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Torque e conservação do momento angular

23 Na figura abaixo, o plano inclinado não tem atrito e o fio que une os dois corpos
passa pelo centro de massa de cada um. O momento de inércia da polia é I e o
raio R.

a) Determine a resultante dos torques que atuam sobre o sistema (isto é, sobre
os dois corpos – o fio e a polia).

b) Encontre a expressão do momento angular total do sistema em relação centro
da polia quando cada corpo tiver velocidade v.

c) Calcule a aceleração de cada corpo a partir dos resultados em (a) e (b). Para
isso, iguale a resultante dos torques à taxa de variação do momento angular
do sistema.
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41 •• A 15-g coin that has a diameter equal to is spin-
ning at about a fixed vertical axis. The coin is spinning on
edge with its center directly above the point of contact with the
tabletop. As you look down on the tabletop, the coin spins clock-
wise. (a) What is the angular momentum (including direction) of the
coin about its center of mass? (To find the moment of inertia about
the axis, see Table 9-1.) Model the coin as a cylinder of length L and
take the limit as L approaches zero. (b) What is the coin’s angular
momentum (including direction) about a point on the tabletop

from the axis? (c) Now the coin’s center of mass travels at
in a straight line east across the tabletop, while spinning

the same way as in Part (a). What is the angular momentum
(including direction) of the coin about a point on the line of motion
of the center of mass? (d) When it is both spinning and sliding, what
is the angular momentum of the coin (including direction) about a
point north of the line of motion of the center of mass?

42 •• CONCEPTUAL (a) Two stars of masses and are
located at and relative to some origin O, as shown in Figure
10-45. They exert equal and opposite attractive gravitational forces
on each other. For this two-star system, calculate the net torque ex-
erted by these internal forces about the origin O and show that it is
zero only if both forces lie along the line joining the particles.
(b) The fact that the Newton’s third-law pair of forces are not only
equal and oppositely directed but also lie along the line connecting
the two objects is sometimes called the strong form of Newton’s
third law. Why is it important to add that last phrase? Hint:
Consider what would happen to these two objects if the forces were offset
from each other.
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F I G U R E  1 0 - 4 6 Problem 45

46 •• CONTEXT-RICH, ENGINEERING APPLICATION Figure 10-47
shows the rear view of a space capsule that was left rotating
rapidly about its axis at after a collision with another
capsule. You are the flight controller and have just moments to tell
the crew how to stop this rotation before they become ill from the
rotation and the situation becomes dangerous. You know that they
have access to two small jets mounted tangentially at a distance

from the axis, as indicated in the figure. These jets can
each eject of gas with a nozzle speed of Determine
the length of time these jets must run to stop the rotation. In flight,
the moment of inertia of the ship about its axis (assumed constant)
is known to be 4000 kg # m2.

800 m>s.10 g>sR ! 3.0 m

30 rev>min

800 m/s

800 m/s

R = 3 m6 rev/min

F I G U R E  1 0 - 4 7 Problem 46

F I G U R E  1 0 - 4 5 Problem 42

43 •• A 1.8-kg particle moves in a circle of radius As
you look down on the plane of its orbit, the particle is initially
moving clockwise. If we call the clockwise direction positive, the
particle’s angular momentum relative to the center of the circle
varies with time according to 
(a) Find the magnitude and direction of the torque acting on the
particle. (b) Find the angular velocity of the particle as a function
of time.

44 •• CONTEXT-RICH, ENGINEERING APPLICATION You are de-
signing a lathe motor, part of which consists of a uniform cylinder
whose mass is and whose radius is that is mounted so
that it turns without friction on its axis, which is fixed. The cylinder
is driven by a belt that wraps around its perimeter and exerts a
constant torque. At the cylinder’s angular velocity is zero.
At its angular speed is (a) What is the mag-
nitude of the cylinder’s angular momentum at (b) At what
rate is the angular momentum increasing? (c) What is the magni-
tude of the torque acting on the cylinder? (d) What is the magnitude
of the frictional force acting on the rim of the cylinder?

45 •• In Figure 10-46, the incline is frictionless and the string
passes through the center of mass of each block. The pulley has a
moment of inertia I and radius R. (a) Find the net torque acting on
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the system (the two masses, string, and pulley) about the center of
the pulley. (b) Write an expression for the total angular momentum
of the system about the center of the pulley. Assume the masses 
are moving with a speed . (c) Find the acceleration of the masses
by using your results for Parts (a) and (b) and by setting the 
net torque equal to the rate of change of the system’s angular
momentum. SSM

v

47 •• A projectile (mass M) is launched at an angle with an
initial speed Considering the torque and angular momentum
about the launch point, explicitly show that Ignore the
effects of air resistance. (The equations for projectile motion are
found in Chapter 3.)

dL>dt ! t.
v0.

u

34 Um planeta descreve órbita elíptica em torno do Sol, que ocupa um dos focos da
elipse, como mostra a figura abaixo.

a) Que torque provoca a força gravitacional do Sol sobre o planeta?

b) No ponto A, o planeta está à distância r1 do Sol e tem velocidade v1, perpen-
dicular à reta que passa pelos centros do Sol e do planeta. Na posição B, à
distância r2, a velocidade do planeta é v2, perpendicular à mesma reta. Qual
a razão entre v1 e v2, em função de r1 e r2?
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CONSERVATION 
OF ANGULAR MOMENTUM

48 • A planet moves in an elliptical orbit about the Sun, with
the Sun at one focus of the ellipse, as in Figure 10-48. (a) What is the
torque about the center of
the Sun due to the
gravitational force of
attraction of the Sun
on the planet? (b) At
position A, the planet
has an orbital radius

and is moving with
a speed perpendi-
cular to the line from the Sun to the planet. At position B, the planet
has an orbital radius and is moving with speed again perpen-
dicular to the line from the Sun to the planet. What is the ratio of 
to in terms of and 

49 •• You stand on a frictionless platform that is rotating at
an angular speed of Your arms are outstretched, and
you hold a heavy weight in each hand. The moment of inertia of
you, the extended weights, and the platform is When
you pull the weights in toward your body, the moment of inertia
decreases to (a) What is the resulting angular speed of
the platform? (b) What is the change in kinetic energy of the sys-
tem? (c) Where did this increase in energy come from?

