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30Preface

31Dynamics of Smart Systems and Structures presents a general overview of smart

32material systems and structures. This book represents an effort related to the First
33School of Smart Structures in Engineering that was held at UNESP/Ilha Solteira—

34SP, Brazil, November 9–13, 2014. The event was an initiative of the Committee of
35Smart Materials and Structures of the Brazilian Society of Mechanical Sciences
36and Engineering (ABCM).

37The subject of Smart Materials and Structures in Brazil was related to several

38disconnected groups. However, in 2008, Brazilian government decided to sponsor

39thematic projects that would be organized to form National Institutes of Science
40and Technology. One of these projects is the National Institute for Smart Structures
41in Engineering (INCT-EIE) that represents a network that puts together a number of

42scientists, engineers, and students working collaboratively on a number of topics

43related to smart structures in cooperation with international groups. This initiative

44changed the scenario of Smart Structures in Brazil.

45Several projects were developed since the beginning of the INCT-EIE activities.

46This book is one of them, being prepared thinking on the beginner students and

47engineers interested on Smart Material Systems and Structures. The authors hope

48that this introductory text may encourage, motivate, and help readers to explore this

49challenging interdisciplinary area.

50Ilha Solteira, SP, Brazil Vicente Lopes Jr.

Uberlândia, MG, Brazil Valder Steffen Jr.

Rio de Janeiro, RJ, Brazil Marcelo A. Savi
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1Composite Structures Design and Analysis

2Volnei Tita

3Abstract Recent improvements in manufacturing processes and materials

4properties associated with excellent mechanical characteristics and low weight

5have become composite materials very attractive for application on different

6types of structures. However, even new designs are still very conservative, because

7the composite structure failure phenomena are very complex. This chapter shows

8the principal fundamentals to design and analyze composite structures. In the

9introduction, there is a definition and a classification of composite materials, as

10well as motivation, considering advantages and challenges to design by using this

11type of material. Thus, it is presented a methodology to design composite structures

12in order to overcome the main challenges related to this task. In this methodology, it

13is found three important analyses: micromechanical, macromechanical, and failure

14analyses. In order to perform micromechanical analysis, it is necessary to know

15more about matrix, reinforcements, and interfaces. For example, in this chapter, it is

16addressed only polymeric matrix and long fibers as reinforcements, which are

17combined to create an orthotropic ply. Then, different plies can stack with fibers

18oriented in different directions, creating an anisotropic or orthotropic laminate. The

19material properties of the ply can be obtained by Rule of Mixture or via mechanical

20testing. Hence, it is commented some difficulties to carry out experiments on

21composite materials and how is complicated to obtain allowable values for lami-

22nates. Based on the material properties, it is possible to calculate strain in the

23laminate, as well as strain and stress distribution in each ply. To perform the

24macromechanical analysis, it is possible to use Classical Laminate Theory (CLT).

25Thus, it is shown all hypothesis adopted for that theory and the implications

26generated by these ones. Finally, based on the actuating stress or strain values in

27each ply and allowable values of the used composite material, it is calculated the

28margin of safety for the plies by applying a failure criterion. In fact, for laminate

29structures, failure phenomena include intralaminar damages and interlaminar fail-

30ures (delaminations), which are very complicated to be predicted via any failure
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31 theory. Therefore, even nowadays, many researchers have developed different

32 failure theories to improve the design and analysis of composite structures.

33 Keywords Composite materials • Composite structures • Composite design •

34 Composite analysis • Design methodology

35 1 Introduction

36 The usage of composite materials is a reality nowadays, mainly in the aeronautical

37 and aerospace engineering. During several years, it has been observed different

38 designs, which were developed considering high performance provided by this type

39 of material, such as F-111, Vought A-7, F-18, F-22, Lockheed L-1011, Rutan

40 Voyager, Boeing 777, Airbus 380, Boeing 787, and others. A composite can be

41 defined as a multiphase material, which has properties better than if each phase

42 were used alone (Callister 1985).

43 According to this synergistic effect in composite materials, the engineers have

44 tried to design very carefully the combination of the phases in order to obtain

45 materials with very high performance. The phases, which form the composite

46 material, can be classified as matrix, reinforcements, and interface. The matrix

47 has the function to maintain the reinforcements together, transmitting the loadings

48 applied on the structure by the interface. Then the reinforcements have the function

49 to support these loadings. Due to the different types of composite materials,

50 Callister (1985) classified them as composite reinforced by particles; composite

51 reinforced by fibers; and structural composites. In this chapter, it will be addressed

52 the laminate composite materials, which has polymer matrix and long fibers as

53 reinforcements stacked in plies. Each ply has fibers in one specific direction and the

54 stacked plies generate a composite structure as shown by Fig. 1a.

55 The natural anisotropy related to the laminate composite materials provides a

56 unique way to design the material properties with the geometric characteristics in

57 order to reach the performance required by the project. The combination of high

Fig. 1 Composite material: (a) fuselage made of laminate composite; (b) damage and failure in

laminate composite materials

218 V. Tita



58strength and stiffness, as well as the low volumetric mass density, become the

59composite materials very strategic for structural applications, mainly in aeronauti-

60cal and aerospace designs. Regarding the strength and the stiffness of the structure,

61it is possible to design both characteristics, considering the project requirements. In

62other words, the material can be developed in function of the loadings, which

63actuate in the structure. In fact, the stiffness and strength can be improved without

64increasing weight of the structure. Thus, for automobiles and airplanes, the perfor-

65mance of the product can be improved, reducing the fuel usage. In addition, the

66ratio between weight of green material and weight of the final product is very low

67for composites (10.1.2–10.1.3) compared to metals (15–25) (Jones 1999). This

68shows that manufacturing processes for composite structures are more efficient

69than manufacturing processes for metals.

70However, the anisotropy and heterogeneity in the composite structures could be

71seen as a positive or a negative aspect. By one side, it is feasible not only to select

72the materials of the phases, but also to select the orientation of the fibers in each ply.

73By the other side, it is very complicated to predict the failure modes in the structure

74(Fig. 1b). This challenge is related directly to the reliability of the structure and this

75is more critical for products, which suffer fatigue or damage by impact loadings.

76Thus, it is necessary to apply high safety factors during the design process, which

77reduce the potentialities of composite materials and increase the cost of the final

78product (Tita 2003). Therefore, this scenario motivates to understand better how to

79design and to analyze with more accuracy composite structures.

801.1 Composite Materials: Definition and Classification

81As commented earlier, a composite can be defined as a multiphase material, which

82has properties better than if each phase were used alone (Callister 1985). And, the

83phases, which form the composite material, can be classified as matrix, reinforce-

84ments, and interface. According to AU1Vinson and Sierakowski (1987), the laminate

85composite can be addressed by two different analyses: micromechanics and

86macromechanics approaches (Fig. 2) AU2.

87In the micromechanics approach, it is considered each phase in the analysis.

88Although the phases are frequently heterogeneous and non-isotropic, it is normally

89assumed the hypotheses of isotropy and homogeneity. This approach can be used to

90determine the elastic properties of the ply or to estimate the local damage in each

91phase when the ply is loaded.

92In the macromechanics approach, it is considered that each ply is homogenous,

93and the orientation of the fibers in the plies is very important in the analysis, as well.

94In addition, the plies are frequently non-isotropic, so they are assumed to be

95orthotropic. This approach can be used to predict the stiffness of the laminate, as

96well as its mechanical behavior when the laminate structure is loaded.

