Achieving the Efficient Frontier of Risky Asset Portfolios
Abstract

Portfolio Efficient Frontier presents the best investment that could be made, considering a set of assets. Each efficient portfolio has the peculiar characteristic of yielding the greatest expected return for each risk level or the smallest risk for each return.  It is achieved through a quadratic programming modeling and represents an important foundation of Modern Finance Theory.
The objective is to make a didactic presentation of the achievement of the Efficient Frontier that could be employed in disciplines of Finance or Risk Management.  Our work presents theoretical foundations and also instructions to achieve the frontier using the MS-Solver routine.   

1 Introduction

The portfolio selection theory proposed by Markowitz in 1952 plays a fundamental role in contemporary Finance.  Markowitz (1952) presents a model that is able to find investments efficient portfolios.  Investment portfolios are obtained by simultaneously investing in various capital assets.  Consequently the final performance to which the investor is subject is, in truth, an average of the results of each one of the assets, weighted in proportion to each`s part of the total.  Therefore, it is known that the portfolio result is obtained by investments in many assets, each of which with high expected returns that would be sufficient to assure a portfolio great overall performance at the end of the period.

Markowitz (1952) presents a model that seeks the efficient performance or achieves the investments efficient portfolios.  The author defines efficient portfolios as those investments (combinations) that maximize the expected return for a given risk level, or minimize the risk level given a certain expected portfolio return.  He showed that the correlational structure between the risky assets is much more important to take into account than that their expected returns when building an efficient portfolio.
Such knowledge is much important to investors in financial markets around the world and constitutes the basis for a rational investment decision making. An assumption of more recently known models like the CAPM (Capital Asset Pricing Model) that seeks to determine the fair return for a risky asset of any sort of capital based on its risk level, is that the action or behavior of each and every investor performs as Markowitz’s rule. 

The procedure for achieving the efficient portfolios is to solve a non-linear optimization problem, just because the risk of any asset is modeled using standard deviation.  A portfolio is easily built by selecting some assets ant their compositions, which is to say the parts of the total capital that should be invested in each of the selected assets.  Therefore the expected portfolio performance (return and risk) depend on the chosen assets but mainly in the such a way that the assets are composed, i. e., the fractions of capital invested.
The problem of non-linear optimization simultaneously searches for these two elements, that is, the assets that should be selected to compose the portfolio as well as their respective combinations or weights, in such a way that yields the maximum expected return, restricted to a certain risk level or even minimizing risk, given a portfolio expected return.  The portfolio efficient frontier constitutes the geometric place of all the optimal performances in terms of expected return and risk, considering a given set of capital assets and can be achieved by employing a mathematical programming tool.  This frontier is, then, of great importance because it shows the investor the best expected return and risk possibilities that could be achieved from investments in a given set of risky assets.   

This work sets out to develop an academic presentation of the achievement of the portfolio efficiency frontier that could be used in disciplines like Finance or Risk Management in undergraduate or graduate Business programs.  Using a monthly returns of sixteen assets (stocks traded in BOVESPA, the Sao Paulo stock exchange) in the period 1999-2004, the work present the Portfolio Theory and also the instructions in an MS-Excel spreadsheet to obtain the efficient frontier for this set of sixteen stocks.  At the conclusion, the reader will have a spreadsheet with the automatic and appropriate expressions to obtain the efficiency frontier.
The text is structured in four sections.  The first presents the introduction, theoretical discussion and case objectives.  In sequence, the second section presents a short literature review, necessary to the case development.  The third section presents the operationalization of the achievement of the efficient frontier using a spreadsheet and also presents the instructions and explanations.  The fourth and final section brings the final considerations.  

2 Theoretical Reference

Modern Finance Theory is based in two fundamental concepts: the time value of money and the relationship between risk and return.  Both of the concepts in such a way are related.  Whereas the concept of the time value of money deals with the basic discount rate that should be used for bank fluctuations distributed in time, the concept of risk-adjusted return can be used for an adjustment made in the basic discount rate to take into account the risk level involved in the bank fluctuations that are being evaluated. 

Risk, in Finance, represents the possibility of measuring uncertainly about a determined result.  Others, still, define risk as a chance for the occurrence of a lower than expected result in the future.  In the case of firms, for example, we cannot know ahead in time how much the firm will end up selling in the following year, nor at which price, nor what will be the final result of their operations.  By nature, the firms work with risky business, that which makes the activity of financial evaluation more complex than the others.  