50 •• A small blob of putty of mass m falls from the ceiling
and lands on the outer rim of a turntable of radius R and mo-
ment of inertia that is rotating freely with angular speed 
about its vertical fixed-symmetry axis. (a) What is the postcolli-
sion angular speed of the turntable–putty system? (b) After sev-
eral turns, the blob flies off the edge of the turntable. What is the
angular speed of the turntable after the blob’s departure?

51 •• A lazy Susan consists of a heavy plastic cylinder mounted
on a frictionless bearing resting on a vertical shaft through its center.
The cylinder has a radius and mass A
cockroach (mass ) is on the lazy Susan, at a distance of

from the center. Both the cockroach and the lazy Susan are
initially at rest. The cockroach then walks along a circular path
concentric with the axis of the lazy Susan at a constant distance of

from the axis of the shaft. If the speed of the cockroach with
respect to the lazy Susan is what is the speed of the
cockroach with respect to the room? SSM
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52 •• Two disks of identi-
cal mass but different radii
(r and 2r) are spinning on fric-
tionless bearings at the same
angular speed but in oppo-
site directions (Figure 10-49).
The two disks are brought
slowly together. The resulting
frictional force between the
surfaces eventually brings
them to a common angular ve-
locity. (a) What is the magni-
tude of that final angular ve-
locity in terms of (b) What is the change in rotational kinetic
energy of the system? Explain. 

53 •• A block of mass m sliding on a frictionless table is at-
tached to a string that passes through a narrow hole through the
center of the table. The block is sliding with speed in a circle
of radius Find (a) the angular momentum of the block, (b) ther0 .
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ω0
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2r r

F I G U R E  1 0 - 4 8 Problem 48

F I G U R E  1 0 - 5 0 Problem 54

F I G U R E  1 0 - 4 9

Problem 52

kinetic energy of the block, and (c) the tension in the string. (d) A
student under the table now slowly pulls the string downward.
How much work is required to reduce the radius of the circle from

to

54 ••• A 0.20-kg point mass moving on a frictionless horizontal
surface is attached to a rubber band whose other end is fixed at
point P. The rubber band exerts a force whose magnitude is 
where x is the length of the rubber band and b is an unknown con-
stant. The rubber band force points inward toward P. The mass
moves along the dotted
line in Figure 10-50.
When it passes point A,
its velocity is 
directed as shown. The
distance AP is
and BP is
(a) Find the speed of
the mass at points B
and C. (b) Find b.

1.0 m.
0.60 m

4.0 m>s,

F ! bx,

r0>2?r0

0.6 m

1.0 m

A C

B

0.6 m

v

P

QUANTIZATION 
OF ANGULAR MOMENTUM

55 •• The z component of the spin of an electron is but
the magnitude of the spin vector is What is the angle be-
tween the electron’s spin angular-momentum vector and the posi-
tive z axis?

56 •• Show that the energy difference between one rotational
state of a molecule and the next higher state is proportional to 

57 •• CONTEXT-RICH, BIOLOGICAL APPLICATION You work
in a biochemical research lab, where you are investigating the
rotational energy levels of the HBr molecule. After consulting
the periodic chart, you know that the mass of the bromine atom
is 80 times that of the hydrogen atom. Consequently, in calculat-
ing the rotational motion of the molecule, you assume, to a good
approximation, that the Br nucleus remains stationary as the H
atom revolves around it. You also know
that the separation between the hydrogen atom and bromine
nucleus is Calculate (a) the moment of inertia of the
HBr molecule about the bromine nucleus, and (b) the rotational
energies for the bromine nucleus’s ground state (lowest energy)

and the next two states of higher energy (called the first
and second excited states) described by and 

58 ••• The equilibrium separation between the nuclei of the
nitrogen molecule is and the mass of each nitro-
gen nucleus is where For rotational
energies, the total energy is due to rotational kinetic energy.
(a) Approximate the nitrogen molecule as a rigid dumbbell of
two equal point masses and calculate the moment of inertia
about its center of mass. (b) Find the energy of the lowest three
energy levels using (c) Molecules
emit a particle (or quantum) of light called a photon when they
make a transition from a higher energy state to a lower one.
Determine the energy of a photon emitted when a nitrogen mol-
ecule drops from the to the state. Visible-light pho-
tons each have between 2 and 3 eV of energy. Are these photons
in the visible region?
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36 Um homem está em pé sobre uma plataforma sem atrito que gira com velocidade
angular 1.5 rev/s. Seus braços estão estendidos e em cada mão ele segura um corpo
pesado. O momento de inércia do homem, dos dois corpos e da plataforma é de
6 kgm2. Quando o homem junta os braços ao corpo, sem largar os pesos, o momento
de inércia diminui para 1.8 kgm2.

a) Qual a velocidade angular final da plataforma?

b) De quanto varia a energia cinética do sistema?

c) Qual a fonte desse aumento de energia cinética?

