eﬁo%
PsTcey= pfmin(TG,Ti) <t}
So, T satisfiés expmedind distribution with maan 0.5/ = 025 (propedly 3)

45
W2 By momeryless PPy . D= omin(Ty, T, )
T ~exp( Jpo) 7;~exf(%;) , 13 ~ exp( Yo )

Voexp(ds ik toh )= e (4)
80, @Tedhd wdl“hi‘lj 171;1—1 = —7% = 4/‘38 hu‘/ujzg
1346 a) F;W fﬁmﬂ‘d;”' .P,,?ed-j ’f -Po,'gg,m -Promes, ﬁ(aam‘va! PMCeJS 4.\9

Still poisson with moan rale. (0 per howr . S, distibubion of tine  bdioeen
ConsecoTive orrivals % e)};amh'aﬂ weth mean of 6 minaley

19-4



134-6
b) The projability desbibudion s> The. minimion of Buo expomenitid rondom

yorichles . B\‘l propedtyy 3, A % anwaﬁl»e with, mean of 5 mmdeq
HH.}) Expmw«#?u with moan of 5 mimdey.
b) W=Wy+Ts  Wyod T o Adpencledt
Ew= G+ Elc = b+io =15 minsles = L Rrna

Varl) = vor by + varls = ()% (4)' = 75 = 0034r

d) [0 = 5+Ws
W KMWVf 20 mindia , but helds e came vanamee as Ws

/#-%



(24-8 a) False b)Falsc <) False
11.‘7‘9 L@+U-‘M5/\i‘r) )A} So ?(Tj U) /.OPST.()T Fdf'é//i?jl'fj_gczjc'(jéd{‘(‘g

2/‘,«»&-*?“‘9}/41 .g/fi/t-og/" R ge “1/20(
g.5-1 4 @ O)g,,@ J

) f’"*‘- =3P, P;,c,p»-—-—,ﬁ:—ﬁlc.p,:

- oAI 2
ps = :H;Am Po= ZPo , Pe=P5 = =0

P»+Pr+Pa+P;=u+é-+§+é>p,=, heg
P=% P55 ., e

C)[_ Z(\Pn"-' P:*lf’z*?fi’%%'*%%

n=o

/-3 = fr+dfs = —7=oész

A= S Anbn= g aprps 2221y
o t/;‘ = 3 xg = wog

wﬁ," ﬁ’/—=»i'§--§!§ u-?;—i-o‘4

Po

Flw

! |
152 & @7 0O a5

b) f'zpc = Po P.fzp,_:.-gp,
Pr=2Ps potp +pa=

C) Po”;- P':-; P;:-7-’.

/76



{1.5-2
a) P.: %{’p,:ir, P*’%%’-‘ Po= 5L
(l+1L+'a':)P.=P.+PA+I% :-l , WCAA&
L= Pl*ZP,_:

4
7
W=2% =% wyp-lnoy
53 o 3 3 5 1
@?@7@,?@&;@
b) 2po= 3
{2(.4-4[?;: ép,
Pt Ps = 6P
2P+ 2pg = 25
P;::.P.;
Pit Pt P+ Paz
&) B> P=%p
® = Pr=(b-5Po-2p )i = 4
& = P,a—vspo- asp. = Py
® = Paz=(2po=~2-3P)/a = 2Po
® petSPotthrporips =

Y ECECHCIES

Asdi)y

[-"Hzﬁs
.= LA = Jdp
s b s 21

From — PotPit PutPs + Pi=| > Po= 4



1153 (eontD)
L = P.flp,-» 3'03 = _%g
L‘(T"' P2+ 2p5 = -+
A= Nos + )uP. + Ao+ /\;rs = _{T&

w=L/x= % W=lhx =3

17.5-4 a 2, A A2 =
' 800”0 - @
2 4 T ~

b) Yl: '%_Po "
PradkPr - Pa=() P
P D', +ho= 3| . Pz

nao
|
Pa= (2)"3

C) OIFI‘VW( l"dv—- ‘ ’
Qorvice yate 2

1. 5-5 a) g, e, &
©._0_9© 0
15 |5 5
b) 15p0 = 15p, ®

I5p + 16ps = 25p @
IOFO + lgFi = 2—0[’:@
5? = l.?F; @
¢) Po'Pl , Pr= .58__‘;.5‘2_.' =§%P" , =3P = Z P

P,‘FP:*‘ P3_+P;=| = %Po = Poa —2-?6—

Pa..—. H:?"‘ Po = T;‘Po
- SNl N2 - .._‘%.
F’—Apfﬁfp» fo = ‘1P



13.5-5
d’ L:‘ Pt+.ZFa-4 BF; = '22_7?—':[-04; ;-'-"- /\°P0+ Alfl‘f')>f72 - 25%

28
W= L/% = 5 (houw) = aieh #
2 I
1.5-6 @) £y o B
0020
¥ 3
thte = # DT wachings i breskolswn stater
32
b) Fn=_§Po , P2.=‘§ ]gf’=g?P’;
PotPitpa=t = pu= 35 pi= 22, pas Q;’%
C) XR‘ Pa >\°+P')\'=é.%§+l‘é% -%.—.0075
L= P.+2.P; =13_4-’;;-57- = (072, [3_: —% =0.330
= L/X’ g Wg\-’:—;iaa.sb'é
d) F]“‘PL‘-'-' %‘;‘ = 0742
o) PHiP= P35 = ok
ki 5-Ta) A x x A 2 2
oBegog i I
M M+e /u+19 /un—l)g /c{n-iw /ua-na

(b)/“P("‘ »%
NP o+ (u+0)B = (usn)F

L

N B+ (pas ne)Pm,‘ SUNAM &+ (N-1) é)Pn

/F -9



M 2 ¥O A3z 60 /43:60

0 n -1 -1 !
b 7. M B D
i 0o I TP X )

Let P: = P«?‘;w Sfudjsﬁﬁ } doauweds Raw begn received but pit
454 crmfhzi'co\ t
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13e5- 9 (wvTD)

L 2
W= "A=%
Lz,r S'i(n-')}’ = L=(1-P )= 53.

A=l

)
We=t+/r" %

2
il !'PO
SQP 2 -2
n:onte F":' 90 P:e

/3 -l

Pi=2e%



l,) 5F|=4|79
bps = WP
6:/)44- 4Fo =9Pz

I;.Fm-y + ‘(Fn-z = 9/)*1

Vo0 06
5 5 5

y‘\' 5.‘/2( ay L.t f] Nnumber O—f Customev’s ln the s sfem, Then the rate d{ajramd

@...’@.4.
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13.5-12 (eonT’D)

The balance e%uQ’(('ons are:

A
R =R+,
2R =P+
26 -6
%5

by The state space has to be more complex in this case becau

know hew many customers are being

Let tne state be (s,9) where
S =

se you need to
loorKed on by the server.

number of customers beina Servecd

}= nuwmber of customers in the

gueue
Then the rate ol.‘ajrlawu (s

The balance eéqafions are

‘Eooz Fo t 20

2 (O:Pooi'ﬁ."?z‘

2P, = Yo

- :lk = Pu
20 = ?‘ + P

QP“ = P:o v
Rﬁ’- B P7.\

115-13

(a) Let the state be (n.,N.) where

N = number of type \ Customers in the “'Y“‘m
PoZ number of thpe 2 cuStomers ;n the system
Then the rate dx'taﬁram l‘sz,o
\0

[k

24
() The balance ecﬁuo.h&ns are:
(¢) 12 6, = 5 R

l5?”=l2(90'+ﬁ°)

22P,= 10T +2¢F,

)’\(P;o: ]on _ ‘)

(P +B, + B + .~

pr32 ko p .30 B =25

-'% bo'T’T’eo‘ 19% ' o1~ T3 2° %7

& Type | customers are blocked when the system is in state (2,0) or (5,1 which
means that the Graction unable to enter the System (5 fot B = 55/12% .

