Relativistic
Electrodynamics

The Lorentz force
The stress-energy tensor
Energy and momentum conservation
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Relativistic electrodynamics

* In our last class we saw that, the Maxwell equations are, in covariant notation:
o, " = py J! , with 0,J¥=0 being an integrability condition
0, F " = ,  Where F'H = hop F,s is the Hodge dual of F**.

* The Faraday tensor includes both the electric and the magnetic fields:

F,=0,A,—0,A,

> v
0 +FE./c +E,/c +E,/c 0 —E,/c —FE,/c —E,/c
oy —F,/c 0 +B, —B, ro_ E./c 0 +B, - B,
—-FE,/c —B, 0 + B, . E,/c —B, 0 +B,
~E./Je +B, -B, 0 E.)Je +B, -B, 0

<
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The Lorentzforce

« We know from non-relativistic Electromagnetism that the force on a point charge is given by:

F:q(f+7xﬁ>

But this doesn’t seem to be in covariant (relativistic) form: the force here doesn’t seem to be
part of a 4-vector, and the fields are not organized in terms of the Faraday tensor, F,, .

We can start to see what is going on by noting that the velocity is part of a 4-vector:
Ut =dxtldt = y{c,V} .

dx*
g =45 _ y{c,V'} , where the proper time is dr = dt/y(v)
o prop

and remember that || U| |2 =, U'U* =U,U" = — c?

This particle has a 4-momentum given by

p' =mUF =my{c,V}={Elc,p} , which we can also write as:

p,=n,p" ={-Elc, D}

The idea now is to write the force as the rate of change of the 4-momentum.

X (1)
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The Lorentzforce

* We start by noticing that the electric field is the time/space part of the Faraday tensor, while the magnetic field is already in
the spatial part, in the form of an axial vector/vector product:

0 —E/c
Et/c €Ik Bk

e, Fy=E'/c and Fy=—El/c

Fo, =

On the other hand, the 4-velocity and the 4-momentum have pure temporal parts (yc and myc), as well as pure spatial parts,

V=yV and P =myv.

The left-hand side of the force law, F = dp’ldt, should be promoted to something like:

_ap”
dr

dp
oo ﬁl: drﬂ

fﬂ

* But what about the right-hand side, the electromagnetic force? We can try to combine the temporal and spatial parts of 4-
velocity and Faraday tensor, and the only way to accomplish this in a covariant way is to consider something like:

F,U"

¢ This combination is a 4-vector, and its components are:

FODUU:FO()UO'i'FOlUl:— E'V , and

o=

1

F,U"=Fy U+ F, U = —yc +ye"BY% — y(E + 7V X B)
c

w

which is exactly what we want, at least in the non-relativistic limit (v < ¢,y — 1).

n(1)

dn
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The Lorentzforce

Therefore, we arrive at an ansatz for the covariant form of the Lorentz force:

The spatial part of this expression is:

d 71 — N —

d_p =qy <E + Vv X B) , and going back to coordinate time using dz = dt/y(v) , we get:
T

dp - ., = L :

— =4 <E + Vv X B) . which is exactly the expression we had for the Lorentz force!

So, somehow magically the Lorentz force we know since high school is already in covariant form!

But what about the temporal part of this expression,

d dE —
ﬂz_l_ — qFoyU”=—ﬂE T
dt c dt c
dE = - L :
=qFE-v , which is simply the work done by the force on the particle!

dr

Another nice feature of the covariant form of the Lorentz form is that ¢ U¥ — j* .

Finally, you can check that the Lorentz force (in fact, any force!) is orthogonal to the 4-velocity:

2.]

LUr=0 [Exercise: prove this using the covariant form and the fact that U, U" = — ¢

Sl

=)
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The Lorentzforce

« It is useful to write also the Lorentz force in the case of a charge distribution, g U¥ — J# . Let’s first go back to the non-
relativistic expression:

F = Jd3x <pf+ T % ?) , or even better:

dF d7

= = E+ JxB force per unit volume
Bx  drdix ' (force p !