97Nowadays, many researchers have combined both approaches in order to ana-

98lyze the composite structures, and this new approach is called multi-scale analysis.
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99 1.2 Motivation: Advantages and Challenges

100 For a long time, the man has combined different materials in order to obtain other

101 materials. For example, in 4000 BC, Sumerians added straw in the mud in order to

102 built better bricks. Although the benefits of composite materials are known for a

103 long time, only recently, there was the development of manufacturing processes,

104 which produce structures with high quality and high structural efficiency.

105 The structural efficiency is associated directly to the material used in the

106 manufacturing process. This parameter is high when the relation between strength AU3

107 and stiffness per density is high and vice-versa. According to the literature, com-

108 posite materials with 70 % of epoxy volume fraction and 30 % of carbon fiber

109 volume fraction, or 40 % of epoxy volume fraction and 60 % of glass fiber volume

110 fraction show stiffness close to aluminum, which is more density than both com-

111 posite materials. In the same way, a composite with 40 % of epoxy volume fraction

112 and 60 % of carbon fiber volume fraction shows stiffness close to steel (Engineered

113 Materials Handbook 1987) (Fig. 3).

114 Beyond high specific strength (strength/density), composite materials show good

115 performance under dynamic loadings. For example, in some products, it is neces-

116 sary to avoid damage caused by vibrations. Thus, the plies can be stacked in order to

117 obtain a laminate with natural frequencies different to the excitation frequencies

118 (Tita et al. 2001). In the last years, the composite materials are not only used to

119 guarantee high structural efficiency, but also the safety of passenger under impact

120 loadings. Thus, the laminate is designed in order to absorb the maximum impact

121 energy, controlling the collapse of the structure and reducing the accelerations after

122 impact.

Laminate

Macromechanics
Approach

Composite Structure

Reinforcement

Matrix

Micromechanics 
Approach

Ply

3 2

1

Fig. 2 Micro and macromechanics approaches (Vinson and Sierakowski 1986)
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123As commented earlier, the anisotropy related to the laminate composite mate-

124rials provides a unique way to design the material properties with the geometric

125characteristics in order to reach the performance required. However, this inherent

126anisotropy and heterogeneity of the composite materials promote complex failure

127modes in the structures, which are very complicated to predict. Then, in the next

128section, it is shown a methodology to design composite structures in order to help

129engineers to overcome this challenge.

1301.3 Methodology to Design Composite Structures

131Figure 4 shows a procedure proposal to design laminate composite structures. It is

132verified that the procedure starts with the selection of the type of fibers and polymer

133matrix. Normally, the manufacturers of the fibers and the polymer provide the data

134sheet for each material. Then, by using the Rule of Mixture, which is based on

135Micromechanics Analysis, mechanical properties of each ply can be evaluated.

136However, it is recommended to perform experimental tests for determining not

137only the elastic properties of the plies, but also the allowable values (strength and

138strain limits) and the damage/failure modes of the composite material. In fact, the

139mechanical tests are very important, because the mechanical behavior of the real

140ply, which was manufactured by using specific values for process parameters

141(pressure, temperature, and time), can be investigated in details.

Fig. 3 Stress–strain curves: metals vs. composite materials (Adapted from Magagnin Filho 1996)
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142 Based on the elastic properties of each ply, it can be calculated the stiffness of

143 the laminate via Classical Laminate Theory (CLT), for example. By using the

144 stiffness and the external loadings applied in the laminate, it is calculated the strain

145 components and curvatures for the Global Coordinate System for the laminate. This

146 calculus can be named as Macromechanics Analysis, and based on the constitutive

147 relations, the stress components for each ply for the Global Coordinate System can

148 be determined. By using the transformation of coordinate systems, it is calculated

149 not only the strain components, but also the stress components for the Local

150 Coordinate System.

151 The next step in the procedure consists on carrying out Failure Analysis. Hence,
152 the values of the strain or stress components for the Local Coordinate System and

153 the allowable values determined via mechanical testing are used in the failure

154 criterion, which is selected considering the mechanical behavior of the composite

155 material shown during the tests. In case of failure, it is necessary to redesign the

156 composite structure. Thus, there many options to do this, such as changing

157 the stacking sequence of the plies; changing the fibers and/or the polymer matrix;

158 and increasing the fiber volume fraction. Finally, if the composite structure does not

159 fail, then it can be manufactured.

External
Loadings

Stiffness of the
Laminate

Macromechanics Analysis

Elastic Properties of the
Ply

Reinforcements & Matrix

Rule of 
Mixture

Micromechanics Analysis

No

Failure Criteria

Fail?

Failure
Analysis

Strain @ 
Laminate

Stress @ 
Laminate

Stress and 
Strains @ Plies

Stress and Strain
Analysis

Mechancial
Testing

Allowable Values
(Strength and Strain Limits)

Experimental 
Analysis

Yes
Re-design

Manufacturing
Process

Fig. 4 Procedure proposal to design and analyze composite structures
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1602 Micromechanical Analysis and Testing

161Micromechanical analysis can be used for evaluating the mechanical properties for

162“one single ply” (stacked plies with the same fiber orientations), which is formed by

163the reinforcements (fibers), matrix (polymeric resin), and interface fiber-matrix.

1642.1 Matrix, Reinforcements, and Interfaces

165The matrix is the first phase in the composition of the composite materials. One of

166the most important functions of the matrix is to join the reinforcements. This

167guarantees the adequate position and orientation of the fibers such as the loads in

168the structure can be transferred to the reinforcements. Moreover, the matrix protects

169the fibers against environment effects and damages caused by hand contacts. In

170some cases, greater values of flexibility and damping can be obtained due to the

171polymeric resin. Then, this is good for attenuation of mechanical vibrations

172amplitudes.

173The reinforcements are the second phase in the composition of the composite

174materials. They have an important mission, which consists on supporting the loads

175transferred by the matrix. In the case of long fibers, it is very important the

176orientation of the fibers in relation to applied design loadings. The final mechanical

177properties of the ply strongly depend on the fiber volume fraction and the polymer

178matrix processing, i.e., temperature, time, and pressures used during the

179manufacturing process of the composite material. Besides, it must consider the

180type of the fibers such as continuous (long) or discontinuous (short) and oriented or

181random.

182The interface fiber-matrix is the third phase in the composition of the composite

183material. This phase is produced during the composite material processing and it is

184very important, because it quantifies the degree of interaction between reinforce-

185ments and matrix. Thus, in order to have a satisfactory performance by the

186composite material, it is necessary that there is a strong adhesion between fibers

187and matrix. According to Callister (1994), it is essential to have adhesive forces in

188the interface fiber-matrix, because the strength of the composite depends on these

189forces, as well.

1902.1.1 Polymeric Matrix

191Physics and chemical properties of the polymers influence a lot on the properties of

192the composite materials. For example, the maximum temperature in service of the

193composite material depends on the polymer used as matrix. Therefore, variations in

194the chemical formulations can affect the performance of the final composite
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195 material. It is important to be careful to keep polymers, avoiding, for example,

196 exposition to UV light.

197 In general, polymers can be classified as thermosetting or thermoplastic. In fact,

198 one of the most important differences between both polymers consists on showing

199 different behavior under heating. Thermoplastic polymers, such as PE, PP, and

200 nylon, can suffer fusion (physic process) under heating, and the composite structure

201 can be molded and solidified in a required geometry. Thermosetting polymers, such

202 as epoxy and phenol resins, suffer cure (chemical process), creating cross-link

203 between the polymer chains. Table 1 shows a comparison between properties of

204 thermosetting and thermoplastic polymers.

