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Equacgdo diferencial da curva de deflexdo incluindo o efeito da forca normal
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Equacgdo diferencial da curva de deflexdo incluindo o efeito da forca normal

* Para material elastico-linear: e Para pequenos angulos:

de
M=Elk = E[—
ds

0=—
L dx

o d*v . . .
—~ =~ (linearizagdo da curvatura)
ds dx?
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Equacgdo diferencial da curva de deflexdo incluindo o efeito da forca normal

d*M T p d?v = a0
dx? de2 - I
Material elastico linear d* El d*v + szv (x)
® . — = —g(x
dx? dx? dx? 1
. d*v d*v
* Barra prismatica: E]— 4+ P—— = —
dx* dx? q(x)
* Na notagdo de Lagrange: EIv? + Pv" = —q(x)
* Equacdo homogénea: EIv? + Pv" =0
.« . P [ 2 12
* Definindo-se k2 = — : vW 4+ kv’ =0

EIl
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Forca cortante

- dM dv
" dx dx
* Material elastico linear: V = d EI d*v +Pdv
' ~dx dx? dx
* Barra prismatica: V = EI d’v + P dv
' T dxB dx
* Na notac3do de Lagrange: V =EIv'" + Pv'
P %4
 Definindo-se k2 = —: — =y + k2
EI g v TR
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Solugdo da equacgdo diferencial:
v+ k2v" =0
v(x) = Asenkx + Bcoskx + Cx+ D

0(x) =v' =kAcoskx —kBsenkx + C

M(x)

v"'=—k? Asenkx — k? B cos kx
El
V(x
lgl) =v" + k%' =k*C
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Coluna biapoiada
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v(x) =Asenkx + Bcoskx+ Cx+ D
0(x) =v' =kAcoskx —kBsenkx + C

M(x) = p""= —k? Asenkx — k? B cos kx
El
V(x) 2 2
— r=k*C
T, v'" + kv

v(0)=0 >B+D=0=>D=0
v(L) =0 = AsenkL+ BcoskL+CL+D=0=>C=0
M0)=0= B=0

M(L) =0= AsenkL + BcoskL =0 = AsenkL =0

* Equacao caracteristica:

A =0 (solugdo trivial)
AsenkL =0 ou
senkL =0
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Coluna biapoiada

senklL =0 =2 kL=nm para n=1,2,...

2
como kzzi =>P:n2n El
El n L2

* Carga critica ou carga de Euler:

B m2E]l

cr L2

e Curva de deflexdo:

v(x) = Asenkx
* Modos de flambagem:

v, (x) = Asen (nn %)

12 modo
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22 modo

32 modo
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Coluna engastada v(x) = Asenkx + Bcoskx + Cx + D

0(x) =v' = kAcoskx —kBsenkx + C
y M(x)

— p""= —k? Asenkx — k? B cos kx
El
V(x) 2 2
—— ! — k C
p ] v'" + kv

— v(0)=0 =>B+D=0=B=-D
0(0)=0 = kA+C=0>A=0
M(L) =0 = AsenkL+ BcoskL =0 = BcoskL =0
V(L)=0 =C=0

L
* Equacao caracteristica:
B =0 (solucdo trivial)
BcoskL =0 ou
X , coskL =0
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Coluna engastada

A

2
como k? :£=>P = (2n— 1)27T El
El " 412

* Carga critica ou carga de Euler:

P _nZEI
T 4L2

e Curva de deflexdo:

v(x) = D(1 — coskx)

* Modos de flambagem:

T X
v,(x) =D [1 — cos ((Zn— 1) > Z)]
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22 modo

32 modo
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Coluna biengastada v(x) = Asenkx + B coskx + Cx + D
y 0(x) =v' = kAcoskx —kBsenkx + C
M(x) = p""= —k? Asenkx — k? B cos kx
El
V(x) 2
p —— 2., — k C
I ] v'" + kv

v(0)=0=>B+D=0
0(0)=0=>kA+C=0

v(L) =0 = AsenkL + BcoskL+CL+D =0

L O(L) =0 = kAcoskL — kBsenkL+ C =0

* Na forma matricial:

0 1 0 1]1(A 0

k 0 1 o|l)B(_Jo

x ' sen kL coskL L 1|)c( )o
kcoskL —ksenkL 1 O01\D 0
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Coluna biengastada

0 1 0

k 0 1
sen kL cos kL L
kcoskL —ksenkL 1

ST
oo oo

 E imediato ver que o sistema admite a solu¢do trivial A=B =C=D =0

* Para que exista uma outra solucdo é necessario que:

0 1 0

k 0 1
sen kL coskL L
1

1

0] _

1 =0
kcoskL —ksenkL 0

* Equacdo caracteristica:

2—2coskL —kLsenkL =0
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Coluna biengastada

Usando as relagdes trigonométricas:

kL kL
coskL =1 — denZ% e senkL = 25en7c057

* A equacao caracteristica pode ser colocada na forma:

kL (kL kL kL)
sen—|—cos——sen— | =0

2\ 2 2 2
* Solucgdes:
_ kL kL 8f
i) sen7—0 =>7—T[ o
4_ et
i) kL kL KL X / —
7—tan7 =>7>T[ _ | | | I | tan(é)
n n 3 5 Sn 3n
4 2 4 4
* Carga critica: 2f I
4}
At?E]
cr = 2 o
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Coluna biengastada
* Primeiro modo natural:
kL = 2m

B+D=0=>B=-D
kKA+C=0
AsenkL + BcoskL+CL+D=0=B+CL+D=0>C=0

kAcoskL — kBsenkL4+C =0 2kA+C=0=>4=0

X
vi(x) =D (1 — cos 2ﬂz)
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Referéncia

Martins, C.A. Introdugéo ao Estudo da Flambagem de Barras. Disponivel no
Moodle
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