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1-) Para os modelos abaixo, detemine as F.T. indicadas (i - input, o - output).
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1- Para os modelos abaixo determine as F.T. indicadas (i-entrada, o-saída) 
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2-)  O sistema mecânico mostrado abaixo possui duas entradas, o deslocamento xi(t) e a 
força fi(t), aplicadas no amortecedor B1 e massa M2, respectivamente. Todos os elementos 
são puros e ideiais. Estabeleça hipóteses simplificadoras adicionais que julgar necessárias.  
 

 
 
a) Deduza as equações diferenciais do modelo. Mostre seu trabalho ! 
b) Determine as F.T. X1(s)/Xi(s) e X2(s)/Xi(s). 
c) Considere que a força exercida pela mola na massa M2 é f0. Determine a F.T. F0(s)/Fi(s).  
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2-) Determine as constantes de mola equivalente para cada um dos modelos abaixo. Estabeleça
hipóteses que julgar necessárias.
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3-) Determine as constantes de mola equivalentes para os modelos abaixo. E.H.S. que julgar 
necessárias. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 

 

92 CHAPTER 1 FUNDAMENTALS OF VIBRATION

1.13 A cantilever beam of length L and Young s modulus E is subjected to a bending force at its

free end. Compare the spring constants of beams with cross sections in the form of a solid

circle (of diameter d), square (of side d), and hollow circle (of mean diameter d and wall

thickness ). Determine which of these cross sections leads to an economical design

for a specified value of bending stiffness of the beam.

1.14 An electronic instrument, weighing 200 lb, is supported on a rubber mounting whose force-

deflection relationship is given by where the force (F) and the

deflection (x) are in pounds and inches, respectively. Determine the following:

a. Equivalent linear spring constant of the mounting at its static equilibrium position.

b. Deflection of the mounting corresponding to the equivalent linear spring constant.

1.15 The force-deflection relation of a steel helical spring used in an engine is found experimen-

tally as where the force (F) and deflection (x) are mea-

sured in pounds and inches, respectively. If the spring undergoes a steady deflection of 0.5 in.

during the operation of the engine, determine the equivalent linear spring constant of the

spring at its steady deflection.

1.16 Four identical rigid bars each of length a are connected to a spring of stiffness k to form

a structure for carrying a vertical load P, as shown in Figs. 1.72(a) and (b). Find the equiva-

lent spring constant of the system for each case, disregarding the masses of the bars and

the friction in the joints.

k
eq

,

F(x) = 200 x + 50  x2
+ 10 x3,

F(x) = 800 x + 40 x3,

t = 0.1d

b

P

(a)

k

a

P

a

(b)

k

b

FIGURE 1.72

1.17 The tripod shown in Fig. 1.73 is used for mounting an electronic instrument that finds the

distance between two points in space. The legs of the tripod are located symmetrically

about the mid-vertical axis, each leg making an angle with the vertical. If each leg has a

length l and axial stiffness k, find the equivalent spring stiffness of the tripod in the vertical

direction.

a
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1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.
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FIGURE 1.76 Rigid bar connected by
springs.
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FIGURE 1.77 U-tube
manometer.
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FIGURE 1.75 Mass connected by springs.
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PROBLEMS 89

1.6* Develop a mathematical model for the tractor and plow shown in Fig. 1.66 by considering

the mass, elasticity, and damping of the tires, shock absorbers, and plows (blades).

Shock absorber

Plow

FIGURE 1.66 A tractor and plow.

Section 1.7 Spring Elements

1.7 Determine the equivalent spring constant of the system shown in Fig. 1.67.

k4

k5

k3k3

k2

k1k1

FIGURE 1.67 Springs in

series-parallel.

1.8 Consider a system of two springs, with stiffnesses and arranged in parallel as shown in

Fig. 1.68. The rigid bar to which the two springs are connected remains horizontal when the

k2,k1
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force F is zero. Determine the equivalent spring constant of the system that relates the

force applied (F) to the resulting displacement (x) as

Hint: Because the spring constants of the two springs are different and the distances and 

are not the same, the rigid bar will not remain horizontal when the force F is applied.

1.9 In Fig. 1.69, find the equivalent spring constant of the system in the direction of u.

l2l1

F = kex

(ke)

l1

k1 k2

x

F

l2

FIGURE 1.68 Parallel springs subjected to load.

kt1

kt2

k3

k1

k2

l2

l1

u

FIGURE 1.69

1.10 Find the equivalent torsional spring constant of the system shown in Fig. 1.70. Assume that

and are torsional and and are linear spring constants.k6k5k4k1, k2, k3,
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force F is zero. Determine the equivalent spring constant of the system that relates the

force applied (F) to the resulting displacement (x) as

Hint: Because the spring constants of the two springs are different and the distances and 

are not the same, the rigid bar will not remain horizontal when the force F is applied.