205 Nowadays, thermosetting polymers are often applied on composite structures.

206 However, due to reduced time to manufacture, the usage of thermoplastic polymers

207 has been increased.

208 2.1.2 Reinforcements

209 Figure 5 shows different forms that can be used for reinforcements in the composite

210 materials. In general, it is verified two relevant categories: fibers and particles.

211 However, as commented earlier, this chapter is focused on the unidirectional (ply)

212 and multidirectional (laminate) composite material.

t1:1 Table 1 Comparison between properties of thermoset and thermoplastic polymers

Property Thermosetting polymer Thermoplastic polymert1:2

Young’s modulus (GPa) 1.3–6.0 1.0–4.8t1:3

Tensile strength value (GPa) 0.02–0.18 0.04–0.19t1:4

Maximum temperature in service (�C) 50–450 25–230t1:5

Aleatory
Orientation

Preferential
Orientation

Unidirectional Bidirectional Aleatory
Orientation

Preferential
Orientation

Laminate Hybrid

Particle ReinforcementsFiber Reinforcements

Composite Materials

Continuous
Fiber

Non-continous
Fiber

Multi LayerSingle Layer

Fig. 5 Types of reinforcements
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213In Fig. 6a, the unidirectional arrangement creates 3 (three) planes of symmetry,

214which are orthogonal each other (planes 1-2, 1-3, and 2-3). Hence, in this case (for

215the ply), it is assumed to have an orthotropic material. By other side, in Fig. 6b, it is

216observed multidirectional arrangement, which does not create any plane of sym-

217metry. Thus, in this case (for the laminate), it is assumed to have an anisotropic

218material in the most of cases.

219Table 2 shows some typical data about fibers, which can be found in the

220literature and data sheet of fiber manufacturers.

2212.2 Rule of Mixture

222The mechanical properties of the composite materials strongly depend on the

223properties and proportions of the 3 (three) phases (fiber, matrix, and interface) as

224well as the conditions of the manufacturing process (temperature, pressure, and

225time). The principal objective of the Rule of Mixture is the determination of the

226mechanical or thermal properties of the composite material by using

227micromechanical analysis. Indeed, this is the simplest analytical approach to

228homogenize a ply, which is formed by the 3 (three) phases as shown by Fig. 7a.

x y

0˚
-θ˚

+θ˚
90˚

z
a b

1

2

3

1

2

Fig. 6 (a) Unidirectional fibers: orthotropic material (ply); (b) multidirectional fibers: anisotropic

material (laminate)

t2:1Table 2 Mechanical properties of fibers

Fiber Density [106 g/m3] Young’s modulus [GPa] Tensile strength [MPa] t2:2

E-glass 2.54 70 2200 t2:3

Kevlar 49 1.45 130 2900 t2:4

SiC 2.60 250 2200 t2:5

Alumina 3.90 380 1400 t2:6

Boron 2.65 420 3500 t2:7

Carbon 1.86 380 2700 t2:8
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229 And, this homogenized ply is assumed to be an orthotropic material with 3 (three)

230 planes of symmetry as shown by Fig. 7b.

231 As the ply is assumed to be an orthotropic material, then it is necessary to

232 determine 9 (nine) elastic constants:

233 • E11¼Young’s modulus in the longitudinal direction

234 • E22¼Young’s modulus in the transversal direction (in-plane of the ply)

235 • E33¼Young’s modulus in the transversal direction (out-of-plane of the ply)

236 • G12¼ shear modulus in plane 1-2

237 • G13¼ shear modulus in plane 1-3

238 • G23¼ shear modulus in plane 2-3

239 • ν12¼ Poisson’s ratio in plane 1-2

240 • ν13¼ Poisson’s ratio in plane 1-3

241 • ν23¼ Poisson’s ratio in plane 2-3

1

2

3

transversal direction

longitudinal direction

3b

a

2

1

INTERFACE

MATRIX: Polymer

REINFORCEMENT

Fig. 7 (a) Ply: longitudinal and transversal directions; (b) orthotropy planes

226 V. Tita



242However, the orthotropic unidirectional ply is also transversely isotropic in the

243plane 2-3, so: E22¼E33; G12¼G13; and ν12¼ ν13. Thus, now, it is necessary to

244determine 6 (six) elastic constants.

245The elastic properties obtained via Rule of Mixture are calculated in function of

246the fiber and matrix properties as well as their respective volume fractions and

247considering following hypotheses:

248• The response of ply is linear elastic and there are not residual and thermal

249internal stresses.

250• Fibers are uniform, homogenous, same diameter, continuous, parallels, and

251regularly spaced.

252• The matrix is homogenous, isotropic, showing linear elastic response.

253• There is a perfect interface fiber-matrix and there are not voids in the material.

254• The interface is infinitely fine, being disregard in the calculus.

255Considering the volume of the composite Vc and mass of the composite Mc with

256fiber volume Vf and fiber mass Mf, matrix volume Vm and matrix mass Mm, and

257voids volume Vv, it is written:

Me ¼ Mf þMm ð1Þ

Vc ¼ Vf þ Vm þ Vv ð2Þ

258Dividing Eqs. (1) and (2) by Mc and Vc, respectively:

1 ¼ Mf

Mc

þMm

Mc

ð3Þ

1 ¼ Vf

Vc

þ Vm

Vc

þ Vv

Vc

ð4Þ

259The mass and volume fraction can be defined as:

mf ¼ Mf

Mc

; mm ¼ Mm

Mc

ð5Þ

vf ¼ Vf

Vc

; vm ¼ Vm

Vc

; vv ¼ Vv

Vc

ð6Þ

260Thus, rewriting (3) and (4):

mf þ mm ¼ 1 or

X
Mi

Mc

¼
X

mi ¼ 1

vf þ vm þ vv ¼ 1 or

X
Vi

Vc

¼
X

vi ¼ 1

ð7Þ
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261 In order to calculate the mass and volume fractions, it is necessary to determine

262 the composite density ρc. Based in the Eq. (1) or in the Eq. (2), it is written:

ρc ¼
Mc

Vc

¼ 1

Vc

Mc

¼ 1

Vf

Mc

þ Vm

Mc

þ Vv

Mc

ρc ¼
1

Mf

ρfMc

þ Mm

ρmMc

þ vv
ρcVc

¼ 1
mf

ρf
þ mm

ρm
þ vv
ρc

ð8Þ

263 or:

ρc ¼
Mc

Vc

¼ Mf þMm

Vc

¼ ρfVf þ ρmVm

Vc

ρc ¼ ρfvf þ ρmvm

ð9Þ

264 The voids volume fraction vv is given by:

vv ¼ 1� vf þ vmð Þ ð10Þ

265 or, by using Eq. (8), it is obtained:

vv ¼ 1� mf

ρf
þ mm

ρm

� �
ρc experimentalð Þ ð11Þ

266 Besides, the theoretical density is calculated via:

ρc theoreticalð Þ ¼
1

mf

ρf
þ mm

ρm

ð12Þ

267 Therefore, Eq. (12) can be written as:

vv ¼ 1� ρc experimentalð Þ
ρc theoreticalð Þ

ð13Þ

268 After determining the matrix and fiber volume fractions, it is necessary to have

269 the matrix and fiber properties, such as Young’s moduli of the matrix (Em) and fiber

