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Abstract: The increasing access to inexpensive sensors, computing power, and more accurate forecasting of storm events provides unique
opportunities to shift flood management practices from static approaches to an optimization-based real-time control (RTC) of urban drainage
systems. Recent studies have addressed a plethora of strategies for flood control in stormwater reservoirs; however, advanced control theoretic
techniques are not yet fully investigated and applied to these systems. In addition, there is an absence of a coupled integrated control model for
systems composed of watersheds, reservoirs, and channels for flood mitigation. To this end, we developed a novel nonlinear state-space model
of hydrologic and hydrodynamic processes in watersheds, reservoirs, and one-dimensional channels. The model was tested under different types
of reservoir control strategies based on real-time measurements (reactive control) and predictions of the future behavior of the system (predictive
control) using rainfall forecastings. We applied the modeling approach in a system composed of a single watershed, reservoir, and channel
connected in series for the observed rainfall data in San Antonio. Results indicate that for flood mitigation, the predictive control strategy
outperforms the reactive controls not only when applied for synthetic design storm events, but also for a continuous simulation. Moreover,
the predictive control strategy requires smaller valve operations while still guaranteeing efficient hydrological performance. From the results, we
recommend the use of the nonlinear model predictive control strategy to control stormwater systems because of the ability to handle different
objective functions, which can be altered according to rainfall forecasting and shift the reservoir operation from flood-based control to strategies
focused on increasing detention times, depending on the forecasting. DOI: 10.1061/(ASCE)WR.1943-5452.0001588. This work is made
available under the terms of the Creative Commons Attribution 4.0 International license, https://creativecommons.org/licenses/by/4.0/.

Author keywords: Real-time control (RTC); Smart urban drainage systems; Control theory; Model predictive control; Linear quadratic
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Introduction

Floods are the deadliest natural disaster in the United States and
throughout the world (Wing et al. 2020). Estimated global flood
damages from 1980 to 2019 exceed USD 750 billion, with a peak

in 2012 of nearly USD 70 billion (Our World in Data 2021). Storm
events are expected to become more frequent and intense because of
climate change, likely increasing not only economic but also social
and environmental impacts, posing flood control as one of the greatest
challenges for future planning and management of water resources
(Gasper et al. 2011). Flood control measures in urban stormwater in-
frastructures are typically performed by static operations of valves,
gates, pumps, and/or tunnels based on predefined heuristic rules.With
the advances in real-time control strategies such as the advent of in-
expensive sensors, wireless communication, microprocessors, and
microcontrollers, opportunities to enhance flood management are evi-
dent. Therefore, control theory methods can be applied to enhance
water resources management by deploying optimization-based con-
trol algorithms. Despite the fact that control theoretic methods have
been applied to control combined sewer systems, reservoirs, and
drinking water systems (Duchesne et al. 2001; Troutman et al.
2020; Wang et al. 2020), it is a relatively new technique for drainage
systems with separated infrastructure for stormwater and sanitary
sewage (Wong and Kerkez 2018; Lund et al. 2018).

Most drainage infrastructure in major cities was built to operate
as static systems. These systems, to convey and/or store large storms
(e.g., 100-year storms), typically require relatively large dimensions.
However, over the life span, the aging infrastructure, lack of proper
maintenance, or the increasing of expected surface runoff (e.g., cli-
mate change and urbanization) can decrease the system reliability
and hence increase the risk of flooding (Kessler 2011; Zhang et al.
2018). Real-time control (RTC) of the existent systems (e.g., water-
sheds, reservoirs, channels) can change the flow-storage regime by
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controlling actuators such as valves and pumps and ultimately restore
or increase the level of protection against flooding. However, new
stormwater systems designed for RTCs could require smaller surface
areas and volumes, potentially leading to an overall cost reduction
for the same level of expected performance (Wong and Kerkez 2018;
Brasil et al. 2021; Xu et al. 2021).

Literature Review

The reviewed literature shows several applications of optimization of
flow characteristics in a hydraulic structure (i.e., reservoir, channel,
pipe, tunnel) to provide multiple benefits and increase the average
performance for different water-related problems. An optimized con-
trol of the drainage facilities can enhance erosion control (Schmitt
et al. 2020), provide stormwater runoff treatment because of higher
detention times (Sharior et al. 2019), increase navigability conditions
in canals (Horváth et al. 2014), and not only reduce flood downstream
locally but also reshape the hydrographs in a desired way set by the
developed optimization problem (Wong and Kerkez 2018).

Another example of RTC approaches applied to water systems is
on the topic of combined sewer overflows, which has an extensive
literature (García et al. 2015; Ocampo-Martínez and Puig 2010;
Joseph-Duran et al. 2015). However, only a few cities worldwide
have applied optimization-based RTC in their drainage systems
(Lund et al. 2018). Nonetheless, only a few studies assessed the
benefits of RTCs in separated drainage systems. In general, there
are two types of control strategies: reactive controls (i.e., based on
real-time measurements), and predictive controls (i.e., based on
predictions of the future behavior of the system). Reactive controls
can be used with heuristic or rule-based approaches and with
optimization-based approaches. Predictive controls are typically
solved with optimization-based approaches. Recently, Schmitt
et al. (2020) assessed the role of heuristic and reactive control rules
(i.e., based on real-time measurements) applied to valves in storm-
water reservoirs (i.e., actions are made based on measured states),
focusing on control of erosive flows. The RTC efficiency was as-
sessed through flow–duration curves, providing exceedance prob-
abilities for any given flow. Although the RTC application provided
a significant flow reduction for relatively small flows, its imple-
mentation for larger storms (i.e., > 1 year) had slightly less or equal
peak flow reduction as the passive control. In several assessed
storms, the outflows were larger than the inflows, indicating the
RTC increased the likelihood of large flows. Because the controls
were guided to increase water quality by increasing detention times
(e.g., the control algorithm principle relies on storing the water for
1 or 2 days for any particular event), when sequential storm events
occur flood risks increased because the storage capacity was nearly
full from previous storms.

The research conducted byWong and Kerkez (2018) presents an
optimization methodology for the control of stormwater reservoirs
to identify optimal but reactive control based on measured states.
A Stormwater Management Model (SWMM) (Rossman 2010) was
used to estimate the flow dynamics in a watershed with several res-
ervoirs and links. The model outputs were used in a linear quadratic
regulator (LQR) control to decide the valve openings schedule in a
set of controlled assets. Although the control schedule given by the
LQR reduced peak flows in several ponds, a few had higher outflow
peaks in some of the most intense storms assessed, mostly because
of the lack of predictability of the future states of the system. Their
results illustrate how RTC can increase flood control performance
of urban drainage systems, but also indicate that without predic-
tions, its practicality might be limited.

In contrast to heuristic and reactive controls, Shishegar et al.
(2019) developed an optimization-based approach using a model

predictive controller (MPC) for operating valves in a stormwater
detention pond. They used a calibrated SWMM model for the
watershed and formulated the water balance dynamical problem
in the reservoir by linear programming with flows as decision var-
iables. Their approach reshaped hydrographs out of the stormwater
reservoir according to the control objective, although several sim-
plifications were adopted: (1) perfect 48-hour rainfall forecasting
was used in the prediction horizon, (2) evaporation was neglected,
and (3) linear hydraulics released outflows in a linear fashion.

Other recent applications of RTC approaches using heuristic
controls for water quality enhancement such as the on/off and de-
tention control (Sharior et al. 2019), fuzzy-logic and data-driven
algorithms with genetic algorithms (Li 2020), and deep learning
(Mullapudi et al. 2020) are found in the literature and address dif-
ferent applications of RTC of urban drainage than our study. From
these studies, we categorize RTC for separated urban drainage sys-
tems into (1) static and/or optimization-based reactive controls
(i.e., control algorithm according to measured or estimated states);
and (2) predictive- or optimization-based controls (i.e., control algo-
rithms that consider future states estimation using rainfall forecasting
and hydrological models). Several rule-based control (RBC) algo-
rithms do not even require hydrological modeling, although it is man-
datory for predictive controllers (Lund et al. 2018).

Paper Objectives and Contributions

We observe from the aforementioned studies a lack of coupled
model for the main processes related to floods such as overland
flow, infiltration, reservoir routing, and channel routing that allows
the use of advanced control theory techniques. Although SWMM
or the Gridded Surface Subsurface Soil Analysis (GSSHA) are
capable of solving the usually complex shallow-water equations,
their use in optimization for large systems can be intractable for
real-time control and a simplified plant model of the flow dynami-
cal model is needed (Lund et al. 2018). Moreover, exploring the
differences between water quality controls such as detention con-
trol and on/off control, further discussed in the next sections, in
flood control performance are not yet investigated in the literature.
In this paper, we address these issues and explore the trade-offs
between reactive and predictive control strategies in regards to
flood mitigation. A schematic of the modeled system is shown
in Fig. 1, representing the three modeled systems: watersheds dis-
cretized in cells, reservoirs receiving outflows from watershed, and
channels discretized into subreaches receiving outflows from res-
ervoirs. In this model, we are only interested in floods generated by
excess of overland flow. Therefore, subsurface flow are not consid-
ered and stored volumes are assumed as overland flow volumes.

To this end, we developed a novel state-space representation of
the main processes of the water cycle related to urban catchments
(i.e., infiltration, overland flow, reservoir storage, channel routing)
using cells, reservoirs, and subreaches of channels connected as
networked dynamical systems. This state-space model is based on
energy, continuity, and momentum equations. We approached the
nonlinearities of the flow dynamics by performing successive lin-
earizations in each time step of the model using data from previous
time steps as operational points. Although we were able to linear-
ize most of the system’s equations based on the laws of physics
(e.g., water balances, energy conservations), we were unable to do
it for the rainfall intensity because of the complexity and absence
of differentiable models. Therefore, we assumed a known rainfall
input time series in the model and we modeled the watershed as a
nonlinear dynamical system.

