level ¢* rises. However, as more firms operate in this market, the increase in ¢*

. . . * . .
becomes smaller since the derivative %iﬁ decreases in N, i.e.,

2(%) _ ONPe— (N —1)2Ne
ON (N2c)2 |

Exercise #6 - Linear and Leontief Preferences

6. Consider an economy in which preferences are

Consumer 1: U' =) + x}

Consumer 2: U? = min{2?, 22
1) +2

(a) Given the endowments w! = (1,2) and w? = (3, 1), find the set of Pareto efficient
allocations and the contract curve.

e For consumer 1, the indifference curves are found be solving for z3, i.e., 23 =

Ul — 21, and thus are depicted as straight lines with a slope of —1. For
consumer 2, the indifference curves are right angles with corners ("kinks") at
consumption bundles with equal quantities of the two goods, 23 = x3. Figure
6.2 illustrates the Edgeworth box. Recall that there are 4 units of good 1,
but only 3 units of good 2, explaining the rectangular shape of the Edgeworth
box. The Pareto efficient allocations (PEAs) are at the corners of consumer

2’s indifference curves.

il 2 0,
X1 % 3 =
o - . L4
Pareto efficient allocations i
td
________________ 2
e
‘f
J |
e e e e N s
vefrr, SO
/‘ Al |
S S (R — —_— —— :’]‘ ‘ l
Initial allocation A | |
L
cT | \ |
'.r‘ ‘ | ‘ |
N, A \ I \ [
L4
Pod \ [ \ |
- L 8
0 2 v
)

Figure 6.2. Edgeworth box and PEAs.

(b) Which allocations are competitive equilibria?

e The only equilibrium must be on the indifference curve of consumer 1 through
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the endowment point w. This is shown by point e in figure 6.3, where
consumer 1 is as well off as in his initial endowment. The budget line
must therefore overlap his indifference curve. Any other price ratio will
lead consumer 1 to choose a corner allocation (either spending all his in-
come on good 1 alone if p; < ps, or on good 2 alone if p» < p;). In con-
trast, consumer 2 wish to consume at the corner of an indifference curve.
Point e therefore must be the unique equilibrium (unique WEA) which is
((z},22), (23, 22)) = ((2,1),(2,2)).® As depicted in the figure WEA € PEA.
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Figure 6.3. PEAs and WEA.

Exercise #7 - Finding Offer Curves for Different Preferences

7. Consider a two-good economy, where every person has the endowment w = (0,20).
For each of the following preferences, solve the individual’s UMP in order to find his

demand curve. The use the endowment to identify his offer curve.

(a) Cobb-Douglas type: alog(x1) + (1 — ) log(xz), where a € (0, 1).

e Setting up the Lagrangian and normalizing the price of good 2, so p» = 1 and

p1 = p, we obtain

£ = alog(zy) + (1 — ) log(2s) + A [20 — pay — 5]

25The WEA simultaneously satisfies 23 = 3 — 2} for consumer 1, 22 = 23 for consumer 2 (points at the
kink of his indifference curve), and the feasibility conditions z} + z} =4 and 2% + 23 = 3.

279



which yields first-order conditions

€

1—
S x =0

T2

1

207 and

Subtracting the first two equations from the third one, we find \ =

so the demands will be

20
T = 2% and e =20(1 — «)
p
and the offer curve will simply be a horizontal straight line at 2% = 20(1 — «).
Since the offer curve depicts the relationship between the demand of good 2
and good 1, the offer curve in this case is just xo = 20(1 —«), i.e., a horizontal

straight line with height 20(1 — «) in the Edgeworth box.
(b) Perfect substitutes: ax; +

e In this case, the consumer demands units of one of the good alone (when the
slope of his indifference curve and budget line differs) or any bundle on his
budget line (if their slopes coincide). In particular, since the M RS » = ¢ = a,
and the price ration is g—; = p, the consumer only demands good 2 if p > a,
i.e., x = (0,20); only good 1 if p < a, yielding a demand x = (%, 0); and any
point on the budget line pz; + zo = 20 if p = a; as depicted in figures 6.4a
and 6.4b.