1.9 In Fig. 1.69, find the equivalent spring constant of the system in the direction of u.
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FIGURE 1.68 Parallel springs subjected to load.
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FIGURE 1.69

1.10 Find the equivalent torsional spring constant of the system shown in Fig. 1.70. Assume that

and are torsional and and are linear spring constants.k6k5k4k1, k2, k3,
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1.11 A machine of mass is mounted on a simply supported steel beam of length

having a rectangular cross section and Young s 

modulus To reduce the vertical deflection of the beam, a spring of

stiffness k is attached at mid-span, as shown in Fig. 1.71. Determine the value of k needed to

reduce the deflection of the beam by

a. 25 percent of its original value.

b. 50 percent of its original value.

c. 75 percent of its original value.

Assume that the mass of the beam is negligible.

E = 2.06 * 1011
 N/m

2.

(depth = 0.1 m, width = 1.2 m)l = 2 m

m = 500 kg

k5 k6

k4

k3

k2

k1

R
u

FIGURE 1.70

k

m

l

FIGURE 1.71

1.12 A bar of length L and Young s modulus E is subjected to an axial force. Compare the spring

constants of bars with cross sections in the form of a solid circle (of diameter d), square (of

side d) and hollow circle (of mean diameter d and wall thickness ). Determine which

of these cross sections leads to an economical design for a specified value of axial stiffness

of the bar.

t = 0.1d
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1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.
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FIGURE 1.76 Rigid bar connected by
springs.
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FIGURE 1.75 Mass connected by springs.
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1.13 A cantilever beam of length L and Young s modulus E is subjected to a bending force at its

free end. Compare the spring constants of beams with cross sections in the form of a solid

circle (of diameter d), square (of side d), and hollow circle (of mean diameter d and wall

thickness ). Determine which of these cross sections leads to an economical design

for a specified value of bending stiffness of the beam.

1.14 An electronic instrument, weighing 200 lb, is supported on a rubber mounting whose force-

deflection relationship is given by where the force (F) and the

deflection (x) are in pounds and inches, respectively. Determine the following:

a. Equivalent linear spring constant of the mounting at its static equilibrium position.

b. Deflection of the mounting corresponding to the equivalent linear spring constant.

1.15 The force-deflection relation of a steel helical spring used in an engine is found experimen-

tally as where the force (F) and deflection (x) are mea-

sured in pounds and inches, respectively. If the spring undergoes a steady deflection of 0.5 in.

during the operation of the engine, determine the equivalent linear spring constant of the

spring at its steady deflection.

1.16 Four identical rigid bars each of length a are connected to a spring of stiffness k to form

a structure for carrying a vertical load P, as shown in Figs. 1.72(a) and (b). Find the equiva-

lent spring constant of the system for each case, disregarding the masses of the bars and

the friction in the joints.

k
eq

,

F(x) = 200 x + 50  x2
+ 10 x3,

F(x) = 800 x + 40 x3,

t = 0.1d

b

P

(a)

k

a

P

a

(b)

k

b

FIGURE 1.72

1.17 The tripod shown in Fig. 1.73 is used for mounting an electronic instrument that finds the

distance between two points in space. The legs of the tripod are located symmetrically

about the mid-vertical axis, each leg making an angle with the vertical. If each leg has a

length l and axial stiffness k, find the equivalent spring stiffness of the tripod in the vertical

direction.

a
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3-) Determine as constantes de mola equivalentes para os modelos abaixo. E.H.S. que julgar 
necessárias. 
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1.13 A cantilever beam of length L and Young s modulus E is subjected to a bending force at its

free end. Compare the spring constants of beams with cross sections in the form of a solid

circle (of diameter d), square (of side d), and hollow circle (of mean diameter d and wall

thickness ). Determine which of these cross sections leads to an economical design

for a specified value of bending stiffness of the beam.

1.14 An electronic instrument, weighing 200 lb, is supported on a rubber mounting whose force-

deflection relationship is given by where the force (F) and the

deflection (x) are in pounds and inches, respectively. Determine the following:

a. Equivalent linear spring constant of the mounting at its static equilibrium position.

b. Deflection of the mounting corresponding to the equivalent linear spring constant.

1.15 The force-deflection relation of a steel helical spring used in an engine is found experimen-

tally as where the force (F) and deflection (x) are mea-

sured in pounds and inches, respectively. If the spring undergoes a steady deflection of 0.5 in.

during the operation of the engine, determine the equivalent linear spring constant of the

spring at its steady deflection.