37 Um pequeno pedaço de massa plástica m cai de uma certa altura sobre a periferia
de uma mesa rotatória de raio R e momento de inércia I0 que gira livremente com
a velocidade angular ω1 em torno do seu próprio eixo de simetria, fixo na vertical.

a) Qual a velocidade angular da mesa depois da queda da massa plástica?

b) Depois de algumas voltas, a massa descola da mesa e é lançada para fora. Que
velocidade angular tem a mesa depois deste descolamento?

38 Dois discos, de massas iguais, mas raios diferentes (r e 2r) estão montados num
eixo comum, sem atrito, e giram com a velocidade angular ω0, porém em sentidos
opostos, como mostra a figura. Os dois discos são lentamente reunidos. A força
de atrito entre as superfícies acaba por levá-los a uma mesma velocidade angular.
Qual é o módulo dessa velocidade angular final em termos de ω0?

Sun

v1

r2
v2r1A

B

Problems | 359

CONSERVATION 
OF ANGULAR MOMENTUM

48 • A planet moves in an elliptical orbit about the Sun, with
the Sun at one focus of the ellipse, as in Figure 10-48. (a) What is the
torque about the center of
the Sun due to the
gravitational force of
attraction of the Sun
on the planet? (b) At
position A, the planet
has an orbital radius

and is moving with
a speed perpendi-
cular to the line from the Sun to the planet. At position B, the planet
has an orbital radius and is moving with speed again perpen-
dicular to the line from the Sun to the planet. What is the ratio of 
to in terms of and 

49 •• You stand on a frictionless platform that is rotating at
an angular speed of Your arms are outstretched, and
you hold a heavy weight in each hand. The moment of inertia of
you, the extended weights, and the platform is When
you pull the weights in toward your body, the moment of inertia
decreases to (a) What is the resulting angular speed of
the platform? (b) What is the change in kinetic energy of the sys-
tem? (c) Where did this increase in energy come from?

50 •• A small blob of putty of mass m falls from the ceiling
and lands on the outer rim of a turntable of radius R and mo-
ment of inertia that is rotating freely with angular speed 
about its vertical fixed-symmetry axis. (a) What is the postcolli-
sion angular speed of the turntable–putty system? (b) After sev-
eral turns, the blob flies off the edge of the turntable. What is the
angular speed of the turntable after the blob’s departure?

51 •• A lazy Susan consists of a heavy plastic cylinder mounted
on a frictionless bearing resting on a vertical shaft through its center.
The cylinder has a radius and mass A
cockroach (mass ) is on the lazy Susan, at a distance of

from the center. Both the cockroach and the lazy Susan are
initially at rest. The cockroach then walks along a circular path
concentric with the axis of the lazy Susan at a constant distance of

from the axis of the shaft. If the speed of the cockroach with
respect to the lazy Susan is what is the speed of the
cockroach with respect to the room? SSM
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52 •• Two disks of identi-
cal mass but different radii
(r and 2r) are spinning on fric-
tionless bearings at the same
angular speed but in oppo-
site directions (Figure 10-49).
The two disks are brought
slowly together. The resulting
frictional force between the
surfaces eventually brings
them to a common angular ve-
locity. (a) What is the magni-
tude of that final angular ve-
locity in terms of (b) What is the change in rotational kinetic
energy of the system? Explain. 

53 •• A block of mass m sliding on a frictionless table is at-
tached to a string that passes through a narrow hole through the
center of the table. The block is sliding with speed in a circle
of radius Find (a) the angular momentum of the block, (b) ther0 .
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Problem 52

kinetic energy of the block, and (c) the tension in the string. (d) A
student under the table now slowly pulls the string downward.
How much work is required to reduce the radius of the circle from

to

54 ••• A 0.20-kg point mass moving on a frictionless horizontal
surface is attached to a rubber band whose other end is fixed at
point P. The rubber band exerts a force whose magnitude is 
where x is the length of the rubber band and b is an unknown con-
stant. The rubber band force points inward toward P. The mass
moves along the dotted
line in Figure 10-50.
When it passes point A,
its velocity is 
directed as shown. The
distance AP is
and BP is
(a) Find the speed of
the mass at points B
and C. (b) Find b.
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55 •• The z component of the spin of an electron is but
the magnitude of the spin vector is What is the angle be-
tween the electron’s spin angular-momentum vector and the posi-
tive z axis?

56 •• Show that the energy difference between one rotational
state of a molecule and the next higher state is proportional to 

57 •• CONTEXT-RICH, BIOLOGICAL APPLICATION You work
in a biochemical research lab, where you are investigating the
rotational energy levels of the HBr molecule. After consulting
the periodic chart, you know that the mass of the bromine atom
is 80 times that of the hydrogen atom. Consequently, in calculat-
ing the rotational motion of the molecule, you assume, to a good
approximation, that the Br nucleus remains stationary as the H
atom revolves around it. You also know
that the separation between the hydrogen atom and bromine
nucleus is Calculate (a) the moment of inertia of the
HBr molecule about the bromine nucleus, and (b) the rotational
energies for the bromine nucleus’s ground state (lowest energy)

and the next two states of higher energy (called the first
and second excited states) described by and 