N IC.slope=-a

Figure 6.4a. Demand when p > a. Figure 6.4b. Demand when p < a.
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(c) Perfect complements: min{azy, z2}.

e Demand will be at the kink of the indifference curve, i.e., ax; = x5, which

together with the budget constraint pz; + xo = 20 yields px; + ax; = 20, or
p%. Hence, the demand for good 2 is xy = ax; = a%. That is, the
offer curve satisfies x5 = axy, thus being a straight line from the origin (0, 0)

Ty =

and with a positive slope a > 0.

(d) Consider now an economy where all individuals have the Cobb-Douglas pref-

erences of part (a). There are two individuals: consumer A with a = % and
endowment w = (10,0), and consumer B with o = % and w = (0,20). Find the
WEA.

o If a person with preferences of alog(z1) + (1 — a)log(z3) had an income of
10 units of commodity 1 (as opposed to 20 in part (a)) then, by analogy with
part (a), demand would be

1 10«
T 10p(1—a)

and the offer curve will simply be a vertical straight line at 2 = 10a. From
our demands in part (a) and the equation above, we have 21 = 10(3) = 5,
23 = 20(1 — 3) = 5. Given that there are 10 units in total of commodity 1
and 20 units in total of commodity 2 the materials balance condition then

means that the equilibrium allocation must be

a2t = g and 22 = g
15 5

Solving for p from our equilibrium we find that the equilibrium price ratio

must be 3.

Exercise #8 - Barter Economies
8. Consider the following indirect utility functions for consumers A and B

1 1
vi(p,m) = lnm — §1Hp1 — §lnp2

o (pom) = <1 + 1)m

b1 D2
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Exercise #9 - Pure Exchange Economy

9. Consider a pure-exchange economy with two individuals, A and B, each with utility
function u(z?,y") where i = {A, B}, whose initial endowments are e* = (10,0) and

eB = (0,10), that is, individual A (B) owns all units of good z (y, respectively).

(a) Assuming that utility functions are u’(x%,y") = min{z’,y'} for all individuals
i = {A, B}, find the set of PEAs and the set of WEAs.

e PFEAs. Since the utility functions are not differentiable we cannot follow the
property of M RSﬁy =M RSfy across consumers. Figure 6.5 helps us identify

4 such as

the set of PEAs. Points away from the 45°line, satisfying y4 = z
N, cannot be pareto efficient since we can still find other points, such as
M, where consumer 2 is make better off while consumer 1 reaches the same
utility level as under N. Once we are at points on the 45°-line, such as M,
we cannot find other points making at least once consumer better off (and

keep the other consumer at least as well off). Hence, the set of PEAs is

{(@*,yh), (2%,y?) 1 y* = 2% and y® = 2P}

A
; 5 0®
17 <
5 5
’ ) i i
;o PEAs ie,y"=x"
. 53
. »
0 5 L 4

Figure 6.5. Edgeworth box and PEAs.

e WEAs. Using good 2 as the numeraire, i.e., po = 1, the price ratio becomes
g—; = p1. The budget line of both consumers therefore has a slope —p; and
crosses the point representing the initial endowment e in figure 6.6 (where

e lies at the lower right-hand corner). Therefore, the WEA is given by the
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vector {(5,5),(5,5)}, where every consumer enjoys 5 units of every good.

ty

Initial
Endowment, e

Figure 6.6. Edgeworth box and WEA.

(b) Assuming utility functions of u? (24, y4) = 24y* and u?(2?,y?) = min{2?, ¢y},
find the set of PEAs and WEAs.

e PEAs. By the same argument as in question (a), the set of PEAs satisfies

y? = 24, as depicted in figure 6.7. Point N cannot be efficient as we can

still find other feasible points, such as M, where at least one consumer is

made strictly better off (in this case consumer A). At points on the 45%line,

however, we can no longer find alternatives that would constitute a Pareto

improvement.

A
7 -
5
" 4 i
',' PEAs 1e, " =x°
ic >
OA 5 v
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Figure 6.7. Edgeworth box and PEAs.