The risk theory that prevails up until today was developed in the 1950’s and 60’s.  Markowitz (1952 and 1959) is considered the pioneer in modern portfolio theory.  The  portfolio theory of Markowitz presents some very important concepts about risk and returns.  The risk of an asset can be estimated through the standard deviation of its fluctuation within a sample of its past returns.  The author showed the great importance of the covariance structure or correlations between the assets to the portfolio performance built with these same assets. 

Expression 2.1 below shows  variance of the sum two random variables x and y. We can observe the importance of  the covariance between the two variables (x and y) to the global variance.
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Expression 2.2 below presents us the portfolio variance (s2(C)) built with assets x and y with respective compositions (weights) of w x and w y. 
2.2
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We can observe that the covariance between the assets, when negative, plays an important role of decreasing the total portfolio variance.  This is the fundamental principle of portfolio selection. Looking for assets with high levels of expected returns is important but also that those ones present negative covariances between themselves in such a way to achieve a hedging against risk.  Still, we can see by expression 2.2 above that the portfolio variance also depends, of course, on the allocation of the investments in each one of the two assets, that is, of the compositions w x and w y.  The covariance can be understood like a cross risk between the two assets, that is, if the two assets present historical evolutions that are both positive or both negative in their quotations, the covariance will show a positive sign as long as the crossed evolutions result in negative covariance.  If we consider a normalization of covariance using the standard deviations (x and y) of each of the assets we will have a measure that represents equally the effects of covariance: the correlation.) as presented in expression 2.3 below.  The correlation has the great advantage that its results, any that were the two analyzed assets, always will be shown in a continual interval between -1 and 1 going respectively from a strong negative relationship to a strong positive relationship between the progression of the two assets, facilitating its interpretation.  
2.3
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Expression 2.4 below gives us the portfolio variance composed  of three assets (X,Y, and T)).  We can observe that the covariances between the assets assume important roles in the portfolio variance.  
2.4
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Expression 2.5 below shows the matrix form for the portfolio variance (s2 (C)), composed of n assets, that is quite useful for calculations using an Excel spreadsheet.

2.5



[image: image5.wmf][

]

[

]

[

]

T

w

COV

w

C

s

=

)

(

2


Where:

[w] is the matrix (1xn) that shows the portfolio composition;

[COV] is the covariance matrix (nxn).

Expression 2.6 below shows the covariance matrix for three assets (X, Y, and T).  We not that the covariance matrix is symmetric (just because COV(A,B)=COV(B,A)) besides that the diagonal presents the variances of each one of assets.  
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Expression 2.7 below shows us the matrix form for the calculation of the portfolio expected return with n assets.
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Where:

C is the portfolio expected return;
[X] is the asset average returns that presents order nx1.

Then, choosing n assets to build a portfolio is a task that search for assets that must present all of them good return expectations as well as a good covariance structure.  The expected performance, in terms of portfolio risk and return, will depend exclusively in such a way of the allocation of the investments among the n assets, that is, their compositions (w a w b,…, w n).  

Therefore there is a combination of compositions that confers an optimal portfolio performance, this is, that maximizes its expected returns given a certain level of risk or that minimizes the risk for a given expected return.  Markowitz (1959) called the optimal portfolios as efficient portfolios.  The portfolio efficient frontier of risky assets constitutes, then, the optimal set in the viable region, of portfolios that an investor should select, considering, in the other hand, her risk aversion.

The achievement of efficient frontier is, doubtless, a knowledge for the investors because it constitutes the best alternatives in terms of risk and return performance considering a given set of assets.  Investing in a portfolio located along the frontier is, therefore, an obligation for the investor and constitutes on the other hand, a basic hypothesis for the development of CAPM (Capital Asset Pricing Theory), one of the most important asset pricing models in Finance, that is, taking the risk adjustment into account the asset pricing.

Sharpe (1964) and Lintner (1965) developed almost concomitantly the CAPM based on certain theoretical hypotheses, among them, the perfect financial market.  In a perfect market there are no transaction costs, there are no taxes, information is transparent, that is, there is no cost and information is equally available to all market participants.  There is only one risk-free penalty rate for the investing and borrowing, among the other assumptions.  In order to derive the CAPM, it was assumed that market expectations are homogenous among all the participants in the market.  From the way in which this assumption is made, we can understand that all of the investors in the market would be constructing and operating on the same curve of efficiency, that is working with the same alternatives of efficient portfolios.