: : can
T\;pe 2 customers are blocked whey the syStem /s i7 state (2ohhed or (0,1) which meéans
that the fraction unable To enter the SysTem 1S Rotfor®, = nS/187 -

13-13



b) Po = 0.5
) Py = .0.25
Hel 9., ek sl prVa n | P= 0.125
For M/m/4 Guese , Posd-Apsla and Pmaloplpe )N 27 0.0625
3= .

) : Lme = . 34 '
descred proportiom of time _té P o= /32, Ps = 0.03125

Totals 31/

162 A=lo, Peis ., Pos (i) =g = propolion of T romme i waitig

13.63 (@) ﬁ/f»ekf(ﬁ-*) / W’F{'X )
Pfw Wt = (pa) e *VER = B

= A =g tao
(b) Wgr ey ,'LJZ_(H {'— {)/Q‘F(“'/’)f o

A
Se, Ff%?W}? = |- /h){'(W;) ‘-'-Ke-f'“‘fm)

= __r/_}..e‘?l-
et Po=t-f . W= L) X
: M
Wpfe Fpy ey "\/ H
1= Vo - ,_A&.. =
Wy (’o - %g)’_.t‘_‘?— AH* H

11'6‘5 A=3 , }L:li, 5:=14, P’3/‘1
The system without the storage vestriction s a
M/M[y queue.T§ m square Feet OF Floor space were
Qvaclable for waiting,the proportion of kume Ehis
Would be sufficient (s 2 P .Thus we want to find
Ny such that :%'Pt- 2 Q For £:4,2,3 ,where q,=-5,4; .ﬁ'qﬂ:.‘ﬁ

L
et = ! ) - *2
Now C;zaﬂ »q, & ;% (1-p) P > Ge &> U-p) ((1‘ _g;“) )5 Go &

- 1-/)4\”.12 q¢ <= ,01‘“25 b-qq <=1>(nt+a)tnp52n(1-gc\

< (me+2) y nt-9p) o "y 2 ﬂmh-g,z _a
part| 4¢ %f(_;_-g,_)_; Floor space requcred
(a) | .50 .409 1
(b)].90] L.p0% +
¢)].99[14.008 (5

/F-1%



(1.6-6. &) True
B Rlse. L=)lwas ,—’7

¢) False, L= Ca-p> , L=f vhen pocg, but L= ff whon 0209

13.6~7 4) Falsce
b) True. wh-/ow R
¢) TRve

1.6-8  a) True
b) Falze
¢) True

[35- ?
A 30

L = =
U—A 40-30
W = 1 = 1
U=A 40-30
W, = A 30
H(—=2A) 4040 - 30)
L = /1Wq =30(0.075) = 2.25 customers
B=1-p=1-0.75=0.25
B =(-p)p=(1-0.75)0.75=0.188
P =(1-p)p* =(1-0.750.75* = 0.141

=3 customers

= 0.1 hours

=0.075 hours

There is a 42% chance of having more than 2 customers at the checkout stand.

b)
Data Results
A= 30 (mean arrival rate)
L= 40 (mean service rate)
S = 1 (# servers)

£ro 47E-22
o R A iR
when t = 5
PO+P1+P2= 0.578125

12-15



13.6-9 ¢)
A 30

L= =

-2 60-30
W = 1 = 1

pu—-A 60-30
W = A = 30 =0.017 hours
" uu-2) 60(60-30)

L, =AW, =30(0.075) = 0.5 customer
P=1-p=1-05=05
B=(1-p)p=(1-05)0.5=0.25
B =(1-p)p* =(1-0.5)0.5" =0.125

=] customer

=(.033 hours

There is a 12.5% chance of having more than 2 customers at the checkout

stand.
d)
Data Results
A= 30 {mean arrival rate) i
M= 60 (mean service rate)
S = 1 (# servers)

PO+P1+P2= '"
*riP2 0.875 ettiial é%.i?wg

¢) The manager should adopt the new approach of adding another person to bag
the groceries.

1%-16



13.6-10

a)

b)

Data Results
A= 10 (mean arrival rate)
n= 20 (mean service rate)
S = 1 (# servers)

Pr(e>t) = 0.0067379
when t = 0.5

froblopt) = :0.003360.
when t = 0.5

PO+P1+P2+P3+P4+P5= 0.984375

All the criteria are currently being satisfied.

Data
A= 15 (mean arrival rate)
n= 20 (mean service rate)
s = 1 (# servers)

when t 0.5

PO+P1+P2+P3+P4+P5= 0.822021484

None of the criteria are now satisfied.

[7-1%




13.6-10

c)
Data
A= 25 (mean arrival rate)
p= 20 (mean service rate)
S = 2 (# servers)

b(et) = 0,0002659
when t = 0.5

PO+P1+P2+P3+P4+P5= 0.926640437

In this case, the first and third criteria are satisfied but the second is not.

11611
a)

Data Results
A= 2 (mean arrival rate) 3!
p= 1 (mean service rate)
S = 4 (# servers)

:0.0079019
5

op>t).;

when t>= 5

PO+P1+P2+P3+P4+P5+P6+P7+P8+P9=
0.997282609

All the guidelines are currently being met.

13-18



Ig). 6-11

Data Results

A= 3 (mean arrival rate) 4.5 )189
u= 1 (mean service rate) : 189

s= 4 (# servers) '
396
396

& Pr(o>t) = 0.0239006

when t = 5 .75
Prob(w>t) = 0,0034325 3585
when t = 5 ' 55

P0+P1+P2+P3+P4+P5+P6+P7+P8+P9=
0.9093317 5849

I
The first two guidelines will not be satisfied in one year but the third will be.

¢) Five tellers will be needed in a year,

?o -
13.6-12 () [ A L JLeg|l W [We|Pf@>s¢
. 5 1 50 2 i , 082
. 4 q [g40] ¢0 9 . LD}
.99] 4 98.04] 100 99 - 4514
(b) A Tl 6 TP T C [ Lalw [ WalEmss
2 ‘g 2 -333314,333 1.333 [2.663] .663] . (50
. d_{ .3 1.053619.43413.634 lro.5a¢le.526] G4y
99 1132 1 . 991.0050]39.49493 513 }10 203 .