In addition to the development of the novel state-space model,
we want to assess how varied valve control strategies behave in the
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system. To that end, we developed an MPC algorithm to enhance
the operation of valves in stormwater reservoirs, minimizing a com-
posed cost function related to flood performance. Moreover, we
compared the efficiency of reactive controls (i.e., controls based on
real-time measurements of the states) with MPC solved with a
gradient-based method (interior-point).

The fundamental contributions of this paper are described as
follows:
• We present an overall mathematical representation including the

flow dynamics in watersheds using the nonlinear reservoir and
the Green-Ampt infiltration model (Green and Ampt 1911),
coupled with reservoir routing and one-dimensional (1D) chan-
nel dynamics in a nonlinear state-space representation. This
allows optimization and real-time control of urban drainage sys-
tems without requiring extensive software packages (i.e., only
MATLAB is required).

• We derive the nonlinear dynamics of watersheds and linearize
the dynamics of reservois and channels. Because no continuous
and differentiable model is currently available for rainfall inten-
sity, we assume a known time series of rainfall as piecewise con-
tinuous input data.

• We provide a comprehensive analysis of reactive controls
(i.e., some rule-based and other optimally controlled) for
flood mitigation and tested the efficiency of water quality rule-
based algorithms presented in Sharior et al. (2019) for flood
mitigation.

• We develop and apply a servo control algorithm (Young and
Willems 1972) used in the discrete linear quadratic integra-
tor (DLQI) reactive control. This is a new application for this
control technology in urban drainage systems. This algorithm
allows tracking a specific state and can be used in reservoirs
with minimum specified water surface depths (e.g., wetlands or
retention ponds).

• We evaluate and discuss the performance of reactive RBCs
(passive, on/off, detention control) and reactive optimization-
based controls [discrete linear quadratic regulator (DLQR) and
discrete linear quadratic integrator] compared with the predic-
tive control strategy. Moreover, we explore the caveats of con-
secutive design storms and also compare the flood performance
of reactive and predictive algorithms in a continuous simulation,
providing a methodology to assess the efficiency of control
algorithms for flood mitigation.
The remainder of the paper is organized as follows: “Mathemati-

cal Model Development” develops the state-space model for water-
sheds, reservoirs, and 1D channel flow-routing dynamics. Next,
“Reactive and Predictive Control Strategies” describes the tradional

reactive controls applied to control of stormwater reservoirs. More-
over, in this section we develop a novel nonlinear MPC optmization
problem focusing on flood mitigation in channels and reservoirs.
Following, in “Mathematical Model Application”we present a case
study to test the controls presented in the aforementioned sections,
including two scenarios: two consecutive design storms of 25 years,
12 hours and 10 years, 12 hours, respectively, and a continuous
simulation scenario from April 23 to July 23, 2021 in San Antonio.
“Results and Discussion” shows the results and discussion of the
model application and “Conclusions, Limitations, and Future
Works” the conclusions, limitations, and future works. The notation
for this paper is introduced next.

Italicized, boldface upper and lowercase characters represent ma-
trices and column vectors: a is a scalar, a is a vector, and A is
a matrix. Matrix In denotes an identity square matrix of dimension
n by n, whereas 0m×n and 1m×n denote a 0 and 1 matrix with size m
by n, respectively. The notationsR andRþþ denote the set of real and
positive real numbers. Similarly, N and Nþþ denote the set of natural
and positive natural numbers. The notations Rn and Rm×n denote a
column vector with n elements and an m-by-n matrix in R. The
element-wise product or Hadamard product is defined as x○y ≔
½x1y1;x2y2; : : : ;xnyn�T multiplications. Similarly, the element-wise
division or Hadamard division is defined as x⊘ y ≔ ½x1=y1;
x2=yn; : : : ; xn=yn�T . The element-wise p power of a matrix A,
ðA°pÞ, with A ∈ Rm×n and p ∈ R is given by api;j for i ∈ Nþþ and
j ∈ Nþþ The number of elements in a set A ∪ B is nðA ∪ BÞ ¼
nðAÞ þ nðBÞ − nðA ∪ BÞ. A normally distributed random number
with averageμ and variance σ2 is notated byN ðμ;σ2ÞGiven a vector
x ∈ Rn, the notation xði∶jÞ with i and j ∈ Nþþ represents a cut in x
from the ith to jth entries.

Mathematical Model Development

The stormwater flow dynamical problem solves physics-based gov-
erning equations in each watershed, reservoir, and channel using
physically based input data. Because mass balance equations are
solved, we postulate the stormwater flow dynamical system as a
nonlinear difference-algebraic equation (DAE) state-space model.
All variables used in this paper are summarized in Table S1.

The model requires matrices and vectors to represent the dy-
namical and algebraic parts of the simulated hydrological systems,
as presented in Eq. (1). Specifically, matrix E enables the represen-
tation of the dynamics and algebraic constraints of the coupled
watershed-reservoir-channel model in a single state-space model.
Moreover, linear time-varying parts are represented by matrices

Fig. 1. (Color) System of subsystems where the watershed is discretized in cells in a 2D space, and the channel is discretized in 1D cells.
(Base map sources: Esri, Maxar Technologies, GeoEye, Earthstar Geographics, CNES/Airbus DS, USDA, USGS, AeroGRID, IGN, and the
GIS User Community.)
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AðkÞ;BðkÞ, while C represents time-invariant output matrix be-
cause the sensors are assumed to have fixed geographic placements.
In addition, offsets, nonlinearities from the watershed model, op-
erational points, rainfall intensity in each cell, outflows and inflows
connectivity from watersheds to reservoirs and from reservoirs to
channels, and integrator reference setpoints are given by ψð·Þ. The
mathematical development of these matrices and vectors is detailed
in the following sections. In this paper, we develop the DAE state-
space model for a system composed of a single watershed, reser-
voir, and channel. We collect a vector of water surface depths in
cells, reservoirs, and channels, accumulated infiltration depths
in each cell, and outflows from catchments and reservoirs as the
state vector, such that xðkÞ ¼ ½hwefðkÞ; fwd ðkÞ; qwoutðkÞ; hrðkÞ; qroutðkÞ;
hcðkÞ�T . We also assume a control vector given by uðkÞ ¼ urðkÞ.
The model parameters, states, outputs, and sources of uncertainty
are presented in Table 1. The state-space representation can be
written as

Exðkþ 1Þ ¼ AðkÞxðkÞ þ BðkÞuðkÞ þ ψðk;xðkÞ; xr�;ur�Þ ð1aÞ

yðkÞ ¼ CxðkÞ ð1bÞ

where E = singular matrix with some zero rows representing the
algebraic constraints of flow equations; AðkÞ ∈ Rn×n = state or
system matrix; xðkÞ ∈ Rn = state vector; BðkÞ ∈ Rn×m = input
matrix; uðkÞ ∈ Rm = input vector; ψðk; xr�;ur�Þ = disturbance vec-
tor; xr� and ur� = operational points that are updated each time step;
C ∈ Rp×m = output matrix; yðkÞ = output function; and k = time
step index. The vectors hwef;h

r, and hc are water surface depths
in each system, f d is the accumulated infiltration depth in the
cells of the watershed, and qwout and qrout are the watershed out-
flow and reservoir outflow, respectively. In the following sections,
we define each system and their governing equations as well the
linerizations.

For cases with more watersheds, reservoirs, and channels, the
state vector can be augmented to include the new systems, concat-
enating each individual state (e.g., hwefðkÞ ¼ ½hwef;1; : : : ; hwef;s�T)
such that xðkÞ ¼ ½hwefðkÞ; fwd ðkÞ; qwoutðkÞ;hrðkÞ; qroutðkÞ�T , uðkÞ ¼
½ur1ðkÞ; : : : ; ursðkÞ�T , where s is the number of systems composed
by watersheds, reservoirs, and channels. In this paper, we present
the mathematical formulation for a watershed-reservoir-channel
system.

Watershed Overland Flow Modeling

In this section we derive the mathematical formulation to estimate
overland flow in watersheds using a fully distributed hydrologic
model. Excess of infiltration (Hortonian flow) and/or saturation
(Dunnian flow) generates overland flow in storage cells (Maxwell
et al. 2014). In urban environments with high impervious areas,
Hortonian flows govern the overland flow generation and occur
when infiltration capacity is smaller than the inflow rate (i.e., net
precipitation, inflow from neighbor cells, ponding depth).

The infiltration losses are estimated using the Green and Ampt
infiltration model. This model is physically based and derived
from simplifications of the Richards’ equation (Richards 1931;
Green and Ampt 1911). All parameters of the model can be esti-
mated in laboratory tests. However, substantial studies are available
in the literature providing good parameter estimates according to
the soil characterization (Green and Ampt 1911; Rossman 2010).
Furthermore, Green-Ampt soil properties are typically available in
spatially distributed geographical information system (GIS) data-
bases in many parts of the world, which facilitates the application
of this model.

For each cell of a predefined grid domain, the (1) saturated
hydraulic conductivity, (2) suction head pressure (capillarity),
(3) initial and saturated soil moisture, and (4) initial infiltrated
water content are required. Extractions of ASCII files from delin-
eated watershed rasters can be used to define the matrices repre-
senting the digital elevation model (DEM) and the imperiousness
map. More details of these files and the model construction are
found in Gomes et al. (2021a, b). Manning’s equation is used
to relate water surface depth to flow for the cells (Akan 1993;
Te Chow 2010). To perform the calculations, input data such as
(1) Manning’s coefficient; and (2) central elevation of each cell
of the grid are required.