The CAPM became important in Modern Finance.  Its great merit was its theory formalization, using scientific rigor, that relates two of the fundamental parameters used to make capital market decisions: risk and return.  Other versions of the CAPM arose after a long time.  Besides this, some alternative models also were proposed like the Arbitrage Pricing Theory - APT developed by Ross (1976), a model of factorial regression that considers the possibility of other measures of risk that are not measured with only one Beta in relation to the market portfolio.  Nevertheless, the CAPM continues to be, despite critiques and doubts, the main model of evaluating capital assets up until today.  DAMODARAN (2001).  
In Corporate Finance, CAPM has become fundamental for the purpose of estimating capital cost of firms and industries.  As we know, the capital cost is an important parameter for investment decision making.  Besides this, today it is very common to estimate the intrinsic value of firms and businesses for mergers and acquisitions or simply for managerial evaluation. 
3 Achieving the Efficient Frontier of Risky Asset Portfolios using the MS-Excel Spreadsheet.

As the portfolio risk is a quadratic expression, the achievement of efficient portfolios requires solving a non-linear programming where the model variables are the asset compositions (weights). The computational operationalization becomes so complex because of the necessity of an inverse matrix.  On the other hand, mathematical programming tools  like Solver routine (MS-Excel) are able to find the solution in the most practical and interactive way.

Figure 3.1 below presents the sixteen stock returns between 1999 and 2004 on BOVESPA (The Sao Paulo Stock Exchange).  We can note that the calculations of return and risk for each of the sixteen assets were obtained respectively in the lines 75 and 76 of the spreadsheet.  For this, we used the average and standard deviation functions (Insert Function) of Excel.
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Figure 3.1:  Return and Risk of each one of the sixteen stocks.

To calculate the portfolio return in the spreadsheet we should insert the compositions (w) of each of the 16 assets, as in line 79 shown in figure 3.2 below.  We note that initially we could insert w=0 for all of the stocks and 1 for Itautec, for example, to get a portfolio just like Itautec.
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Figure 3.2: compositions (w) and respective Sum.

Figure 3.3 below shows us the calculation of the Expected Portfolio Return (with the 16 stocks ) made in cell V79 using “Sumproduct” function of mathematical function on insert function tool.
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Figure 3.3: Function “Sumproduct” for the calculation of the Average Portfolio Return.

Figure 3.4 below shows us the two matrices “lines” [w] and [x] being captured by the function “Sumproduct”.
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Figure 3.4: Matrices “lines” [w] and [x] captured through the “Sumproduct “ function”.

As we work, initially with a portfolio constituted of 100% Itautec, its average return for Itautec is 2.3577% as we can observe in figure 3.5 below. Figure 3.5 also shows the Data Analysis Tool “covariance” function being used to make the matrix of covariance between the assets, which is necessary for calculating the portfolio risk.
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Figure 3.5: Expected Portfolio Return constituted of just only Itautec and the access to  “covariance” function in the Data Analysis Tool.
Figure 3.6 below shows covariance window open, where we should capture all the monthly returns of all the 16 stocks starting with their names on the first line.  The capture of the stock names is important to facilitate the visualization of the  covariation matrix when the spreadsheet yields the results.

For the output interval it is important to place a cell in white in the spreadsheet a little below in the spreadsheet and strategically like in column C, a column to the left of the one that contains the data of the first asset (Acesita ON in column D). This ensures that the results of the matrix of covariance will stay aligned with the respective monthly returns of each of the assets.  We take, for example, cell C82.
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Figure 3.6: The Covariance function.

In order to be symmetrical, Excel presents only the diagonal (individual variances for each of the 16 stocks) and the smaller half of the covariance matrix.  So that we can multiply it by matrix [w] at the end to find the portfolio risk (as expression 2.5 in section 2 above), we should complete it.  Then, we should copy the column below the diagonal and move it to the right for each of the 16 columns. 

Later, we can seek for the product of [w] and [COV] matrices.  We can not use the function Sumproduct, because it only can be used to multiply two line or column matrices.  We must, then, use the Matrix-Mult function in mathematical functions in the Insert Function Tool.  The Matrix-Mult function is used for multiplying the matrices, that is, to multiply two matrices in a such matrix way, that is, the first matrix must contain n columns and the second one must contain n lines, as  [w] and [COV] matrices  (1x16 and 16x16 orders, respectively).