58 ••• The equilibrium separation between the nuclei of the
nitrogen molecule is and the mass of each nitro-
gen nucleus is where For rotational
energies, the total energy is due to rotational kinetic energy.
(a) Approximate the nitrogen molecule as a rigid dumbbell of
two equal point masses and calculate the moment of inertia
about its center of mass. (b) Find the energy of the lowest three
energy levels using (c) Molecules
emit a particle (or quantum) of light called a photon when they
make a transition from a higher energy state to a lower one.
Determine the energy of a photon emitted when a nitrogen mol-
ecule drops from the to the state. Visible-light pho-
tons each have between 2 and 3 eV of energy. Are these photons
in the visible region?
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41 O raio do Sol é de 6.96× 108m e seu período de rotação é de 25.3 dias. Estime o
período de rotação que terio o Sol se, transformado numa estrela de nêutrons, sem
perda de massa, ficasse reduzido ao raio de 5 km.
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50 A figura abaixo mostra uma barra delgada, de comprimento L e massa M , e uma
pequena esfera de massa plástica, com massa m. O sistema está sobure uma su-
perfície horizontal sem atrito. A massa de plástico se desloca para a direita, com
velocidade v, atinge a barra a uma distância d do seu centro de massa e fica colada
na barra. Determine as expressões da velocidade do centro de massa do sistema e
da velocidade angular do sistema na rotaçõa em torno do centro de massa.

2.40 m

16.0 kg

3.20 kg

0.90 m
1.20 m

mp

R O

M
Bv0

b
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64 •• If, for the system of Problem 63, 
and the maximum angle between the rod and the ver-

tical following the collision is find the speed of the particle be-
fore impact.

65 •• A uniform rod is resting on a frictionless table when it is
suddenly struck at one end by a sharp horizontal blow in a direction
perpendicular to the rod. The mass of the rod is M and the magni-
tude of the impulse applied by the blow is J. Immediately after the
rod is struck, (a) what is the velocity of the center of mass of the rod,
(b) what is the velocity of the end that is struck, (c) and what is the
velocity of the other end of the rod? (d) Is there a point on the rod that
remains motionless?

66 •• A projectile of mass is traveling at a constant velocity
toward a stationary disk of mass M and radius R that is free to

rotate its axis (Figure 10-54). Before impact, the projectile is travel-
ing along a line displaced a distance b below the axis. The projectile
strikes the disk and sticks to point B. Model the projectile as a point
mass. (a) Before impact, what is the total angular momentum of
the disk–projectile system about the axis? Answer the following
questions in terms of the symbols given at the start of this problem.
(b) What is the angular speed v of the disk–projectile system just
after the impact? (c) What is the kinetic energy of the disk–projec-
tile system after impact? (d) How much mechanical energy is lost in
this collision? 

L0

vS0

mp

60°,
m ! 0.30 kg,

M ! 0.80 kg,L ! 1.2 m,

68 •• A uniform rod that has a length equal to and
a mass equal to is attached to a hinge of negligible
mass at one end and is free to rotate in the vertical plane (Figure
10-55). The rod is released from rest in the position shown. A
particle whose mass is m is suspended from a thin string whose
length is equal to from the hinge. The particle sticks to
the rod on contact, and after the collision the rod continues to ro-
tate until (a) Find m. (b) How much energy is dissi-
pated during the collision? SSM

umax ! 37°.

0.80 mL2

2.0 kgM
1.2 mL1

62 •• Figure 10-52 shows a thin, uniform bar whose length is
L and mass is M and a compact hard sphere whose mass is m. The
system is supported by a frictionless horizontal surface. The sphere
moves to the right with velocity and strikes the bar at a distance

from the center of the bar. The collision is elastic, and following
the collision the sphere is at rest. Find the value of the ratio m>M.

1
4L

vS,

M

v
m

Ldv

M

(top view)

F I G U R E  1 0 - 5 2

Problem 61

L

xM

m v

F I G U R E  1 0 - 5 3

Problem 63

63 •• Figure 10-53 shows a uniform rod
whose length is L and mass is M pivoted at the
top. The rod, which is initially at rest, is struck
by a particle whose mass is m at a point

below the pivot. Assume that the
particle sticks to the rod. What must be the
speed of the particle so that following the
collision the maximum angle between the rod
and the vertical is 90°? 

v

x ! 0.8L

F I G U R E  1 0 - 5 4

Problem 66

67 •• A uniform rod of length and mass M equal to
is attached to a hinge of negligible mass at one end and

is free to rotate in the vertical plane (Figure 10-55). The rod is re-
leased from rest in the position shown. A particle of mass

is suspended from a thin string of length from
the hinge. The particle sticks to the rod on contact. What should
the ratio be so that after the collision? SSMumax ! 60°L2 >L1

L2m ! 0.50 kg

0.75 kg
L1

L2

m

θ

L1

M

F I G U R E  1 0 - 5 5

Problem 67

61 •• Figure 10-52 shows a thin, uniform bar of length L
and mass M and a small blob of putty of mass m. The system is
supported by a frictionless horizontal surface. The putty moves
to the right with velocity strikes the bar at a distance d from
the center of the bar, and sticks to the bar at the point of contact.
Obtain expressions for the velocity of the system’s center of
mass and for the angular speed following the collision. SSM

vS,

59 ••• CONCEPTUAL Consider a transition from a lower energy
state to a higher one—that is, the absorption of a quantum of en-
ergy, resulting in an increase in the rotational energy of an mol-
ecule (see Problem 58). Suppose such a molecule, initially in its
ground rotational state, was exposed to photons, each with an en-
ergy equal to three times the energy of its first excited state.
(a) Would the molecule be able to absorb this photon energy?
Explain why or why not, and if it can, determine the energy level to
which it goes. (b) To make a transition from its ground state to its
second excited state requires how many times the energy of the first
excited state?