/%-19



Data Results

nesn

L= 10 (mean arrival rate) LoLme i 61
n= 12 (mean service rate) O & 4.1686666
s= 1 (# servers) L Tl
‘We
W, * 0.
_ Pr@>t)=_ 2061E-09 S
when t = 10 . pm
Prob(q>t) = - 0.8333333 Pz ,._Q 166666
whent = 0 Py = :
Pr= 01574074
PO+P1= 0.305555556 _J’lgv?gé;%gigggq.iggzw
Data Results
W= 10 (mean arrival rate) L= 1.00840336
u= 12 (mean service rate) ',L°.’ 0 7507003
§= 2 (# servers)

Pr{g>t) =,  1.894E-52
whent = 10

Prob(ogt) =~ 0.245098
.

when t = 0 0.34313725 |
P2 % 014297386
PO+P1+P2= 0.897875817 <Py = - 0085057244
Data Results
b= 10 (mean arrival rate) L= 0.85552951
= 12 (mean service rate) L= 0.02219618
s = 3 (# servers)
W= 0.08555295
Wa=  0.00221962
Pr(o>t)=  8.047E-53
whent = 10 p= 027777778
Prob(wg>t) =  0.0577101 Po = 043213206
when t = 0 Pi= _ 03601108
“Pp= 0.15004617
PO+P1+P2+P3= 0.983969426 : '_'P . 0.04 " 87949 |
Data Results
L= 10 (mean arrival rate) L= - 0.83623441
w= 12 (mean service rate) L& 0.00290108
s = 4 (# servers) . ' R

Wa' 008362344 .
W

. P> = 7.707E-53
whent= 10

Prob(mg>t) = 0.0110241
whent = 0

PO+P1+P2+P3+P4= 0.997703314 ((pu‘r ‘D)

Pi= 0.0087274,

17-20



13.6-13

(cont) Data Results
A= 10 (mean arrival rate) 336576
pu= 12 (mean service rate)

s = 5 (# servers)
PH@>) = 7.672E-53
whent= 10
Pro, :‘,v;’mg>t) 550, 0017464
whent = 0

PO+P1+P2+P3+P4+P5= 0.999708926

136-1u

A=15, /Au thiv 5 a4 M/m/ 1 Quewe

P?’Mmr doecs nit Rawt To wart b = Po= - ,?!‘-

pr?oe,/,mjo.)(on = /..txj-' + /)(-; = 1.067
13.6-18 o

L= -

Expected ont = ann > npp) =

3.6-16

R
/

and let

Let Piw<tl=GW) ;{%LQ; g(e

Them P>t} :=i-Plo)
So [1-G)]-= g? P Smar >t} =

:E(‘\ -p o [S /_Ll"l_&___— ol'x]

M0
@ t ned N -
=, 2 PP - § e dx]

Lot sekes wf- have!

A“f" VY 4

D F&‘ZA‘{"E!‘*'\A-
Q(H f G-p) " [

_(l‘ )MC )t—u‘[_r)é'u(' P)t

Heace by mhfl‘a‘f’co« p(w>¢-) —-{-f ?(x)dx

/4 - 21

('-p)u. (o ,‘(-Z

a) 2 servers
b) 3 servers
¢) 2 servers
d) 1 server
e) S servers
f) 1 server

2) 3 servers

v

_)

e (1-p1t

—



11677 (a) Let PEW, <t} = Gl) and Let 460 gto

Then 'Pi%n}-i Gt el
so [1-G(0]. ZP PESarth = Su-p)p"‘[a-g &(-T’fne:r 3;)

D\.“:CN?\tLOJh.Y\(S both s¢des 3“"5
o= Euper ["ic—t‘nr ]

(4-p5 AeMt 2 adr
n=i (M-}

= (4—P)ﬂ e./ut- Cat
D) e e

Then W - (ﬁ)ﬂ (,u-a)e'(/*-me
0

db. A
mlu-a)
(b)Let PiM} ¢t}=G) and let d_Gn(_t_ (e
Then Pripstf= 1- 6w
el £ P,
Z‘P [1~

-n.sH

sl g™
So dt“‘crchho.hhq both sudes qeves

qu) = ;9_ [(a/ () Py P,] [ (o3 S Gmt)

s'l -(s/u) ]

(*n-s))

3l s (m-s)!
= Pl (u)® ¢ SAT R (aed"*
S) n:s (n-$J)
- ’Po(sg(ﬂ/&)’ -sut At
-(s,u.)(‘l—p)t

B (s&)g"/&)

So Wys ReQu? 5Hs,oe<=f*’“ Py

. B Gp)U-p ¢
__LM_." L S t (sp)4-p) € Jt

- &_(i/&l’.._
sh(4-pPsp)

=% (Au)p
SI(1-p)* A

= L-q_ /A

13.6-18
/\::4 u=3
we have:

5:2:
Pl=0.z_6q ; ?Z:OI?é

Po= 02

+he e=2a rate s

Mot ™, P42y

Po +Pl + P&

_a-p.t3p.46P2 = 2 90

FotPitPL

[F-22



13619 =4 Po = 0.5
P17 = 0.33333
L==: P2 = 0.11111
P3 = 0.03704
s =2 Pg = 0.01235
Ps = 0.00412
Pg = 0.00137
P7 = 0.00046
Pg = 0.00015
Pg = 0.00005
L =0.75 P1p = 0.00002
P11 = 0.00001
Lg= 0.083 P12 =0
P13 = 0
W= 0.188 P14 = 0
P15 = 0
Wg= 0.021 Pig = 0
P17 =0
P(W>1¢t) =1 , where t = 0 P1g = 0
P19 = 0
P(Wg > t) = 0.003, where t = 0.5 Po = 0

Pth?O.Sl*MW,s 71‘{ = wai »0.5, 4 Ondlrmons ;;z(

P 5 # owtemevs 327

S LY. NPT B
= Po-P T - (o54e3B)

ey .

wdm\ = 3;’_7-6- = a‘_— howr o 15 miniles
{ ]

Wch&uce = byl Thoow = J|o m.‘nufec

W Hta| = Pfelm§ -4 dara + P{Cl‘”"““} 'wdareaw_

= —;—é-.,;-'- %.(o = 2,67 minutes ;_-o,zl' howy
(l’) It <5 M/m/2 Z,ucue, A= 1bt14=30 , He2e., $=2
Bin 0R toirrse oz ;. W= o114 howy-
() M= bo/35 , W=o.249
P; 60/;_4, , W= 0204

p=60/345, W =o0.2:5 .
f th ecte d plecessin
P = 60/;' 425, W=o024 Z’ui 'scia,‘:(srs pravtes, € §
P = 6V3-‘“7 » W =022 causes the S52me
or emC .
H: 60/4,4195‘ , W’O.zu gxp<c+cdwa+1h? tem

17-2%



.62l &) yhen d=lo P=75, §=2., (curredt skctem)
L=24, k= 1267 , W=0,24, wiw.w]
When X=5 , p=7.5, 821, (next year)
L= 2, L&--l.333 s W=o4, (A)‘_=Q367
So, next Yoo yields smaller L but e“fj“ Lo, W and LJ;
b) w=“-:';=°“‘:".,*’=c?"z'7-+s=9"1

Aw;zm 2 mx=9.78
e Wq

-2 Mm =
A WQ'-A(M.-A)=°

622
P00 The filive cuslution of the guescig sion co cfedd by chtir e

paramiter of the srvvite tune oictrilonition fov the Cadlowar curventiy vin Sesvice
v Hrov fa So the cumrredt state of -Hu.gjsiam needs $o i elude +His h.ytamj;.‘“
f'M Ahe J.Q,‘(’wﬂ oF the procass.

The gttes ove (n,s) where

N = mimben aT Customers 1 the sqstem ( p=1,3,.)