Therefore, to obtain the portfolio risk we will use the function Matrix-Mult, to obtain product of [w][COV] and the Sumproduct to multiply this result just obtained ([w][COV]) by [w] matrix again (as expression 2.5).  The Sumproduct function is opened initially and we insert the [w] matrix (line 79) in “Matrix 2”, so that the cursor is in “Matrix”.  Next we access the Matrix-Mult function (using the “names box”) to obtain the product [w][COV] that will figure as “Matrix 1” in Sumproduct.  In truth, we have the Matrix-Mult function inside the Sumproduct function. Figure 3.7 below gives the covariance matrix and the Sumproduct opened with the [w] matrix captured in “Matrix 2”.
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Figure 3.7: Sumproduct function with the compositions [w] in “Matrix 2” and  “Names Box” for accessing of Matrix-Mult.
We should, now, move the cursor into “Matrix1” of the Sumproduct window to, from there, access the Matrix-Mult function clicking in the “Names Box” to the left of the formula bar, as shown in figure 3.7 above. Figure 3.8 below shows the Matrix-Mult function being used within the Sumproduct function.
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Figure 3.8: Matrix-Mult function being used within the Sumproduct function.

Figure 3.9 below gives us the window showing the Matrix-Mult function where the matrices [w] in “Matrix1” and [COV] in “Matrix2” are captured.
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Figure 3.9: Matrix-Mult Function.

Upon clicking “OK” in the Matrix-Mult window, we obtain the portfolio variance.  To obtain the portfolio risk, we can take the square root as shown in figure 3.10 below, now with presenting the portfolio risk as 33.73% (like the Itautec one).
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Figure 3.10: Portfolio Risk (like Itautec one)

The spreadsheet is ready to calculate any portfolio, as long as we change the values of the compositions or weights (w) for each one of the sixteen stocks, with the restriction of their sum is always 100%.  We can see in Figure 3.11 below that the portfolio built with 50% of capital invested in Itaubanco and 50% in Itautec has better performance than that one invested 1005 just only in Itautec.
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Figure 3.11: Portfolio Risk and Return  (50% in Itaubanco and 50% in Itautec).

Figures 3.12 and 3.13 below show the compositions of a portfolio for an example of a portfolio built from 60% of capital invested in Ambev, 30% in Banespa and 10% in Itaubanco.  We note that the return and the risk are better than those of the previous portfolio.
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Figure 3.12: Portfolio (Ambev (60%), Banespa (30%) and Itau (10%)).
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Figure 3.13: Portfolio Return and Risk (Ambev (60%), Banespa (30%), and Itau (10%)).

Then, we search for the achievement of the optimal portfolios, that is, the efficient portfolios frontier that, for a given level of risk, presents the best possible returns, using these sixteen stocks.  For this, we use Solver routine, a mathematical programming tool of MS-Excel , as figure 3.14 below.
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Figure 3.14: Solver window, with the cell V79 selected to “Destination Cell” and also the compositions (w) in variable cells.

Because we want to find the optimal portfolios, we should arrange the Solver to find them in such a way that maximizes the expected return through a search for an optimal set of compositions (w).  Therefore, we select the cell V79 (that contains the expected return) to use as the “Destination Cell” and also the values w to configure “variable cells” in the Solver window, as seen in Figure 3.14 above.

There are some restrictions to the model.  For this we should click on “Add” Restrictions in the Solver window.  The first restriction is that the values of each of the 16 compositions or weights (w) cannot be negative, as we observe in figure 3.15 below.

[image: image21.png]Microsoft Excel - fronteiraxls
[$)armm g e mori ot feramntss s g s

[eaEgRy(smrso-- &= £~ 52 |0 d8

100 - | @)

= - [Nz s =N

73

0 P Q R B T

il

72| 0025762676 0.002865293 -0.046511634 -0.057010555 -0.126206093 Restrigbes
73| 0.021804656 0028571402 0.024390202_0.024921411 -0.005862397]
74 [Ericsson PN_|Eterit ON__|Gerdau Met PN [taubanco PN [ autes PNA

76| 0238135911 0102570611  0.141586012 0.114768518) 0.337296362
77

78 W12 w13 T w15 w16 Capital

80
i
82 Evosson PN Etemt
83 0.006426248 0010
84| 0o2ieest3 0.gos0: [OFESH 3 [>- =] =l )
85| 0011887753 00127

85| 0001434421 0.000¢ Cancelar Adicionar Ajuda
87| 0001284616 0.0027C
88| 0002945504 0001213471 0003360551 0.007252405 0.002620075
89| 0014374762 00063576 0011885818 0.00806%03 Q.016170771
S| OO0 COONSTI | QO0ETAETL 000N 000Kz
0002813986 0002409013 D.OOI735104 0.005406538 0013504113