COLLISIONS WITH ROTATIONS

60 •• A 16.0-kg, 2.40-m-long rod is supported at its midpoint
on a knife edge. A 3.20-kg ball of clay drops
from rest from a height of and
makes a perfectly inelastic collision
with the rod from the point
of support (Figure 10-51). Find
the angular momentum of
the rod and clay system
about the point of sup-
port immediately after
the inelastic collision. 

0.90 m

1.20 m

N2

F I G U R E  1 0 - 5 1 Problem 60

51 Imagine que na situação do problema 50 a bola seja substituída por uma esfera
dura, de pequena dimensão, que colide elasticamente com a barra. Determine d de
tal maneira que a esfera fique em repouso após a colisão.

Exercícios do Capítulo 9 Tipler/Mosca 4a edição:

Dinâmica de rotações

111 A Lua gira em torno do próprio eixo ao mesmo tempo em que efetua revoluções
em torno da Terra, de modo que tem sempre a mesma face voltada para a Terra.
Com essa informação, calcule a velocidade angular (em rad/s) da rotação da Lua
em torno do seu eixo (o período de revolução da Lua em torno da Terra é de 27.3
dias).

53 Calcule a energia cinética de rotação da Terra e compare com a energia cinética
do movimento do centro de massa da Terra em torno do Sol. Adimita que a Terra
seja esfera homogênea com a massa de 6.0× 1024 kg e raio de 6.4× 106m. O raio
da órbita da Terra é de 1.5× 1011m.

54 Uma carga de 2000 kg é içada à velocidade constante de 8 cm/s, por um cabo de
aço que passa por uma polia de massa desprezível e que é tracionado pelo tambor
de um guincho (ver figura abaixo). O raio do tambor é de 30 cm.

a) Que força exerce o cabo sobre a carga?

b) Que torque exerce o cabo sobre o tambor?

c) Qual a velocidade angular do tambor?

d) Com que potência o motor aciona o tambor?

3
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65 • A 1.4-kg 15-cm-diameter solid sphere is rotating about its
diameter at (a) What is its kinetic energy? (b) If an ad-
ditional of energy are added to the kinetic energy, what is the
new angular speed of the sphere?

66 •• Calculate the kinetic energy of Earth due to its spinning
about its axis, and compare your answer with the kinetic energy of
the orbital motion of Earth’s center of mass about the Sun. Assume
Earth to be a homogeneous sphere of mass and radius

The radius of Earth’s orbit is 

67 •• A 2000-kg block is lifted at a constant speed of 
by a steel cable that passes over a massless pulley to a motor-driven
winch (Figure 9-53). The radius of the winch drum is 
(a) What is the tension in the cable? (b) What torque does the cable
exert on the winch drum? (c) What is the angular speed of the
winch drum? (d) What power must be developed by the motor to
drive the winch drum? SSM

30 cm.

8.0 cm>s1.5 ! 1011 m.6.4 ! 106 m.
6.0 ! 1024 kg

SSM

5.0 mJ
70 rev>min.

62 ••• A uniform rod of mass M and length L is pivoted at one
end and hangs as in Figure 9-51 so that it is free to rotate without
friction about its pivot. It is struck a sharp horizontal blow a dis-
tance x below the pivot, as shown. (a) Show that, just after the rod
is struck, the speed of the center of mass of the rod is given by

where and are the average force and du-
ration, respectively, of the blow. (b) Find the horizontal component
of the force exerted by the pivot on the rod, and show that this 
force component is zero if This point (the point of impact
when the horizontal component of the pivot force is zero) is called
the center of percussion of the rod-pivot system. 

x " 2
3L.

¢tF0v0 " 3xF0 ¢t>(2ML),

F I G U R E  9 - 5 1 Problem 62

x

F0

63 ••• MULTISTEP A uniform horizontal disk of mass M and ra-
dius R is spinning about the vertical axis through its center with an
angular speed v. When the spinning disk is dropped onto a hori-
zontal tabletop, kinetic-frictional forces on the disk oppose its spin-
ning motion. Let be the coefficient of kinetic friction between the
disk and the tabletop. (a) Find the torque dt exerted by the force of
friction on a circular element of radius r and width dr. (b) Find the
total torque exerted by friction on the disk. (c) Find the time re-
quired for the disk to stop rotating.

ENERGY METHODS, INCLUDING
KINETIC ENERGY DUE TO ROTATION

64 • The particles in Figure 9-52 are connected by a very light
rod. They rotate about the y axis at (a) Find the speed of
each particle, and use it to calculate the kinetic energy of this sys-
tem directly from (b) Find the moment of inertia about the
y axis, calculate the kinetic energy from and compare
your result with your Part-(a) result. 

K " 1
2 Iv2,

© 1
2miv

2
i .

2.0 rad>s.

mk
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r

ω

0 4010 20 30–10–20

3.0 kg 3.0 kg
1.0 kg 1.0 kg

–30–40

y

x, cm

Light
od

    = 2.0 rad/s
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T

T

r = 30 cm

mg

68 •• A uniform disk that has a mass M and a radius R can ro-
tate freely about a fixed horizontal axis that passes through its cen-
ter and is perpendicular to the plane of the disk. A small particle
that has a mass m is attached to the rim of the disk at the top,
directly above the pivot. The system is gently nudged, and the disk
begins to rotate. As the particle passes through its lowest point, 
(a) what is the angular speed of the disk, and (b) what force is
exerted by the disk on the particle?