§= {' (4-1'1\1 Cugrevit Pwuu'()v C

2 0 the Cwrrent Fmo.ndtw v ra
2xceqt that n=o cloes wot heod s Theu we have :

A A
pN —
S M DR CD R
-——-'/, ) ’

P IV~ {
,Ja. @ '-————@ u@ S

H> Hs

B)  Apo= WP+ puPa

(ArHIP = Apo

(,\.3.}{.) P,.,, = )\Pm.l

(At Pz = P, ¢ Py,

()t-{'(r':.) Pn.z = )\Pm,z + ]u'PnH,a + HzP"”" (”;z)

©

/7-24



11.6-22
@—) Trunesle (Cut of}) the balonce e&,,ej?}us ot a ve«rj ijo, n and then
Sotve The V““k"'j :fi@'_g. som ¢} egualions W?MIIJ . The msulgzz appos
imtion aj the Swt;hw*j disTribution Showtd b 2ssedl exart q’
fmbab?ﬂ)‘tﬂ e»j-.zxceealc‘nj +he trw\m'f-:*j value tj‘ n i the exast Mde_@)
) Mjk.'ﬁwle_,
(A) L: i“(\on,ﬂ- Pﬂ,:.) , L\)a—)%

n=|

L%a 2 () oy +Pas) Wi .é\t

L3
(e’) Because 'f’Lﬂ-Wfd' o Porson , the. distribution d"’ the Sﬁi’aaj*‘«n an‘m ©
Ahe same Just befove an amvvel and o on pbitrary polit *a time
P {1 st = Pfw st|orriual pids ot 0 P,
+ 2 p?wst’ orival fids stite (1)} D,

hx

4+ é ps (A}St' arrtvel -f"nls slate (K;Z)} Pa.a
et

Thase 5 condthional dictrrbuitions of W o, vespectively o) eqpcply)
@) & convoltion of axp(p) ond Eviarng (ffs, , 1) and &/ Evl:u; ((nm/u,nu}

Thon Pfu}st; = (- e-P't) P, + é;\-CJ.'CD__Q—f‘n(t-h)J.yif':lf_,.m
D{f:]Pn,l-F:é:_"’CJot &'fz.%ff dx] Pn.z

12.6-22
@ AR =pf O T
Mo amb= (Atp)F L L)

AR tmMPL= (XtM)B . - ()
The solution given in Sec, lb.b 13
th (l~())(}“ for n= Oly2 4
Vcri{y‘o‘nq that the above satisfy the balance eguations:
equation (0): XU=pY=pm (15p).p &3 Aep.pz pd ok
€ quation tn) : 3 (a-‘o)'p"" t fl-p){: A ().f,u)u—p)’,n" T
A appts (X4 pM)-p
n "

[§-25



11622 () 2F=pm A
xf’ Pa(n+ )P|
e

-t
o
[, 3
»
-2
I 5
o
b4

n glven in Sec. lb.b rs:

‘—'
?n" T~ ;i)? for nz o0,1,2

\/er;‘fym :
°*ﬁ; L p e pp s e
oA +/.4 ‘, e (’a (%fra)..l—-ﬂ"’:(:})w M < (A+ju) P
P P\ ,Z.+)
I M
.)‘Lﬂf‘f‘/‘%}“(’te >'f '-‘/"/’" . . . oK
I=¢ 4 ;‘ _'i: &=
M
(€ 2X€ =uF
4)«P+/\4P“(M/"P
2P = MP,

The solution given in Sec. lb.b s
2 _2l (A" =1 .t
Fo [50 (2-w)! (F)] = [l +2-(/A~.) +1(7A‘_)’]

. 2! A\ -
K‘I" W(F) ’; 'Qor n-‘,?.

V(r;H.n,
. 2.7&-/(”.:.( )a,z(A-)‘) = pea (B)/U+ 2(5) (%))

@ )< /‘( 2. ;"— - 2K
$ R/ a(R 2GR M2 BF Ok 2 ra (BT =
= {M,u)z("/,4)/(11-9.("/,4%—.1(‘\/,4) )@&*1,«( ) 20‘*"‘)(3‘)
(’“}:) - 2(?5-0)

* M RE+2 0k €2 ()T puoaCf 02y + 2 Chpit)

@171' :l}‘ e v & °-5

| t-26



11.6-2t0 () The M/M/s Model:

A=6 Po = 0.21053
P1 = 0.31579
L=4 P2 = 0.23684
P3 = 0.11842
s =3 Pg = 0.05921
P = 0.02961
Pg = 0.0148
P7 = 0.0074
Pg = 0.0037
Pg = 0.00185
L =1.737 P10 = 0.00093
P11 = 0.00046
Lg= 0.237 P12 = 0.00023
P13 = 0.00012
W= 0.289 P14 = 0.00006
P15 = 0.00003
Wg= 0.039 P1g = 0.00001
P17 = 0.00001
P(W > t) = 0.026, where t = 1 P1g = 0
P19 = 0
P(Wg > t) = 0.237, where t = 0 Ppop = 0

(b P{o. Pﬁom L omswered ;.mdwj b o=~ F-f’ “g”} = o, 763

br, = P{a leat e sovor 4o o2} = Pos Pt P
= 0,20053% 0. 3:577 + 0.23654 = 0,763

(¢ PSn cls on hold(f =Pn= Pz (nz))
Py = PotputPs 4P = 5. 38158
@) The rr‘mfeaQ meauses are  the next page-.
P{Am‘w‘njrdﬂ v Lost §
:-,P{A(l three servers are bux_,\cj}
= P3 = 0.13433

17-21



1’4.6-2(/* (cpnh'nuea()
Finite Queue Variation of the M/M/s Model:

1]
]

w
o
s

=
i}
w
'g
(o

L = 1.299 P10

= 0.25 P14

L T L L L | T | T [ O T SO T TR T I T T 1

(=lejeolojofeNoNeNoloNoNoNoReoNoNoNo

12.6-25 This s a M/MI1/K guene with K=1,3 and 5,

0.23881
0.35821
0.26866

o
=
w
>
w
w

respectively . Also A= 1/4 and p= Y3 o0 that p= 34

The fraction of customers lost = Pe= (1-p) . lOK

a-p=)
() zero spaces : e (A= 34) (3/4). = .ha9
(1 - (3A) >
() bwo spaces : B = (1= 3/4) 374 - B2 -: 154
(1- (¥)"%)

(¢)four spaces : £y -—L——élﬂ—L (3/‘1) _éﬂ_.__ .01ra
(4- (3)*) 3363
13-6-26 M/M/:/K model
L.% = <‘:_. (- 3)D

n=3

3‘us>_w_o__.1>

n

St 5
) ? 2 S " n-5-1{
- _“_sz.ﬁ_ ﬁ (n-s) (S_AF) :
= P K‘ -4
= ("’VQ p J:Z'o § Pi -
= Yo (%!e & 3(8”
Sl 1-0 JP

/7-2&



13.6-36 (ontinued )
Polulp 4 (5,4
s I,Z'L% 4 ]

")° (;\/ )39 FENAL k-sH)

n

sl 4 P A-p
=R (Yl [.1- o573 (k-5) oM (4 .,,)]
s) (1-p)*

1%.6-2%

W and 7«)% represent the m}ttng times of arriving customers

who gnter the system. The robo.bc‘h‘iy that such a Customev
finds A customers already ere (s:

Pin wstomers in aysTem\system not {.“\&}z -;-fbé otne K-\

o] n= K
And so:
v K
(@) Pé)&bt}"-r."a' E“;BP”P{S,,N>t}
[N
Ket
b : P.P{s >
(b) P{u),ft} T & P{s., t}
/176-28
¢-> }’ b> Data Results
A= 20 (mean arrival rate) o
u= 30 (mean service rate)
s = 1 (# servers)
K= 2 (max customers)

13 -29
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a)d b) (conrn) Data Results
A= 20 (mean arrival rate) L= 1.Q_1538462
p= 30 (mean service rate) S Lg=
s = 1 (# servers)

K= 3 (max customers)
Data Results
A= 20 (mean arrival rate) :
n= 30 (mean service rate)
S = 1 (# servers)
K= 4 (max customers)
Data
A= 20 (mean arrival rate)
p= 30 (mean service rate)
s= 1 (# servers)
K= 5 (max customers)

/7= 30




L> spaces | rate customers change in P, | profit/hour change in
are lost (P,) ($4)(M)(1-P,) profit/hour
2 0.21 $63.20
3 0.12 0.09 $70.40 $7.20
4 0.08 0.04 $73.60 $3.20
5 0.05 0.03 $76.00 $2.40

d)  Since it cost $200 per month iti

L per car length rented, each additional space
must bqu at least $200 per month (or $1 per hour) in additional profit. F%ve
Spaces still bring more than that $0 5 should be provided.