One-Dimensional Vertical Infiltration Model
The Green-Ampt model is applied to each grid cell to estimate the
infiltration capacity at any given time and is used to estimate
the available depth to be routed to downstream cells. The infiltra-
tion capacity is estimated as

ci;jðtÞ ¼ ki;jsat

"
1þ ðζi;j þ hi;jefðtÞÞðθi;js − θi;ji Þ

fi;jd ðtÞ

#
ð2Þ

where the subindexes i and j = cell position in the grid;
cðtÞ = infiltration capacity (mm · h−1); ksat = saturated hydraulic

Table 1. Systems, parameters, states, outputs, and uncertainty features of the model

System Parameters States (symbols) Outputs (symbols) Uncertainty

Cells Infiltration parameters Water surface depth in each cell
(hef ∈ Rq) (mm), infiltrated depths
( f d ∈ Rq) (mm), and outflow
ðqwoutÞ (m3=s)

Outflow in each cell and in the
outlet (qout ∈ Rq) (mm · h−1)

Manning’s coefficient and
rainfall spatial distributionSurface roughness

Initial abstraction
Digital elevation model
LULC

Reservoirs Stage-discharge
relationships

Water surface depth (hr ∈ Rnr ) (m),
and outflow qrout (m3=s)

Maximum water surface depth
(maxðhrÞ ∈ R) (m)

Water surface depth
measurement noise

Area-volume function
porosity

Channels Stage-discharge
relationships

Water surface depth (hc ∈ Rnc ) in
each subreach of the channel (m)

Maximum water surface depth
(maxðhcÞ ∈ R) (m)

Manning’s coefficient

Manning’s coefficient
Hydraulic radius
Gridded bathymetry

Note: LULC = Land use and land cover.
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conductivity (mm · h−1); ζ = suction head pressure (mm); hefðtÞ =
water depth in the cell (mm); Δθ ¼ θs − θi is the effective soil
moisture; and fdðtÞ = time-varying accumulated infiltration (mm).

The infiltration model is a nonlinear time-varying function of
the accumulated infiltrated volume Ii;ji ðtÞ and is dynamically
computed in an explicit first-order finite-difference discretization,
written as

fi;jd ðtþΔtÞ ¼ fi;jd ðtÞ þ fi;jðtÞΔt

¼ fi;jd ðtÞ þ ½minðci;jðtÞ; qi;jin ðtÞ þ ii;jp ðtÞ − ei;jTRðtÞÞ�
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{fi;jðtÞ

Δt

ð3Þ
where ip = rainfall intensity (mm · h−1); eTR = real evapotranspi-

ration intensity (mm · h−1); Δt = model time step; fi;jd ðtÞ = accu-
mulated infiltration depth (mm); qi;jin ðtÞ = inflow discharge rate
(mm · h−1); and hi;jef = runoff water depth (mm) in cell i, j.

In the previous equation, we model the soil drying only by as-
suming a flux of evapotranspiration occurring at pervious surfaces
such that in drying periods the soil storage depth is decreased.
Moreover, we limit the accumulated infiltrated soil depth fd to
a minimum threshold typically assumed as 5 mm.

Vertical Water Balance
Hydrological processes of infiltration, precipitation, surface runoff,
and evaporation occur simultaneously. However, an analytical solu-
tion of the continuous functions of these inputs into the overall water
balance is typically not available for real case scenarios, especially
because of the rainfall. With proper stable time-step resolution, an
alternative to solve the overland flow dynamics is to derive an
explicit system of equations from the time derivative of the storage
variation in each cell, expressed as follows (Rossman 2010):

dsi;jðtÞ
dt

¼ ½qi;jin ðtÞ þ ii;jp ðtÞ − ei;jTRðtÞ − qi;joutðtÞ − fi;jðtÞ�ωw ð4aÞ

dhi;jefðtÞ
dt

¼ 1

ωw

dsi;jðtÞ
dt

ð4bÞ

where si;j = ponded water storage (m3); ωw ¼ ΔxwΔyw is the
cell area (m2); Δxw and Δyw = cell resolution in x and y (m);
qi;joutðtÞ = outflow discharge rate (mm=h); and fi;jðtÞ = infiltration
rate (mm=h).

Generalizing Eq. (4b) for a vector notation concatenating the
number of rows and columns into a vector of dimension q, chang-
ing the units for water surface depth instead of storage, we can
derive the following expression:

hef ðkþ1Þ ¼ hef ðkÞþ
Δt
600

ðqinðkÞþ ipðkÞ− eTRðkÞ−qoutðkÞ− f ðkÞÞ
ð5Þ

where k = time-step index, hef , qin, ip, eTR, qout, and f ∈ Rq.

Outflow Discharge
The outflow discharge is simplified to be a function of the steepest
8-direction slope, cell roughness, and water surface depth in a
kinematic-wave shallow-water simplification approach. This ap-
proximation is implemented because the goal of the watershed model
is to determine flows and not high-resolution surface water flood
depths. According to the gridded elevation, first we define a flow di-
rection matrix similar as presented in Fig. 2(b). This matrix is deter-
mined calculating the steepest topographic slope of each cell assuming

eight boundary cells (i.e., Moore neighborhood grid). According to the
steepest slope direction, a number is assigned to each cell. This matrix
defines the boundary conditions among each cell in the grid.

Using Manning’s equation (Te Chow 2010) and assuming
the energy slope as the bottom slope, we can estimate the outflow
discharge for a specific cell as follows in a matrix notation:

qoutðkÞ ¼
�
kf

Δxw þΔyw

2

�
s°1=20 ⊘ n

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{λ

∘ ðmaxðhefðkÞ − h0Þ; 0Þ°5=3

ð6Þ
where kf = conversion factor equal to 1 × 10−5; s0 = steepest
topographic slope (m=m); n = Manning’s roughness coefficient
(sm−1=3); λ lumps the hydraulic properties of the cells into a single
vector; and s0, n, h0, qout, and λ ∈ Rq. All the other equations are in
the international system of units.

To guarantee continuity in the hydrological model, a preprocess-
ing in the digital elevation model is performed. Natural sinks are
filled to ensure all cells have an outlet slope. Moreover, the outlet
boundary condition of the watershed is modeled assuming a normal
flow hydraulic condition (Kollet and Maxwell 2006).

Inflow Discharge
The inflow discharge is a function of the flow direction matrix
and outflow discharge. Defining a matrix Bw

d ∈ Rq×q to represent
the direction relationship among the cells in the form of a sparce
matrix filled with ones (i.e., outflows becomes inflow for the
downstream cell) and zeros [i.e., no flow connection between cells,
see Fig. 2(c)], we can write

Fig. 2. (Color) Watershed conceptual model: (a) plan view of the
watershed; (b) profiles of a cell; and (c) the 8-direction flow direction
matrix based on the steepest slope, where qin; ip; eTR; qout; f; d, and h0
are the inflow, rainfall intensity, evapotranspiration, outflow, infiltration,
water surface depth, and initial abstraction of a specific cell of the grid.

© ASCE 04022067-5 J. Water Resour. Plann. Manage.

 J. Water Resour. Plann. Manage., 2022, 148(12): 04022067 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

17
7.

34
.1

69
.1

03
 o

n 
02

/2
3/

23
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



qinðkÞ ¼ Bw
dqoutðkÞ ð7Þ

where Bq ∈ Rq×q is the direction Boolean matrix containing the relationship between each cell.
Substituting Eqs. (7) and (6) into Eq. (5), tracking the accumulated infiltration depth (f d), and the watershed outflow (qwout), the watershed

subsystem from Eq. (1) can be written in a state-space representation, given by

�
I2q 0

0 0

�zfflfflfflfflfflffl}|fflfflfflfflfflffl{Ew 2
664
hefðkþ 1Þ
f dðkþ 1Þ
qwoutðkþ 1Þ

3
775

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{xwðkþ1Þ

¼ I2qþ1

zffl}|ffl{AwðkÞ

xwðkÞþΔt

2
6664
1=600ððBw

d − IqÞ ∘ λ ∘ maxðhefðkÞ − h0; 0Þ°5=3 þ i 0pðkÞ − f ðkÞÞ
f ðkÞ

−0.277 × 10−6
Δt

kλi0;j0maxðhi0;j0ef ðkÞ − h0; 0Þ°5=3ωwk

3
7775

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{ψwðk;xwðkÞ

ð8Þ

where xwðkÞ ¼ ½hwefðkÞ; fwd ðkÞ; qwoutðkÞ�T ; i 0ðkÞ ¼ ipðkÞ − eTRðkÞ; f ðkÞ is modeled in Eq. (3), i0 and j0 = indexes of the outlet cells; and λi0;j0

concatenates λ for outlet cells.

Reservoir Dynamics

In this section, the reservoir routing dynamics are described and
we provide a fully linearizable model to account for valve control
in stormwater reservoirs with hydraulic devices as orifices and
spillways.

Orifice Modeling
The control signal uðkÞ represents the percentage of the orifice area
that allows flow to be routed to downstream channels. Therefore,
applying the energy equation in the reservoir (Te Chow 2010) and
including uðkÞ in the effective orifice area, we can derive the con-
trolled orifice equation, such that

qoðhrðkÞ; uðkÞÞ ¼ urðkÞcd;oao
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gðmaxðhrðkÞ − ðho þ hmÞ; 0Þ

p
¼ urðkÞko

ffiffiffiffiffiffiffiffiffiffiffi
ĥrðkÞ

q
ð9Þ

where qo = orifice discharge; cd;o = orifice discharge coefficient;
ao = orifice area; g = gravity acceleration; ĥrðhrðkÞÞ¼maxðhrðkÞ−
ðhoþhmÞ;0Þ is the effective water depth at the orifice; u = control
input representing the valve opening between 0 and 1; ho = bottom
elevation of the orifice; and hm = minimum water surface depth to
begin the outflow (i.e., typically 20% of the hydraulic diameter of
the outlet) (Te Chow 2010).