1.16 Four identical rigid bars each of length a are connected to a spring of stiffness k to form

a structure for carrying a vertical load P, as shown in Figs. 1.72(a) and (b). Find the equiva-

lent spring constant of the system for each case, disregarding the masses of the bars and

the friction in the joints.
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,

F(x) = 200 x + 50  x2
+ 10 x3,

F(x) = 800 x + 40 x3,

t = 0.1d

b
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k
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FIGURE 1.72

1.17 The tripod shown in Fig. 1.73 is used for mounting an electronic instrument that finds the

distance between two points in space. The legs of the tripod are located symmetrically

about the mid-vertical axis, each leg making an angle with the vertical. If each leg has a

length l and axial stiffness k, find the equivalent spring stiffness of the tripod in the vertical

direction.

a
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1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.
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FIGURE 1.76 Rigid bar connected by
springs.
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FIGURE 1.77 U-tube
manometer.
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FIGURE 1.75 Mass connected by springs.
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PROBLEMS 89

1.6* Develop a mathematical model for the tractor and plow shown in Fig. 1.66 by considering

the mass, elasticity, and damping of the tires, shock absorbers, and plows (blades).

Shock absorber

Plow

FIGURE 1.66 A tractor and plow.

Section 1.7 Spring Elements

1.7 Determine the equivalent spring constant of the system shown in Fig. 1.67.

k4

k5

k3k3

k2

k1k1

FIGURE 1.67 Springs in

series-parallel.

1.8 Consider a system of two springs, with stiffnesses and arranged in parallel as shown in

Fig. 1.68. The rigid bar to which the two springs are connected remains horizontal when the

k2,k1
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force F is zero. Determine the equivalent spring constant of the system that relates the

force applied (F) to the resulting displacement (x) as

Hint: Because the spring constants of the two springs are different and the distances and 

are not the same, the rigid bar will not remain horizontal when the force F is applied.

1.9 In Fig. 1.69, find the equivalent spring constant of the system in the direction of u.

l2l1

F = kex

(ke)
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k1 k2

x

F

l2

FIGURE 1.68 Parallel springs subjected to load.
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u

FIGURE 1.69

1.10 Find the equivalent torsional spring constant of the system shown in Fig. 1.70. Assume that

and are torsional and and are linear spring constants.k6k5k4k1, k2, k3,
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force F is zero. Determine the equivalent spring constant of the system that relates the

force applied (F) to the resulting displacement (x) as

Hint: Because the spring constants of the two springs are different and the distances and 

are not the same, the rigid bar will not remain horizontal when the force F is applied.

1.9 In Fig. 1.69, find the equivalent spring constant of the system in the direction of u.
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FIGURE 1.68 Parallel springs subjected to load.
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1.10 Find the equivalent torsional spring constant of the system shown in Fig. 1.70. Assume that

and are torsional and and are linear spring constants.k6k5k4k1, k2, k3,
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1.11 A machine of mass is mounted on a simply supported steel beam of length

having a rectangular cross section and Young s 

modulus To reduce the vertical deflection of the beam, a spring of

stiffness k is attached at mid-span, as shown in Fig. 1.71. Determine the value of k needed to

reduce the deflection of the beam by

a. 25 percent of its original value.

b. 50 percent of its original value.

c. 75 percent of its original value.

Assume that the mass of the beam is negligible.

E = 2.06 * 1011
 N/m

2.

(depth = 0.1 m, width = 1.2 m)l = 2 m

m = 500 kg

k5 k6

k4

k3

k2

k1

R
u

FIGURE 1.70

k

m

l

FIGURE 1.71

1.12 A bar of length L and Young s modulus E is subjected to an axial force. Compare the spring

constants of bars with cross sections in the form of a solid circle (of diameter d), square (of

side d) and hollow circle (of mean diameter d and wall thickness ). Determine which

of these cross sections leads to an economical design for a specified value of axial stiffness

of the bar.

t = 0.1d
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1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.
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FIGURE 1.76 Rigid bar connected by
springs.
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FIGURE 1.75 Mass connected by springs.
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1.13 A cantilever beam of length L and Young s modulus E is subjected to a bending force at its

free end. Compare the spring constants of beams with cross sections in the form of a solid

circle (of diameter d), square (of side d), and hollow circle (of mean diameter d and wall

thickness ). Determine which of these cross sections leads to an economical design

for a specified value of bending stiffness of the beam.