WEAs. Using good y as the numeraire, p, = 1, so that the price vector
becomes p = (p,, 1). Hence, Consumer A’s UMP is

max zy”
xA,yA

subject to P +yt = 10p,
Taking first-order conditions

yA - /\Apa: =0
=X =0
pzmA + yA = 10p,
Combining the first two FOCs and rearranging, we have

pxxA = yA

and substituting this equation into the third FOC yields

Pt + ppat =10p, = 2% =5

and substituting this back into p,z4 = y*

yA = 5px

Consumer B’s UMP is not differentiable, but in equilibrium his Walrasian

demands satisfy 2? = y®. Substituting this into his budget constraint yields

10
e +28 =10 = 2P =¢P =

Furthermore, the feasibility condition for good x entails

10
pr+1

5+ =10+0,0rp, =1

Therefore, the market of good x will clear at an equilibrium price of p, = 1,

i.e., z;(ps,1) = 0 when p, = 1. Since market y clears when market = does

(by Walras’ law), z,(ps, 1) must also be zero when p, = 1. Summarizing, the
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equilibrium price p, = 1 yields a WEA

{(5,5),(5,5)}

Exercise #10 - Gross Substitutes

10. Consider an economy with two individuals, Amelia and Bernardo, with utility functions
u? (2, y1) = min{z4, 2y} for Amelia and u?(z?,y?) = min{227, yP} for Bernardo,

and initial endowments given by e? = (1,0) and e? = (0, 1).

(a) Find the Walrasian demands of each individual.

o Amelia. The UMP of Amelia is
s Ao A
2
x/%%éo min{z", 2y}

subject to pyr? + pyyA < Pz

since she only owns one unit of good z, e = (1,0) the market value of her
resources (as captured in the right-hand side of the budget constraint) is p,.
As she would consume (24, y#) pairs at the kink of her L-shaped indifference
curves, optimal consumption bundles satisfy 4 = 2y*. Plugging % = 2y

into her budget line, p,z* + pyyA = p., yields

pe (2™) + pyy? = pa

and solving for y*, we obtain Amelia’s Walrasian demand of good y

A — Dz
2p, + Py

while her demand for good x is

2p,

= 2y‘4 = —
2D, + Dy

e Bernardo. Similarly, Bernardo’s utility maximizing bundles (xZ,y?) satisfy
2P = yP (bundles at the kink of his indifference curve) and p,z®+p,y® = p,

(budget line since he only owns one unit of good y). Simultaneously solving
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price p; = 1 is absent. Therefore, the only equilibrium is stable.

zi1(2) 4

i

z(p) after tli?‘ .
endowment

b increase

Figure 6.18. Excess demand and Stability.

Exercise #21 - Production Economy

21. Consider an economy with two consumers i = {A, B}, one firm and two goods [ =

{1,2}. The individual endowments of individuals A and B are w* = w® = (1, 3). The

utility functions are

u(ef,wy) = In(27) +In(y)

uP(al af) = (aF)i(ad)?

The firm produces good 2 using good 1 as input, the production function is y2 = /y1.
The consumer B owns the firm (denote 7 the firm’s profit). Good 2 is the numeraire

good (i.e., po = 1).

(a) Determine the demand for good 1 of the consumers and the firm.

o Consumer A. Starting with consumer A’s utility maximization problem

1 1
max In(z4") + In(z5') + A4 [pl <§> + p2 <§> — 1y — pﬂ?]
Ty ,T3
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with first-order conditions
- )\Ap1 =0
— )\Apg = 0

1 1
P1 <§) + P2 (§> —plIfl —psz =0

Combining and rearranging the first two FOCs yields

1
A
T

1
A
)

A A
P11y = P2y

Substituting this into the third FOC yields consumer A’s demand for good 1

1 1 1+ P2
_ _ -9 A:0 S A:
n(3)+r(g) -t =0 — ot =20

and plugging this value back into p;x4! = pyz4 yields consumer A’s demand

for good 2

D1+ pQ) A A DP1+D2
P\ ——— | =pxy — 75 =
( 4p; 2 2 4p,

e Consumer B. Next, we perform the same task for consumer B. His utility
maximization problem is
B\ (,.B\3 B 1 1 B B
max (21)4(23)% + A7 p1 B + D2 5 + T — Pp1ry — P2¥y