Spillway Modeling
The spillway is also assumed to be discharging at the atmospheric
pressure. The Francis spillway equation is typically used for deten-
tion reservoirs and can be modeled as follows:

qsðhrðkÞÞ ¼ cd;slefðhrðkÞ − pÞ3=2 ¼ ksðhrðkÞ − pÞ3=2 ð10Þ

where qs = spillway discharge; cd;s = spillway discharge coeffi-
cient; and lef = effective length of the spillway (Te Chow 2010).

Reservoir Outflow
The outflow in a reservoir is a function of the water surface depth
hrðkÞ and is described by the energy conservation applied into
the orifice and spillway, and thus has two governing equations.
The first case is where hrðkÞ ≤ p and is given by Eq. (9)
(Te Chow 2010). When the water level reaches the spillway level,
the reservoir outflow (qrout) is the sum of the orifice and spillway
flow. Therefore, the reservoir outflow function be derived as
follows:

qroutðhrðkÞ; urðkÞÞ

¼

8><
>:

urðkÞko
ffiffiffiffiffiffiffiffiffiffiffi
ĥrðkÞ

q
if hrðkÞ ≤ p; else

urðkÞko
ffiffiffiffiffiffiffiffiffiffiffi
ĥrðkÞ

q
þ ks ðhrðkÞ − pÞ3=2

ð11Þ

We compute the Jacobian matrix of qrout with respect to hr and u
to obtain a linearized flow equation neglecting the high-order terms
of the Taylor’s series, resulting in the following equations:

∂qroutðhrðkÞ;urðkÞÞ
∂h ≈

8><
>: urðkÞko
2

ffiffiffiffiffiffiffiffiffiffiffi
ĥrðkÞ

q þ 3ks½maxððhrðkÞ− pÞ1=2;0Þ�
2

9>=
>;

¼ αðhrðkÞ;urðkÞÞ ð12Þ

∂qroutðhrðkÞ; urðkÞÞ
∂u ¼ ko

ffiffiffiffiffiffiffiffiffiffiffi
ĥrðkÞ

q
¼ βðhrðkÞ; urðkÞÞ ð13Þ

Therefore, a linearized model for the outflow in terms of the
stored water surface depth and valve opening is given as

qroutðhrðkÞ; urðkÞÞ ¼ qroutðhr�Þ
zfflfflfflffl}|fflfflfflffl{γðkÞ

þ αjh¼hr�;u¼ur�

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{~αðkÞ

ðhrðkÞ − hr�Þ

þ βjh¼hr�;u¼ur�

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{~βðkÞ

ðurðkÞ − ur�Þ ð14Þ

where γ = offset; ~α = linear coefficient with respect to hr; ~β = linear
coefficient in terms of u; and ur� and hr� = operation points given by
the states and controls of the previous time step, such that ur�ðkÞ ¼
urðk − 1Þ and hr�ðkÞ ¼ hrðk − 1Þ.

Reservoir Water Balance
The temporal evolution of storage in a reservoir depends on the
inflow, precipitation, evaporation, water surface area, and stage-
discharge function of the outlet hydraulic devices. Applying evapo-
ration and precipitation in the reservoir surface area, we can derive
an expression for the water storage dynamics, given by

∂srðhrðkÞ; urðkÞÞ
∂t ¼ qwoutðkÞ þ ðiðkÞ − evðkÞÞωrðhrðkÞÞ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{qrinðk;hrðkÞÞ

− qroutðhrðkÞ; urðkÞÞ ð15Þ

where sr = stored volume of stormwater runoff in the reser-
voir; ωrðhrðkÞÞ = reservoir surface area in terms of hrðkÞ;
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ev = evaporation in the reservoir surface area; qwout = inflow from
upstream catchment; qrin = total inflow; and i = rainfall intensity.
Assuming an average porosity η representing the stage-storage
relationship in the reservoir (e.g., for free surface reservoirs,
the porosity equals 1), the water surface depth dynamics can
be derived as

∂hðk; hrðkÞ; urðkÞÞ
∂t ¼ 1

ωrðhrðkÞÞη ½q
r
inðhrðkÞÞ − qroutðhrðkÞ; urðkÞÞ�

ð16Þ

The storage dynamics in a reservoir can be very slow depending
on the area of the reservoir, which might contribute for low degrees
of controllability for reactive controls, even in events with high
inflows. Substituting the linearized reservoir outflow, Eq. (14), into
the water balance equation, it follows that

∂hðhrðkÞ; urðkÞÞ
∂t ¼ 1

ωrðhrðkÞÞη

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{μðhrðkÞÞ

½qrinðk; hrðkÞÞ − ~αðkÞðhrðkÞ − hr�Þ

− ~βðkÞðurðkÞ − ur�Þ − γðkÞ� ð17Þ

Assuming an approximated finite-difference scheme by the
forward Euler method applied in the water surface depth partial
derivative equation, we obtain

∂hðhrðkÞ; urðkÞÞ
∂t ≈ hrðkþ 1Þ − hrðkÞ

Δt
ð18Þ

Generalizing the reservoir dynamics for more than one reservoir
per watershed (nr > 1 and urðkÞ ∈ Rnr ), substituting Eq. (17) into
Eq. (18), and expanding for a matrix notation, the water depth
dynamics in reservoirs as:

hrðkþ 1Þ ¼ ðInr − diagðΔt ~αðkÞ ∘ μðhrðkÞÞÞÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{~ArðkÞ

hrðkÞ

þ ð−diagðΔt ~βðkÞ ∘ μðhrðkÞÞÞÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{~BrðkÞ

urðkÞ

þΔtμðhrðkÞÞ ∘ ð ~αðkÞ ∘ hr� þ ~βðkÞ ∘ ur�− γðkÞþ qrinðkÞÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{~ψrðk;ur�;xr�Þ

ð19Þ

where hrðkÞ; ~αðkÞ; ~βðkÞ, and ~ψrðk; ur�; xr�Þ ∈ Rnr ; nr = number of
reservoirs; ~AðkÞ and ~BrðkÞ ∈ Rnr×nr ; and qrinðkÞ captures the
watershed-reservoir outflow/inflow connection.

Moreover, generalizing the method for s systems with nr res-
ervoirs per watershed, we can define z ¼ nrs resulting in the
reservoir state-space nonlinear dynamics tracking the reservoir
outflows such that

"
Iz Oz×z

Oz×z Oz×z

#zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{Er
s "

yrsðkþ 1Þ
φr
out;sðkþ 1Þ

#zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{xrsðkþ1Þ

¼

2
6666666664

~Ar
1ðkÞ O · · · O O

O ~Ar
2ðkÞ · · · O O

..

. ..
. . .

. ..
. ..

.

O O · · · ~Ar
sðkÞ O

O O · · · O −Iz

3
7777777775

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Ar
sðkÞ 2

666666664

hr1ðkÞ
hr2ðkÞ
..
.

hrsðkÞ
φr
out;sðkÞ

3
777777775

zfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflffl{xrsðkÞ

þ

2
6666666664

~Br
1ðkÞ O · · · O

O ~Br
2ðkÞ · · · O

..

. ..
. . .

. ..
.

O O · · · ~Br
sðkÞ

O O O O

3
7777777775

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Br
sðkÞ

2
6666664

ur1ðkÞ
ur2ðkÞ
..
.

ursðkÞ

3
7777775

zfflfflfflfflffl}|fflfflfflfflffl{σrsðkÞ

þ

2
666666664

~ψr
1ðkÞ
~ψr
2ðkÞ
..
.

~ψr
sðkÞ

σrsðkÞ ∘ k�o ∘ ðĥrsðkÞÞ°1=2 þ k�s ∘ ðmaxðyrs − p; 0ÞÞ°3=2

3
777777775

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{ψr
sðkÞ

ð20Þ

where k�o and k�s collect ko and ks for all reservoirs in all systems,
respectively. Similarly, p collects spillway elevations. Matrices Er

s

and Ar
s ∈ R2z×2z, matrix Br

s ∈ R2z×z, while xrs ∈ R2z, ψr
s ∈ R2z, and

σrs ∈ Rz. Vectors φr
out;s; yrs, and σrs are defined as follows:

φr
out;sðkÞ ¼ ½qr;1out;1ðkÞ; : : : ; qr;nrout;1ðkÞ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{qrout;1ðkÞ

; : : : ; qr;1out;sðkÞ; : : : ; qr;nrout;sðkÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{qrout;sðkÞ

�T
ð21aÞ

yrsðkÞ ¼ ½hr;11 ðkÞ; : : : ; hr;nr1 ðkÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{hr

1
ðkÞ

; : : : ; hr;1s ðkÞ; : : : ; hr;nrs ðkÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{hrsðkÞ

�T
ð21bÞ

σrsðkÞ ¼ ½ur;11 ðkÞ; : : : ; ur;nr1 ðkÞ;
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{ur

1
ðkÞ

· · · ;ur;1s ðkÞ; : : : ; ur;nrs ðkÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{ursðkÞ

�T
ð21cÞ

© ASCE 04022067-7 J. Water Resour. Plann. Manage.

 J. Water Resour. Plann. Manage., 2022, 148(12): 04022067 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

17
7.