1.14 An electronic instrument, weighing 200 lb, is supported on a rubber mounting whose force-

deflection relationship is given by where the force (F) and the

deflection (x) are in pounds and inches, respectively. Determine the following:

a. Equivalent linear spring constant of the mounting at its static equilibrium position.

b. Deflection of the mounting corresponding to the equivalent linear spring constant.

1.15 The force-deflection relation of a steel helical spring used in an engine is found experimen-

tally as where the force (F) and deflection (x) are mea-

sured in pounds and inches, respectively. If the spring undergoes a steady deflection of 0.5 in.

during the operation of the engine, determine the equivalent linear spring constant of the

spring at its steady deflection.

1.16 Four identical rigid bars each of length a are connected to a spring of stiffness k to form

a structure for carrying a vertical load P, as shown in Figs. 1.72(a) and (b). Find the equiva-

lent spring constant of the system for each case, disregarding the masses of the bars and

the friction in the joints.

k
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,

F(x) = 200 x + 50  x2
+ 10 x3,

F(x) = 800 x + 40 x3,

t = 0.1d

b

P
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k
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k
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FIGURE 1.72

1.17 The tripod shown in Fig. 1.73 is used for mounting an electronic instrument that finds the

distance between two points in space. The legs of the tripod are located symmetrically

about the mid-vertical axis, each leg making an angle with the vertical. If each leg has a

length l and axial stiffness k, find the equivalent spring stiffness of the tripod in the vertical

direction.

a
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PROBLEMS 93

1.18 The static equilibrium position of a massless rigid bar, hinged at point O and connected with

springs and is shown in Fig. 1.74. Assuming that the displacement (x) resulting from

the application of a force F at point A is small, find the equivalent spring constant of the sys-

tem, that relates the applied force F to the displacement x as F = kex.ke,

k2,k1

FIGURE 1.73

F O

k2 * k

k1 * 2k

x

A

l

4

l

4

l

2

l

4

FIGURE 1.74 Rigid bar connected by springs.

1.19 Figure 1.75 shows a system in which the mass m is directly connected to the springs with

stiffnesses and while the spring with stiffness or comes into contact with the mass

based on the value of the displacement of the mass. Determine the variation of the spring

force exerted on the mass as the displacement of the mass (x) varies.

1.20 Figure 1.76 shows a uniform rigid bar of mass m that is pivoted at point O and connected by

springs of stiffnesses and Considering a small angular displacement of the rigid bar

about the point O, determine the equivalent spring constant associated with the restoring

moment.

uk2.k1

k4k 3k2k 1
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where G is the shear modulus, d is the wire diameter, D is the coil diameter, and N is the

number of turns. Find the spring constant and the weight of a helical spring made of steel for

the following data: 

1.33 Two helical springs, one made of steel and the other made of aluminum, have identical val-

ues of d and D. (a) If the number of turns in the steel spring is 10, determine the number of

turns required in the aluminum spring whose weight will be same as that of the steel spring,

(b) Find the spring constants of the two springs.

D = 0.2 m, d = 0.005 m, N = 10.

P

k5

u1

u2

u3

u4

k9

k4k2

k1

k6

k7

k3

k8

FIGURE 1.85

k1 * k

k2 * 2 k

k3 * 3k F x

l2 *
2l 

3

l1 *
l 

3

l

FIGURE 1.86 Rigid bar connected by springs.
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3-) Determine as constantes de mola equivalentes para os modelos abaixo. E.H.S. que julgar 
necessárias. 
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1.13 A cantilever beam of length L and Young s modulus E is subjected to a bending force at its

free end. Compare the spring constants of beams with cross sections in the form of a solid

circle (of diameter d), square (of side d), and hollow circle (of mean diameter d and wall

thickness ). Determine which of these cross sections leads to an economical design

for a specified value of bending stiffness of the beam.

1.14 An electronic instrument, weighing 200 lb, is supported on a rubber mounting whose force-

deflection relationship is given by where the force (F) and the

deflection (x) are in pounds and inches, respectively. Determine the following:

a. Equivalent linear spring constant of the mounting at its static equilibrium position.

b. Deflection of the mounting corresponding to the equivalent linear spring constant.

1.15 The force-deflection relation of a steel helical spring used in an engine is found experimen-

tally as where the force (F) and deflection (x) are mea-

sured in pounds and inches, respectively. If the spring undergoes a steady deflection of 0.5 in.

during the operation of the engine, determine the equivalent linear spring constant of the

spring at its steady deflection.

