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Stochastic thermodynamics for systems described by a Fokker-Planck
equation
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I. Langevin Equation

Now, let’s considerer a system of particles in space that can be modeled as a continuos time Markovian system. We can make a
model by the Langevin equation that is given in the following form:
do;

m-— = Fi—av; + fi(t) )
in this equation with got some brief information as that m is the mass of each particle, v; = dx;/dt and the term x; is the position of
the i-th particle. For a general case, we will consider that each particle is in contact with a different heat bath with temperature T;.

Also in the equation (I), the forces that we consider are:

{Fi = fi(x) + F™(t)  force acting in the particle

rand (4) Random force

for the random force, we got the Gaussian Noise properties that are given by:

< I;and(t)> =0 2)

(frma(e) frnd(¢') ) = 2ukpTidijo(t — ') ©)
Above Langevin equation can be rewritten in the following form
do
m ol = —ao;+ F(1) + Bi(t), @)

where quantities v;, «; and F;(t) denote the particle velocity, the viscous constant and external force, respectively. From now on, we
shall express them in terms of reduced quantities: 7v; = w;/m and f;(t) = F;(t)/m. The stochastic force {;(t) = B;(t)/m accounts for
the interaction between particle and the i-th environment and satisfies the properties

(Ci(t)) =0, @)

and

(Ci()u () = 27iTiowo(t — '), (6)
respectively, where T; is the bath temperature. Let P;(v, t) be the velocity probability distribution at time ¢, its time evolution is
described by the Fokker-Planck (FP) equation
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where J; is given by

v, T; OP;
Ji = —yioPi = —= = ®)
It is worth mentioning that above equations are formally identical to description of the overdamped harmonic oscillator subject to
the harmonic force f, = —kx just by replacing x — v, k/a — 7;, 1/a — 7;/m.

From the FP equation and by performing appropriate partial integrations together boundary conditions in which both P;(v, )
and J;(v, t) vanish at extremities, the time variation of the energy system U; = (E;) in contact with the i-th reservoir is given by

av; _ _m [Wz
a2

+ﬁ() } : )

The right side of Eq. can be rewritten as dU;/dt = —(W; + Q;), where W; and Q; denote the work per unity of time and heat
flux from the system to the environment (thermal bath) given by

Wi = —m(v;)fi(t) and Q; = yi(m(v?) —Ty), (10)

respectively. In the absence of external forces W; = 0 and all heat flux comes from/goes to the thermal bath.

By assuming the system entropy S is given by S;(t) = — / P;(v,t) In[P;(v, t)]dv and from the expression for J;, one finds that its

=l (DG g

As for the mean energy, above expression can be rewritten in the following form

time derivative is given by

Ji .
dt - / dv+'yz/v]1dv). (12)
Above expression can be interpreted according to the following form dS;/dt = I1;(t) — ®;(t), where the former term corresponds to
the entropy production rate I'T;(¢) and it is strictly positive (as expected). The second term is the the flux of entropy and can also be
rewritten more conveniently as
Qi (m s
(1) = o =7 oF) — k). (13)
If external forces are null and the particle is placed in contact to a single reservoir, the probability distribution approaches for
large times the Gibbs (equilibrium) distribution Peq( ) = e E/Ti /7, being E = mv?* /2 its kinetic energy and Z the partition function.
In such case, (v?) = T;/m and therefore [le; = ®ey = 0 (as expected). Conversely, it will evolve to a nonequilibrium steady state
(NESS) when placed in contact with sequential and distinct reservoirs, in which heat is dissipated and the entropy is produced and
hence I'INgss = PnEss > 0.

II. Fokker-Planck equation-overdamped case-sequential approach

The same setup We are dealing with a Brownian particle with mass m sequentially placed in contact with N different thermal
reservoirs. Each contact has a duration of T/N and occurs during the intervals 7;_; <t < 7;, where 7; = it/N fori =1,., N, in
which the particle evolves in time according to the following Langevin equation

dv;
mT; = —a;0; + EF(t) + Bi(t), (14)
where quantities v;, «; and F;(t) denote the particle velocity, the viscous constant and external force, respectively. From now on, we
shall express them in terms of reduced quantities: ; = w;/m and f;(t) = F;(t)/m. The stochastic force {;(t) = B;(t)/m accounts for
the interaction between particle and the i-th environment and satisfies the properties

(Ci(t)) =0, (15)

and
(Ci()Za () = 29 Tiowd(t — 1), (16)

respectively, where T; is the bath temperature. Let P;(v, t) be the velocity probability distribution at time ¢, its time evolution is
described by the Fokker-Planck (FP) equation

o, 0

T ] , — filt ) (17)
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where J; is given by

7iTi oF;
C— P — —t 18
] 1 ,Ylv 1 m av ( )
It is worth mentioning that above equations are formally identical to description of the overdamped harmonic oscillator subject to
the harmonic force f;, = —kx just by replacing x — v, k/o — Yi, 1/ — i/ m.