Referéncia de célua Restrigtor

| besennar - 1 ¢ NNOOCEd &-L-A-

75| 0.062907428| 0020989177 0.029429892 0038628994 0023677071 8%

Risco

Retorno

79 0.000 0.000 0.000 0100 0.000 1.000]_12.614%)

4.7458%]

WJJ I
LY

aports =T

INOM [

||

J 5 Microsoft Word - 0BTE. | 5 Micrasoft Excel - fronte.| 5 Localizar: Armuivos tlen._|

3¢
2





Figure 3.15: Restriction Window of Solver, imposing that the compositions (w) should not be negative.

Then,, we should “Add” other three restrictions: i) that each of the compositions (w) should be less than or equal to 100%; ii) the sum of the capital compositions (w) should be 100% (as in cell T79) and iii) the portfolio risk level should be, for example, 8% (in cell T75).  Figure 3.16 below presents Solver window just ready to “Solve” with restrictions added. 
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Figure 3.16: Complete Solver Window

Figure 3.17 below shows Solver window with the end of the search, now with the results found.  We should click “ok”. We can see that for the risk level of 8% the best portfolio that could be built is that one which yields an expected return of 4.09%.
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Figure 3.17: Solver Window finalized with solution presented in spreadsheet.

We can copy the solution with the risk of 8% and look for the optimal portfolio for the risk of 10% as seen in figure 3.18 below.  It is necessary only to change the contents of cell T75 from 8% to 10%.
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Figure 3.18:  Solver window for searching the optimal portfolio for the risk level of 10%.

The model can, then, be employed to find the efficient portfolios for various levels of risk as seen in figure 3.19 below.
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Figure 3.19: Risks and Returns of several Efficient Portfolios.

We can, now make a graph in Excel that shows the returns and risks for each one of the sixteen stocks and also the frontier with the efficient portfolios, as seen in figure 3.20 below.
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Figure 3.20: Graph with the risks and returns of each of the sixteen stocks and also the efficient portfolios (efficient frontier).

4 Final Considerations

This work presents a very practical, interactive and academic approach to dealing with a very important part of portfolio management theory, the achievement of the Efficient Portfolios Frontier. This work could, then, be used as a teaching case for Finance, Investment or Portfolio Management. As we know, the efficiency frontier is an essential element in Modern Finance Theory not only for the support of investors’ and executives’ decisions making but also as a base and foundation necessary for other Financial Theories that were developed such as the asset pricing models like the CAPM.  We can think that capital asset pricing model is an extension or generalization of traditional portfolio theory, because what Sharpe, Lintner and Mossin make were incorporate a restriction in the original theory. They imposed the assumption that there are equal expectations between investors in relation of risk and expected return of all assets traded in the market.
 Portfolio Theory and Efficient Frontier are essentials for a well understanding of Capital Market, Corporate Finance and also Derivatives. So, it’s important to allocate courses that deal with efficient frontier in the beginning of any finance education program.
This very practical approach found in our work presents the possibility to enrich undergraduate business courses.  By dealing with an extremely important but technically difficult problem it is much important that students do not only understand the concepts and portfolio theory but also its opoerationalization. Applying our approach, students could easily develop the spreadsheet, understand and achieve the efficient portfolios frontier.  

The employment of our proposed teaching approach certainly introduces motivation in the search for the efficient frontier. Using an Excel spreadsheet turns the operations extremely simple and interactive that stimulates the learning by students.  Later, the student can analyze the impacts on the efficient portfolios frontier by changing some of the assets of the initial set easily substituting the columns with the returns of these new assets.  A new efficient frontier can be found with a new covariance matrix simply by using the Solver again, just with the programmed spreadsheet.
Teaching Notes
With the advent of microcomputers in whole the world, it has become much more easy applying mathematical tools as a support to teaching. Our teaching case could be used to improve the understanding of students about the Portfolio Theory and its concepts. We think that the students could employ our approach just after a first contact with the theory and so, they could have the opportunity to operationalize every concepts and the theory as a whole. We propose that our approach be explored in such interactive way and that the teacher motivates the students with questions and challenges like the achievement of the correlational or covariance structures and looking for some intuitive efficient portfolios during the case application.  We think the teacher could employ our case allocating no more than two or three classes’ times, just because the interactive nature, always ensuring the students have, in every step, the opportunity of thinking, doing and analyzing.
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