69 •• A uniform 1.5-m-diameter ring is pivoted at a point on its
perimeter so that it is free to rotate about a horizontal axis that is
perpendicular to the plane of the ring. The ring is released with the
center of the ring at the same height as the axis (Figure 9-54). (a) If
the ring was released from rest, what was its maximum angular
speed? (b) What minimum angular speed must it be given at release
if it is to rotate a full 360°?

F I G U R E 9 - 5 4 Problem 69

Axis

60 Um corpo de 4 kg está sobre uma superfície horizontal sem atrito, preso a um
cordel que passa por uma polia e no qual se pendura um outro corpo de 2 kg
(figura abaixo). A polia é um disco homogêneo com raio de 8 cm e massa de 0.6
kg.

a) Calcule a velocidade do corpo de 2 kg ao cair 2.5m a partir do repouso.

b) Qual a velocidade angular da polia no instante que corresponde à queda de
2.5m.

m

T

76 •• The system in Figure 9-57 is released from rest when the
30-kg block is above the ledge. The pulley is a uniform 5.0-kg
disk with a radius of Just before the 30-kg block hits the
ledge, find (a) its speed, (b) the angular speed of the pulley, and
(c) the tensions in the strings. (d) Find the time of descent for the
30-kg block. Assume that the string does not slip on the pulley. 

10 cm.
2.0 m
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70 •• ENGINEERING APPLICATION, CONTEXT-RICH You set out
to design a car that uses the energy stored in a flywheel consisting
of a uniform 100-kg cylinder of radius R that has a maximum an-
gular speed of The flywheel must deliver an average of

of energy for each kilometer of distance. Find the smallest
value of R for which the car can travel without the flywheel
needing to be reenergized.

PULLEYS, YO-YOS, 
AND HANGING THINGS

71 •• The system shown
in Figure 9-55 consists of a
4.0-kg block resting on a
frictionless horizontal
ledge. This block is at-
tached to a string that
passes over a pulley,
and the other end of the string is attached to a
hanging 2.0-kg block. The pulley is a uniform
disk of radius and mass Find
the acceleration of each block and the tension
in the string.

72 •• For the system in Problem 71, the 
2.0-kg block is released from rest. (a) Find
the speed of the block after it falls a distance of (b) What is
the angular speed of the pulley at this instant?

73 •• For the system in Problem 71, if the (frictionless) ledge
were adjustable in angle, at what angle would it have to be tilted
upward so that once the system is set into motion the blocks will
continue to move at constant speed?

74 •• In the system shown in Figure 9-55, there is a 4.0-kg block
resting on a horizontal ledge. The coefficient of kinetic friction be-
tween the ledge and the block is 0.25. The block is attached to a string
that passes over a pulley, and the other end of the string is attached
to a hanging 2.0-kg block. The pulley is a uniform disk of radius
8.0 cm and mass Find the acceleration of each block and the
tensions in the segments of string between each block and the pulley.

75 •• A 1200-kg car is being raised over water by a winch. At
the moment the car is above the water (Figure 9-56), the gear-
box breaks, allowing the winch drum to spin freely as the car falls.
During the car’s fall, there is no slip-
ping between the (massless)
rope, the pulley wheel,
and the winch drum.
The moment of inertia
of the winch drum is

and the
moment of inertia of
the pulley wheel is

The ra-
dius of the winch
drum is and
the radius of the
pulley is 
Assume that the car
starts to fall from rest.
Find the speed of the
car as it hits the water. 

0.300 m.

0.800 m,

4.00 kg # m2.

320 kg # m2,

5.0 m

0.60 kg.

2.5 m.

SSM

0.60 kg.8.0 cm

300 km
2.00 MJ

400 rev>s.
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5.0 m

Winch
drum

Pulley
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Problem 76

2.0 m

m = 5.0 kg
  r = 10 cm
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Problems 71–74

77 •• A uniform solid sphere of
mass M and radius R is free to ro-
tate about a horizontal axis
through its center. A string is
wrapped around the sphere and
is attached to an object of mass m
(Figure 9-58). Assume that the
string does not slip on the sphere.
Find (a) the acceleration of the ob-
ject and (b) the tension in the string. 

78 •• Two objects, of masses 
and are connected by a string of
negligible mass that passes over a pulley with
frictionless bearings (Figure 9-59). The pulley is
a uniform 50.0-g disk with a radius of 
The string does not slip on the pulley. (a) Find
the accelerations of the objects. (b) What is the
tension in the string between the 500-g block
and the pulley? What is the tension in the string
between the 510-g block and the pulley? By
how much do these tensions differ? (c) What
would your answers be if you neglected the mass of the pulley?

4.00 cm.

m2 ! 510 g,
m1 ! 500 g

F I G U R E 9 - 5 9

Problem 78

r = 4.00 cm
m = 50.0 g

m1g
m2g
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Problem 77

61 Calcule, no sistema mencionado no problema 60, a aceleração linear da cada corpo
e a tensão no cordel.

62 Resolva o problema 60 admitindo que o coeficiente de atrito entre o corpo de 4 kg
e a superfície horizontal seja 0.25.

66 No sistema esquematizado na figura abaixo, os dois corpos estão inicialmente em
repouso. O corpo de 30 kg está 2m acima da superfície do suporte horizontal. A
polia é um disco homogêneo com raio de 10 cm e massa de 5 kg. Calcule

a) A velocidade do corpo de 30 kg ao colidir com o suporte horizontal;

b) A velocidade da polia no instante dessa colisão;

c) As tensões nos dois ramos do cabo;

4



d) O tempo de queda do bloco de 30 kg até o suporte. Admita que não há
escorregamento do cabo na polia.