270 (Ef), Poisson’s ratios of the matrix (νm) and the fiber (νf). Frequently, these

271 properties are provided by the manufacturers of the polymers and fibers. Otherwise,

272 it should be carried out experimental tests in order to obtain these data.
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2732.2.1 Longitudinal Young’s Modulus

274Considering a loading Pc applied in the direction of the fiber, the strains in the

275fibers, matrix, and composite are assumed to be equals (Fig. 8):

εc ¼ εf ¼ εm ð14Þ

276Considering elastic response, stresses can be calculated by Hooke’s Law:

σf ¼ Efεf and σm ¼ Emεm ð15Þ

277Stresses σf and σm actuate on the Af and Am, respectively. Based on Fig. 8, the

278loading Pc can be calculated as follows:

Pc ¼ Pf þ Pm ð16Þ

279Moreover:

Pf ¼ σfAf ¼ EfεfAf and Pm ¼ σmAm ¼ EmεmAm ð17Þ

280Applying (17) into (16):

Pc ¼ σcAc ¼ σfAf þ σmAm or σc ¼ σf
Af

Ac

þ σm
Am

Ac

ð18Þ

281The volume of the fiber can be calculated as follows:

Vf ¼ Af Lf ð19Þ

Pf

Matrix

Fiber

Pc

1

2

σσ cFiber

Matrix

Matrix

c

L+dL

L
Pm

Fig. 8 Ply loaded in the longitudinal direction
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282 By using the same way, it is calculated matrix and composite volume. Thus,

283 based on Fig. 8:

Lf ¼ Lm ¼ Lc ð20Þ

284 Replacing (19) into (18) and considering (20):

σc ¼ σfvf þ σmvm ð21Þ

285 Since the ply has an elastic behavior, then σc ¼ Ecεc and εc ¼ εf ¼ εm, so:

σc ¼ Ecεc ¼ Efεfvf þ Emεmvm

Ec ¼ Efvf þ Emvm or E11 ¼ Efvf þ Emvm
ð22Þ

286 Finally, Eqs. (21) and (22) can be rewritten:

σ11 ¼
Xn
i¼1

σivi and E11 ¼
Xn
i¼1

Eivi ð23Þ

287 It is important to notice that the Rule of Mixture calculates de elastic properties

288 of the ply by using the weighted average of the volume fractions for n constituents

289 of the composite material.

290 2.2.2 Transversal Young Modulus

291 Considering the hypotheses used by Rule of Mixture, if a transversal loading Pc is

292 applied in the transversal direction, then the actuating stresses in the fibers, matrix,

293 and composite are assumed to be the same in this direction (Fig. 9):

σc ¼ σf ¼ σm ð24Þ

294 Thus, the transversal elongation in the ply δc is given by the sum of elongations

295 of the fibers δf and the matrix δm:

σ

σ

c

Fiber

Matrix

Matrix

c

Fig. 9 Ply loaded in the

transversal direction
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δc ¼ δf þ δm ð25Þ

296As ε ¼ δ=t, where t is thickness of the phase or the composite, then:

εctc ¼ εf tf þ εmtm ð26Þ

297Since the matrix and fibers volume fraction can be written as:

vf ¼ tf
tc

and vm ¼ tm
tc

ð27Þ

298Replacing (27) into (26):

εc ¼ εfvf þ εmvm ð28Þ

299As the actuating transversal stresses in the fibers are equal in the matrix, then:

εf ¼ σc
Ef

and εm ¼ σc
Em

ð29Þ

300Replacing (29) into (28):

1

Ec

¼ 1

Ef

vf þ 1

Em

vm ð30Þ

301Finally, Eqs. (28) and (30) can be rewritten:

ε22 ¼
Xn
i¼1

εivi and E22 ¼ 1Xn

i¼1

1

Ei
vi

ð31Þ

302Due to the transversal isotropy of the ply, the Transversal Young Modulus in

303the ply plane (E22) is equal to the Transversal Young Modulus out of the ply

304plane (E33).

3052.2.3 Shear Modulus

306For the determination of the shear modulus of the ply, it is assumed that the shear

307strains are linear and the actuating stresses are the same in the fibers and matrix

308(Fig. 10).

309The total displacement of the ply uc is calculated by the sum of the displacements

310of the fibers uf and the matrix um, thus:

uc ¼ uf þ um or uc ¼ tfγf þ tmγm ð32Þ
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311 where γf is the angle for fibers and γm is the angle for the matrix. Applying (27)

312 into (32):

uc ¼ vf tcγf þ vmtcγm ð33Þ

313 γ12 for the ply can be calculated as follows:

γ12 ¼
uc
tc

ð34Þ

314 Applying (34) into (33):

γ12 ¼ vfγf þ vmγm ð35Þ

315 Based on the linear hypotheses, then:

γf ¼
τf
Gf

, γm ¼ τm
Gm

and γ12 ¼
τ12
G12

ð36Þ

316 Considering that the actuating shear stresses in the fibers, matrix, and composite

317 are equal and replacing Eq. (36) into Eq. (35), it is calculated the shear modulus of

318 the ply in the plane 1-2:

1

G12

¼ vf
1

Gf

þ vm
1

Gm

¼
Xn
i¼1

vi
Gi

ð37Þ

319 Due to the transversal isotropy of the ply, it is assumed that G12 is equal to G13

320 (shear modulus of the ply in the plane 1-3). However, G23 (shear modulus of the ply

321 in the plane 2-3) is much more complicated to calculate, and, normally, it is

322 required experimental tests.

Fiber

Matrix

fu

Matrixtm

tf

m

uc

f

γ

γ

γ

m

2
mu

2
mu

Fig. 10 Ply deformed due

to shear loading
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3232.2.4 Poisson’s Coefficient

324If a normal stress σc is applied in the longitudinal direction of the fibers, there

325will be a contraction of the ply in the transversal direction (Fig. 11), which is

326calculated by:

u c
2 ¼ u f

2 þ um
2 ð38Þ

327Contractions of the fibers and matrix can be calculated via Poisson’s ratios:

νm ¼ � εm2
εm1

¼ � um
2 =tm
εm1

or um
2 ¼ �νmε

m
1 tm

νf ¼ � ε f2
ε f1

¼ � u f
2=tf
ε f1

or u f
2 ¼ �νfε

f
1tf

ð39Þ

328where νm and νf are Poisson’s ratio for fibers and matrix, respectively. And, tf and tm
329are thickness of the fibers and matrix, respectively.

330Replacing (39) into (38):

u c
2 ¼ �νmu

m
1 � νfu

f
1 ¼ � νmε

m
1 tm þ νfε

f
1tf

� � ð40Þ

331Considering that the strains in the fibers, matrix, and composite are equal, then:

εm1 ¼ ε f1 ¼ ε c1 ¼ ε11 ð41Þ

332Applying (41) into (40) and operating tc (thickness of the ply) in the both sides of
333the equation:

tcu
c
2 ¼ � νmtm þ νf tfð Þtcε11 ð42Þ

334or:

u c
2 ¼ � νm

tm
tc
þ νf

tf
tc

� �
tcε11 ð43Þ

1

2

cFiber

Matrix

Matrix

σ σc

2
1u

2
2u

Fig. 11 Poisson’s effect
in the ply
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335 Since the fiber and matrix volume fraction can be written as:

vf ¼ tf
tc

and vm ¼ tm
tc

ð44Þ

336 Thus, Eq. (43) can be rewritten:

u c
2

tc
¼ � νmvm þ νfvfð Þε11 ¼ ε22 ð45Þ

337 The Poisson’s ratio ν12 calculated in the ply plane (plane 1-2) is given by:

ν12 ¼ �ε22
ε11

¼ νmvm þ νf vf ¼
Xn
i¼1

νivi ð46Þ

338 Due to the transversal isotropy of the ply, it is assumed that ν12 is equal to ν13
339 (Poisson’s ratio of the ply in the plane 1-3). However, ν23 (Poisson’s ratio of the ply
340 in the plane 2-3) is much more complicated to calculate, and, normally, it is

341 required experimental tests.