« The left-hand side is basically the derivative with respect to the 4-volume, d*x = cdt d’x . Now, it is interesting to note
that the 4-volume element is invariant:

Mo xM =AMy = dix o di = dx

« In fact, for any manifold such as the Minkowski spacetime, endowed with a metric g, , the volume element transforms
with the determinant of the Jacobian:

- xt=N x* = d*x = d*x' = det A d*x ,

and since dx* = A* dx* , the invariance of ds? = g dxtdx" = g dx"dx" = ds’> means that

det d*x = dete’ | d*x’ is an invariant .
8uv 8uv

« For the Minkowski spacetime, g, =1, = diag{—1,1,1,1} , hence |det7,, | =1, and therefore d*x' = d*x .
* The discussion above implies that we can write the Lorentz force for a charge distribution as:

d%—F.P
A
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The stress-energy tensor

* Since we are talking about forces, momentum and energy, let’s go back to the issue of the dynamical
properties of the electromagnetic field. We can start by thinking like Maxwell, in the sense that the
fields also reflect "mechanical” properties of a "fluid", and therefore are endowed with energy,
momentum, pressure, fluxes, stresses, etc.

* If we think of a fluid, and we capture an element of that fluid, that element has a series of properties:
»energy density, € (to not confuse with charge density p) -
>momentum, p —

>~pressure, P

»stress, 11

—
»angular momentum, L

* Obviously, all these properties are inter-connected, so they cannot be described by a 4-vector, or
even by a combination of 4-vectors. We need an object that is more general, more complete.

* This object is the stress-energy tensor (also known as energy-momentum tensor). A generic non- -
relativistic fluid has a stress-energy tensor given by something like:

7
THY — € ' cp , where TrII =11; =0
sz P&w —|— H'L'j

The stress-energy tensor is symmetric
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The stress-energy tensor

For a perfect relativistic fluid the stress-energy tensor can be expressed in terms of the mass density p,, = e¢/c?:

P P
™= (Pm + _2> U*U" + Pyt or, equivalently, r,= (p’” " ) e
C

C2

From this expression, or from the expression in the previous page, we can obtain two very important equations from the
4-divergence of the matter stress-energy tensor:

d,T" =f* where f* expresses the external forces on the matter system (the fluid)
The non-relativistic limits is more familiar to us, so let's use the approximation U* ~ {c¢, V'} in the expression above.

Taking first v = 0 we obtain:

o0 [1
0,T" = 0,T® + 0,T" = — | = (e + P)c* = P| + 9,
cot | c?

1 .
—(e+P) v’c]
2

Typically, pressure is sub-dominant compared with energy — after all, energy has a factor of ¢?, ¢ = p, 2. Hence, a good
approximation to this expression is:

1 — .
0#T”Oz—[é+ev-7+(V€) -7]
c

Finally, notice that the gradient of the energy density is Ve = V (k + u) , where « is the density of kinetic energy, and u is
the potential energy. Since « is not a function of position, and Vu = — f is the external force per unit volume, we obtain:

-

6MT”0 =0 = é4eV-V—-f- V=0 , and therefore, in the absence of external forces we get

Pm+ p,ﬁ’ -V =0 which is simply the statement of energy continuity/conservation!
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The stress-energy tensor

* So, the 0-component of the 4-divergence of the stress-energy tensor gives the “continuity
equation” for energy (i.e., energy conservation).

* Now, if we take v = (spatial indices) we obtain:

0,1 = 0,T" + 0, TY

o |1 .
= — [—(€+P)v’c + 0,

cot | c?