1.16 Four identical rigid bars each of length a are connected to a spring of stiffness k to form

a structure for carrying a vertical load P, as shown in Figs. 1.72(a) and (b). Find the equiva-

lent spring constant of the system for each case, disregarding the masses of the bars and

the friction in the joints.

k
eq

,

F(x) = 200 x + 50  x2
+ 10 x3,

F(x) = 800 x + 40 x3,

t = 0.1d

b

P

(a)

k

a

P

a

(b)

k

b

FIGURE 1.72

1.17 The tripod shown in Fig. 1.73 is used for mounting an electronic instrument that finds the

distance between two points in space. The legs of the tripod are located symmetrically

about the mid-vertical axis, each leg making an angle with the vertical. If each leg has a

length l and axial stiffness k, find the equivalent spring stiffness of the tripod in the vertical

direction.

a
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1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.

g.
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mg
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l 
4

l 
2

l

FIGURE 1.76 Rigid bar connected by
springs.
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Datum

Area, A
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FIGURE 1.77 U-tube
manometer.
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FIGURE 1.75 Mass connected by springs.
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1.6* Develop a mathematical model for the tractor and plow shown in Fig. 1.66 by considering

the mass, elasticity, and damping of the tires, shock absorbers, and plows (blades).

Shock absorber

Plow

FIGURE 1.66 A tractor and plow.

Section 1.7 Spring Elements

1.7 Determine the equivalent spring constant of the system shown in Fig. 1.67.

k4

k5

k3k3

k2

k1k1

FIGURE 1.67 Springs in

series-parallel.

1.8 Consider a system of two springs, with stiffnesses and arranged in parallel as shown in

Fig. 1.68. The rigid bar to which the two springs are connected remains horizontal when the

k2,k1
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force F is zero. Determine the equivalent spring constant of the system that relates the

force applied (F) to the resulting displacement (x) as

Hint: Because the spring constants of the two springs are different and the distances and 

are not the same, the rigid bar will not remain horizontal when the force F is applied.

1.9 In Fig. 1.69, find the equivalent spring constant of the system in the direction of u.

l2l1

F = kex

(ke)

l1

k1 k2

x

F

l2

FIGURE 1.68 Parallel springs subjected to load.

kt1

kt2

k3

k1

k2

l2

l1

u

FIGURE 1.69

1.10 Find the equivalent torsional spring constant of the system shown in Fig. 1.70. Assume that

and are torsional and and are linear spring constants.k6k5k4k1, k2, k3,
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1.10 Find the equivalent torsional spring constant of the system shown in Fig. 1.70. Assume that

and are torsional and and are linear spring constants.k6k5k4k1, k2, k3,
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1.11 A machine of mass is mounted on a simply supported steel beam of length

having a rectangular cross section and Young s 

modulus To reduce the vertical deflection of the beam, a spring of

stiffness k is attached at mid-span, as shown in Fig. 1.71. Determine the value of k needed to

reduce the deflection of the beam by

a. 25 percent of its original value.

b. 50 percent of its original value.

c. 75 percent of its original value.

Assume that the mass of the beam is negligible.

E = 2.06 * 1011
 N/m

2.

(depth = 0.1 m, width = 1.2 m)l = 2 m

m = 500 kg

k5 k6

k4

k3

k2

k1

R
u

FIGURE 1.70

k

m

l

FIGURE 1.71

1.12 A bar of length L and Young s modulus E is subjected to an axial force. Compare the spring

constants of bars with cross sections in the form of a solid circle (of diameter d), square (of

side d) and hollow circle (of mean diameter d and wall thickness ). Determine which

of these cross sections leads to an economical design for a specified value of axial stiffness

of the bar.

t = 0.1d
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1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.

g.

k2

k1

mg

O

l 
4

l 
2

l

FIGURE 1.76 Rigid bar connected by
springs.

x

Datum

Area, A

x

FIGURE 1.77 U-tube
manometer.

mk3 k4

k1 k2

d2

x0

d3 d3 d4

FIGURE 1.75 Mass connected by springs.
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1.13 A cantilever beam of length L and Young s modulus E is subjected to a bending force at its

free end. Compare the spring constants of beams with cross sections in the form of a solid

circle (of diameter d), square (of side d), and hollow circle (of mean diameter d and wall

thickness ). Determine which of these cross sections leads to an economical design

for a specified value of bending stiffness of the beam.

1.14 An electronic instrument, weighing 200 lb, is supported on a rubber mounting whose force-

deflection relationship is given by where the force (F) and the

deflection (x) are in pounds and inches, respectively. Determine the following:

a. Equivalent linear spring constant of the mounting at its static equilibrium position.

b. Deflection of the mounting corresponding to the equivalent linear spring constant.

1.15 The force-deflection relation of a steel helical spring used in an engine is found experimen-

tally as where the force (F) and deflection (x) are mea-

sured in pounds and inches, respectively. If the spring undergoes a steady deflection of 0.5 in.

during the operation of the engine, determine the equivalent linear spring constant of the

spring at its steady deflection.