342 2.3 Mechanical Testing

343 Regarding the hypothesis used in the Rule of Mixture, sometimes, the values of

344 mechanical properties obtained by this approach are very different when compared

345 to the experimental values. This occurs because different effects influence on the

346 final properties of composite materials. For example, parameters of material

347 processing (time, pressure and temperature) are very important, because, a com-

348 posite plate made of a kind of fiber, matrix, and volume fractions can show totally

349 different properties than other composite plate with the same fiber, matrix, and

350 volume fractions of phases manufactured on different conditions. Therefore, it is

351 almost impossible to avoid experimental tests for determination of elastic proper-

352 ties, strength and strain limit values of composite materials.

353 For an isotropic material, a tensile test in one direction can provide: Young

354 Modulus, Poisson’s ratio, strength values, and strain limits. However, for

355 orthotropic materials, it is necessary 6 (six) experimental tests as shown by Table 3.

356 Moreover, the experimental tests provide the stress–strain curves, which helps to

357 identify different mechanisms in the ply, such as micro-damages or macro-failures

358 (delamination). This will be very important to select a failure criterion for designing

359 a composite structure. However, to carry out experimental tests on composite

360 materials is a hard task, because there are many particularities:

361 1. The experimental tests are based on the concepts of the basic mechanic theory,

362 which are applied for isotropic, elastic, homogeneous materials. However,

363 composite materials are anisotropic, heterogeneous, and inelastic. Thus, the

364 application of these concepts is not direct.
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3652. During the tests, many difficulties can take place, such as:

366– Influence of end-effects, which produces regions with stress concentration

367close to the edges of the specimen

368– How to apply acceptable load levels without creating premature fails in the

369material

370– How to determine the correct dimensions of the specimen (mainly thickness),

371regarding the heterogeneity

3723. Problems caused by the anisotropy:

373– Increase the problem related to the end-effects

374– Promote premature fails in regions close to the clamps

375– Promote premature delaminations close to the edge of the specimen

3764. Experimental tests of composite materials are expensive and take long time,

377mainly the manufacturing of the specimens.

3785. For some cases, traditional standards (ASTM, ISO, DIN, etc.) work, but for

379others, these standards are completely inappropriate.

380In fact, in the literature, different standards to perform experimental tests in

381composite materials can be found. However, it is better to use these standards as a

382guide to carry out the tests, because, for some composite materials, it is necessary to

383change some parameters specified in the standard, such as the dimensions and/or

384test speed.

3853 Macromechanical Analysis

386In the macromechanical analysis, it is considered not only the ply properties, but

387also the stacking sequence of the laminate.

t3:1Table 3 Experimental testing for orthotropic materials

Mechanical testing

Elastic

properties

Strength

value

Strain

limit t3:2

(1) Tension 0�: tension in the longitudinal direction E11; ν12 (¼ν13) XT X
0
T t3:3

(2) Tension 90�: tension in the normal direction. E22 (¼E33) YT Y
0
T t3:4

(3) Compression 0�: compression in the longitudinal

direction

– XC X
0
C t3:5

(4) Compression 90�: compression in the normal

direction

– YC Y
0
C t3:6

(5) Shear in plane 1-2: shear loading in the plane 1-2 G12 (¼G13) S12 S
0
12 t3:7

(6) Shear in plane 2-3: shear loading in the plane 2-3 G23 – – t3:8
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388 3.1 Classical Laminate Theory

389 First, it is important to assume a code to identify the stacking sequence used in the

390 laminate. In this chapter, it is used the SLC (Standard Laminate Code), which
391 requires:

392 • Orientation of each ply, considering the global coordinate system (x�y�z).
393 • Number of the plies for a given orientation.

394 • Stacking sequence of the plies to obtain the laminate.

395 For example, a laminate with orientation angles for fibers equal 0�, 90�, 90�,
396 and 0� can be represented by different ways: [0/90/90/0]; [0/902/0]; [0/90]s;

397 [0/90/90/0]T. The subscripts of the angles specify the number of the plies with

398 fibers oriented in that direction. The subscript S indicates symmetry of the laminate,

399 and T shows that the laminate has the total number of the plies used to manufacture

400 the structure.

401 The composite structure [0/90/90/0] is a symmetric laminate, because the plane,

402 which split the thickness in two parts is like a mirror, i.e., the laminate is symmetric

403 in relation to its medium plane. Other example is the laminate in Fig. 12, which is

404 represented by [03/902/45/�453/�453/45/902/03]T or [03/902/45/�453]s.

405 Beyond symmetric laminates, there are the antisymmetric laminates and the

406 asymmetric laminates. However, in the literature, it can be found a large number of

407 classifications for laminates. Regarding antisymmetric laminates, the plies are

408 stacked in order to create antisymmetry in relation of medium plane. By one side,

409 a laminate with orientation angles of fibers in 0�, 90�, 0�, and 90� can be considered
410 antisymmetric. By the other side, an asymmetric laminate has a random stacking

411 sequence, and there is none rule of stacking related to the medium plane.

412 At this moment, there is a question: How to determine the laminate stiffness

413 considering the plies stacked in different directions?

414 One approach to do this consists on using the CLT, which is based on Theory of

415 Elasticity. Therefore, considering a solid (continuous media) loaded, this body

416 produces internal stresses in order to equilibrate the applied loadings (Fig. 13).

417 A point in the body has the 3D stress state represented by the following stress

418 tensor:

Top

Medium Plane

0°

0°
0°
90°
90°
45°

-45°
-45°
-45°

Fig. 12 Symmetric

laminate
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σ ¼
σxx τxy τxz
τyx σyy τyz
τzx τzy σzz

2
4

3
5 ð47Þ

419By using the equilibrium equations of momentum, it is obtained:

τxy ¼ τyx and τxz ¼ τzx and τyz ¼ τzy ð48Þ

420Thus, the stress tensor is symmetric and it can be represented mathematically by

421a vector with 6 (six) positions:

σ ¼

σx
σy
σz
τyz
τzx
τxy

2
6666664

3
7777775

or σ ¼

σ1
σ2
σ3
σ23
σ31
σ12

2
6666664

3
7777775

or σ ¼

σ1
σ2
σ3
σ4
σ5
σ6

2
6666664

3
7777775

ð49Þ

422An analog approach can be used for the strain tensor:

ε ¼

εxx
γxy
2

γxz
2

γyx
2

εyy
γyz
2

γzx
2

γzy
2

εzz

2
6666664

3
7777775

ð50Þ

423Thus, the strain tensor is also symmetric and it can be represented mathemati-

424cally by a vector with 6 (six) positions:

Fig. 13 (a) Solid loaded; (b) 3D stress state
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ε ¼