1. 4-29
a)  The M/M/s model with a finite calling population fits this queueing
system.
b} Data Results
A= 0.333333 (max arrival rate)
u= 0.5 (mean service rate)
S = 1 (# servers)
N= 3 (size of population)

The probabilities that there are 0, 1, 2, or 3 machines not running are Py, P,
P,, and P, respectively as shown in the spreadsheet above. The mean of this

distribution is L=0.718 as shown above.

L 0718
W=s=2"%_583 hours.
) T 0253 our

[ 7-%!
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€)

system utilization, which is 0.667.

M/M/s model:

Data

d) The expected fraction of time that the repair technician will be busy is the

Results

u:
s =

A= 0.3333333 (mean arrival rate)

0.5 (mean service rate)
1 (# servers)

Finite queue variation of the M/M/s model with K=3:

Data

Results

A= 0.3333333 (mean arrival rate)

101538462
,43076923

= 0.5 (mean service rate)
s = 1 (# servers) .-
K= 3 (max customers) ,47368421
Data Results ]
‘""10«155_2_8089'%

A= 0.333333 (max arrival rate)

p= 0.5 (mean service rate)
S = 2 (# servers)
N = 3 (size of popuiation)

The probabilities that there are 0, 1, 2, or 3 machines not runni

- 0.00898876

ng are P, P,

P,, and P, respectively as shown in the spreadsheet above. The mean of this
distribution is L=0.553 as shown above.

The expected fraction of time that the repair technician will be busy is the
system utilization, which is 0.333.

/17— 31



196739 (a) This 4 2 f:‘n:‘f‘e &”“"j Populatiin of m/m/s Msdel
Her A= 1, I,(:-z/ S=1, N=-"3

(l’) Finite Calling Population of the M/M/s Model :

A=1 Po = 0.21053
P1 = 0.31579

o= 2 P2 = 0.31579
P3 = 0.15789

s =1 P4 =0
Pg =0

N=3 Pg = 0
P7 =0
Pg =0
Pg =0

L = 1.421 P1op = 0
P11 = 0

= 0.632 P12 = 0
" P13 =0
= 0.9 Pi1g = 0

P15 = 0

Wq— 0.4 P16 =0
P17 =0
P1g = 0
P19 = 0
P20 = 0

n.6~
il a)  Alternative 1:
Data

A= 1.2 (max arrival rate)

p= 4 (mean service rate)

S = 1 (# servers)

N = 3 (size of population)

Three machines are the maximum that can be assigned to an operator while still
achieving the required production rate. The average number not running is
=0.32. Thus, 1 - (0.32/3) = 89.7% of machines are running on the average.

Utilization of servers = i = 1072 _ 0.268.

s ()(4)

/733
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b) Alternative 2:

Data . Results
A= 4.8 (max arrival rate) L= 1.12461693
= 4 (mean service rate) Ly = 0.0_37_03‘21_4
s= 3 (# servers) e
N = 12 (size of population) W= 0.25852352
Wa= 0,00852433

Three operators are required to achieve the required production rate. The
average number not running is L=1.125. Thus, 1 - (1.125/12) =90.6% of
machines are running on the average.

Utilization of servers = — = 4—3-)—52 =0.363.
s (3)(4)
¢) Alternative 3:

Data ) Results )
A= 4.8  (max arrival rate) L= 1.08519555
p= 8 (mean service rate) ke= 0.48698409
s= 1 (# servers) AN
N= 12 (size of population) W= 0.23602691

Wa= 0.11103346

Two operators are réquired to achieve the required production rate. The average
number not running is L=1.035. Thus, 1 - (1.035/12) = 91.4% of machines
are running on the average.

Utilization of servers = —)’— = ﬂ?ﬁ =(.548.
s (1)(8)

1X.6-32  (a) state s (i) where m ts the mumber of

facled machines (m=0,1,2,3) and U 3 the

stage of service (which °Pemdon) for the

machine under repatr iz O(F Mo machines
are fuiled), {,2).

(c) State  Rate cn = Rate out
(0,0) Ya Piav L Pram Bo
() Poo s tya Dy 42 Py = (hn + 35 +32) Prr
(3,1 237, +4y o142 P 32(4y ¥+ 45304
(3,4) Y3 Paa = (4y + 25) P14 ’
((4:)) Za (?4,4 * (24%3) 7,2
2 3 (Pa + Pae): (24
(3"1) 75 ?a,; + ’)/3;?.).1 ‘(3 ?tiz P*'a

11-31




331 () ) exponential : \Wq . A

M (pu-a)
(Ci)consta:nt:\Nr‘,= IR

A mlum-2)
.l .4 50t A = K=4
(uL)Er[a:ms, 0"-_;'\._(04-)4:)— 2 > Txt >

W = At __A__,_ = .§..-——A———
v Rpa) 8 udud)

S0 W a W - (5/5) Wi

(b) Let B-4, (%) and (54) when the disbrcbutiom s

&xponentral , Constant or E"La‘“? ,respectively.

Now Au‘; axm and /u_(n: 1/“(4)

(a) )
\N = B J__a____-_—_— _ W(‘)
S 2 J/A“’(&}*"‘_aa“ DY fﬁ_
) ) (2) (o tmy (0 Q)
Lo = A7 W % Wiy a s AT wgT L

So the waiétnc') fime s et mhalf  Wwhile the
queue lenght s und«ahged.

Data Results
‘ 33 -4 A= 0.2 (mean arrival rate)
/= 4 (expected service time)
o= 4 (standard deviation)
S = 1 (# servers)
Data
A= 0.2 (mean arrival rate)
= 4 (expected service time)
o= 3 (standard deviation)
= 1 (# servers)

/7-35



11.3-2 (LonNT’D) Data Results

= 0.2 (mean arrival rate)
W= 4 (expected service time)
o= 2 (standard deviation)
= 1 (# servers)
Data
= 0.2 (mean arrival rate)
u= 4 (expected service time)
c= 1 (standard deviation)
= 1 (# servers)
Data Results
= 0.2 (mean arrival rate)
= 4 (expected service time)
= 0 (standard deviation)
= 1 (# servers)
&

b) L, is half with ¢ = O therefore it is quite important to reduce the variability of the
service times.

9
G L, Change
4 3.2
3 2.5 0.7 largest reduction
2 2 0.5
1 1.7 0.3
0 1.6 0.1 smallest reduction

d) W needs to be increased 0.05 to achieve the same L.

