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Lei de Potência: Frequência de um evento varia como 
uma potência de um atributo desse evento

f(x) = ax

k

log(f(x)) = k log(x) + log(a)

f(cx) / f(x)

invariante de escala
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Leis do mundo físico

Leis do Mundo Físico
Todos os seres vivos estão sujeitos às leis do
mundo físico, tais como: ação da gravidade, difusão
e transporte de calor, propriedades elásticas dos
materiais, dinâmica dos movimentos, tensão
superficial etc.

Lei Universal da Vida
Os fenômenos biológicos obedecem a alguma lei
universal da vida de modo que podem ser previstos
e modelados matematicamente?

Jonathan Swift escreveu em 1726 - As viagens de Gulliver. Nele o
mundo dos Liliputianos tinha 1/12⇥ das dimensões lineares do
mundo normal, e os Gigante 12⇥. Liliputianos teriam 14 cm de

altura, e uma refeição para Gulliver correspondia a 123=1728 vezes a
dos Liliputianos. Isso é possível?
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Jonathan Swift escreveu em 1726 - As viagens de Gulliver. 
Nele o mundo dos Liliputianos tinha 1/12× das dimensões 
lineares do mundo normal, e os Gigante 12×. Liliputianos 
teriam 14 cm de altura, e uma refeição para Gulliver 
correspondia a 123=1728 vezes a dos Liliputianos. Isso é 
possível?
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Não, como foi explicado por Galileu (anos antes de Swift)	


• Gulliver tem ≈ 123 = 1728× mais células para alimentar que os 
Liliputianos	


• A energia contida na comida é convertida em calor, em ultima 
instância. Todavia a taxa de perda de calor é proporcional a área 
corpórea (suor pela pela)	


• Os Liliputianos tem ≈ 1/(122) = 1/144× da nossa superfície, 
enquanto o calor produzido é 1728 menor, assim eles não 
poderiam ter sangue quente (por isso não existe mamíferos ou 
pássaros do tamanho de uma formiga)	


•a solução seria, os Liliputianos comer proporcionalmente muito 
mais que os humanos (comer continuamente como um rato).
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• Gigantes seriam 12× maior que os humanos, produzindo 
1728 mais calor, com uma área superficial 144× maior. Eles 
poderiam ter orelhas gigantes para aliviar o calor, como os 
elefantes, ou comer menos. Porem, nesse ultimo caso, eles 
teriam que ter uma taxa metabólica mais lenta, ou seja, não 
seriam feito do mesmo tipo de células que nós.	


• A resistência dos ossos é proporcional a área transversal. O 
peso do Gigante seria 1728× maior com a área transversal dos 
ossos apenas 144× maior.  Assim, a pressão nos ossos seriam 
12× maior que nos humanos.
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!
• A área transversal dos músculos seriam 144× maior (144× mais 
fibras e mais força) todavia o peso seria 1728× maior(imagine se 
seu braço fosse 12× mais pesado).	


• Da mesma forma, os Liliputianos seriam proporcionalmente 12× 
mais fortes. Eles poderiam levantar objetos muito mais pesados 
que o seu próprio peso e pular muito mais alto que sua própria 
altura.
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• Como passar resultados experimentais de animais pequenos, em 
geral roedores, para seres humanos - crianças ou mesmo bebês e 
adultos?	


• Reações adversas em animais devido a um dado agente não 
significa que produz necessariamente o mesmo efeito em seres 
humanos.	


• Ausência de reações nos animais não prova que seres humanos 
não terão também reações.	


• Espécies parecidas podem ter reações muito diferentes. Há que 
se considerar corretamente a lei das escalas.
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Isometria
Quando há isometria, o comprimento dos dedos ou o diâmetro
da cabeça ou o comprimento do braço é proporcional à altura:

d
bracos

/ d
altura

/ V 1/3 / M1/3

Índice de massa corporal (IMC) = massa M

altura

2 (kg/m2)

IMC
IMC  18 kg/m2 (subpeso)

18 < IMC  25 kg/m2 (normal)
25 < IMC  30 kg/m2 (sobrepeso)

IMC > 30 kg/m2 (obeso)

Antiguidade até Dirac Física Biológica Lei das Escalas Leis de Potência Isometria

