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Diagrama de Blocos

Estrutura básica de um sistema realimentado
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Função Impulso Unitário

Função pulso com área unitária:

f (t) =

{
1
t0

se 0 < t < t0

0 se t < 0, t > t0

Se t0 → 0, temos o impulso unitário ou delta de Dirac,
δ(t). Propriedades:∫ ∞

−∞
δ(t)dt = 1 e

∫ ∞
−∞

f (τ)δ(t − τ)dτ = f (t)
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Função Degrau Unitário

Função Degrau Unitário:

µ(t) =

{
0 se t < 0

1 se t ≥ 0
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Transformada de Laplace

Variável complexa
s = σ + jω

Transformada de Laplace de uma função f (t)

L[f (t)] = F (s) =

∫ ∞
0

f (t)e−stdt
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Transformada de Laplace

Exemplos:

Função impulso unitário: δ(t)

Função degrau: aµ(t)

Função rampa: bt

Função seno: sen(wt)
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Transformada de Laplace

Propriedades

Superposição (linearidade)

L[αf1(t) + βf2(t)] = αF1(s) + βF2(s)

Atraso de tempo: f1(t) = f (t − λ) com λ > 0

F1(s) = e−sλF (s)
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Transformada de Laplace

Propriedades

Multiplicação por e−at : f1(t) = e−at f (t)

F1(s) = F (s + a)

Diferenciação

L[ḟ ] = sF (s)− f (0)

L[f̈ ] = s2F (s)− sf (0)− ḟ (0)
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Transformada de Laplace

Propriedades

Multiplicação pelo tempo: f1(t) = tf (t)

F1(s) = L[tf (t)] = − d

ds
F (s)
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Transformada de Laplace

Transformação inversa de Laplace:

L−1[F (s)] = f (t)

Dada por:

f (t) =
1

2πj

∫ σ+j∞

σ−j∞
F (s)estds
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Transformada de Laplace

Expansão em frações parciais

F (s) =
b1s

m + b2s
m−1 + ...+ bms + bm+1

sn + a1sn−1 + ...+ an−1s + an

F (s) =K

∏
(s − zi )∏
(s − pi )

zi : zeros de F (s)
pi : pólos de F (s)
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Transformada de Laplace

Expansão em frações parciais

F (s) =
C1

s − p1
+

C2

s − p2
+ · · ·+ Cn

s − pn

(s − p1)F (s) =C1 +
(s − p1)

s − p2
C2 + · · ·+ (s − p1)

s − pn
Cn

Fazendo s = p1

C1 = (s − p1)F (s)|s=p1
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Transformada de Laplace

Expansão em frações parciais

Ci = (s − pi )F (s)|s=pi

Função no tempo

f (t) =
n∑

i=1

Cie
pi t

Exemplos
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Transformada de Laplace

Considere o seguinte sistema mecânico:
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Transformada de Laplace

Equação do movimento

Mÿ(t) + Bẏ(t) + Ky(t) = u(t)

sendo M a massa, B a constante do amortecedor, K a
constante de rigidez da mola
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Transformada de Laplace

Aplicando a propriedade da diferenciação (com condições
iniciais nulas)

Ms2Y (s) + BsY (s) + KY (s) = U(s)

Exemplo
s2Y (s) + 5sY (s) + 4Y (s) = U(s)

(s2 + 5s + 4)Y (s) = U(s)

Adriano A. G. Siqueira Aula 2 - Transformada de Laplace, Função Transferência



Transformada de Laplace

Condições iniciais nulas (y(0) = 0, ẏ(0) = 0)

Entrada exponencial: u(t) = 2e−2t

U(s) =
2

s + 2

Resolvendo para Y (s)

Y (s) =
2

(s + 2)(s2 + 5s + 4)
=

2

(s + 2)(s + 1)(s + 4)
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Transformada de Laplace

Expansão em frações parciais

Y (s) = − 1

(s + 2)
+

2/3

(s + 1)
+

1/3

(s + 4)

Resposta no tempo

y(t) = −1e−2t +
2

3
e−t +

1

3
e−4t
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Transformada de Laplace

Teorema do valor final: se todos os pólos de sY (s) estão no
semiplano esquerdo do plano s, então

lim
t→∞

y(t) = lim
s→0

sY (s)

Exemplos
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Transformada de Laplace

Teorema do valor inicial: para qualquer função Y(s)

y(0+) = lim
s→∞

sY (s)

Exemplo
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Função Transferência

Sistema massa-mola-amortecedor:

Ms2Y (s) + BsY (s) + KY (s) = U(s)

Função Transferência, G (s)

Y (s) =
1

Ms2 + Bs + K
U(s)

G (s) =
1

Ms2 + Bs + K
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