34
.1

69
.1

03
 o

n 
02

/2
3/

23
. C

op
yr

ig
ht

 A
SC

E
. F

or
 p

er
so

na
l u

se
 o

nl
y;

 a
ll 

ri
gh

ts
 r

es
er

ve
d.



One-Dimensional Channel Dynamics

The flow dynamics in rivers or channels can be modeled using
hydrologic or hydraulic routing modeling approaches. The first
is governed by the water balances in the inlet and outlet sections
of a subreach. The continuity equation and storage-outflow rela-
tionships are used to estimate the outflow in the last subreach
(McCarthy 1938; Cunge 1969). However, this approach is suitable
only for estimating flows. Moreover, hydrologic routing is not flex-
ible enough to explain more detailed phenomena such as backwater
effects from downstream reservoirs or flood waves in channels with
very flat slopes (Cunge 1969). Another issue is the time-related
coefficients associated with the hydrologic routing equations.
Typically, to ensure the model’s stability, coefficients are in the or-
der of several hours and days. This poses as a drawback for real-
time monitoring of urban channels (Kumar et al. 2011). We propose
a diffusive-wave simplification in the Saint-Venant equations
(SVEs) to represent the flow dynamics in the 1D channels.

Recently, an application of the full one-dimensional Saint-
Venant equations allowed the state-space representation in channels
(Bartos and Kerkez 2021). The authors developed a backward Euler
implicit scheme solving continuity and momentum equations via
a sparce matrix system of equations. While model stability is theo-
retically increased with this implicit numerical scheme, to develop a
full state-space representation of watersheds, reservoirs, and chan-
nels, a implicit derivation for the other systems would be required.
Therefore, we solve the 1D flow dynamics using an Euler explicit
numerical scheme as used in Eqs. (8) and (20).

Channel Water Depth Dynamics
To represent the channel 1D dynamics in space and time, we develop
an explicit diffusive-wave simplification in SVE, assuming the friction
slope fromManning’s steady-flow equation. Fig. 5(c) shows a scheme
of a 1D channel. The outflow in each segment is calculated through
Manning’s equation as follows (Panday and Huyakorn 2004):

qcoutðhci ðkÞÞ ¼
aci ðkÞðrh;iðkÞÞ2=3

ni

�∂hci ðkÞ
∂y

�
1=2

ð22Þ

where aci = wetted area; rh;i = hydraulic radius; hci = channel water
surface depth at cross section i; and y = channel’s longitudinal
direction. The previous expression is expanded in a vector format
given by

qcoutðhcðkÞÞ ¼ 1nc×1⊘nc ∘ acðhcðkÞÞ ∘ ðrchðhcðkÞÞ°2=3○
�∂hcðkÞ

∂y
�

°1=2

ð23Þ

where nc, ac, and rch = Manning’s coefficient, cross-section area
function, and hydraulic radius for each subreach.

A channel is discretized into subreaches with appropriate spatial
resolution to be suitable for the time step of the model (Chang and
Wang 2002). Therefore, the model simulates steady nonuniform
flow assuming initial boundary conditions from qroutðkÞ and from
the outlet normal friction slope (Panday and Huyakorn 2004;
Maxwell et al. 2014). The conservation of mass and momentum
equations are given by

∂qci ðkÞ
∂y ¼ −∂aci ðkÞ

∂t ð24aÞ

∂hci ðkÞ
∂y ¼ sc0 −

�
qci ðkÞnci

aiðkÞrh;iðkÞ2=3
�

2
zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{sf;iðkÞ

ð24bÞ

where y = longitudinal channel dimension; qci = net flow within
cross sections; sc0 = bottom slope; nci = Manning’s roughness co-
efficient; and sf;i = friction slope.

Channel Water Surface Depth Dynamics
We can expand Eq. (24a), resulting in a vectorized channel water
surface depth mass balance as

hcðkþ 1Þ ¼ hcðkÞ þΔt1nc×1 ⊘ ðΔx○ΔyÞðqcinðkÞ − qcoutðkÞÞ
zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{ΔqðhcðkÞÞ

ð25Þ

where hc = water surface depth in each subreach of the channel;
and the outflow qcout is given by the Manning’s equation that de-
pends on known functions of cross-section area and hydraulic
radius for each reach of the channel and length (Δy) and width
(Δx). For the first subreach, qcin is equal to the reservoir outflow
ðqroutÞ. Flows qcin;iðkÞ and qcout;iðkÞ are equal to qci−1 and qci ,
respectively.

To explicitly solve Eq. (25), we need to derive an expression for
ΔqcðhcðkÞÞ. To this end, we apply the energy conservation within
two consecutive cross sections neglecting the velocity head to de-
velop a vector representation for the friction slope assuming normal
depths, such that for a particular cell (i) in a 1D channel domain, we
can write

sf;iðkÞ ¼
1

Δyi

�
el;i þ hci ðkÞ − el;iþ1 − hciþ1ðkÞ

�
ð26Þ

where el = bottom elevation of the subreach segment; and sf;i =
friction slope in cell i at step k.

Expanding the previous equation in a vector format, we can
derive the momentum equation from Eq. (24b) for all subreaches
as a linear combination of hcðkÞ [Eq. (23)], such that

∂hcðkÞ
∂y ¼ AslopehcðkÞ þ bslope ð27Þ

where ð∂hcÞ=ð∂yÞ ∈ Rnc is a vector representing the water slopes
in each reach of the channel; and Aslope ∈ Rnc×nc and bslope ∈ Rnc

are derived from Eq. (26) assuming 1D connections between cells,
computing the water surface slopes, and including the outlet slope
boundary condition.

One-Dimensional Flow in Open Channels
Similarly, to the overland flow model for the watershed model,
we can compute ðqcinðkÞ − qcoutðkÞÞ as a function of a flow direc-
tion matrix and the flow through Manning’s equation. Therefore,
the net flow ΔqcðhcðkÞÞ ¼ qcinðkÞ − qcoutðkÞ for all subreaches can
be given as

ΔqcðhcðkÞÞ ¼ Bc
dq

c
outðhcðkÞÞ þ wðkÞ ð28Þ

where Bc
d = topology matrix linking each subreach segment with

the previous one; and wðkÞ = zero vector where only the first entry
is equal to the reservoir outflow (qroutðkÞ).

However, to estimate the 1D flow propagation in channels,
we do not assume a simplified hydraulic radius and define a con-
stant λ because of the relatively small width of the subreaches
when compared to the gridded cells from the watershed system
(Liu and Singh 2004). To estimate λ, functions that describe the
cross-section area (achðkÞ) and hydraulic radius ðrchðkÞÞ are re-
quired and can be derived in terms of topographic properties
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of the channel. For a rectangular channel (i.e., condition of the case study), achðhcðkÞÞ¼Δx ∘hcðkÞ and rchðhcðkÞÞ¼
achðhcðkÞÞ⊘ ðΔxþ2hcðkÞÞ.
Linearized Channel Dynamics
We can substitute Eq. (28) into Eq. (25), resulting in a matrix expression for the channel nonlinear dynamics given by

hcðkþ 1Þ ¼ hcðkÞ þΔt1nc×1 ⊘ ðΔx ∘ ΔyÞ ∘ ½Bc
d1nc×1 ⊘ nc ∘ achðhcðkÞÞ ∘ rchðhcðkÞÞ°2=3 ∘ ðAslopehcðkÞ þ bslopeÞ°1=2Þ þ wðkÞ� ð29Þ

Finally, we can obtain a linearized expression around an operation point hc0, applying the Jacobian in the previous equation, such that

Inc
z}|{Ec

hcðkþ 1Þ ¼ ðInc þ∇hcðhc0ÞÞ
zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{AcðkÞ

hcðkÞ ð30Þ
where∇ = gradient of Eq. (29) and can be obtained knowing the cross-section area and hydraulic radius functions of each subreach and can be
computationally derived with symbolic functions in MATLAB, for instance. The gradient and the operational point from Eq. (30) are re-
freshed each model time step.

State-Space Representation

The derivation of the state-space model for a single watershed, reservoir, and channel is performed by merging the dynamical state-space
representation for each subsystem from Eqs. (8), (20), and (30), and applying Eq. (1), the watershed-reservoir-channel dynamical system can
be defined as

2
64
Ew O O

O Er O

O O Ec

3
75

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{E 2
64
xwðkþ 1Þ
xrðkþ 1Þ
xcðkþ 1Þ

3
75

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{xðkþ1Þ

¼

2
64

AwðkÞ Oð2qþ1Þ×1 Oð2qþ1Þ×nc
O1×ð2qþ1Þ ArðkÞ O1×nc

Onc×ð2qþ1Þ Onc×1 AcðkÞ

3
75

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{AðkÞ 2
64
xwðkÞ
xrðkÞ
xcðkÞ

3
75

zfflfflfflfflfflffl}|fflfflfflfflfflffl{xðkÞ

þ BrðkÞ
zfflffl}|fflffl{BðkÞ

uðkÞ þ

2
664
ψwðk; xwðkÞÞ
ψrðk; xr�; ur�Þ

Onc×1

3
775

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{ψðkÞ

ð31Þ

Similarly, the derivation of the state-space dynamics for the
general case with multiple watersheds, more than one reservoir per
watershed, and more than one channel per reservoir can be done
using Eqs. (20) and (8). The watershed is an autonomous system,
whereas the reservoir is governed by the control law and the chan-
nel depends on the outflow from the reservoir, although it is not
directly controlled.