Isometria
Quando há isometria, o comprimento dos dedos ou o diâmetro
da cabeça ou o comprimento do braço é proporcional à altura:

d
bracos

/ d
altura

/ V 1/3 / M1/3

Índice de massa corporal (IMC) = massa M

altura

2 (kg/m2)

IMC
IMC  18 kg/m2 (subpeso)

18 < IMC  25 kg/m2 (normal)
25 < IMC  30 kg/m2 (sobrepeso)

IMC > 30 kg/m2 (obeso)



IsometriaAntiguidade até Dirac Física Biológica Lei das Escalas Leis de Potência Isometria

Se uma moça 1 com massa M1 = 45 kg e L1 = 1, 50 m de
altura é considerada esteticamente perfeita, qual deve ser a
massa M2 de uma moça 2 com L2 = 1, 725 m (15% mais alta)
de altura?
Aplicando uma regra Isométrica: � = L2/L1 = 1.15, �3 = 1, 52
ou seja M2 = �3M1 = 68, 4 kg
Para uma moça 3 25% mais alta que a moça 1,
�3 = 1, 253 = 1, 95, m3 = 1.95 ⇥ 45 = 87, 9 kg

IMC
IMC(1) = 45/2,25 = 20 kg/m2

IMC(2) = 68,4/2,97 = 23 kg/m2

IMC(3) = 87,9/3,51 = 25.3 kg/m2
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Organismos reais não são isométricos porque as proporções não se
mantêm. São chamados alométricos [Julian Huxley].

y = aMb

log y = log a+b log M

Y = A + bX

Equação de uma
reta com
coeficiente angular
b

Uma das grandezas y mais estudadas é a
taxa metabólica. Outras são:

1 tempo de vida
2 taxa de crescimento
3 taxa de batimento cardíaco
4 comprimento das aortas e genomas
5 taxa de substituição de nucleotídeos
6 massa cinzenta
7 densidade de mitocôndrios
8 concentração de RNA
9 altura de árvores

Quando b se mantém constante para um intervalo grande de massa
M, existe uma lei das escalas ou uma relação alométrica.
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y = aMb

Valor de b Variável y
b negativo diminui com a massa do corpo M
b= -1/4 ritmo cardíaco
b = 0 não depende da massa M

massa de hemoglobina por unidade de volume
b positivo aumenta com a massa M
b = 2/3 área da superfície corporal – Rubner (1883)
b = 3/4 área da superfície corporal – Kleiber (1932)
b = 4/4 massa do coração aumenta na

mesma proporção que M
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y=Massa do Cerebro

y = aMb b ⇡ 2/3

humanos y=0,08 M0,66

mamíferos y=0,01 M0,70

primatas y=0,02 M0,66

aves y=0,005 M0,66

répteis y=0,0003 M0,67

a tem valores diferentes para distintas categorias de animais
b = 0, 66 = 2/3 significa que a variação de y com M é
universal e ajusta a uma relação alométrica.
A massa do cérebro se comporta de forma similar à área da
superfície do corpo
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Há muitas grandezas que não mudam ou mudam pouco (b = 0)
com a massa corporal M

Resistência dos ossos
Tamanho das hemácias
Diâmetro dos capilares
Pressão sanguínea
Temperatura dos corpos

Outras Grandezas que se relacionam com M com
b = ±1/4 = 0, 25

taxa de batida cardíaca (min�1) = 220 M�0,27

tempo de circulação sanguínea (s) = 17,4 M0,25

taxa respiratória (min�1) = 53,5M�0,26
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Grandezas do sistema respiratório em função de M

grandeza função de M para M = 70 kg
capacidade total 57M1,03 4500 m`
volume por inalação 7,7M1,04 640 m`
ritmo de ventilação 0,38M0,80 11 `/min
frequência respiratória 53M�0,26 17 inalação/min
consumo de O2 11,6M0,76 293 m` de O2/min

Grandezas do sistema circulatório em função de M

grandeza em função de M para M = 70 kg
frequência cardíaca 220 M�0,27 70 batidas/min
V do sangue por impulso 0,66 M1,05 57 m`
pressão arterial 89 M0,03 100 mmHg
raio da aorta 0,21 M0,36 0,97 cm
comprimento da aorta 17 M0,31 63 cm
massa do coração 0,0066 M0,98 0,42 kg
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Tempo biológico