B ..B
Xy, Ty

with first-order conditions

1
2@ @) = Mp = 0
3 B

1 1
D1 <§> + P2 (5) +m —Pﬂf —P2I§4 =0

Combining and rearranging the first two FOCs yields

3p1ay = pawy
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Substituting this into the third FOC yields consumer B’s demand for good 1

1 1 p1+p2 + 27
— — —4 B:O — B:—
D1 <2> + D2 (2) + T = 4p17y Ty 8pr

and plugging this value back into 3p;x? = pyxl yields consumer B’s demand

for good 2

5 <p1+p2+27r> 5 5 3(p1+p2+2m)
Pr\ ———
8p1 8p2

e Firm. Lastly, we find the firm’s demand for good 1 by setting up its profit

maximization problem

max poYz — P1Y1
Y1,Y2

subject to y2 = \/y1

substituting the constraint, we obtain an unconstrained maximization prob-

lem

HZaX P2v/Y1 — P11
1

and taking first-order conditions with respect to y; yields the firm’s demand

for good 1

2
D2 p

2V Apt

Plugging this value back into y» = ,/y; yields the firm’s supply of good 2

P
410% 2p1

This also yields a value for the firm’s profits, 7 of

_ P I
77—1023/2—1013/1—2022—;01—1014—20%—4—101

(b) Show that there is a unique equilibrium price p;.

e The market clearing condition for good 1 is

e a4y =1
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substituting our demands from part (a) gives

+ +p2+2r  p3
b1 p2+p1 D2 +&

=1
4p 8p1 4pt
substituting our profit level, T = %, our numeraire (p; = 1) and rearranging,
5
3p1+ 5 = 5p}

Solving for p; yields two solutions, only one of which is positive,

_ 3+1—5/E ~ 1.068

b1

Hence, the equilibrium price ratio is p; ~ 1.068.

(c) Assume that the production function is now y, = y;, and thus satisfies constant

returns to scale. Determine the equilibrium price and allocation (i.e., the WEA).

e Recall that the isoprofit line m = poys—p1y1 can be rewritten as yo = piz—l—g—;yl.
Since the production function y» = w; satisfies constant returns to scale,
output decisions are y, = y; = +00 if py > p1, yo = y1 = 0 if ps < pq, or
any point in the line y5 = y; if po = p1; as depicted in figures 6.19a and
6.19b. (See the chapter on production theory for more details on this type of
technology).

J"]‘ 0 ¥ |1 0

Figure 6.19a. Corner solution. Figure 6.19b. Infinite production plan.

e Let us solve for the equilibrium.

— In the case py > p1, y1 = +00 so that the market for good 1 cannot clear,
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i.e., z1(p) # 0. There is no equilibrium in this case.

— In the case ps < p1, y1 = 0 (and 7 = 0). The market clearing condition
for good 1 becomes x{ + 2 = 1. Substituting the demands from part

(a), and the numeraire yields

p1+1+p1+1

+0=1
4p, 8p1

which, solving for p; gives p; = g Howver, this result entails

P1—5 = D2

which contradicts our initial assumption of py < p;. Hence, there is no

equilibrium in this case either.

— In this case p; = p;, and the demands for good 1 of both consumers A
andBreducetoxf:%:%:%andx?:%:%:}l(given
that = = 0, whatever y; is). The market clearing condition for good 1,
z{' + 2P +y = 1, thus becomes 3 + § +y; = 1. Solving for y;, this implies

that y; = 411 > 0. Hence, there is only one equilibrium. Using p; = pao,

ie, 2 =1 and ¢ =1 and 2% = 1, we can find the remaining elements
D2 1 2 1 4
of the WEA,

+ 3(p1 + 3

4p1 8]91 4

and yo =y = }L.
(d) Consider the exchange economy consisting of consumers A and B (in other words,
eliminate the firm). Determine the equilibrium (price and allocation).

e The Walrasian demands of A and B are already known from part (a).Since
there is no firm m = 0. The market clearing condition for good 1 is 24! + 22 =

1. Substituting our Walrasian demands yields

D1+ P2 +P1 + P2 1
4p, 8p1

using our numeraire p; = 1 yields

1

P1+1+p1+1_
4pr 8p1

Solving for p; yields p; = % Substituting this back into our demand functions
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yields our equilibrium quantities 24 = %, T