Reactive and Predictive Control Strategies

The control strategies tested in this paper are focused on reducing
flood effects. Here in this paper, we define it as a composite func-
tion accounting for local floods in reservoirs and channels while
minimizing rapid changes in valve operation. We can generally
write the flood performance as a function defined for (ns) systems
accounting for flooding (e.g., reservoirs and channels) with differ-
ent numbers of components for each system that impacts the flood
performance (cðiÞ) (e.g., flood performance for reservoirs is asso-
ciated with water levels and control deviations, whereas for chan-
nels it is only associated with water levels). Therefore, we can
generally write flood performance as linear combinations between
weights and functions for each component of each system associ-
ated with floods, such that

Flood Performance ¼
Xns
is¼1

XcðiÞ
jc¼1

αis;jcfis;jðXÞ ð32Þ

where X = state matrix concatenating xðkÞ for all simulation time.
The aforementioned equation is defined in detail in the objec-

tive function used to describe the flood mitigation performance
in the section “Model Predictive Control.” This particular function

operates in all modeled states returning a real number. Although the
flood performance was defined here, only the model predictive con-
trol strategy is able to control all parts of the system (e.g., channels
and reservoirs) and act directly to maximize it because the reactive
controls are developed only using the reservoir dynamics. This sec-
tion is organized as follows: first we describe the reactive control
strategies tested in this paper, and following that we introduce a
nonlinear model predictive control algorithm to control valve op-
erations in stormwater reservoirs.

Discrete Linear Quadratic Regulator

Given a linearized time-invariant state-space representation of the
reservoir dynamics, the linear quadratic regulator strategy finds an
optimal control signal for time step k minimizing a quadratic cost
function, solved as an unconstrained convex optimization problem
given by

min
u

JðuÞ ¼
X∞
n¼1

½ðhrðkÞÞTQhrðkÞ þ ðurðkÞÞTRurðkÞ� ð33Þ

where Q and R = tuned symmetric positive semidefinite matrices
representing the set points, cost of the states, cost of controls, and
cross-term costs.

This particular control strategy only considers the reservoir dy-
namics. Therefore, the coupled flood performance of this case only
focuses on reservoir water depth and control energy as shown in the
aforementioned equation. During the period where the dynamics
are unchanged (e.g., steady inflows from the watersheds), the per-
formance of the LQR control is optimal (Wong and Kerkez 2018).
The solution of this equation given by the discrete algebraic Riccati
equation (DARE) (Pappas et al. 1980) consists of finding a PðkÞ
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matrix (cost-to-go function) and a closed-loop feedback gain KðkÞ,
such that

KðkÞ ¼ ðRþ ðBrðkÞÞTPðkÞBrðkÞÞ−1ðBrðkÞÞTPðkÞArðkÞ ð34Þ

where the aforementioned matrices PðkÞ and KðkÞ can be solved
using the DLQR function in MATLAB.

A schematic detail of the closed-loop system for the DLQR is
presented in Fig. 3(a). In this control algorithm, we are only using
the reservoir plant in the dynamics. To design the state feedback
gain matrix K, we can tuneQ ¼ CTC and R ¼ Inr as a first attempt.
Basically, the DLQR control tends to find an optimal control for
time ðkþ 1Þ that ultimately stabilizes the reservoir dynamics or,
in other words, tends to release the water considering the costs of
rapid changes in the valves. To ensure physical constraints in the
inputs (Wong and Kerkez 2018), we limit the feedback gain to

urðkÞ ¼ −KhrðkÞ ð35aÞ

0 ≤ uri ðkÞ ≤ 1; i ¼ f1; 2; : : : ; nrg ð35bÞ

Discrete Linear Quadratic Integrator

The linear quadratic integrator works similarly to the DLQR con-
trol; however, an augmented dynamical system to account for a
reference tracking set point (Young and Willems 1972) is devel-
oped. The system dynamics are augmented to include the temporal
evolution of the integral of the error between the reference and the
output. The set-point reference can be a constant value or a time-
varying function representing the goal of the control technique.
Assuming the error between states and outputs as ėðkÞ ¼ rðkÞ − yðkÞ
and discretizing it by an explicit forward Euler method in terms of
the error integral (eðkÞ), the augmented dynamical system can be
given as

�
hrðkþ 1Þ
eðkþ 1Þ

�
¼

�ArðkÞ Onr×nr

−Cr Inr

��
hrðkÞ
eðkÞ

�
þ
� BrðkÞ
Onr×nr

�
urðkÞ

þ ~ψrðk; xr�;ur�Þ þΔt

�Onr×1

1nr×1

�
rðkÞ ð36Þ

where rðkÞ = set point or reference goal (e.g., minimum water
surface depth to maintain natural ecosystems in the reservoir);
and Cr ¼ Inr .

The closed-loop system for the DLQI is presented in Fig. 3(b).
A known input is given by qwoutðkÞ, which changes the dynamics
over time. The solution of the DARE is performed with the coef-
ficients of matrix Q [Eq. (36) and Fig. 3] representative of the de-
viations in states and outputs and from matrix R the control signal
of 1 × 100, 1.5 × 103, and 1 × 102, respectively. The number of in-
tegrators is assumed to be equal to the number of outputs; hence, all
nodes are considered observable. After determining the optimal
feedback gain, to ensure physical constraints, we also clip the con-
trol signal following Eq. (35) as shown in Figs. 3(b and c). The
control input can be separated into

urðkÞ ¼ −½ ks ke �
�
hrðkÞ
eðkÞ

�
ð37Þ

where ks = system feedback gain; and ke = servo feedback
gain.

The ultimate objectives of DLQR and DLQI are presented in
Fig. 3(c). While DLQR tends to find a control schedule steering
the output function to zero [e.g., rapidly release stored water and
decrease hrðkÞ considering control energy], DLQI has a similar
approach but for a reference water level rðkÞDLQI (i.e., a given
expected reservoir water level).

Rule-Based Controls

Typically, stormwater systems are passive or controlled by rule-
based reactive and local controls, sometimes even manually by op-
erators (Schmitt et al. 2020; Shishegar et al. 2019; García et al.
2015). Although the control rule of these methods seems logical
and easily applicable for simple storm events, they can fail to con-
trol more complex cases such as fast consecutive storms by not
predicting the future behavior of the system (Lund et al. 2018;
Sharior et al. 2019). Some of the most common rules for reservoirs
for flood control are presented in Table 2 and tested in this paper.
Some control decisions are made for these types of heuristic con-
trols, such as the critical water surface depth to open the valves for
the on/off approach and the required retention time after a storm

Fig. 3. (Color) Controls based on the solution of Riccati equation: (a) closed-loop system of the discretized linear quadratic regulator; (b) block
diagram of the discretized linear quadratic integrator with servo control; and (c) objective of the control approach.
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event to start releasing water for the detention control approach.
These parameters were assumed as hcr ¼ 3 m (i.e., representing a
critical level in terms of flood management) and td ¼ 6 h (i.e., rep-
resenting a minimum detention time for sedimentation).

Model Predictive Control

For a given time, the model predictive control strategy estimates the
future behavior of the system, finds the solution of an optimization
problem, and defines a control trajectory. The control strategy is
estimated with actual and predicted states. As a result, a simplified
plant of the complete dynamical system (e.g., a simplified version
of the shallow-water equations for 1D and two-dimensional over-
land and channel flow) is utilized. The use of a simplified plant is
typically a requirement to have a relatively fast model that could be
run in real time. The MPC approach can be time-consuming be-
cause of consecutive optimizations; therefore, defining the proper
model simplifications in the plant while maintaining accurate so-
lutions is a challenge (Lund et al. 2018).

Moreover, because of the nature of hydraulic and hydrological
systems, the selection of the optimizer solver is also important.
We test state-of-the-art optimizers such as global search (Kearfott
2013) and genetic algorithms (Giacomoni and Joseph 2017; Vose
1999), and the interior-point method was selected because of its
robustness and faster computation. Therefore, in this paper we
develop a nonlinear MPC solved with the interior-point method
(Potra andWright 2000). A flowchart of the MPC control algorithm
is presented in Fig. 4. Generally, an optimal control trajectory is
solved for a prediction horizon, although only a few of the control

signals are implemented in real time (red line in the control signal
chart in Fig. 4). Following that, a new optimization problem is
solved resulting in the green line (Fig. 4). The solution of the
MPC optimization problem is an optimal control trajectory vector
Uk ¼ ½u1; u2; : : : ; uNp−1�T such that the following optimization
problem is satisfied:

min
Uk

XNp−1

k¼0

Jðxðkþ 1Þ;uðkþ 1ÞÞ

¼ ρuΔUT
kΔUk þ ρxΔHT

kΔHk

þ ρrðmaxðHk − hrref ; 0ÞÞþρcðmaxðHc
k − hcref ; 0ÞÞ ð38Þ

Exðkþ 1Þ ¼ AðkÞxðkÞ þ BðkÞuðkÞ þ ψðxðkÞ; xr�;ur�Þ ð39aÞ

Δumin ≤ ΔuðkÞ ≤ Δumax ð39bÞ

yðkÞ ¼ CxðkÞ ð39cÞ

uðkÞ ∈ U ð39dÞ

xðkÞ ∈ X ð39eÞ
where J = cost function, i.e., a function where weights are given
for the control input (ρu), the water surface depths in the reservoirs
(ρr), and water surface depth in the channels ρc; Np = prediction
horizon; ΔuðkÞ¼uðkÞ−uðk−1Þ; ΔUk ¼ ½Δu1; : : : ;ΔuNp−1�T ;
Hk ¼ ½hr1; : : : ;hrNp−1�T ; Hc

k ¼ ½hc1; : : : ; hcNp−1�T ; and U and X =

feasible sets of the control signal (i.e., uðkÞ ∈ ½0; 1� and xðkÞ ≥ 0).
This objective function penalizes control schedules that generate
states violating the threshold values for the maximum water surface
depth in the channel and in the reservoir while minimizing control
energy.