Período de gestação ⇡ 1,5% do tempo de vida
Para mulheres ⇡ 1% do tempo de vida
Tempo de vida para mamíferos = 12 M0,20 anos
Tempo de vida para aves = 28 M0,19 anos

Número de batidas cardíacas = tempo de vida/tempo de cada
batida = 1,4⇥109

Número de inalações = tempo de vida/tempo de cada inalação
= 1,34⇥1010

Usando a aproximação M0,20�0,27 ⇡ M0 ⇡ 1
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Árvores

West at al no artigo de 1997 propõem uma explicação teórica da Lei
de Kleiber baseada no modelo fractal – nas propriedades da rede de
fornecimento de energia que todo ser vivo deve possuir.
Unidades de metabolismo: mitocôndrios, principalmente.
Alimento e oxigênio devem chegar a todas as células do corpo
através de uma rede ramificada: sistema circulatório e sistema
respiratório.

Hipóteses:
A rede de distribuição cobre todo o volume do organismo
O último ramo (capilares) tem um diâmetro fixo
Os organismos evoluiram de modo que há minimização de
energia requerida para efetuar o transporte através da
rede.

West at al Physics Today September 2004
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Alometria no sistema Cardio-Respiratório

A General Model for the Origin of Allometric Scaling Laws
in Biology
Geoffrey B. West, James H. Brown,* Brian J. Enquist
SCIENCE VOL. 276 4 APRIL 1997

is well supported by empirical data (18, 20,
21). The crossover from one behavior to the
other occurs over the region where the wave
and Poiseuille impedances are comparable in
size. The approximate value of k where this
occurs (say, k) is given by r k

2 /l k ' 8m/rc0,
leading to N 2 k [ N ' ln(8mlc/rc0rc

2)/ln n,
independent of M. Thus, the number of
generations where Poiseuille flow dominates
should be independent of body size. On the
other hand, the crossover point itself
grows logarithmically: k } N } ln M. For
humans, with n 5 3 (21), N ' 15 and
N ' 22 (assuming Nc ' 2 3 1010), where-
as with n 5 2, N ' 24 and N ' 34. These
values mean that in humans Poiseuille
flow begins to compete with the pulse
wave after just a few branchings, dominat-
ing after about seven. In a 3-g shrew,
Poiseuille flow begins to dominate shortly
beyond the aorta.

The derivation of scaling laws based on bk
derived from Eqs. 7 and 8 (Fig. 2) leads to the
same results as before. For simplicity, assume
that the crossover is sharp; using a gradual
transition does not change the resulting scal-
ing laws. So, for k . k, define bk [ b. 5
n21/3 and, for k , k, bk [ b, 5 n21/2. This
predicts that area preservation only persists
in the pulsatile region from the aorta
through the large arteries, at most until k '
k. First consider the radius of the aorta r0: its
scaling behavior is now given by r0 5
rcb.

k 2Nb,
k 5 rcn

1/3N11/6k 5 rcn
1/2N21/6N,

which gives r0 } M3/8 and, for humans, r0/rc
' 104, in agreement with data (2) . Using
Eq. 3 we obtain, for the ratio of fluid
velocity in the aorta to that in the capil-
lary, u0 / uc 5 Nc(rc/r0)2 5 nN/3u0 / uc '
250, independent of M, again in agree-
ment with data. Because g reflects the

space-filling geometry, it remains un-
changed, so we still have l0 } M1/4. Blood
volume Vb, however, is more complicated

Vb 5
Vc

~b.
2 g! N HSb.

b,
D2k̄

1 2 ~nb,
2 g!k̄

1 2 ~nb,
2 g!

1 F1 2 ~nb.
2 g!N

1 2 ~nb.
2 g!

2
1 2 ~nb.

2 g!k̄

1 2 ~nb.
2 g! GJ (9)

This formula is a generalization of Eq. 4
and is dominated by the first term, which
represents the contribution of the large
tubes (aorta and arteries). Thus, Vb }
nN11/3k } n4/3N, which, because it must
scale as M, leads, as before, to a 5 3/4. As
size decreases, the second term, represent-
ing the cubic branching of small vessels,
becomes increasingly important. This be-
havior predicts small deviations from
quarter-power scaling (a * 3/4), observed
in the smallest mammals (2). An expres-
sion analogous to Eq. 9 can be derived for
the total impedance of the system Z. It is
dominated by the small vessels (arterioles
and capillaries) and, as before, gives Dp
and u0 } M0.