From the FP equation and by performing appropriate partial integrations together boundary conditions in which both P;(v, t)
and J;(v, t) vanish at extremities, the time variation of the energy system U; = (E;) in contact with the i-th reservoir is given by

dU,‘ 0 i api
IR ET T o

By integrating the right side of Eq. by parts and using suited boundary conditions, in which the probability and J; vanish at
extremities, above expression can be rewritten as dU;/dt = — (W; + Q;), where W; and Q; denote the work per unity of time and
heat flux from the system to the environment (thermal bath) given by

Wi = —m(v;)fi(t) and Q; = yi(m(v}) —T;), (20)

respectively. In the absence of external forces W; = 0 and all heat flux comes from/goes to the thermal bath.
By assuming the system entropy S is given by S;(t) = — / P;(v,t) In[P;(v, t)]dv and from the expression for J;, one finds that its

time derivative is given by

dSi . ]1' E)Pi
@ E)(F)w @D
As for the mean energy, above expression can be rewritten in the following form
ds; o m I 12 "
Aﬂ_vm(/aw+%/%@) 22)

Above expression can be interpreted according to the following form dS;/dt = I1;(t) — ®;(t) (as verified in distinct previous cases)
where the former term corresponds to the entropy production rate IT;(#) and it is strictly positive (as expected). The second term is
the the flux of entropy and can also be rewritten more conveniently as

Qi m s
@i(t) = 5 =7 (@) k). (23)

As before, if external forces are null and the particle is placed in contact to a single reservoir, the probability distribution
approaches for large times the Gibbs (equilibrium) distribution Pf 1(v) = e F/Ti /7, being E = mv?/2 its kinetic energy and Z
the partition function. In such case, (v?) = T;/m and therefore [ly; = ®p; = 0 (as expected). Conversely, it will evolve to a
nonequilibrium steady state (NESS) when placed in contact with sequential and distinct reservoirs, in which heat is dissipated and
the entropy is produced and hence IInrss = Pnpss > 0.

In order to obtain explicit and general results, the external forces will be expressed in the following form:
~ X191(t), te|0, /2

Xogo(t), te[t/2,7],

where g;(t) and X; account for the kind of driving and its strength at stage i, respectively.It is worth mentioning that Eq.

describes generic drivings which do not depend on the velocity or position of the Brownian particle. Continuity of P;(v, t) at times
t =1/2 and t = T implies

(v)(1/2) = (02)(t/2)  ; bi(7/2) = ba(7/2) (25)

(1)(0) = (0)(T) 5 bi(0) = ba(7) 26)

From the above, we arrive at the following general expressions (evaluated for =1 and ¢ = 72 = ):

! ('—t) N\ g4t 1 /2 (t'—t) N\ g4/ ° (t'—t) N\ 74!
o) = X [ g+ g {x [ v [0 et gwar, @)
! (F—t) 1\ g4/ 1 T /2 (' —t) N\ g4/ N ('—t) I\ g4t
<@®::&AJ7 @mm+mdw&4 ¢ ﬁaw+mﬂfv @Mﬂ} (28)
bl(f) _l (Tl - TZ) o2t + E ; bz(t) _ _l (TZ - Tl) 6—27(1‘—1'/2) + E (29)

m(1+e77) m m (14e77) m
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Inserting the above expressions into expressions for work and heat and averaging over a complete cycle, we finally arrive at