Mathematical Model Application

This section describes the numerical case studies to which we
apply the modeling approach. We attempt to answer the following
questions:
1. How do control strategies primarily focused on increasing

detention times affect flood control?

Fig. 4. (Color) (a) MPC schematic; and (b) block diagram, where trajectories are generated for each moving prediction horizon and controls are
assumed for every control horizon and are considered a constant piecewise within the control interval.

Table 2. Types of static rule-based controls

Type Description

Passive control Valve always 100% open

Detention control If an event occurs, valve opening = 0%
After the event, valve opening = 0% for td

Else, valve opening = 100%

On/off If h < hcr, valve opening = 0%
If h ≥ hcr, valve opening = 100%

Else, valve opening = 0%
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2. How do state-of-the-art reactive controls based on real-time
measurements perform against a predictive control based on
rainfall forecasting?

3. Do reactive controls perform better than passive control?
4. Does the decrease in the control interval compensate the lack

of predictability of reactive controls compared to a predictive
control?
To enable feasibility to use the controls in the real world, we

assume a control interval of 15 min for the reactive controls. There-
fore, the control signal is assumed as a continuous piecewise within
two intervals of 15 min. For the predictive control strategies, we
assume a control interval of 60 min.

We test the effects of RTC in a system defined by a water-
shed [Fig. 5(a)], reservoir [Fig. 5(b)], and channel [Fig. 5(c)]. The
V-tilted catchment has only one cell as the outlet (i0 and j0 ∈ R)
and dimensions of 1.62 × 1 km and is composed by two rectangu-
lar planes of 0.8×1 km and a channel of 20 m in the connection
within the planes (Fry and Maxwell 2018; Maxwell et al. 2014;
Panday and Huyakorn 2004). The x − x slopes in the hillslopes are
5% and the y − y slope in the channel longitudinal direction is 2%.
Two types of land cover are assumed, one for the hillslopes repre-
senting the watershed and another for the channel representing the
main open channel drainage collector. The reservoir area is defined
as 0.65% of the catchment area. The time step is assumed as 1 s to

Fig. 5. (Color) System composed of (a) an autonomous watershed; (b) a controlled reservoir, including spillway and orifice information; and
(c) an autonomous channel receiving flow from the reservoir.

Table 3. Parameters required in the numerical case studies

System Parameter Value Unit Description

Watershed Rw 20 m Cell resolution
nper 0.3, 0.18a s · m1=3 Manning’s coefficient
ζper 110, 0.6a mm Suction head

Δθper 0.453, 0.386a cm3 · cm−3 Moisture deficit
ksat;per 10.92, 1.2a mm · h−1 Saturated hydraulic conductivity
h0;per 10, 10a mm Initial abstraction
h0;imp 0, 0a mm Initial abstraction
fd0 ;imp 10, 10a mm Initial infiltrated volume
nimp 0.018 s · m1=3 Manning’s coefficient
et 2 mm · day−1 Daily evapotranspiration rate

Hillslopes 5 % Slopes in x-direction
Channel slope 2 % Slopes in y-direction

ncells 4,050 — Number of cells
Ad 1.62 km2 Drainage area

Reservoir ωrðhrÞ 10,530 m2 Reservoir area
ko 1.538 m1=2s−1 Orifice coefficient
ks 6.3 m Spillway coefficient
hs 5.5 m Spillway elevation
η 1 — Reservoir average porosity

Channel x 3 m Channel width

y 30 m Subreach length
n 0.3 s · m1=3 Manning’s coefficient

Subreaches 100 — Number of reaches
s0 2.5 % Channel bottom slopes

∂hco
∂y 2.5 % Outlet normal slope

aChanged values for the continuous simulation analysis.
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ensure model numerical stability. All parameters of the model for
each system are presented in Table 3.

Numerical Case Study 1: Consecutive Design Storms

Typically, stormwater reservoirs are designed to hold rare storms
such as 50- or 100-year storms. However, two or more consecutive
recurrent storms can provide more flood risks in cases where the
soil is likely more saturated and when control strategies focused
on water quality by increasing retention times are implemented.
Therefore, we tested the efficiency of the control strategies for a
25-year followed by a 10-year design storm using a fitted Sherman
intensity-duration-frequency curve for the available data for San
Antonio (NOAA 2021). The consecutive rainfalls have volumes of
190 and 160 mm, respectively. The land use and land cover as-
sumed for the watershed are equivalent to a recharge zone, with
a relatively high infiltration capacity, and can also be considered
as a shrub forest for the hillslopes (Sharif et al. 2013; Rawls
et al. 1983; Rossman 2010). For the main channel, however, a con-
crete Manning’s coefficient was considered. Using a moving pre-
diction horizon of 8 h, control horizons of 2 h, and control intervals
of 1 h, the performance of the predictive optimization-based control
algorithm was compared to reactive approaches.

Numerical Case Study 2: Continuous Simulation

To assess the trade-offs between flood mitigation and control ef-
forts, we tested the mathematical model through a real observed
rainfall time series that occurred between April 23 and July 23,
2021, in San Antonio (USGS 2021). The cumulative rainfall in this
period exceeds the average 30-year rainfall pattern and can be con-
sidered an intense rainy season (Eckhardt 2021). Moreover, we also
tested a change in the land cover from a recharge zone to a clay soil
(Furl et al. 2018). The hillslopes roughnesses were also changed to
represent urban areas. Using a moving prediction horizon of 2 h
(most radars have a good precision within this interval) (Lund et al.
2018), control horizons of 2 h, and control intervals of 1 h, the
performance of the optimization-based control algorithm was com-
pared to static-rules approaches.

Performance Evaluation

The metrics used in this paper to evaluate the control performance
were the (1) peak flow reduction ηp, (2) relative maximum flood
depth ηr, (3) relative control effort ηc, and (4) flood duration ηd.
Each metric was applied for all control methods with m represent-
ing the index of the control strategy. Given a duration from a initial
time step kb and a final time step kf, the duration Δk ¼ kf − kb
was defined to capture a particular important time (e.g., maximum
outflow peak). The concatenated states at this interval were vectors
withΔk rows for outflows and controls, and matrices withΔk rows
for the channel water depth. We denote the symbol † for concat-
enated states spanned over time. Therefore, the evaluation metrics
are represented as follows:

ηp;m ¼ maxðqw;†out ðkb∶kfÞÞ −maxðqr;†out;mðkb∶kfÞÞ
maxðqw;†out ðkb∶kfÞÞ

ð40Þ

ηr;m ¼ maxðHc;†
m ðkb∶kfÞÞ
hclim

ð41Þ

ηc;mðkÞ ¼
Pkf

i¼kb
Δur;†m ðiÞ

max
m∈ℭ

Pkf
i¼kb

ΔurðiÞ
ð42Þ

ηd;mðkÞ ¼ n

�
∪
t∈Tðh

†
c;m > hlimc Þ

�
Δt ð43Þ

where hclim = maximum allowable water surface depth in the
channel; ℭ = set of assessed controls; m = assessed control; and
T = duration set of the analysis. Other similar metrics applied
to real-time controls can be found in Wong and Kerkez (2018),
Shishegar et al. (2019), and Schmitt et al. (2020).

Results and Discussion

This section presents results and discussions on how MPC can
increase flood performance compared to other reactive control
strategies. First, we assess the control performance to critical con-
secutive design storms in San Antonio in the section “Design
Storms.” Following that, we perform a continuous simulation with
observed data and assess the performance of MPC in contrast to
reactive controls in the section “Continuous Simulation.”

Design Storms

The comparison between reactive and predictive control ap-
proaches is shown in Fig. 6. The events produced similar peaks
because of the initial saturation provided from the first storm.
Outflow peaks in the reservoir increased from the first to the second
storm, even though the runoff from the catchment decreased. The
performance summary of rule-based control against model predic-
tive control is given in Table 4. The control approach that generated
the highest outflow peak was the detention control. This approach
basically started to release the stored water at 18 h from the begin-
ning of the first event (i.e., 6 h from the end of the first storm event)
and it matched with the start of the intense inflow runoff volume
at the detention basin originated from the second storm. Only the
detention control and the on/off strategy reached the spillway ele-
vation and hence had the higher outflows. For the MPC control,
smaller flows than all RBCs were observed. From these results
it is noted that reactive controls, especially the ones primarily
designed for water quality purposes, can increase flood and con-
sequently erosion downstream for large storm events (Schmitt
et al. 2020).

The detention pond dumps faster on the passive control strategy
as expected. However, the temporal evolution of the water surface
depth in the reservoir had a similar behavior compared to DLQI
and DLQR controls. This suggests that using reactive controls for
relatively large floods might be as effective as the passive control.
For the DLQI it is noted that the state hrðkÞ is steered to the refer-
ence setpoint ðrðkÞ ¼ 1 mÞ where the system dynamics are not
changing dramatically (i.e., cases where the inflow is steady). This
type of control strategy is more suitable where constraints of mini-
mum water depths are required in the reservoir (e.g., wetlands).
Significant differences between the control approaches, however,
are depicted in the channel stage variation over time. For all reactive
controls, periods of flooding occurred, whereas the MPC control
largely avoided it, although we assumed a perfect 8-h rainfall
forecasting.

For the MPC, a solution of a nonlinear optimization problem
was developed for each control horizon. We used the interior-point
method, which is a gradient-based method dependent on the initial
estimated control decision. Therefore, to initialize the optimization
algorithm, we assume this initial point as a random combination
from the previous control signal. Basically, a normal distributed
random number with 0 average and 0.2 variance is generated ðδ ¼
∼N ð0; 0.2ÞÞ and applied to the previous control, such that the
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Fig. 6. (Color) Control performance of rule-based approaches in comparison with optimization-based control using the interior-point method, where
the dashed blue lines in (b and f) represent the spillway elevation; and in (c and g) they represent the allowed water surface depth in the channel for a
25-year, 12-h storm followed by a 10-year, 12-h storm.