In order to understand allometric scal-
ing, it is necessary to formulate an integrat-
ed model for the entire system. The present
model should be viewed as an idealized
zeroth-order approximation: it accounts for
many of the features of distribution net-
works and can be used as a point of depar-
ture for more detailed analyses and models.
In addition, because it is quantitative, the
coefficients, Y0 of Eq. 1, can also, in prin-
ciple, be derived. It accurately predicts the
known scaling relations of the mammalian

cardiovascular system (Table 1); data are
needed to test other predictions. For exam-
ple, the invariance of capillary parameters
implies Nc } M3/4 rather than the naı̈ve
expectation Nc } M, so the volume serviced
by each capillary must scale as M1/4, and
capillary density per cross-sectional area of
tissue, as M21/12.

A minor variant of the model describes
the mammalian respiratory system. Al-
though pulse waves are irrelevant because
the tubes are not elastic, the formula for Z is
quite similar to Eq. 8. The fractal bronchial
tree terminates in NA } M3/4 alveoli. The
network is space-filling, and the alveoli play
the role of the service volume accounting
for most of the total volume of the lung,
which scales as M. Thus, the volume of an
alveolus VA } M1/4, its radius rA } M1/12,
and its surface area AA } rA

2 } M1/6, so the
total surface area of the lung AL 5 NAAA }
M11/12. This explains the paradox (22) that
AA scales with an exponent closer to 1 than
the 3/4 seemingly needed to supply oxygen.
The rate of oxygen diffusion across an alve-
olus, which must be independent of M, is
proportional to DpO2

AA/rA. Thus, DpO2
}

M21/12, which must be compensated for by a
similar scaling of the oxygen affinity of he-
moglobin. Available data support these pre-
dictions (Table 1).

Our model provides a theoretical, mech-
anistic basis for understanding the central
role of body size in all aspects of biology.
Considering the many functionally inter-
connected parts of the organism that must
obey the constraints, it is not surprising that
the diversity of living and fossil organisms is
based on the elaboration of a few successful
designs. Given the need to redesign the
entire system whenever body size changes,

Table 1. Values of allometric exponents for variables of the mammalian
cardiovascular and respiratory systems predicted by the model compared

with empirical observations. Observed values of exponents are taken from (2,
3); ND denotes that no data are available.

Cardiovascular Respiratory

Variable
Exponent

Variable
Exponent

Predicted Observed Predicted Observed

Aorta radius r0 3/8 5 0.375 0.36 Tracheal radius 3/8 5 0.375 0.39
Aorta pressure Dp0 0 5 0.00 0.032 Interpleural pressure 0 5 0.00 0.004
Aorta blood velocity u0 0 5 0.00 0.07 Air velocity in trachea 0 5 0.00 0.02
Blood volume Vb 1 5 1.00 1.00 Lung volume 1 5 1.00 1.05
Circulation time 1/4 5 0.25 0.25 Volume flow to lung 3/4 5 0.75 0.80
Circulation distance l 1/4 5 0.25 ND Volume of alveolus VA 1/4 5 0.25 ND
Cardiac stroke volume 1 5 1.00 1.03 Tidal volume 1 5 1.00 1.041
Cardiac frequency v 21/4 5 20.25 20.25 Respiratory frequency 21/4 5 20.25 20.26
Cardiac output Ė 3/4 5 0.75 0.74 Power dissipated 3/4 5 0.75 0.78
Number of capillaries Nc 3/4 5 0.75 ND Number of alveoli NA 3/4 5 0.75 ND
Service volume radius 1/12 5 0.083 ND Radius of alveolus rA 1/12 5 0.083 0.13
Womersley number a 1/4 5 0.25 0.25 Area of alveolus AA 1/6 5 0.083 ND
Density of capillaries 21/12 5 20.083 20.095 Area of lung AL 11/12 5 0.92 0.95
O2 affinity of blood P50 21/12 5 20.083 20.089 O2 diffusing capacity 1 5 1.00 0.99
Total resistance Z 23/4 5 20.75 20.76 Total resistance 23/4 5 20.75 20.70
Metabolic rate B 3/4 5 0.75 0.75 O2 consumption rate 3/4 5 0.75 0.76
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Cardiac stroke volume 1 5 1.00 1.03 Tidal volume 1 5 1.00 1.041
Cardiac frequency v 21/4 5 20.25 20.25 Respiratory frequency 21/4 5 20.25 20.26
Cardiac output Ė 3/4 5 0.75 0.74 Power dissipated 3/4 5 0.75 0.78
Number of capillaries Nc 3/4 5 0.75 ND Number of alveoli NA 3/4 5 0.75 ND
Service volume radius 1/12 5 0.083 ND Radius of alveolus rA 1/12 5 0.083 0.13
Womersley number a 1/4 5 0.25 0.25 Area of alveolus AA 1/6 5 0.083 ND
Density of capillaries 21/12 5 20.083 20.095 Area of lung AL 11/12 5 0.92 0.95
O2 affinity of blood P50 21/12 5 20.083 20.089 O2 diffusing capacity 1 5 1.00 0.99
Total resistance Z 23/4 5 20.75 20.76 Total resistance 23/4 5 20.75 20.70
Metabolic rate B 3/4 5 0.75 0.75 O2 consumption rate 3/4 5 0.75 0.76
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is well supported by empirical data (18, 20,
21). The crossover from one behavior to the
other occurs over the region where the wave
and Poiseuille impedances are comparable in
size. The approximate value of k where this
occurs (say, k) is given by r k