1.16 Four identical rigid bars each of length a are connected to a spring of stiffness k to form

a structure for carrying a vertical load P, as shown in Figs. 1.72(a) and (b). Find the equiva-

lent spring constant of the system for each case, disregarding the masses of the bars and

the friction in the joints.

k
eq

,

F(x) = 200 x + 50  x2
+ 10 x3,

F(x) = 800 x + 40 x3,

t = 0.1d

b

P

(a)

k

a

P

a

(b)

k

b

FIGURE 1.72

1.17 The tripod shown in Fig. 1.73 is used for mounting an electronic instrument that finds the

distance between two points in space. The legs of the tripod are located symmetrically

about the mid-vertical axis, each leg making an angle with the vertical. If each leg has a

length l and axial stiffness k, find the equivalent spring stiffness of the tripod in the vertical

direction.

a
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PROBLEMS 219

Hammer

k

k

k

Spring

Anvil

k

FIGURE 2.59

2.19 The natural frequency of a spring-mass system is found to be 2 Hz. When an additional mass

of 1 kg is added to the original mass m, the natural frequency is reduced to 1 Hz. Find the

spring constant k and the mass m.

2.20 An electrical switch gear is supported by a crane through a steel cable of length 4 m and

diameter 0.01 m (Fig. 2.61). If the natural time period of axial vibration of the switch gear is

found to be 0.1 s, find the mass of the switch gear.

2.21 Four weightless rigid links and a spring are arranged to support a weight W in two different

ways, as shown in Fig. 2.62. Determine the natural frequencies of vibration of the two

arrangements.

W

l1, E1, I1

l2 , E2, I2

FIGURE 2.60
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(a) (b) 

(c) (d) 

(e) (f) 

3-) O modelo mecânico mostrado abaixo possui duas entradas, o deslocamento xi(t) e a força fi(t),
aplicadas ao amortecedor B1 e à massa M2, respectivamente. Estabeleça hipóteses simplificadoras
que julgar necessárias.
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1- Para os modelos abaixo determine as F.T. indicadas (i-entrada, o-saída) 
 

Sistema Sistema 

 
  

 
 

 

 
 

 

 
 

 

 
 

       

 
 
  

 
  
 
 

 

 
 
2-)  O sistema mecânico mostrado abaixo possui duas entradas, o deslocamento xi(t) e a 
força fi(t), aplicadas no amortecedor B1 e massa M2, respectivamente. Todos os elementos 
são puros e ideiais. Estabeleça hipóteses simplificadoras adicionais que julgar necessárias.  
 

 
 
a) Deduza as equações diferenciais do modelo. Mostre seu trabalho ! 
b) Determine as F.T. X1(s)/Xi(s) e X2(s)/Xi(s). 
c) Considere que a força exercida pela mola na massa M2 é f0. Determine a F.T. F0(s)/Fi(s).  
 
 

oo

xi xo xi
xo

o

o

xi xo

o

fi

xo

o

o

xi xo

o

xi xo

o

o

xi xo

o

xi
xo

o

o

xi xo

o

fi

xo

o

o

xi xo

o fi

xo

o

o

xi xo

o o

xi xo

o

B1
M1

M2

B2

K

xi x1 x2
fi

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

o

xi xo

o
o

xi xo

o
(16) 

a) Deduza as equações diferenciais do modelo. Mostre seu trabalho !
b) Determine as F.T. X1(s)/Xi(s) e X2(s)/Xi(s).
c) Considere que a força exercida pela mola na massa M2 seja f0. Determine a F.T. F0(s)/Fi(s).

4-) A figura abaixo mostra o conhecido modelo mecânico de 02 graus de liberdade (02-GDL), muito
empregado em estudos iniciais da dinâmica e vibrações de sistemas discretos. O modelo possui
duas entradas, dadas pelas forças f1(t) e f2(t), aplicadas às massas M1 e M2. As sáıdas do modelo
são os deslocamentos absolutos u1(t) e u2(t).94 CHAPTER 1 FUNDAMENTALS OF VIBRATION

1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.

g.

k2

k1

mg

O

l 
4

l 
2

l

FIGURE 1.76 Rigid bar connected by
springs.

x

Datum

Area, A

x

FIGURE 1.77 U-tube
manometer.

mk3 k4

k1 k2

d2

x0

d3 d3 d4

FIGURE 1.75 Mass connected by springs.
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//\\ //\\