W o= —— " 2 (Eem-1) / 7 e / Cen()e dr'dt + /'T/2 (H)e " dt / ) at
Lo et =) [ o & Jo &1 Jo & Jo &
T/2 T ,
+ X1X2/ gl(t)e—’yt di’/ gz(t’)e"ﬂ dt/:| , (30)
0 T/2
G, = [ ! -
Q = = [/0 (v1)~dt i tanh(yt/2)(Ty — Ta) |, (31)
and
W, —m{XZ(/T gz(t)efwdt/r gz(t/)ewdt’—i—(ew—l)/T g (t)e /t gz(t’)e'yt,dt’dt).
T(e7T —1) 2 /2 /2 T/2 T/2
T T/2 ,
+Xlxze'ﬂ< / ) g (t)e " dt / g1(t)e dt’)], (32)
T/2 0
Q= " [T o2 4 -
o) - {/Tm(vz) dt + i tanh(y7/2)(Ty Tz)], (33)

for first and second stages, respectively and @ is promptly obtained by inserting above expressions in Eq. (23). It is worth
emphasizing that Eqs. (30)-(3) are general and valid for any kind of drivings and temperatures. Close to equilibrium the entropy
production, given by Eq. (23), assumes the familiar flux times force form @ ~ i f1 + Jof2 + Jrfr where

A=X1/T ; L =%X/T ; fr=AT/T? (34)
(AT = T; — T7) and fluxes defined by
Wi=-Thfi ; Wa=-Thfr; Q1 —Q =2r. (35)

Up to first order in the forces these fluxes can be expressed in terms of Onsager coefficients J; = L11f1 + Li2f2, ]2 = Lo1f1 + Laofo
and Jt = L77fr which results in

mT YT /2 —t ! Nt 3t /2 —t /2 Nt 34
In = -y | —1)/0 g1(te /0g1(t Je dtdt—l—/o g1(t)e dt/o gi(t)er dt'|, (36)
mT T T / T t ,
Ly = —/——— / t —Vfdt/ e dt + (7T — 1 / t —Vf/ ter! dt’dt], 37
2 (e =1 { T/ng( Je . T/282( Je + (e ) T/ng( Je T/zgz( Je 37)
mT /2 T / mTe"™ /2 / T
— —t Nt ! . _ Nt ! —t
L1z (e —1) /0 gi(t)e 7 dt /T/2 the’ dt’ Ly @1 /0 g1(t")e’ dt ./r/Z S(t)e 7" dt,  (38)
2
trr = gt () (39)

Four remarks are in order. First, Egs. and state that average powers are independent on the velocities. Second, Onsager
coefficients L;;’s (i, j = 1,2) are exact and valid for arbitrary values of f;’s. Third, to verify Onsager-Casimir symmetry for the cross
coefficients L1 and Ly it is necessary not only to reverse the drivings but also to exchange the indices 1 <+ 2. Fourth and last, there
is no coupling between work fluxes and heat flux. That is, the cross coefficients L1, L1, LT, and LT are absent. Hence this class
of engines does not convert heat into work (nor work is converted into heat) and always loses its efficiency when the difference
of temperatures AT between thermal baths is large, because heat can not be converted into output work. In the regime of low
temperatures, efficiency properties can be solely expressed in terms of Onsager coefficients and their derivatives.

III. Fokker-Planck equation-underdamped case

For this Brownian motion system, we can associate a probability distribution function P(x,v, ) in what we got the set that
x = (x1,x2,...,%;) and v = (v1,0g,...,0p).
The Fokker-Planck equation associated to this system with N particles, in that each one has a thermal reservoir with temperature
T;, is given by:

oP 3 1 ) kp
E - _;TTJZ |:mF1P_7101P:| _;E(01P)+E;71T1

in the case that all particles are submited by the same 7; = «;/m, we make that y; = , Vi, so we reach in:

#r
ov?

i
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9 k 2P
Zavl{ FP— wp} ;a—xi(v 3727’ (40)

As we said before, we're gonna consider a case with multiples Brownian particles in that each one is submited to a different
thermal reservoir. For start some general analysis, let’s make the equation in a different form:

9x; 9o,
Yo oplioy (Ler) @

in this form, we write some terms as probabilities currents and can be analysed as a diffusion function. Each current is given by:

{]Xi :Uip

’)’TikB opP
R, 9z
Jo o m v,

IV. Entropy and entropy production

Following the Boltzmann entropy definition, that we represented for the discrete case in equation(??), we can get the continuous
form by replacing the sum by the integral:

S(t) = —kg /P(x, v,1)log P(x,0,)dt (42)

taking the time derivative of the equation above:

as(r) apP 19P
7_—@/ {a logP—i-PPa} dt

_ _kB/ B (logP—i—l)] dr

Now, plugging the equation in the equation above, we reach in the following expression:

Z axl avl 3 (1
9Jx o 1
_kB§ /H Jx; | aifravl( Pﬂ(logP—i—l)}dT (44)

)y,
= kg Z/ a]x, (1ogP+1)dT+Z/

I I I3

9/, 9 (1.
20, (logP—i—l)dT—i-;/avi <szP> (logP+1)dt (45)

For calculate each of the integrals, we need first to assure some conditions:

e lim P(xov,t)=0

x or v—=+o00

° lim J,, =0

X or v—=+o0

Now, let’s calculate each one of the integrals:
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M(Integral 7;)

¥
1122/8]32 (log P +1) dt
.