2 /l k ' 8m/rc0,
leading to N 2 k [ N ' ln(8mlc/rc0rc

2)/ln n,
independent of M. Thus, the number of
generations where Poiseuille flow dominates
should be independent of body size. On the
other hand, the crossover point itself
grows logarithmically: k } N } ln M. For
humans, with n 5 3 (21), N ' 15 and
N ' 22 (assuming Nc ' 2 3 1010), where-
as with n 5 2, N ' 24 and N ' 34. These
values mean that in humans Poiseuille
flow begins to compete with the pulse
wave after just a few branchings, dominat-
ing after about seven. In a 3-g shrew,
Poiseuille flow begins to dominate shortly
beyond the aorta.

The derivation of scaling laws based on bk
derived from Eqs. 7 and 8 (Fig. 2) leads to the
same results as before. For simplicity, assume
that the crossover is sharp; using a gradual
transition does not change the resulting scal-
ing laws. So, for k . k, define bk [ b. 5
n21/3 and, for k , k, bk [ b, 5 n21/2. This
predicts that area preservation only persists
in the pulsatile region from the aorta
through the large arteries, at most until k '
k. First consider the radius of the aorta r0: its
scaling behavior is now given by r0 5
rcb.

k 2Nb,
k 5 rcn

1/3N11/6k 5 rcn
1/2N21/6N,

which gives r0 } M3/8 and, for humans, r0/rc
' 104, in agreement with data (2) . Using
Eq. 3 we obtain, for the ratio of fluid
velocity in the aorta to that in the capil-
lary, u0 / uc 5 Nc(rc/r0)2 5 nN/3u0 / uc '
250, independent of M, again in agree-
ment with data. Because g reflects the

space-filling geometry, it remains un-
changed, so we still have l0 } M1/4. Blood
volume Vb, however, is more complicated

Vb 5
Vc

~b.
2 g! N HSb.

b,
D2k̄

1 2 ~nb,
2 g!k̄

1 2 ~nb,
2 g!

1 F1 2 ~nb.
2 g!N

1 2 ~nb.
2 g!

2
1 2 ~nb.

2 g!k̄

1 2 ~nb.
2 g! GJ (9)

This formula is a generalization of Eq. 4
and is dominated by the first term, which
represents the contribution of the large
tubes (aorta and arteries). Thus, Vb }
nN11/3k } n4/3N, which, because it must
scale as M, leads, as before, to a 5 3/4. As
size decreases, the second term, represent-
ing the cubic branching of small vessels,
becomes increasingly important. This be-
havior predicts small deviations from
quarter-power scaling (a * 3/4), observed
in the smallest mammals (2). An expres-
sion analogous to Eq. 9 can be derived for
the total impedance of the system Z. It is
dominated by the small vessels (arterioles
and capillaries) and, as before, gives Dp
and u0 } M0.