20 kg

30 kg

2m

70 Um cilindro homogêneo, de massa M e raio R, tem uma corda enrolada em sua
superfície. A corda tem uma ponta fixa e o cilindro cai verticalmente, como na
figura abaixo.

a) Mostre que a aceleração do cilindro está dirigida para baixo e tem módulo
a = 2g/3.

b) Calcule a tensão na corda.

R1

R2

m1

m2

Problems | 325

79 •• Two objects are attached to
ropes that are attached to two wheels on
a common axle, as shown in Figure 9-60.
The two wheels are attached together so
that they form a single rigid object. The
moment of inertia of the rigid object is

The radii of the wheels are
and (a) If
find such that there is

no angular acceleration of the wheels.
(b) If is placed on top of find
the angular acceleration of the wheels
and the tensions in the ropes.

80 •• The upper end of the string
wrapped around the cylinder in Figure 9-61
is held by a hand that is accelerated upward
so that the center of mass of the cylinder
does not move as the cylinder spins up. Find
(a) the tension in the string, (b) the angular
acceleration of the cylinder, and (c) the accel-
eration of the hand.

SSM

m1 ,12 kg

m2m1 ! 24 kg,
R2 ! 0.40 m.R1 ! 1.2 m

40 kg # m2.

The system is then rewound, the object whose moment of iner-
tia I we wish to measure is placed on the platform, and the sys-
tem is again released from rest. The time required for the block
to drop the same distance D then provides the data needed to
calculate I. Using 
and (a) find the moment of inertia of the platform-
drum combination. (b) Find the moment of inertia of the platform-
drum-object combination. (c) Use your results for Parts (a) and (b)
to find the moment of inertia of the object.

OBJECTS ROTATING 
AND ROLLING WITHOUT SLIPPING

83 • A homogeneous 60-kg cylinder of radius is rolling
without slipping along a horizontal floor at a speed of What
is the minimum amount of work that was required to give it this
motion?

84 • An object is rolling without slipping. What percentage of
its total kinetic energy is its translational kinetic energy if the object
is (a) a uniform sphere, (b) a uniform cylinder, or (c) a hoop?

85 •• In 1993 a giant 400-kg yo-yo with a radius of 
was dropped from a crane at height of One end of the
string was tied to the top of the crane, so the yo-yo unwound as
it descended. Assuming that the axle of the yo-yo had a radius
of estimate its linear speed at the end of the fall.

86 •• A uniform cylinder of mass M and radius R has a
string wrapped around it. The string is held fixed, and the cylin-
der falls vertically as shown in Figure 9-61. (a) Show that the ac-
celeration of the cylinder is downward with a magnitude

(b) Find the tension in the string.

87 •• A 0.10-kg yo-yo consisting of two solid disks, each of ra-
dius is joined by a massless rod of radius A string is
wrapped around the rod. One end of the string is held fixed and is
under tension as the yo-yo is released. The yo-yo rotates as it de-
scends vertically. Find (a) the acceleration of the yo-yo, and (b) the
tension T.

88 •• A uniform solid sphere rolls down an incline without slip-
ping. If the linear acceleration of the center of mass of the sphere is
0.20g, then what is the angle the incline makes with the horizontal?

89 •• A thin spherical shell rolls down an incline without slip-
ping. If the linear acceleration of the center of mass of the shell is
0.20g, what is the angle the incline makes with the horizontal?

90 •• A basketball rolls without slipping down an incline of
angle u. The coefficient of static friction is Model the ball as a thinms.

1.0 cm.10 cm,

a ! 2g>3.

SSM0.10 m,

57 m.
1.5 m

15 m>s.
18 cm

t2 ! 6.8 s,
R ! 10 cm,M ! 2.5 kg,D ! 1.8 m, t1 ! 4.2 s,

t2
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T
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Problem 81

R

m1

m2

h θ
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M

R

81 •• A uniform cylinder of mass and radius R is piv-
oted on frictionless bearings. A massless string wrapped around
the cylinder is connected to a block of mass that is on a fric-
tionless incline of angle u as shown in Figure 9-62. The system is
released from rest when the block is at a vertical distance h
above the bottom of the incline. (a) What is the acceleration of
the block? (b) What is the tension in the string? (c) What is the
speed of the block as it reaches the bottom of the incline? 
(d) Evaluate your answers for the special case where 
and Are your answers what you would expect for this
special case? Explain. SSM

m1 ! 0.
u ! 90°

m2

m1

F I G U R E 9 - 6 0

Problem 79

82 •• A device for measuring the moment of inertia of an
object is shown in Figure 9-63. The circular platform is attached
to a concentric drum of radius R, and the platform and the drum
are free to rotate about a frictionless vertical axis. The string that
is wound around the drum passes over a frictionless and mass-
less pulley to a block of mass M. The block is released from rest,
and the time it takes for it to drop a distance D is measured.t1

Rolamento
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84 Calcular as frações percentuais da energia cinética total associadas à rotação e à
translação de

a) Uma esfera homogênea;

b) Um cilindro homogêneo;

c) Um aro,

que rolam sem deslizar.

85 Um aro de 0.40m de raio e 0.60 kg de massa rola sem escorregar, a 15m/s, na
direção de um plano inclinado de 30◦. Até que altura do plano o aro subirá,
adimitindo-se que continue a rolar sem escorregar?