//\\
//\\

M1 M2

k1 k2

B1 B2

u1(t) u2(t)

f1(t) f2(t)

a) Deduza as equações diferenciais do modelo para as entradas e sáıdas mencionadas. Uma vez
obtidas tais equações, coloque-as na forma matricial, devendo você encontrar uma equação do tipo

[M ]{ü} + [B]{u̇} + [K]{u} = {p(t)} (1)

onde [M ], [B] e [K] são as conhecidas matrizes de massa, amortecimento e rigidez do modelo, res-
pectivamente e, {u} = {u(t)} e {p(t)} são os vetores contendo as sáıdas e entradas. Identifique tais
matrizes no problema em questão e faça uma análise detalhada de suas caracteŕısticas principais,
escrevendo-as para fixação de conceitos.

b) Usando as equações deduzidas no ı́tem anterior, obtenha as seguintes F.T. considerando-se nulas
todas as condições iniciais do problema: (i) U1(s)/F1(s); (ii) U2(s)/F1(s); (iii) U2(s)/F1(s); (iv)
U2(s)/F2(s). Uma vez obtida as F.T. indicadas, faça uma análise comparativa entre elas, desta-
cando suas principais semelhanças e diferencas.

c) A resposta do sistema no domı́nio da Variável de Laplace s pode ser escrita da seguinte forma:

{U(s)} = [H(s)]{F (s)} (2)

seu trabalho aqui é identificar para o problema em questão a matriz de F.T. [H(s)] do modelo bem
como os vetores de entrada {F (s)} e sáıda {U(s)}.

d) Suponha agora que f1(t) = f2(t) = 0 e que a entrada no modelo seja dado por um deslocamento
horizontal e absoluto x(t) aplicado na fronteira do sistema (terminais esquerdos de k1 eB1). Repita o

3
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ı́tem (a) identificando as matrizes do problema bem como os vetores envolvidos. Dica: após deduzir
novamente as equações de movimento, você deverá encontrar uma equação matricial do tipo

[M̄ ]{ü} + [B̄]{u̇} + [K̄]{u} = {a}x(t) + {b}ẋ (3)

novamente, faça uma análise das grandezas encontradas e compare-as àquelas obtidas no ı́tem (b).

e) Usando a Transformada de Laplace, considerando nulas as condições iniciais do problema, obte-
nha as F.T.: (i) U1(s)/X(s); (ii) U2(s)/X(s). E, agora, similarmente ao que foi feito no ı́tem (c)
escreva as equações no domı́nio de Laplace na forma

{U(s)} = [H̄(s)]{X(s)} (4)

e discuta as principais diferenças entre os modelos de resposta dados pelas Equações 2 e 4.

5-) A figura abaixo mostra um modelo dinâmico onde tem-se duas massas M1 e M2. A primeira
apoia-se sobre uma superf́ıcie horizontal e plana e a segunda apoia-se sobre a primeira. Entre o solo
e M1 existe uma fina camada de óleo lubrificante cuja constante viscosa equivalente é B3. O mesmo
de observa entre as superf́ıcies superior de M1 e inferior de M2 (B2). A entrada do modelo é uma
força horizontal f(t) aplicada à massa M2. As variáveis x(t) e z(t) são o deslocamento absoluto de
M1 e o deslocamento relativo entre M1 e M2, respectivamente.

94 CHAPTER 1 FUNDAMENTALS OF VIBRATION

1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.
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//\\ x(t)

B1

B2

B3

k2

k1
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\\
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//\\

a) Deduza as equações diferenciais de movimento para o modelo considerando como variáveis de
sáıda as variáveis x(t) e z(t).

b) Repita o ı́tem (a) agora considerando como sáıda x(t) e o deslocamento absoluto horizontal y(t)
de M2. Compare os resultados dos dois ı́tens, analisando suas semelhanças e diferenças. Sugestão:
embora não solicitado, esta análise comparativa pode ser efetuada escrevendo-se as equações em
ambos os casos na forma matricial !

6-) Para o modelo mostrado abaixo x1 e x2 denotam as elongações das molas k1 e k2, respectiva-
mente. Quando x1 = x2 = 0 todas as molas encontram-se em seus comprimentos naturais (nem
alongadas ou comprimidas. (i) Obtenha as equações diferenciais de movimento para o modelo para
as sáıdas x1 e x2 mostradas; (ii) Determine os valores de x1 e de x2 que correspondem à posição

4
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de equiĺıbrio estático (quando fi(t) = 0) e as massas não apresentam qualquer oscilação.
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8-) Considere os modelos dinâmicos mostrados abaixo. (i) Para ambos, obtenha suas equações
diferenciais no domı́nio do tempo e as compare. Sugestão: para esta comparação procure escrever
os termos inerciais em função da velocidade das massas e não de suas acelerações. (ii) Para o
modelo (b) discuta o papela da polia quanto à suas propriedades de inércia. Estabeleça hipóteses
simplificadoras que julgar necessárias. Considere que nas configurações mostradas u1 = 0 e u2 = 0
correspondem as condições onde as molas se encontram em seus comprimentos naturais.