εxx

εyy

εzz

γyz=2

γzx=2

γxy=2

2
666666666664

3
777777777775

or ε ¼

εx

εy

εz

εyz

εzx

εxy

2
666666666664

3
777777777775

or ε ¼

ε1

ε2

ε3

ε23

ε31

ε12

2
666666666664

3
777777777775

or ε ¼

ε1

ε2

ε3

ε4

ε5

ε6

2
666666666664

3
777777777775

ð51Þ

425 The constitutive equation relates the stress and strain vectors. For anisotropic

426 materials, this relation is given by the Hooke’s Law Generalized as follows (for

427 index notation):

σi ¼ Dijεj i, j ¼ 1, 2, . . . , 6

428 For matrix notation, it is observed the constitutive tensor D with 36 (thirty six)

429 components:

σ1
σ2
σ3
σ4
σ5
σ6

2
6666664

3
7777775
¼

D11 D12 D13 D14 D15 D16

D21 D22 D23 D24 D25 D26

D31 D32 D33 D34 D35 D36

D41 D42 D43 D44 D45 D46

D51 D52 D53 D54 D55 D56

D61 D62 D63 D64 D65 D66

2
6666664

3
7777775

ε1
ε2
ε3
γ4
γ5
γ6

2
6666664

3
7777775

ð52Þ

430 However, it is shown that the constitutive tensor D is symmetric (Dij ¼ Dji) and,

431 in fact, the number of components is equal to 21 (twenty-one). Moreover,

432 D represents the stiffness of the material and D�1 represents the compliance.

433 Thus, D can be written in function of the material properties of composite phases

434 (matrix, reinforcements, and interface).

435 As commented earlier, a ply of the laminate is assumed to be orthotropic

436 material. Then, this ply has 3 (three) planes of symmetry. Also, an orthotropic

437 material does not show coupling between normal stresses and shear strains (γ), as
438 well as between shear stresses and normal strains (ε). Thus, the tensor D for this

439 type of material has only 9 (nine) components:

D ¼

D11 D12 D13 0 0 0

D12 D22 D23 0 0 0

D13 D23 D33 0 0 0

0 0 0 D44 0 0

0 0 0 0 D55 0

0 0 0 0 0 D66

2
6666666664

3
7777777775

ð53Þ
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440By analogy, the tensor C has 9 (nine) components:

ε1
ε2
ε3
γ4
γ5
γ6

2
6666664

3
7777775
¼

C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66

2
6666664

3
7777775

σ1
σ2
σ3
σ4
σ5
σ6

2
6666664

3
7777775

ð54Þ

C11 ¼ 1

E11

; C21 ¼ �ν12
E11

; C31 ¼ �ν13
E11

C12 ¼ �ν21
E22

; C22 ¼ 1

E22

; C32 ¼ �ν23
E22

C13 ¼ �ν31
E33

; C23 ¼ �ν32
E33

; C33 ¼ 1

E33

C44 ¼ 1

G23

; C55 ¼ 1

G31

; C66 ¼ 1

G12

441Considering the symmetry of the tensor C, then:

νij
Ei

¼ νji
Ej

ð55Þ

442The matrix inverse of compliance is the stiffness, and for composites, this matrix

443will be named by Q:

σ1
σ2
σ3
σ4
σ5
σ6

2
6666664

3
7777775
¼

Q11 Q12 Q13 0 0 0

Q21 Q22 Q23 0 0 0

Q31 Q32 Q33 0 0 0

0 0 0 Q44 0 0

0 0 0 0 Q55 0

0 0 0 0 0 Q66

2
6666664

3
7777775

ε1
ε2
ε3
γ4
γ5
γ6

2
6666664

3
7777775

ð56Þ

444where:
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Q11 ¼
E11 1� ν23ν32ð Þ

Δ

Q22 ¼
E22 1� ν31ν13ð Þ

Δ

Q33 ¼
E33 1� ν12ν21ð Þ

Δ
Q44 ¼ G23

Q55 ¼ G13

Q66 ¼ G12

Q12 ¼
E11 ν21 þ ν31ν23ð Þ

Δ
¼ E22 ν12 þ ν32ν13ð Þ

Δ

Q13 ¼
E11 ν31 þ ν21ν32ð Þ

Δ
¼ E22 ν13 þ ν12ν23ð Þ

Δ

Q23 ¼
E22 ν32 þ ν12ν31ð Þ

Δ
¼ E33 ν23 þ ν21ν13ð Þ

Δ

Δ ¼ 1� ν12ν21 � ν23ν32 � ν31ν13 � 2ν21ν32ν13

445 However, for a ply reinforced by fibers in one direction, it is considered a

446 transversally isotropic material, so: E22¼E33; G13¼G23 and ν12¼ ν13. Besides,
447 the thickness of the ply is very thin compared to the length and the width, then it is

448 assumed plane stress state (Fig. 14).

449 Thus, the Hooke’s Law can be written by using the Reduced Stiffness Stress:

σ1
σ2
σ6

2
4

3
5 ¼

Q11 Q12 0

Q21 Q22 0

0 0 Q66

2
4

3
5 ε1

ε2
γ6

2
4

3
5 ð57Þ

450 where:

Q11 ¼
E11

1� ν12ν21
¼ E2

11

E11 � ν212E22

Q22 ¼
E22

1� ν12ν21
¼ E11E22

E11 � ν212E22

Q66 ¼ G12

Q12 ¼ Q21 ¼
ν12E22

1� ν12ν21
¼ ν12E11E22

E11 � ν212E22

ν12
E11

¼ ν21
E22

yx

y

σ

σ
σ

σ

σ

σ

σ

σ

x

xy

y

yx

xy

x

2

)θ

1

dy

dx

y

x

Fig. 14 Thin ply of

composite material: plane

stress state. Local

coordinate system (1-2) and

Global coordinate system

(x�y)
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451Considering the axes 1 and 2 and that 1 is aligned to the fibers and 2 is normal to

452the fibers, it can be used the transformation matrix of coordinates in order to write

453the stress components in Local or Global coordinate systems:

σ1
σ2
σ12

2
4

3
5
Local

¼ T½ �
σx
σy
σxy

2
4

3
5
Global

or

σx
σy
σxy

2
4

3
5
Global

¼ T½ ��1
σ1
σ2
σ12

2
4

3
5
Local

ð58Þ

454where: AU4

T½ � ¼
m2 n2 2mn
n2 m2 �2mn

�mn mn m2 � n2ð Þ

2
4

3
5; m ¼ cos θð Þ and n ¼ sen θð Þ

455By analogy, the strain relations can be given by:

ε1
ε2
γ6=2

2
4

3
5
Local

¼ T½ �
εx
εy
γxy=2

2
4

3
5
Global

or

εx
εy
γxy=2

2
4

3
5
Global

¼ T½ ��1
ε1
ε2
γ6=2

2
4

3
5
Local

ð59aÞ

456Replacing (58) and (59a) into (57), it is obtained the constitutive equation for the

457Global coordinate system by using the Transformed Reduced Stiffness Matrix:

σx

σy

σxy

2
64

3
75
Global

¼
Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2
64

3
75

εx

εy

γxy

2
64

3
75
Global

ð59bÞ

458or:

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2
64

3
75 ¼ T½ ��1

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2
64

3
75 T½ � ð59cÞ

459Thus, the matrix components Q
� �

are given by:

Q11 ¼ Q11m
4 þ 2m2n2 Q12 þ 2Q66ð Þ þ Q22n

4

Q12 ¼ Q11 þ Q22 � 4Q66ð Þn2m2 þ Q12 n4 þ m4ð Þ
Q22 ¼ Q11n

4 þ 2 Q12 þ 2Q66ð Þn2m2 þ Q22m
4

Q16 ¼ Q11 � Q12ð Þnm3 þ Q12 � Q22ð Þn3m� 2mn m2 � n2ð ÞQ66

Q26 ¼ Q11 � Q12ð Þn3mþ Q12 � Q22ð Þnm3 þ 2mn m2 � n2ð ÞQ66

Q66 ¼ Q11 þ Q22 � 2Q12 � 2Q66ð Þn2m2 þ Q66 n4 þ m4ð Þ

ð60Þ
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460 Therefore, Q has the influence of the orientation of the fiber in the ply (Fig. 15).