95 Uma roda de raio R rola sem escorregar com a velocidade V . As coordenadas do
centro de massa da roda são X e Y .

a) Mostre que as coordenadas x e y do ponto P na figura abaixo são X+r0 cos(θ)

e Y + r0 sen(θ), respectivamente;

b) Mostre que a velocidade ~v do ponto P tem as componentes vx = V +

(r0/R)V sen(θ) e vy = −(r0/R)V cos(θ);

c) Mostre pelo cálculo do produto ~v ·~r que, no instante em que X = 0, r e v são
mutuamente perpendiculares.

d) Mostre que v = ωr, onde ω = V/R é a velocidade angular da roda.

Esses resultados mostram que, no caso de rolamento sem escorregamento, tudo se
passa como se o corpo rolante estivesse rolando, instantaneamente, em torno do
ponto de contato, com velocidade angular ω = V/R.

~R

~r

~r0

P

~v

θ

96 Um cilindro homogêneo de massa M e raio R repousa sobre um bloco de massa m
que, por sua vez, está sobre uma superfície horizontal sem atrito, como na figura
abaixo. Se a força horizontal ~F for aplicada ao bloco, este sofrerá aceleração e o
cilindro rolará sem deslizar. Determine a aceleração do bloco.

6



(b) What is the cylinder’s linear acceleration (magnitude and
direction) relative to the table? (c) What is the magnitude and di-
rection of the linear acceleration of the center of mass of the cylin-
der relative to the slab?

98 ••• MULTISTEP If the force in Problem 96 acts over a dis-
tance d, in terms of the symbols given, find (a) the kinetic energy
of the slab, and (b) the total kinetic energy of the cylinder. (c) Show
that the total kinetic energy of the slab-cylinder system is equal to
the work done by the force.

99 ••• ENGINEERING APPLICATION Two large gears that are being
designed as part of a large machine are shown in Figure 9-66; each
is free to rotate about a fixed axis through its center. The radius
and moment of inertia of the smaller gear are and

respectively, and the radius and moment of inertia of
the larger gear are and respectively. The lever
attached to the smaller gear is long and has a negligible
mass. (a) If a worker will typically apply a force of to the end
of the lever, as shown, what will be the angular accelerations of 
the two gears? (b) Another part of the machine (not shown) will
apply a force tangentially to the outer edge of the larger gear to
temporarily keep the gear system from rotating. What should the
magnitude and direction of this force (clockwise or counterclock-
wise) be? SSM

2.0 N
1.0 m

16 kg # m2,1.0 m
1.0 kg # m2,

0.50 m
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spherical shell. Find (a) the acceleration of the center of mass of the
ball, (b) the frictional force acting on the ball, and (c) the maximum
angle of the incline for which the ball will roll without slipping.

91 •• A uniform solid cylinder of wood rolls without slipping
down an incline of angle u. The coefficient of static friction is 
Find (a) the acceleration of the center of mass of the cylinder, (b) the
frictional force acting on the cylinder, and (c) the maximum angle of
the incline for which the cylinder will roll without slipping.

92 •• Released from rest at the same height, a thin spherical
shell and solid sphere of the same mass m and radius R roll 
without slipping down an incline through the same vertical drop H
(Figure 9-64). Each is moving horizontally as it leaves the ramp. The
spherical shell hits the ground a horizontal distance L from the end
of the ramp and the solid sphere hits the ground a distance from
the end of the ramp. Find the ratio L! >L.

L!

ms.
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Solid
sphere

Spherical
shell

L’

L
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M

m

F

93 •• A uniform, thin cylindrical shell and a solid cylinder roll
horizontally without slipping. The speed of the cylindrical shell is
v. The solid cylinder and the hollow cylinder encounter an incline
that they climb without slipping. If the maximum height they reach
is the same, find the initial speed of the solid cylinder.

94 •• A thin cylindrical shell and a solid sphere start from rest
and roll without slipping down a 3.0-m-long inclined plane. The
cylinder arrives at the bottom of the incline after the sphere.
Determine the angle the incline makes with the horizontal.

95 •• A wheel has a thin 3.0-kg rim and four spokes, each of
mass Find the kinetic energy of the wheel when it is rolling
at on a horizontal surface.

96 ••• A uniform solid cylinder of mass M and radius R is at
rest on a slab of mass m, which in turn rests on a horizontal, fric-
tionless table (Figure 9-65). If a horizontal force is applied to the
slab, it accelerates and the cylinder rolls without slipping. Find the
acceleration of the slab in terms of M, R, and F.

F
S

6.0 m>s1.2 kg.

2.4 s

SSMv!

97 ••• (a) Find the angular acceleration of the cylinder in
Problem 96. Is the cylinder rotating clockwise or counterclockwise?

F I G U R E  9 - 6 6 Problem 99

2 N

100 ••• ENGINEERING APPLICATION, CONTEXT-RICH As the chief
design engineer for a major toy company, you are in charge of de-
signing a “loop-the-loop” toy for youngsters. The idea, as shown in
Figure 9-67, is that a ball of mass m and radius r will roll down an
inclined track and around the loop without slipping. The ball starts
from rest at a height h above the tabletop that supports the whole
track. The loop radius is R. Determine the minimum height h, in
terms of R and r, for which the ball will remain in contact with the
track during the whole of its loop-the-loop journey. (Do not neglect
the size of the ball’s radius when doing this calculation.) 

F I G U R E  9 - 6 7 Problem 100

h

r

R
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