94 CHAPTER 1 FUNDAMENTALS OF VIBRATION

1.21 Figure 1.77 shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length l and specific weight Considering a small displacement x of the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.
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9-) Para o modelo f́ısico abaixo, as forças de mola são nulas quando u1 = u2 = u3 = 0. Considere,
inicialmente a base estacionária tal que u3 = 0. Obtenha as equações de movimento para a entrada
mostrada. Agora, repita o problema quando a base de massa M3 é liberada a se mover sobre o plano.

//\\ //\\

M1 M2
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10-) No modelo geométrico mostrado abaixo, os dois eixos são considerados flex́ıveis, com constantes
elásticas torsionais respectivamente iguais a k1 e k2. Os dois discos, de momentos de inércia J1 e
J2 são apoiados em mancais cujo atrito com os eixos pode ser desprezado comparativamente aos
elementos viscosos B1 e B2. (i) Obtenha as equações diferenciais para os discos em termos dos
deslocamentos angulares mostrados; (ii) Obtenha em seguida as F.T. relacionando essas variáveis
de sáıda à entrada torque Ti(t).

//\\ //\\

/ / /

/ / /

/ / /

/ / /

/ /
 / / /
 /

B2 B1

k2 k1

J2 J1

q2 q1
Ti

11-) A figura abaixo mostra dois modelos geométricos muito usados em projeto de máquinas: (a)
sistema pinhão (engrenagem reta de raio R) e cremalheira (”engrenagem”linear); (b) sistema pinhão
(engrenagem menor) - coroa (engrenagem maior). Em ambos os casos considere que a entrada no
modelo seja um torque T e T1 aplicados conforme indicado. Para (a) determine a F.T. relacionando
o deslocamento horizontal x(t) da cremalheira, que se move numa guia horizontal, existindo uma
fina camada viscosa de constante equivalente c entre a superf́ıcie inferior da cremalheira e o plano.
Para o modelo (b) obenta a F.T. relacionando o deslocamento angular θ3 da inércia I2 em relação
ao torque de entrada T1. Estabeleça as hipóteses simplificadoras que julgar necessárias.
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Figure P4.65
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4.67 Assuming that θ is small, derive the equations of motion of the systems
shown in parts (a) and (b) of Figure P4.67. When θ = 0 the systems are in
equilibrium. Are the systems stable, neutrally stable, or unstable?
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4.68 Assuming that θ is small, derive the equation of motion of the pendulum
shown in Figure P4.68. The pendulum is in equilibrium when θ = 0. Is the
system stable, neutrally stable, or unstable?

4.69 Assuming that θ is small, derive the equation of motion of the pendulum
shown in Figure P4.69. The input is y(t) and the output is θ . The equilibrium
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12-) Para o modelo mostrado abaixo determine a F.T. relacionando o deslocamento absoluto da
massa M , x(t) com a força tangencial fa(t) aplicada ao volante de momento de inércia J . Estabeleça
hipóteses que julgar necessárias.

Problems • 133 

Figure PS.22 

5.23. Starting with (63), find the input-output differential equation for the system shown in 
Figure 5 .27, taking Ta (t) as the input and x as the output. 

5.24. In the mechanical system shown in Figure P 5.24, the cable is wrapped around the disk 
and does not slip or stretch. The input is the force fa (t), and the output is the displacement 
x. The springs are undeflected when (} = x = 0. 

a. Write the system model as a pair of differential equations involving only the vari-
ables x, (}, fa(t), and their derivatives. 

b. Select state variables and write the model in state-variable form. 

c. Find an input-output differential equation relating x and fa(t) when Ki = K1 = 
K3 =Bi= B2 = M = J = R = 1 in a consistent set of units. 

Figure PS.24 

5.25. A mass and a translational spring are suspended by cables wrapped around two 
sections of a drum as shown in Figure P,5.25. The cables are assumed not to stretch, and 
the moment of inertia of the drum is J. The viscous-friction coefficient between the drum 
and a fixed surface is denoted by B. The spring is neither stretched nor compressed when 
(} = 0. 

a. Write a differential equation describing the system in terms of the variable (}. 

b. For what value of(} will the rotational element remain motionless? 

c. Rewrite the system's differential equation in terms of¢, the relative angular dis-
placement with respect to the static-equilibrium position you found in part (b ). 
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