Exercise #22 - Production Economy with CRTS

22. Consider an economy with two consumers i = { A, B}, one firm (that produces good 2
using good 1 as input) and two goods [ = {1,2}. Consumer B owns the firm. Good
2 is the numeraire good (i.e., p, = 1). Consider that consumers’ preferences are given
by

A A A A B(.B B B
ut (), xy) = ) + 4 /2 and  uP(xp,xy) = xp +24/28
while their endowments are

wh=(4,12) and WP =(8,8)

The production function is y, = 3y;, and the firm operates in a perfectly competitive

market facing prices p; > 0 and p, > 0. Compute the equilibrium price and allocation.

e Consumer A. Setting up consumer A’s utility maximization problem,

max 2t + 4y /28 + A [pi(4) + pa(12) — praft — pard]

Ty ,Ty

with first-order conditions

1-Xp, = 0
2
A—/\Ap2 =0
)

p1(4) + p2(12) — praf — pozy = 0

combining the first two first-order conditions and rearranging yields

l:)\A: =4 $A_4_p%
b1 b2 2 p%

Substituting this into the third first-order condition yields

4p? 4p; + 12 4
pr(4) + pa(12) = praf — po (ﬂ) ) = gf = AT T

P3 p1 P2

Which is positive if and only if p, > &(v/13 — 1). Otherwise, consumer A would

be at a corner solution where 24' = 0 and 24 > 0. In particular, he would spend
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all his income on good 2, that is,

4p; + 12
pard = (1) +pa(12) = o =
2

In summary, consumer A’s demand is

4p1+12p. 4p 4p? . p Ny
(23, 23) = ( T P_;’pTzl) if pp > (V13 — 1) = 0.434p,

(0, 41’;%) if py < 2(V/I3 — 1)
Consumer B. Setting up consumer B’s utility maximization problem,

max a4+ 2¢/ 28 + AP [p1(8) + pa(8) — praf — pond ]

T1 %y

with first-order conditions

1-Xp, =0
1
B—/\sz = 0
)

p1(8) + p2(8) — prat —paxd = 0

combining the first two first-order conditions and rearranging yields

1 =B
—=)B=X= or P = p_;
h D2 b>

Substituting this into the third first-order condition yields

2
p 8p1+8p2 P
p(8) 4 ma(s) —paa? o () =0 — o SR D1

p3 p1 P2
Which is positive if and only if py > Z%(\/6 — 2). Otherwise, consumer B would
be at a corner solution where 2 = 0 and 2 > 0. In particular, he would spend
all his income on good 2, that is,

8p1 + 8
pgxf =p1(8) + p2(8) = xQB = %
2

In summary, consumer B’s demand is

B _.BY __
(ml 7$2 ) - 0 8p1-+8p2

b p2

(8p1p+18p2 _ ;,_;’ i_%) if py > %(\/6— 2) ~ 0.112p,
if pp < %(\/6 —2)
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e FEquilibrium. To solve for the equillibrium, we distinguish between 2 cases (ac-

tive/inactive firm).
— In the case in which the firm is active, we have % = 3 in equilibrium. Hence,

p2 = & . Howver, that entails p, < & (/13 — 1) and from our above analysis

consumer A will be at a corner solution yielding demands

(2, 29) = (0,24) for individual A, and

23
(8, 28) = <§,9> for individual B

The market clearing condition is
i 4+ 2P 4y =12

Substituting our demands, we can find the input level in equilibrium

23 13
0+§—|—y1:12 — yl:?

Finally, since yo = 3y, equilibrium output is yo = 3 - ? =13.
— In the case in which the firm is inactive, we have that f}—; > 3 in equilibrium.

Recall that consumer A’s consumption of good 1, when positive, is

A Api+12p  Ap
.1:1 -_—
b1 D2

which can be rewritten as

2
P1 \ P2 D2

Let X = i—; > 3. Our condition becomes
ﬂ‘W+X+$
X

For X > 3, the quadratic term in the parenthesis is negative, as is its deriva-
tive as depicted in Figure 6.20. This implies that 2 < 0 for all f}—; > 3. Hence,
consumer A would not consume positive amounts of good 1, 2 = 0, but in-

stead use all his resources on good 2, i.e., 4 = 4”1;%. Since individual B
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is the only consumer of good 1, 2% = 12.