I B msesi,  Lepe LENE Lures
i .-;2—‘17—)— ’Lﬁ" 2(-p) sz/A/wﬁ’jti

0y Folse  when L meresses, W ako incpeaces.
(b) Felse . when U ardd 6" ave small, Lg_ 1 not Mags"'% Smal],

(&) True . For exporontiad goriiee Tide La, 3—5—_?) it = 15

\ \
Fov emstudt  sevice finme, ﬁ_'__.) Seet Belzo

(d) Fase . Weoan miQ.J -fdu( dtelbfion WHL gt F‘"

1%-36
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13 c:{ -5

()

(6) Potssom Cmput with A=L amd Er

b)

Data

A= 30 (mean arrival rate)

l/u= 0.0208333 (expected service time)
o= 0.0208333 (standard deviation)

S = 1 (# servers)
Data
A= 30 (mean arrival rate)
I/n= 0.0208333 (expected service time)
o= 0 (standard deviation)
s = 1 (# servers)

¢) L,in partb) is half of L, in part a).

d) Marsha needs to reduce her service time to approximately 61 seconds.

M \’.A?O

Mah

}L?.l = (:\f}k)pq
AP pPye AP,

A ?1:-2"/* ?n+1 2 (Aepd T

MH=H/2220 and k=2,

Xo®+ p? e (1)*(0.354)* +0.5

Lcmaj Service witte

+0.5=0.875

Resuits

L=L +p=—"——F_
« TP 21-p) 2(1-0.5)
L
W=Wq+-1-=—i+l= 0.375 +l=0.875
U A ou 1 2
Data
= 1 (mean arrival rate)
= 2 (mean service rate)
k 2 (shape parameter)
s = 1 (# servers)

1%-37




N6 a&b) Current policy:

Data Results
A= 1 (mean arrival rate) ’
u= 2 (mean service rate)
S = 1 (# servers)
Proposal:
Data
A= 0.25 (mean arrival rate)
p= 0.5 (mean service rate)
k = 4 (shape parameter)
s = 1 (# servers)

Under the current policy an airplane looses 1 day of flying time as opposed to
3.25 days under the proposed policy.

Under the current policy 1 airplane is loosing flying time per day as opposed to
0.8125 airplanes.

¢) The comparison in part b) is the appropriate one for making the decision since it
takes into account that airplanes will not have to come in for service as often.

131 o) (et +he <tate be (n;s) where:

Nn= ## o.€ airp(a/c.s at +he bose
S = shag@ of Teavice of +he airplant br:ZASJ ovel havied

) The rak disgeom S,




=y P= -8
11 .’!‘3 For the current QV‘m‘ngemenf , Az a4 and =30 >f

for the proposal , A= 43, u=30 and s=2 == 8

Current Proposal
Model [Titeacherdtota LIW: 174 L W= L/a
Faure 4]-% 4.0 3.0 1 0163] Y 444 0,093
Fraure 11,11 2.4 4R 0.04¢ 3.1 0. 064
Craure 11.13 3.2 64 1o0.433] 3. 3F 0.038
Ecaqure 1. j4 2.2 4.4 jooa4] 2.8 0.058

H.?-q () Let state (i, j) denote J(.a,l(t‘hﬂ units tn the system,
with the calling unit teimg served at the §e stage
Of his Service. Then the state space s : 310,00, (4,20, (4,),

(2,2), (1, % The rate diagram cs.
;),J Az Az

M= 8 M= "4 M g

Note this ana.l-.jscs s possible because an E'lm“i
distribution with Yu= Yy amd k=2 s equevalent bo
the sum of two independent exponentiols weth
pammeter 4/:“‘ ve

Hencc,the steady state equations are:

6Pz 2P0

g pt,i = 40 ?4,2

'2?0,0 + 8 p‘,“ = 40 ?‘.4

ha+ & 8%.3
d?n,q =% Pa“

(b) The solution 4tp these equakions (s:
Foos Ras Pt Poay P )= (%, toauy, 4%10s, Yaw, 5/114 )

Hence Po: 64 . 541
(KL]

'P” 46130 _ 34,
{44

P2= it5 - 423
144

L-A8+44_ 501
52

. o bran o .
© If the sevvice tywme cs exponential  then the

SYstem s an M/M/4 qu -
ecue b .
With -2 amd uoy 50‘% mited to k-2 and

Be dp . () 4
) Lf)“"- 7 :T_.591
'P,:(

(1
Po- 2.
o= 2. 280

|

ol
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133-9 (eonT D)

-~
N

L= M,: ﬁ - .5
3 =
I?.q‘io state ism, i) where n s the number of customers
n the system (n21) and ¥ s the number of
Completed arrival stages for currently arrcving
wmstomer (12 0,4),

13431 (@) Let T be the repair Wme.

ELT) < E (T Iminor veparr needed). (09 +
+ E (T| major repacr needeA).(o.M:g,b.‘a)r.‘z(ai)=

= .95 hours

Now let X be a benary random vardable weth Pe1dep=0d
and Plx=0)= %= 0.1 Y, be am expomenbial randemvariable
with mean %3, (ve1,2) ) wita Lol and g_: S. Then
We may express T as Pollows -

T= Yo X+ Y,(4-X)  where XY, )Y, ore l"nJefondf.ht

To calewlate €% Vor(T) we wse the formula:
Var(T)= € (Var(T(X)) + Vow (E(TIX))

Nar(TrX) = Var (%,) X + Varl¥e) (4-X) = (e)xe (3)(4-X)
o EWVar (TIX)) = P/ + 1/

1740



113-]| leenTp)
E(TIX) = E(Y,). X+ E(‘I:.).(1‘X)=,4.-X43. -x).
1 A

A (-4)
< Nar (E(TIX)) = (4-4 )2. Vaw X (5_ -,:_)zﬁ

Thereﬁorg,
Vor(T) = B ‘%1: A 4)1/?@ 4 5435
A Al ! Ay * (j'\ A .

Now we can sec that T has a variance much

bigger than that of o exponenbial random

variable with same mean,whith woald be
(.as)*% .90as

“’) M L

.45{» = .45
Aa 1 f

Scnce this t5 am M[GIA t%u,Cu& we co.nwwhs\s\.\;
‘vllou(nq formulas:

Yo A-p: 1. -.96=:.05

L

.

%; Alo‘l<&ﬁz - (‘lS‘i?S)li- (qs): .?45?2
ali-p) 2x.0S

L- prleg= 20637

Wy - Le . 245.82
A

W: wge Lo 24623
M»

(e) W l'major repic needed: Wg * S . 220.%2

W |mcner repair needed = W:i_-f.S =4b.32
Lmjor repocr machines * (2)00.4) (230.¢2) » 22.082
L minor repair machcneg (N04) (4630 : 444,69

(d)state vs ,c) where s the number of faled

mochines and s the bype of repacr becng

done on machine under repacr (i | denotes
mcnor  yepucr and £=2 denotes major repac‘r),
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Ard Xaet = Kol + Ay An3! amd Xiw €3
Al\ﬂ Xa»0
Amy 41 the pumbyy q‘ owrvode 1 the [0 minutes .
_M
Pr(A=n) = £ (At)=a,.  and M=t 4o

50 4o
go, ﬁ\.l. ‘h’dMsfhm M‘Hk 1/)
Ro 4 QA a4,
P2 | QG & 0a; |-d0-asts
Do 4y |=Qs-0y
0 o Qo I-40