Table 4. Comparison within control strategies for a consecutive 25-year, 12-h, and 10-year, 12-h design storm in San Antonio for a watershed in a
recharge zone

Type of control Control strategy

Peak flow
reduction

first
peak (%)

Peak flow
reduction
second
peak (%)

Relative
maximum
flood

depth (%)

Relative
control

effort (%)

Flood
duration

(h)

Static/reactive Passive 73.08 68.67 26.57 0.0 10.40
On/off 37.97 27.81 148.89 93.46 10.98

Detention control 15.01 1.09 229.87 15.58 8.38
DLQI 72.11 67.54 30.18 61.37 11.15
DLQR 72.42 67.91 29.01 53.74 10.83

Optimization-based/predictive Interior-point optimizer 79.39 76.02 2.55 48.91 2.2
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initial point for the optimization is u0ðkþ 1Þ ¼ uðkÞð1þ δÞ.
Defining this initial estimate, however, does not imply solutions
only within this interval but actually can substantially decrease the
computational time by starting in initial points near the previous
control state.

Continuous Simulation

The comparison between reactive approaches with an optimized-
based/predictive control approach in a continuous simulation is
shown in Fig. 7 and the trade-offs between control effort and flood
duration for the continuous modeling are shown in Fig. 8. In this
analysis, we assume a 2-h rainfall forecasting, showing the perfor-
mance of RTC for low degrees of uncertainty in rainfall. In Fig. 7,
a detail of the storm event that occurred in May 1, 2021, shows
the hydrographs and the water surface depths in the reservoir and
channels as well as the control schedules over time.

This rainfall event was rapid and intense, producing a high in-
flow peak because of the initial saturation of the soil from previous
rainfall events. The hydrograph shows that the on/off and detention
control had the highest outflows peak. The valves were mostly
closed for all reactive control strategies in the arriving of the inflow
peak because no relatively high-water stages were yet observed.
However, the on/off started this event with approximately 3 m of
water stage (i.e., its control strategy is regulated by this water
depth).

While almost all other control strategies (i.e., except detention
control) were able to release the accumulated volume with reason-
able maximum channel water depths, the on/off strategy produced
the highest outflow peak. It occurred because of opening both
orifices late without avoiding spillway outflow. The risk of flooding
is generally increased with this strategy. Although the detention
control had some of the inflow volume spilled, all the stored vol-
ume corresponding to approximately 2.5 m (i.e., 5.5–3.0 m) of the

Fig. 7. (Color) (a) Control performance of rule-based approaches in comparison with optimization-based control using the interior-point method for
the rainy season of 2021 in San Antonio; the dotted black lines in (b and c) represent the spillway elevation and maximum allowable water surface
depth in the channel, respectively; and (d and e) net rainfall and control schedule of the assessed control algorithms, respectively.
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pond stored volume [Fig. 7(b)] was successfully released 6 h after
the end of the rainfall event. As shown in the section “Design
Storms,” this available time might not always be feasible if a new
storm event occurs in this interval.

The DLQI, DLQR, and passive control strategies had similar
outflows. The common reaction of the regulators is to stabilize
the changing dynamics described by ψðk; xðkÞ;uðkÞÞ due to qwoutðkÞ
(Fig. 3); therefore, rapid valve openings is a common solution
chosen by these controls depending on the tuned matrices Q

and R. One also can tune these matrices differently to favorably
change the relative importance of variations in control schedule
and water stage over time.

It is noted from Fig. 7 that the the detention and on/off controls
had the highest stored water surface depths, which is in accordance
with Sharior et al. (2019). The latter control, however, returned for
the regulated water surface depth relatively quickly because of the
decision to open the valves after reaching 3 m, whereas the deten-
tion control only released the flow hours afterward. Moreover, even

May Jun Jul

2021   
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Fig. 8. (Color) Trade-offs between control effort and flood duration for a rainy season in an urbanized watershed with poor infiltration capacity.

(a)

(b)

(c)

(d)

Fig. 9. (Color) Duration curves comparing reactive and predictive controls: (a–c) exceedance probability of flows and levels in the reservoir and levels
in the channel, respectively; and (d) a zoom of the channel flood exceedance probability.
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after the event, some volume is still stored for all controls. Outflow
discharge only occurs when hrðkÞ > h0 þ hm ×Dh, where Dh is
the hydraulic diameter. Thus, the minimum water surface depth
is approximately 0.24 m.

An interesting result is the fact that the predictive control had a
relatively larger stored water surface depth in the reservoir com-
pared to the other controls. Despite this fact, it still regulated the
maximum water surface depth in the channel below the reference
href of 1.8 m, as shown in Fig. 7(c). During the peak of the storms,
the predictive control decided to partially close the valves, which
was a feasible decision because the water surface depth in the
pond was below the spillway elevation and no intense inflow was
expected within the next few hours. This type of decision is
counterintuitive and pinpoints the benefit of using predictive
optimization-based control algorithms rather than solely expertise-
based manual operations in real time.

Frequency plots in Fig. 9 show the exceedance probability of
outflows and stages in the reservoir and channel. The on/off con-
trol is more likely to release high flows, which can cause erosion
(Schmitt et al. 2020). This control is similar to a pond with the
spillway in an elevation of 2.5 m above the ground. It certainly
has the benefits of water quality enhancement because of larger
retention times (Sharior et al. 2019; Wong and Kerkez 2018), but
this approach was the one with higher outflows and hence water
surface depths in the channel. The DLQR had the more spread-
out flow–duration curve, indicating that this control typically can
release flows throughout a larger period of time in a relatively
small magnitude. This is particularly important because the pond
can be slowly emptied when no future inflow is forecasted. The
DLQI, in addition to the on/off control, had a flat duration curve
around their regulated water surface depths of 3 and 1 m (Table 2),
respectively, which indicates that they can satisfy their control
goals over a rainy season.

Results in Figs. 9(c and d) show an estimate of the flood prob-
ability in the channel. They indicate that the passive control is
the most suitable reactive control to avoid flood in the channel.
However, the DLQR had approximately the same effect for miti-
gating the flood in the channel, but added the benefit of maintaining
water in the channel and in the reservoir for longer periods of time.
This type of RTC can therefore increase the period of time in the
channel with some sort of base flow (Xu et al. 2021). The predictive
control had no probability of flood in the channel, as desired from
the optimization function.

Another interesting analysis is the trade-offs between the con-
trol efforts and the flood duration. The largest control efforts were
provided by the on/off control, detention control, and DLQI, as
shown in Fig. 8. Because we tune Q with a high weight in the out-
put deviation (ė ¼ rðkÞ − yðkÞ), the control law rapidly tries to
steer the system back to the defined reference setpoint, thus gen-
erating intense control efforts. This tuning can represent the oper-
ator preferences (Troutman et al. 2020; Fraternali et al. 2012) and
could be a time-varying function in terms of the rainfall forecast-
ings, although most control algorithms assume a constant value.
The control approach with least control effort was the predictive
control, which nearly had 10% of the detention control approach.
The MPC problem for the continuous simulation was solved in ap-
proximately 30 min in a single core machine.

Conclusions, Limitations, and Future Works

The real-time control of watersheds, reservoirs, and channels can
decrease the risk of flooding in stormwater systems by better con-
trolling their flow release over time. The application of different

types of optimization-based and reactive controls algorithms was
tested in a case study, and given the questions posed in the section
“Mathematical Model Application,” the results support the follow-
ing conclusions:
1. The reactive controls have lower flood mitigation performance

when compared to the predictive strategy, especially the water
quality controls of the on/off control and the detention control.

2. The MPC control outperforms all other control strategies for
flood mitigation performance and also requires less control
effort.

3. The DLQR and DLQI are as effective as the passive control for
flood mitigation in the channel. However, they add more spe-
cific benefits such as maintaining a desired water surface depth
in the pond (DLQI) and increasing residence times and low
flows (DLQR). However, tuning the weighing matrices Q
and R from the DLQR and LQR optimization problems can
be complex because of different units in the objective function.
Therefore, using normalized objective functions could be an
alternative.

4. Although the reactive controls were each applied for a control
interval of 15 min and the predictive control for a control inter-
val of 60 min, the larger opportunity to change the valve oper-
ation did not compensate the lack of predictability of the states
for the reactive controls for either large critical design storms
events or for observed rainfall events.
Although only flood performance is evaluated in this paper,

this type of modeling approach can be flexible enough to combine
different control purposes according to the expected rainfall fore-
castings. Depending on the estimated future states of the system,
one can change the objective functions of the system to shift from a
flood-focused strategy to a water quality control, increasing deten-
tion times. Moreover, because uncertainty in forecasting increases
over the predicted horizon, it is possible to tune the weight matrices
in the objective function following the uncertainty associated in the
forecasting and thus giving more importance for short-duration
forecastings by increasing the cost weights associated with this
duration.

Future application of the developed approach will consider sce-
narios of uncertainty in rainfall, model parameters, and measure-
ments noise. Moreover, the approach needs to be tested in real
case studies, such as the Upper San Antonio River watershed, which
contains some of the most advanced flood protection systems in
the United States. Comparisons of the simplified dynamical system
with the state-of-the-art hydraulic and hydrologic models, such as
SWMM, GSSHA, HEC-RAS, InfoWorks, and many others, are also
warranted. This methodology can be easily expanded for systems
with many watersheds, reservoirs, and channels.
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Gomes (2021).
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