In order to understand allometric scal-
ing, it is necessary to formulate an integrat-
ed model for the entire system. The present
model should be viewed as an idealized
zeroth-order approximation: it accounts for
many of the features of distribution net-
works and can be used as a point of depar-
ture for more detailed analyses and models.
In addition, because it is quantitative, the
coefficients, Y0 of Eq. 1, can also, in prin-
ciple, be derived. It accurately predicts the
known scaling relations of the mammalian

cardiovascular system (Table 1); data are
needed to test other predictions. For exam-
ple, the invariance of capillary parameters
implies Nc } M3/4 rather than the naı̈ve
expectation Nc } M, so the volume serviced
by each capillary must scale as M1/4, and
capillary density per cross-sectional area of
tissue, as M21/12.

A minor variant of the model describes
the mammalian respiratory system. Al-
though pulse waves are irrelevant because
the tubes are not elastic, the formula for Z is
quite similar to Eq. 8. The fractal bronchial
tree terminates in NA } M3/4 alveoli. The
network is space-filling, and the alveoli play
the role of the service volume accounting
for most of the total volume of the lung,
which scales as M. Thus, the volume of an
alveolus VA } M1/4, its radius rA } M1/12,
and its surface area AA } rA

2 } M1/6, so the
total surface area of the lung AL 5 NAAA }
M11/12. This explains the paradox (22) that
AA scales with an exponent closer to 1 than
the 3/4 seemingly needed to supply oxygen.
The rate of oxygen diffusion across an alve-
olus, which must be independent of M, is
proportional to DpO2

AA/rA. Thus, DpO2
}

M21/12, which must be compensated for by a
similar scaling of the oxygen affinity of he-
moglobin. Available data support these pre-
dictions (Table 1).

Our model provides a theoretical, mech-
anistic basis for understanding the central
role of body size in all aspects of biology.
Considering the many functionally inter-
connected parts of the organism that must
obey the constraints, it is not surprising that
the diversity of living and fossil organisms is
based on the elaboration of a few successful
designs. Given the need to redesign the
entire system whenever body size changes,

Table 1. Values of allometric exponents for variables of the mammalian
cardiovascular and respiratory systems predicted by the model compared

with empirical observations. Observed values of exponents are taken from (2,
3); ND denotes that no data are available.

Cardiovascular Respiratory

Variable
Exponent

Variable
Exponent

Predicted Observed Predicted Observed

Aorta radius r0 3/8 5 0.375 0.36 Tracheal radius 3/8 5 0.375 0.39
Aorta pressure Dp0 0 5 0.00 0.032 Interpleural pressure 0 5 0.00 0.004
Aorta blood velocity u0 0 5 0.00 0.07 Air velocity in trachea 0 5 0.00 0.02
Blood volume Vb 1 5 1.00 1.00 Lung volume 1 5 1.00 1.05
Circulation time 1/4 5 0.25 0.25 Volume flow to lung 3/4 5 0.75 0.80
Circulation distance l 1/4 5 0.25 ND Volume of alveolus VA 1/4 5 0.25 ND
Cardiac stroke volume 1 5 1.00 1.03 Tidal volume 1 5 1.00 1.041
Cardiac frequency v 21/4 5 20.25 20.25 Respiratory frequency 21/4 5 20.25 20.26
Cardiac output Ė 3/4 5 0.75 0.74 Power dissipated 3/4 5 0.75 0.78
Number of capillaries Nc 3/4 5 0.75 ND Number of alveoli NA 3/4 5 0.75 ND
Service volume radius 1/12 5 0.083 ND Radius of alveolus rA 1/12 5 0.083 0.13
Womersley number a 1/4 5 0.25 0.25 Area of alveolus AA 1/6 5 0.083 ND
Density of capillaries 21/12 5 20.083 20.095 Area of lung AL 11/12 5 0.92 0.95
O2 affinity of blood P50 21/12 5 20.083 20.089 O2 diffusing capacity 1 5 1.00 0.99
Total resistance Z 23/4 5 20.75 20.76 Total resistance 23/4 5 20.75 20.70
Metabolic rate B 3/4 5 0.75 0.75 O2 consumption rate 3/4 5 0.75 0.76
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