0,9 0.464 0006 000
0.8 o4 096 aoo)
0 0,841 068 001]
0 b o0 onmi

=~

L) Bun R enusenrsa , we 341’
?93 0,8", r|= 0.‘77 ; Fz‘ 002 , f; 002

) Lz pr2pir 5}»,-0225 g )
0.0
In m/P/1 modal, =/>+ o f) =024 39" 0,22%

So, L2>]
13.8-1 : . o .
a) This system is an example of a nonpreemptive priority queueing system.
b)
n= 2 (# of priority classes)
p= 20 (mean service rate)
s = 1 (# servers)
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17.8-4 (GBonT'D)

Priority Class 1
Priority Class 2

d) p(12)=0.6 = 7.2 hours

118-2‘ Was | Lqy W 4 Ly Weallga]l W, L,
Set , M=40].433 | . 533 .233] .933] .66}2.663.36%[30632
322, M5 |.449 |.435].349 [1.235].59302.330{.393[3.130
It W, ts the primary concern ome should choose
the first altermative(ome fast server). Om the
Other hamd, (f Wy, (s the primary tomcern,
ove should choose the secomd altermatvve (two
slow servers).
11.8-%
I3 L\
u a b w B W
o . 1 u 333 0 1
1 25 016 06 o& r o 0.30 1 07 062
2 333-025 03 leyg A 444 2 04 1.10
3 .5 029 0.1 987 3 01 5.93
i1 %v"l Conelvsion : Tha @,pfr‘oxh.«.\‘f‘\m s not Reed for w; amd Wi

A:g ,Asia-,'qa.:“' ' Asso‘!,/u:AO
(&) Ferst come, Pirst served : W=l = L days
M- A K

(o) Nompreemptive:
A it o
£= 48
Ba: i- (A‘éu)= Q/5
B;é { -~ (ﬂ1+31)/}'t =
By=1- A = 1/5

o Wl‘—"“—“(‘i:..i-.
B, K757
Woad — 4 L. 3
ABB, & 30
W,’-—i—-—-— +—t=.—4—i
AB,By M 1

2/5
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13.8-5 . 5
2,04, A= 0.4 ,4,= 1.5, A:(%nt:z M

eemptive [Nompreemptive
Priorctces | Preorvitees

S=4 S=2 S« { S
A . | 45136
B .96%) - . 467 | .983
Ba -$33 ] - --1.833] 91%+

Pa 23331 . [ 333 |.66%
W\-;j; .044 |.00009 .230 | .pas

w,-;A L0380 [-00289] .23F6 |.031
Wy- L | gp?[.05493[ goo | .0us

11.8-6
@) The l«nfecfld tumbes of cusomers woabln't side pullowers of botty 7,&1

hare 2 game. awrival n ond sonvice Times The
rw?‘bjm%m;ldﬂt xﬁeo‘t‘ #L% sevvice yale -fr’:nu the mvgtfgif‘:?o ﬁj

the tta) 6,wwe_ size s'(Zujs the came
b) Run QQMW, ‘Fo-y Nea;;nc»\,f;‘]"u\lc prw:fty ‘-ﬁscif)li.a &&'—’Q“j k(«odp,l/

+hay

we havi
L=6 Al =5 L = 1.37446
7*2 = 5 Ly = 4.08009

s =2

N< o -LF__ Ltls = 545455
Wl = 0.27489 (Wg)1 = 0.10823

W2 = 0.81602 (Wg)2 = 0.64935
Lor mimy= Fueseing syshm

A = 10 L = 5.455

=6 Lg= 3.788 o, LF:L‘

s=2 W = 0.545
18- » ‘
1 g L Let state w,j) denote L.SObs of high pnom.hj and |

Jobs of low prconr:‘hj. o




1181 (CorJT‘D) State | Rate 'n = Rate out
(0,0) M Py By = (3, 43,) By
(4:0) fory 4 M -’:«"4!,0 + A, ‘Bq, o = (m +A41A3) 1’1‘,0
lO’IJ')ForjM MPyy +’0°.5.,) NG NP GO Y PO T A
O For (a1 | p"vhi VARG A Ry 2 (e A d,) RJ

13.9-1. 14y Let the state be n, = number of type | customers in the sgstem
Then the rate diasram for type | customers |s:

@ i B &

(b Let the state be n= number of customers in the system
Then the rate diagram for the total rumber of custemers (s:

*2O 2.0

() Let the state be (n,,n,) where
n = number of type | customers in the system

n, = number of tme_ A& customers |n the SL’STCM—

Then +the rate diegram is:

P{(Nt, N,_): (n"n’)} = p". Pnz_ = (T'.')(';L_)n'(%-)nl
(b) PE(N.,N1\= (D,o)} = lg

(@) LzltL,= 1423
Wa2w, ¢ w0,= -,'—°+-3—6— =.3 hour =18 minutes
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17.10-1

b)

a) 1 server is optimal.
B
3
4 A=
5 p=
6 s =
7
8 Pr(W>1t) =
9 whent=
10
11 Prob(Wy>t) =
12 when t=
13
14 |Economic Analysis:
15 Cs= (cost / server / unit time)
16 Cw= . (waiting cost / unit time)
17
18 Cost of Service| $100.00
19 Cost of Waiting
20 Total Cost

B C D

3 Data

4 A= mean arrival rate)

5 mean service rate)

6 (# servers)

7

8 Pr(W>1t) =

9 when t =
10
1 Prob(W,>t) =
12 when t=
13
14 |Economic Analysis:
15 Cs= (cost / server / unit time)
16 Cw= (waiting cost / unit time)
17
18 Cost of Service]  $200.00
19 Cost of Waiting]  $95.24
20 Total Cost 95,
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¢) 3 servers are optimal.

B D

3

4 A {mean arrival rate)
5 u (mean service rate)
6 s (# servers)

7

8 Pr(W > t)

9 when t
10
11 Prob(W,> t)
12 whent=
13
14 [Economic Analysis:

15 Cs=| ' (cost / server / unit time)
16 Cw= _ (waiting cost / unit time)
17

18 Cost of Service

19 Cost of Waiting

20 Total Co

G

ololol~lo|lu|s]|w

11

12

13

Results

14

15

16

17

| (cost / server / unit time)

waiting cost / unit time)

18

Cost of Service $36.00

19

Cost of Waiting

20
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have 6 copiers.

17.10-3 Garrett-Tompkins should
B

C

D

G

_ (mean arrival rate)

_ (mean service rate)

. (# servers)

cost / server / unit time)

waiting cost / unit time)

Cost of Service

$9.00

Sl @A lQAlalalalalaf -
I Y O PN I LI S L= R el B ] A L B

Cost of Waiting

20

Total Cost

~NDINDWN[-OD
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17.1 a) Status quo at the presses — 7.52 sheets of in-process inventory.

A B | C | D E G H
1 |Template for the M/M/s Queueing Model
2
3 Data Results
4 A 7 (mean arrival rate) L= 7.517372837
5 u= 1 (mean service rate) Ly= 0.517372837
6 S = 10 (# servers)

Status quo at the inspection station — 3.94 wing sections of in-process inventory.
A | B | C | D E F G

1 |Template for M/D/1 Queueing Model

2

3 Data Results

4 A= 7 (mean arrival rate) L= 3.9375
5 u= 8 (mean service rate) Ly= 3.0625
6 s =| 1 (# servers)

Inventory cost = (7.52 + 3.94)($8/hour) = $91.68 / hour
Machine cost = (10)($7/hour) = $70 / hour
Inspector cost = $17 / hour

Total cost = $178.68 / hour

b) Proposal 1 will increase the in-process inventory at the presses to 11.05 sheets since the

mean service rate has decreased.
A B | C | D E G H

1 |Template for the M/M/s Queueing Model

2

3 Data Results

4 A= 7 (mean arrival rate) L= 11.04740664
5 p= 0.83333333 (mean service rate) Ly= 2.647406638
6 S = 10 (# servers)

The in-process inventory at the inspection station will not change.