S0

flX)=-x*+x+3

> X

Figure 6.20. Equilibrium price ratio.

Finally, substituting in consumer B’s demand yields

8p; + 8
o8 = PLToP2  P1_
b1 D2

and solving for f}—; yields

D o3 2~ 1464 <3
D2
which contradicts our original condition, i.e. g—; > 3. Hence, there is no

equilibrium in this case.

Exercise #23 - Pareto and Efficient allocations in the Household

23. Consider an economy with two individuals, Ann and Bartholomew, each with utility

funciton

ut (2, 1) = 2Nt and WP (2P18) = (2P)%1P

where x denotes a consumption good while [ represents hours of leisure. In addition,
Ann owns the only firm in this economy and has 20 hours to dedicate to either work
(LA) or leisure (I*), 20 = LA + [4; whereas Bartholomew does not own any assets in
this economy (poor husband!), but has 30 hours to spend, 30 = L? + [B. Ann’s firm
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produces units of good x with labor hours using a Cobb-Douglas production technology
z =L, where L = LA+ L5.

(a) Find the set of PEAs.

e Allocations (z4,14) and (2Z,1P) for consumers and (x, L) for the firm are

efficient if they solve

subject to (2%)%1% > @®
A+ 2B <z
A +184+L<20+30

2 < VL (technological feasibility)

} feasibility

The Lagrangian of the above maximization problem is

L = 244+ )\ [(:L’B)QZB — ﬂB} — X9 [ZL’A + 28— :x]
2 [ 417+ L= 50] = A o~ VI
Before taking FOCs, note that both consumers’ utility functions are strictly

increasing and preferences are strictly convex, and so is the firm’s technology,
thus yielding interior solutions. Taking FOCs yields

oL oL
81-_14 = lA_)\2:07 W::EA_A?):O (]‘)
oL oL
] = 2>\15EBZB — X2 =0, 9B = )\1(33B)2 —A3=0 (2)
oL oL 1 1
% A2 — A =0, 8_L__)\3+§)\4ﬁ_0 (3)

and the four binding constraints. Dividing the two expressions in (1), we

obtain
A B Ao (4)
.CUA N )\3

Operating similarly with the two expressions in (2) yields

208 )y
PUEREW (5)

326



and solving for \4 in the two expressions in (3),

o= = = 2vL (7)

Hence, a PEA requires that the marginal rate of substitution between the
consumption good and leisure coincides across consumers and, in turn, it
must also coincide with the rate at which the firm can transform labor into
the consumption good. Condition (7) together with the feasibility conditions

in the four binding constraints, characterize the set of PEAs.

(b) Find the set of WEAs.

e A price vector for the single good in the economy, z, and the single input,
labor, i.e., (p,w), and an allocation {(x4,14), (zZ,1P), (v, L)} are a WEA if
and only if

1. The price vector (p,w) satisfies
w4(p,w) + 2P (p,w) = z(p, w)
and
A (p,w) +1%(p,w) + L(p,w) = 50; and

2. (2',1') maximizes individual i’s UMP, and (z,L) maximizes the firm’s
PMP. Let us seperately solve UM P4, UM Pg, and PM P.

o UMP 4. Consumer A solves

max 74
A JA>0

subject to pr? = 7 4+ w(20 — I*)

which indicates that Ann can use the profits of the firm she owns, 7, and the
salary of working L4 = 20 — [4 hours (i.e., the hours she does not dedicate to

leisure) to purchase units of good = at a price p. The Lagrangian associated
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to this UMP 4 is
L=a"" = X[pz* — 7 —w(20 — 1]

Taking FOCs we obtain

oL A
gTﬁ = 28 —wA=0
which simplify to
lA D . A . .
= de, MRSZ, = price ratio (8)

and consumer A’s budget line
prt =7+ w(20 — )

Hence, A’s demand for good x is

prt =714+ w 2O—£$A
v
1A

which, solving for z4 yields

oA T+ 20w
2p

Therefore, her labor supply is

A A £<7T+20w>_7r+20w
w

P a_
—x —
w 2p 2w

UMPpg. Consumer B solves

max (o)
B 1B>0

subject to pz® = w(30 — 17)

where consumer B has 30 hours at his disposal, but does not enjoy firm
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profits. The Lagrangian associated to UMPp is
L= (z")1" = X [pz” — w(30 — 17)]