1 .
— (e +P) v’vJ]
C2

* This equation takes a bit more algebra, but after we take the non-relativistic limit, the result is the
Euler equation that determines the evolution of momentum and pressure in a fluid:

ov/ S -
el —+Vv'oVv |+0P=f

ot

* Finally, a corollary of the stress-energy conservation is the fact that in the absence of external
forces we also have angular momentum conservation. One can in fact show that:

0,T"=0 = 9,(xT"—x"T*) =0

This anti-symmetric combination is in fact 6 equations, three of which yield the statement that
dL/dt = 7 (the extra 3 equations are valid identically with the Euler and continuity equations)

—
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The Maxwell stress-energy tensor

* Ok, but what we really want to know is the stress-energy tensor for the Electromagnetic
fields, and in particular the the expression for 7#* in terms of the Faraday tensor F**.

* But first, let’s think about the whole system — both the matter (particles with charge, mass,
current, etc.) and the fields. They are interacting with each other, of course (through, e.g.,
Maxwell’s equations), but each have their own energy, momenta etc.

* Let’s define then the total stress-energy for matter + fields, and assume that all the
interactions can do is to exchange energy and momentum between these two parts.

* Since the particles and fields are everything, we must have conservation of the total stress-
energy tensor:

UY __ UV Uy Uy __
TTot B TMat + TEM = aﬂ TTot =0
* However, each part of this stress-energy tensor is not necessarily conserved separately,
because of the forces: matter generates fields, pumping energy into the field configurations;
and the fields affect the motion of the matter, doing work on the particles. Therefore:
uy Uy
aﬂ TMat o aﬂ TEM
* But, like we saw on the last few slides, the exchange of energy/momentum between matter
and is given exactly by the forces, so:

0T, =1 = 0Tl =1
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The Maxwell stress-energy tensor

* Let's search for an expression for 7" in terms of the Faraday tensor F/**. Clearly they cannot be one and the same thing, because

the Faraday tensor is linear in the fields, while the energy, momentum, momentum flux, etc., are quadratic functions of the fields.

* Let’s start with the fact that we know that we should have stress-energy conservation, i.e.:

Hv _ __ fU /2 —_ H H " ] . H
o1, =—f" , or 0Ty , = 1 [We will suppress the subscript “EM" from now on, to relieve the notation.]

* Consider also the fact that the Faraday tensor itself also obeys a kind of “conservation equation”, in the sense that:

OUF'W = //lo J’u
But the Lorentz force is given by f, =F, J*, so we can write: (aaF;w> Fra _ <ayFﬂa) Fav
1 1 - <()VFW) Fve
f=Fud* =y | =07 ) = — |0, (FF*) = (0,5, ) F*°
Ho Ho
* | will now manipulate this expression using the anti-symmetry F** = — F*¥, as well as the Jacobi identity, 9,F,, + d,F,, + 9,F,, = 0:
P P (F F”“) 1<8F +0F )F”“]—l a<F F”“>+1(8F>FW]
U o | a uv 7 a’ uv vt ap 1o a uv 7 u' va
1| 1
= — |0, (FuF) + 20, (FuP?)|
Ho L 4

where in the last line we used the fact that 9, (FWF”“) = (%FDG) F*““+F,, (%FW) =2F,, <0”F”“> = 2F" <0ﬂFm>
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The Maxwell stress-energy tensor

We can further simplify this expression using F? = F* F,, , and the result is that:

1 va 1 a2
];=’u—08a FWF +Z(S”F

Therefore, we should be very tempted to remember that:

6aT"ﬂ = —]; , and therefore we could write:
re =~ L |pep, 4 Loop| o L |pop, - L sep
H i vp 4 H Ho HY 4 H

And this is indeed the stress-energy tensor for the Electromagnetic field! This result was first shown in this way by Minkowski himself, in 1908.