461 It is verified that the orientation of the fiber influences in the mechanical properties

462 and, consequently, in the ply stiffness, which will influence in the laminate stiffness.

463 Considering a laminate with h thickness and N plies, where the top of each k ply
464 is distant hk from the medium plane of the laminate as show by Fig. 16a, it will be

465 calculated its stiffness by using CLT.

466 In this laminate, Membrane Loadings (Nx; Ny; and Nxy), Shear Forces (Qx and

467 Qy), Bending Moments (Mx and My), and Torsion Moments (Mxy) can actuate as

468 shown by Fig. 16b. These loadings can be calculated in function of the intern

469 stresses of the laminate as follows:

Nx

Ny

Nxy

Qx

Qy

2
66664

3
77775 ¼

ðh=2
�h=2

σx
σy
σxy
σxz
σxy

2
66664

3
77775dz N=m½ � ð61Þ
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Fig. 15 Influence of the fiber orientation: (a) in the elastic properties (Jang 1994); (b) in the ply

stiffness (Hull 1981)
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Fig. 16 (a) Laminate structure; (b) membrane loadings, shear forces, and bending moments
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Mx

My

Mxy

2
4

3
5 ¼

ðh=2
�h=2

σx
σy
σxy

2
4

3
5zdz Nm=m½ � ð62Þ

470Therefore, it is necessary to obtain the intern stresses of the laminate, which can

471be calculated by using CLT. And, this theory is based on the Kirchhoff’s and other

472hypotheses, as well.

473• The laminate is considered plane (as a plate) and the medium plane (medium

474surface), which split the laminate, is in the middle of the laminate and contains

475the plane x�y.
476• The plies are perfectly linked and there is not relative displacement between

477plies, so the displacements are continuous.

478• The matrix, which is between two plies, is very thin and it is not deformed by

479shear stress.

480• The laminate is thin and Kirchhoff’s kinematic hypotheses are applied. There-

481fore, these promotes εxz¼ εyz¼ εz¼ 0 and σxz, σyz, σz<< σxy, σy, σx.

482It is important to highlight that the Kirchhoff’s kinematic hypotheses do not

483make account the transversal shear stress (Fig. 17). Hence, the transversal sections

484of the medium plane, which were plane and normal to the medium plane, remain

485plane and normal to the medium plane after the applied loading. Therefore:

Fig. 17 Kirchhoff’s kinematic hypotheses (Keunings 1992)
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486 εxz¼ εyz¼ εz¼ 0. However, the stresses σxz, σyz, and σz are very important for

487 delamination analyses. Moreover, if the structure is thick, the structural analyses

488 should be affected in case of the transversal shears are not considered. Thus, for

489 thick laminates or delamination analyses, it is necessary to use other kinematic

490 hypotheses such as Mindlin-Reissner or Higher-order Shear deformation Theory—

491 HST. However, in this chapter, it is considered mainly thin laminates, i.e., the

492 relation length (or width) per thickness is minimum higher than 10.

493 Considering Fig. 17, for the point C with distance equal to zc from the medium

494 plane, the displacement uc in the x direction is given by:

uc ¼ u0 � zcβ ð63Þ

495 Thus:

β ¼ ∂w0

∂x
ð64Þ

496 Therefore, the displacements u and v in the directions x and y, respectively, are
497 given by:

u x; y; zð Þ ¼ u0 x; yð Þ � z
∂w0 x; yð Þ

∂x
ð65Þ

v x; y; zð Þ ¼ v0 x; yð Þ � z
∂w0 x; yð Þ

∂y
ð66Þ

498 where:

499 uo and vo are displacements measured in the medium plane.

500 w is the displacement in z direction:

w x; y; zð Þ ¼ w0 x; yð Þ ð67Þ

501 Thus, the strain for k ply can be calculated as follows:

εx x; y; zð Þ ¼ ∂u0
∂x

� z
∂2

w0

∂x2
¼ εx0 þ zKx ð68Þ

εy x; y; zð Þ ¼ ∂v0
∂y

� z
∂2

w0

∂y2
¼ εy0 þ zKy ð69Þ

2εxy x; y; zð Þ ¼ ∂u0
∂y

þ ∂v0
∂x

� 2z
∂2

w0

∂x∂y
¼ 2εxy0 þ zKxy

or γxy ¼ γxy0 þ zKxy

ð70Þ

502 where:
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503εxo, εyo, and εxyo are strains related to extensional or distortional deformation in

504plane x�y.
505It is observed that Kirchhoff’s kinematic hypotheses results on a linear variation

506of the displacements and strains along the thickness. Hence, for a laminate, the

507strain vector can be written for the Global Coordinate System (x�y) as follows:

ε½ �Global ¼ ε0½ �Global þ z K½ �Global ð71Þ

508Therefore, the stress distribution varies from one ply to another along the

509thickness. Replacing (71) into (59b), it is calculated the stress vector for each

510k ply for the Global Coordinate System:

σx

σy

σxy

2
664

3
775

k

Global

¼
Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2
664

3
775
k εx0

εy0

γxy0

2
664

3
775
Global

þ z

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2
664

3
775
k

Kx

Ky

Kxy

2
664

3
775
Global

ð72Þ

511Considering the compact form:

σ½ � kGlobal ¼ Q
� � k

Global
ε0½ �Global þ z K½ �Global

� � ð73Þ

512where:

513[εo]¼ strains

514[K]¼ curvatures

515k¼ ply in the k position.

516Replacing (73) into (61) and into (62):

NX

NY

NXY

2
4

3
5 ¼

Xn
K¼1

ðhK
hK�1

Q
� �

K

εx0
εy0
γxy0

2
4

3
5dzþ ðhK

hK�1

Q
� �

K

Kx

Ky

Kxy

2
4

3
5zdz

8<
:

9=
; ð74Þ

MX

MY

MXY

2
4

3
5 ¼

Xn
K¼1

ðhK
hK�1

Q
� �

K

εx0
εy0
γxy0

2
4

3
5zdzþ ðhK

hK�1

Q
� �

K

Kx

Ky

Kxy

2
4

3
5z2dz

8<
:

9=
; ð75Þ

517The matrix Q
� �

remains constant for each ply, because it is only function of the

518elastic properties of plies and fiber orientation in each ply. The strain components

519[εo] and the curvature [K] of the laminate remains constant for each ply, also.

520Therefore, Eqs. (74) and (75) can be written as follows:
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N½ � ¼ A½ � ε0½ � þ B½ � K½ � ð76aÞ
M½ � ¼ B½ � ε0½ � þ D½ � K½ � ð76bÞ

521 where:

522
A½ � ¼

Xn
k¼1

ðhK
hK�1

Q
� �

K

dz¼membrane stiffness matrix.

523
B½ � ¼

Xn
k¼1

ðhK
hK�1

Q
� �

K

zdz¼ coupling stiffness matrix.