Inventory cost = (11.05 + 3.94)($8/hour) = $119.92 / hour
Machine cost = (10)($6.50) = $65 / hour
Inspector cost = $17 / hour

Total cost = $201.92 / hour
This total cost is higher than for the status quo so should not be adopted. The main

reason for the higher cost is that slowing down the machines won’t change in-process
inventory for the inspection station.



c) Proposal 2 will increase the in-process inventory at the inspection station to 4.15 wing
sections since the variability of the service rate has increased.

d)

B C D E F G
3 Data Results
4 A= 7 (mean arrival rate) L= 4.1475
5 p= 8.33333333 (mean service rate) L,= 3.3075
6 k= 2 (shape parameter)
7 s = 1 (# servers) W = 0.5925
8 W, = 0.4725

The in-process inventory at the presses will not change.

Inventory cost = (7.52 + 4.15)($8/hour) = $93.36 / hour

Machine cost = (10)($7/hour) = $70 / hour
Inspector cost = $17 / hour

Total cost = $180.36 / hour

This total cost is higher than for the status quo so should not be adopted. The main
reason for the higher cost is the increase in the service rate variability (Erlang rather

than constant) and the resulting increase in the in-process inventory.

They should consider increasing power to the presses (increasing there cost to $7.50
per hour but reducing their average time to form a wing section to 0.8 hours). This
would decrease the in-process inventory at the presses to 5.69.

A B | C | D E G H
1 |Template for the M/M/s Queueing Model
2
3 Data Results
4 A= 7 (mean arrival rate) L= 5.688419945
5 p= 1.25 (mean service rate) Ly= 0.088419945
6 S = 10 (# servers)

Inventory cost = (5.69 + 3.94)($8/hour) = $77.04 / hour

Machine cost = (10)($7.50/hour) = $75 / hour
Inspector cost = $17 / hour

Total cost = $169.04 / hour

This total cost is lower than the status quo and both proposals.




Case

172 The operations of the records and benefits call center cun be modeled as an MY queucing
system. We, therefore, use the template for the M/M/s queveing model throughout this case,
The mean arrival rate equals 70 per hour, and the mean service re of every representative

equals 6 per hour. Mark needs at least s = 12 representatives answering phone calls to ensure
that the quene does not grow indefinitely.

a) In order to solve this problem we have to determine the number of servers by "trial and

error” until we find & number s such that the probability of waiting more than 4 minutes
in the quewe is above 355,

For |} servers we obtain the following results:

Template for M/M/S Quencing Model
Deatar Resulis
= 790 - (meanamvalraie) | L= 1707963527
m= b (mean service rate) | L, = 54129636
g = 13 (# servers) | :
W= 0.24399479

Priwst = UO.B23608 | W_= 0077328123
whent = 0.066667

0.897435897

sf'fﬂ



For 13 servers, the probability that a customer has to wait more than 4 minutes equals
36.3%.

If there are 12 servers, this probability would be 78%:

Template for M/M/s Queueing Model

= (mean arrival rate)
m= (mean service rate)
§ = (# servers)
Pr(w>t) =
whent =
Prob(w >t) =
whent =

If there are 14 servers, this probability would be less than 16.4%:

Template for M/M/s Queueing Model

Data
1= 70 (mean arrival rate)
m= (mean service rate)
§ = (# servers)
“Pr(w>t) =
whent =
frob(wq>t) =
whent =

It appears that Mark currently employs 13 servers.
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b) Using the same procedure as in part (a) we find that for s = 18 servers the probability of
waiting more than | minute drops below 5%:

Template for M/M/s Queueing Model

Data Results

= 0 - (mean arrival rate)
m= ' (mean service rate)
§ = . (#servers)|
Pr(w>t) =
whent =
Prob(w_>t)
whent = 0=

= (%]

~N

S ViV VV Vgwwww'Yowww o
Wnm B D o - o v ® () (5%

o)

8o "~ N ~ [ =) — -
AW N = O v

—
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¢) Using the same "trial and error" method as before, we find the minimal number of
servers necessary to ensure that 80% of customers wait one minute or less tobe s = 15

Template for M/M/s Queueing Model

Data
= (mean arrival rate)
m= (mean service rate)
s = (# servers)
Pr(w>t) =
when t =
’T’rob(wa>t) =
when t =

The minimal number of servers to ensure that 95% of customers wait 90 seconds or less
iss=17.

Template for M/M/s Queueing Model

Data

l= (mean arrival rate)
m= (mean service rate)
s = (# servers)

Pr(w>t) =

when t =

Prob(w >t) =
when t =

/7-5’3



When an employee of Cutting Edge calls the benefits center from work and has to wait on
the phone, the company loses valuable work time for this customer. Mark should try to
estimate the amount of work time employees lose when they have to wait on the phone.
Then he could determine the cost of this waiting time and try to choose the number of
representatives in such a fashion that he reaches a reasonable trade-off between the cost
of employees waiting on the phone and the cost of adding new representatives.

Clearly, Mark's criteria would be different if he were dealing with external customers.
While the internal customers might become disgruntled when they have to wait on the
phone, they cannot call somewhere else. Effectively, the benefits center holds
monopolistic power. On the contrary, if Mark were running a call center dealing with
external customers, these customers could decide to do business with a competitor if they
become angry from waiting on the phone.

If the representatives can only handle 6 calls per hour, then Mark needs to employ 18
representatives (see part b). If a representative can handle 8 calls per hour, then the
minimal number of representatives equals 14:

Template for M/M/s Queueing Model

Data

I= : (mean arrival rate)
m= (mean service rate)
S = (# servers)

Pr(w>t) =

whent =

Prob(w>t) =
whent =

The cost of training 14 employees equals 14*$2500 = $35000 and saves Mark 4*$30000
= $120000 in annual salary. In the first year alone Mark would save $85000 if he chose
to train all his employees so that they can handle 8 instead of 6 phone calls per hour.

/7*5/9[



e) Mark needs to carefully check the number of calls arriving at the call center per hour. In
this case we have made the simplifying assumption that the arrival rate is constant. That
assumption is unrealistic; clearly we would expect more calls during certain times of the
day, during certain days of the week, and during certain weeks of the year. We might
want to collect data on the number of calls received depending on the time. This data
could then be used to forecast the number of calls the center will receive in the near
future, which in turn would help to forecast the number of representatives needed.

Also, Mark should carefully check the number of phone calls a representative can answer
per hour. Clearly, the length of a call will depend on the issue the caller wants to discuss.
We might want to consider training representatives for special issues. These
representatives could then always answer those particular calls. Using specialized
representatives might increase the number of phone calls the entire center can handle.

Finally, using an M/M/s model is clearly a great simplification. We need to evaluate

whether the assumptions for an M/M/s model are at least approximately satisfied. If this
is not the case, we should consider more general models such as M/G/s or G/G/s.

/7/55—
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