Let’s look at some of the components to see if we recognize some “old acquaintances”. But first, let’s compute the invariant:

2
2 _ uv — _ W —_ E___>2
F?=FW"F, = —FWF, = -2 B
c2

Now let's compute the first component (time-time, 0-0) of the stress-energy tensor:

. 1T 1, 1| E> 1, 1| E* 1(E* —,
Fo=—-— "o+ Pl =-—— 4 F|=-—|——-2| -~ B
Ho L 4 po | ¢ 4 po | ¢ 2\ ¢
1 |1 E* 1, 1 - 11, . : 0 0 00
=—— |——+—=B°| =—| —¢£“°+——8B =—p . which is exactly what we expect since T°, =1, T =—-T" = —¢€
uo |2 2 2 2? 2 po Em 0= 0w
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The Maxwell stress-energy tensor

* Now let’s compute the time-space components:

1 L7, I ExB
7%= = — [FF, +0x F?] = - — | FUF,F?| = —

Ho Ho Ho C
But this is exactly the Poynting vector, S =Ex _y/,uo , which gives the flux of energy, also known as momentum — in fact, the momentum density is
7 =S/,

* Finally, we can compute the purely spatial components, which are:
=L e L
J Ho weogqo

After some algebra you can show that:

A B I D B AL,
T''=— |=EE +BB -=5;| —+B
R 2 c2

* It is useful to brake this object into a trace component (which we associate with the isotropic pressure) and a traceless component, which is the anisotropic
stress. Taking the trace of this 3x3 matrix we get:

ri = F2+§2 ) f2+§’2 =
i_ﬂo 2 »\ 2 =~ PEm

* Therefore, we can write this expression in the form known as the Maxwell stress tensor:

. 1 1 . : 1

1
where Il is the anisotropic stress, and the pressure is Py, = ngM
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The pressure of the EM field

» We should make several remarks now. First, why do you think it is that Pg;, = ngM ? What is

the reason for this?

=

 Think about free electromagnetic fields — waves. For simplicity, think of these waves as ]
bouncing inside a box. This equality means that freely propagating EM waves have not only an — ¢
energy density, but also a pressure that is exactly 1/3 of the energy density. \A/ WO v
(ROREORR R
* If you still can’t “see the light", think of light as particles — photons. What is the main X Ss S
property of the 4-momentum of photons? Let’s recall here: /J\\) <
AR '\,/':‘\,,/'*\/i’ R

)

7

p*={Elc,p}={p, P} suchthat p‘p =0 |, LI
so the energy of a single photon is equal to its momentum (up to a factor of ¢).

* Now, consider that for an ensemble of photons with random (isotropic) momenta, this energy
is equally distributed in all directions, so... 1/3 for each direction...

. Yes! The fact that Py, = EpEM follows directly from the fact that the electromagnetic field

(the photon) has “zero mass” — something which is also manifested in the wave equation
and associated propagator:

[(Jw —m?y =0 but for Electromagnetism we have [JA*=0,som =0
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EM stress-energy conservation

* Let’s now make a “sanity check” and see what equations follow from the conservation of the
electromagnetic stress-energy tensor, i.e.:

0, T +f*=0 \

* Consider first the component a = 0, and the expressions that we found above. You can show that: .~ ¢
(A SR J\ »
0 0 apEM — — — — \'::/\/',\/\\\\
0oLI*+f"=0 = p +V.-S+J-E=0 |, el .
4 SQFIKE
— — (A % “V "
which describes the rate of change of energy in terms of the flux of momentum (V - §) RORRLSAIEKS

7

and the work done to the system (T- E).

* The spatial component, on the other hand, again takes a bit more algebra, but you can show that
it yields:

0,T"+f =0 = ia—Sl—a-TiJ'+f"=0

“ cz2 o '
where j?is the Lorentz force. This last equation describes momentum flux (since the density
of momentum is p’ = ?/cz), including the force that is exerted on the system
(]?= p§+ J X _)). The 3-divergence 9,TY includes both the pressure gradient (VP) and the
shear (ainif).
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Next class:

- The Maxwell action and Lagrangian
 Another derivation of the stress-energy tensor

- Back to Maxwell’s equations

* L.Landau, “The Classical Theory of Fields’, Ch. 4
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