Taking FOCs we obtain

oL

58 = 22818 —pA =0
gl—i = (2B —wA=0
which simplify to
218
=2 e MRSE = price ratio ©)

and his budget line
pr® = w(30 — I7)

Hence, consumer B’s demand for good x is

pr? =w | 30— ixB

which, solving for ¥ yields

Therefore, his labor supply is

B_ P B _ P 20w _ 10
2w 2w P

PMP. Finally, the firm chooses ¢ and L to solve

max —wlL
q,L>0 pa

subject to ¢ < VL

However, since the constraint will bind at the optimum, i.e., ¢ = v/L we can
rewrite the PMP as an unconstrained maximization problem with a single

choice variable
mgx p\/f —wl
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Taking FOCs with respect to L yields

11 D
———w=0 2VL == 10
Wi w=0, or 2VL " (10)
i.e., the marginal rate at which labor can get transformed into units of the

consumption good must coincide with the price ratio. Therefore, for a WEA,

we need conditions (8)-(10) to hold. In particular, conditions (8) and (9)
imply
4 B 208 p

A B w
i.e., MRSZ, = MRSE = Z: and from condition (10)

2P
— == =2VL (11)

A

Putting everything together, we can start by combining our feasibility and

technological feasibility conditions to obtain
a4 28 = \/Z
multiplying both sides by 2,
2z + 2%) = 2VL

which allows us to make a substitution from equation (11). Plugging in the

second equality from equation (11) yields

208 p
2 x4 By_= _ £
(z% +27) B "

and plugging in the Walrasian demands for 2 and x? gives

2(7T—|—20w+20w> P
w

2p 4

Let the price of labor, w, serve as the numeraire, i.e., w = 1, and solving the

above equation for p yields

p=+m+ 60
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Next, using our feasibility constraint for labor,
P +1P+ L =50

and since [Z = 10,
L=40—1"

we can use this equation, and our equation for prices to solve for the profit

level, ™

20 20
7 =pVL—L=+T+60 40—7Tz —(40—”2 )

——

la

Simplifying,

7r+60:2\/(7r+60) (30—%)

Squaring both sides,

(7 + 60)2 = 4(r + 60) (30 - g)

and solving for 7 yields a profit of # = 20. Plugging this back into our

equation for prices gives
p =71 +60 =180~ 894

and substituting this value into the Walrasian demands gives the unique WEA
{(z2, 1), (28,18), (z, L)} = {(2.23,20), (2.23,10), (4.47,20)} with price vec-
tor (p,w) = (8.94,1) and equilibrium profits of m = 20.

(c) Is the WEA you found in part (b) part of the set of PEAs?

e We only need to check that the WEA from part (b) (1) satisfies condition
(7), i.e., MRSA, = MRSB, = MRTS,,;, which does as described at the end

Z, Z,
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of the firm’s PMP; and (2) satisfies the four feasibility conditions, that is

A B
ho_ A

A B
@28 > af =0
xA—l—xB =

P+1P+L = 50

¢ = VI

For the first equation, plugging in our values yields 2% = 223 = 21/20. For

the second, consumer B reaches a utility level of (2.23)2 % 10 = 50 > 0. For
the third through fifth equations, we find that they hold by definition due to
being used to find the WEA in part (b).

Exercise #24 - Equilibrium with Production

24. Consider an economy with two goods, 1 and 2, both of them being produced by using
capital and labor. Firms are price takers, and output prices are determined in the

international market. The output factors of goods 1 and 2 are

@ = ()% (Ly)i
¢ = (K2)7 (L)

(a) Find the marginal cost for each firm.

e [irm 1. Starting with firm 1’s cost minimization problem,

min wKKl + UJLLl
K1,L120

subject to ¢ = (Ky)

IS

(Ly)t

We can express this minimization problem as a maximization problem of the
negative of the objective function, or
max — wgK; —wrly
K1,L120

subject to ¢ = (Ky)

N
B

(L1)
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