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us denote by €'(u, 8) > 0 the minimum of the continuous nondecreasing function
y(ix[) on the compact set »{u) = (x| = €(8). Let us define

+ B(8)
T(p,8)=———=>0
(b 8) =2 (1, 8)
Suppose that |[¢p{z; Xo, k)] > v overthe time intervalty s 1 =1, = 1, + T. Then we have
0 < alr) = V{d(n;xe to). 1) = V(X 10) — {6 — to}e’ = B(8) ~ Te' =0

whichis a contradiction Hence, for somerintheinterval & = t = 1,, such as an arbitrary
t2, we have

%20 = Jb(t2; %o, ta)l] = v

Therefore,
a(lld(t; X2, ) < V(b x2, 1), 1) = V(xz, 12) = B(v) < a(u)

for all ¢ = t.. Hence,

lid(t; %o, )l < 1t

for all 1= + I'(n,8) = t,, which proves uniform asymptotic stability Since
a(]| x|}~ as {|x[|-», there exists for arbitrarily large § a constant e(8) such that
B(8) < ale). Moreover, since €(8) does not depend on f, the solution &(1; Xy, 2) is
uniformly bounded. We thus have proved uniform asymptotic stability in the large

Problem A--5-19

In z plane analysis, an 7 X n matrix G whose n eigenvalues are less than unity in
magnitude is called a stable matrix, Consider an n X n Hermitian (or real symmetric)
matrix P that satisfies the following matrix equation:

G*PG — P = —Q (5-137)

where Q is a positive definite n X n Hermitian {or real symmetric) matrix. Prove that
if matrix G is a stable matrix then a matrix P that satisfies Equation (5~137) is unique
and is positive definite. Prove that matrix P can be given by

p=3 (G*)* QG+

k=g

Prove also that although the right-hand side of this last equation is an infinite series the
matrix is finite. Finally, prove that if Equation (5~137) is satisfied by positive definite
matrices P and Q, then matrix G i5 a stable matrix. Assume that all eigenvalues of G
are distinct and all eigenvectors of G are linearly independent.

Solution Let us assume that there exist two matrices Py and P; that satisfy Equation
{3-137) Then

G*P G~ P = -Q {5-138)
and
G*P.G ~ P, = —Q (5-139)
By subtracting Equation (5-139) from Equation (5~138), we obtain
G*PG - P =0 (5-140)