J
_;/ax,-(vip) (log P +1) dt
' ap
_ZZ;/ 5y Proig, | logPt1)de
—

—/Pi[vi(logpﬂ)}dr

=) P (logP+1) o
i 1

—00

=0

M(Integral 7,)

knowing that 351 = #[—'yviP — Jo,]. we reach in:

B= _Z{/ 7 [vkn;n("y”ip_ m)} dT}

2
m ]v‘ m
= —dt + Vi Jo,dT
i {’kaTl P ’)/kBT,‘. 7 1]?), }
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B(Integral 73)

Ty = Z/E)v < > (log P+ 1) dt

1 oF, P
_%Zl; / P S g, | (logP+1)dT
—

2{/; logP—I—l)dT}

1 °° 9
= %Zi: E;P (logP—i—l)‘m—/Pavi[F,- (logP +1)ldt

=0

:—Z{/FPlap }
S A

-1 3 {Fip’wm}

=0

With all the integrals evaluated for a general case, we can input the above results in equation and get the following form for
the entropy production for a system like that:

ds m ]zzi-
— = E — —d Jo.d 4
dr : +T; {/ P T-’-/'szfv, T (46)
Analysing the equation (46) we know that the term of J,, is such that:
Ul >
7T / dt >0

beyond that, we know that we can represent dS/dt as the form of (??):

ds
< =1 - ()

in what the entropy production is always greater or equal to 0. Due to that, we are gonna define the entropy production and the
entropy flux of this kind of system by the following form:

m [

o) =~ L7 [oodeis) I

In this following section, we're gonna derive some other relations starting from some ensembles definitions.

V. Mean energy, work and dissipated power

For the mean energy U = (E), we start from the definition:
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= /EP(x, v, t)dt

For the case we’re considering, we got the fact that the energy function is composed by only a kinetic energy(T) and a potential
energy(V) that does not have an explicit time dependence. In other words:

oE

o 0

Now, plugging the energy definition for the case in the above expression, we got:

u— /(T+V)PdT (49)
deriving in respect to time:
du oP
- /(T+V)§d7 (50)

in this equation above, we insert the equation {I):
du
— = T+V)
dt / {( +

*Z /[TJFV alx'}d +/[T+V)a{;"]d +/{T+V);(1FP>}OZT (52)

I I, I

Zlah”**ilah“**iia ( )1:}d7 -

As we’ve done before, let’s solve these integrals separately:

M(Integral 7;)

7 :/ [(T+V)%£:‘] d

— @) - 12

\—/—4

/]x’ ox; dv
= [ Jufidr
= /Z)Z‘Fipd'l'

= (vifi)

M (Integral 7,)

yp) =/ {(T—FV)Z{Z’} dt
=(T+ V)],

* oT

— —d

/]vl a?),' T
—_———— ~~~
=0 =mv;

= —m/vi]z,jd'c
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M (Integral 73)

Ty = / [(T+V)aavi (;Fipﬂ dt

~YrsvEp —l/Fl-P T 4
m e M dv;
~—~—
=0 =mu;
= 7/FiUiPdT
= — (Foi)

— (vifi) = (o1) (1)

Now, plugging the integrals above in the equation (52):

du
=X [(wf) = m [ oot = (ouf) — (o) B0
i
du ' ext
= Zm/ 0o, dT+ Y (o) E(E) (53)
i i
Heat per time Work per time
As we know, the term [, is given by:
_ . 7Tk 0P
Jo = —oiP m  ov;

now, replacing this in the integral term of (53):

' T;kg 0P
/vi]vid'r = —/ [vi (’yv,-P+ ’Ynlq Baviﬂ dt

_ 2 _ ’YTikB/ opP
= 7/01 Pdt - v avidT

= () - 1Tiks | p

—_—
=0 =1
’)’kB T;
= {et) + 5
Plugging this relation above in (52):
du
T = L) E 0 = X [my (oF) +7keTi] (54)
i
%/_/ Heat
Work
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