524
D½ � ¼

Xn
k¼1

ðhK
hK�1

Q
� �

K

z2dz¼ bending/torsion stiffness matrix.

525 or:

N½ �
M½ �

" #
¼ A½ � B½ �

B½ � D½ �

" #
εo½ �
K½ �

" #
ð77Þ

526 If the coupling matrix [B] is not null, then membrane loadings can cause not only

527 normal and shear strains, but also curvatures Kx, Ky, and Kxy. By analogy, moments

528 loadings can cause not only curvatures Kx, Ky, and Kxy, but also normal and shear

529 strains. By the other side, if the coupling matrix [B] is null, these effects cannot

530 occur. In fact, matrix [B] is null for symmetric laminates, and this is easily proved

531 by verifying that stiffness part related to z positive values are canceled by stiffness

532 part related to z negative values.
533 In case of thick laminate analysis, it is necessary to consider the shear forces (Qx

534 and Qy). Thus, one simple approach consists on assuming parabolic distribution

535 along of the laminate thickness:

f zð Þ ¼ 5

4
1� z

h=2

� �2
" #

ð78Þ

536 Integrating this equation, it is obtained:

Qx ¼ A55γxz þ A45γyz
� � ð79Þ

Qy ¼ A45γxz þ A44γyz
� � ð80Þ

537 where:

Aij ¼ 5

4

Xn
k¼1

Qij

� �
k
hk � hk�1 � 4

3
h3k � h3k�1

� � 1
h2

� 	
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538Therefore:

Nx

Ny

Nxy

Mx

My

Mxy

2
6666666664

3
7777777775
¼

A11 A12 A16 B11 B12 B16

A12 A22 A26 B12 B22 B26

A16 A26 A66 B16 B26 B66

B11 B12 B16 D11 D12 D16

B12 B22 B26 D12 D22 D26

B16 B26 B66 D16 D26 D66

2
6666666664

3
7777777775

εx0

εy0
γxy0
Kx

Ky

Kxy

2
6666666664

3
7777777775

ð81Þ

Qy

Qx

� 	
¼ A44 A45

A45 A55

� 	
γyz
γxz

� 	
ð82Þ

539It is concluded that for thin laminates AU5, it should be used only Eq. (81), and, for

540thick laminates, it is necessary to use at least Eq. (82), as well.

541In terms of design, the equations above should be written in inverse format,

542because, normally, the loadings are provided and it is required to calculate the

543strains and curvatures. However, these values are obtained for each ply, considering

544the Global Coordinate System, and, now, it is necessary to calculate these values for

545Local Coordinate System.

5463.2 Strain and Stress Analyses in the Ply

547The determination of stress and strain components for each ply for the Local

548Coordinate System is very important to evaluate the failure or not of a laminate,

549considering a load case.

550The failure mechanisms and failure criteria will be addressed in the next section,

551but the criteria are normally verified in each ply of the laminate considering the

552stress and strain components for the Local Coordinate System (1-2). Thus, in order

553to obtain these values, it is initially written AU6Eq. (76a) in the following format:

ε0½ � ¼ A½ ��1 N½ � � A½ ��1 B½ � K½ � ð83Þ

554Replacing (83) into (76b), there is:

M½ � ¼ B½ � A½ ��1 N½ � � B½ � A½ ��1 B½ � � D½ �
n o

K½ � ð84Þ

555Equations (83) and (84) can be combined:

εo½ �
M½ �

� 	
¼ A*

� �
B*
� �

C*
� �

D*
� �� 	

N½ �
K½ �

� 	
ð85Þ
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556 where:

A*
� �¼ A�1

� �
B*
� �¼ � A�1

� �
B½ �

C*
� �¼ B½ � A�1

� � ¼ � B*
� �T

D*
� �¼ D½ � � B½ � A�1

� �
B½ �

557 Thus, Eqs. (83) and (84) can be written as follows:

ε0½ � ¼ A*
� �

N½ � þ B*
� �

K½ � ð86Þ

M½ � ¼ C*
� �

N½ � þ D*
� �

K½ � ð87Þ

558 Solving the system above for the curvatures K:

K½ � ¼ D*
� ��1

M½ � � D*
� ��1

C*
� �

N½ � ð88Þ

559 Replacing Eq. (88) into (86):

ε0½ � ¼ A*
� �� B*

� �
D*
� ��1

C*
� �n o

N½ � þ B*
� �

D*
� ��1

M½ � ð89Þ

560 Combining Eqs. (88) and (89), it is obtained the system of equation completely

561 inverted:

εo½ �
K½ �

" #
¼ A0½ � B0½ �

C0½ � D0½ �

" #
N½ �
M½ �

" #
ð90Þ

562 where:

A0½ � ¼ A*
� �� B*

� �
D*
� ��1

C*
� � ¼ A*

� �þ B*
� �

D*
� ��1

B*
� �T

B0½ � ¼ B*
� �

D*
� ��1

C0½ � ¼ � D*
� ��1

C*
� � ¼ B0½ �T ¼ B0½ �

D0½ � ¼ D*
� ��1

563 Hence, it is calculated the strain components [εo] and the curvatures [K] of the
564 laminate for the Global Coordinate System, considering a loading state. Based on

565 these values, it is calculated the stress components for each k ply for the Global

566 Coordinate System (Fig. 18):
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σ½ � kGlobal ¼ Q
� � k

Global
ε0½ �Global þ z K½ �Global

� � ð91Þ

567By using the equations for coordinate transformation, it is determined the stress

568and strain components for the Local Coordinate System:

σ1
σ2
σ12

2
4

3
5

K

Local

¼ T½ �
σx
σy
σxy

2
4

3
5

k

Global

and

ε1
ε2

γ6=2

2
4

3
5

k

Local

¼ T½ �
εx
εy

γxy=2

2
4

3
5

k

Global

ð92Þ

569where:

T½ � ¼
m2 n2 2mn
n2 m2 �2mn

�mn mn m2 � n2ð Þ

2
4

3
5; m ¼ cos θð Þ and n ¼ sen θð Þ

570Hence, the calculation of the stress and strain components for the Local Coor-

571dinate System can be summarized in 7 (seven) steps:

572Step 1: Determine the elastic properties of each ply (E11; E22; G12; and ν12).

573Step 2: Calculate the Reduced Stiffness Matrix for each ply in relation of Local

574Coordinate System.

Q½ �Local ¼
Q11 Q12 0

Q21 Q22 0

0 0 Q66

2
4

3
5

575where:

Fig. 18 Distribution of stress along of thickness
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Q11 ¼
E11

1� ν12ν21
¼ E2

11

E11 � ν212E22

Q22 ¼
E22

1� ν12ν21
¼ E11E22

E11 � ν212E22

Q66 ¼ G12

Q12 ¼ Q21 ¼
ν12E22

1� ν12ν21
¼ ν12E11E22

E11 � ν212E22

ν12
E11

¼ ν21
E22

576 Step 3: Calculate the Transformed Reduced Stiffness Matrix for each ply in relation

577 of Local Coordinate System.

Q
� �

k
¼

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2
64

3
75

578 where:

Q11 ¼ Q11m
4 þ 2m2n2 Q12 þ 2Q66ð Þ þ Q22n

4

Q12 ¼ Q11 þ Q22 � 4Q66ð Þn2m2 þ Q12 n4 þ m4ð Þ
Q22 ¼ Q11n

4 þ 2 Q12 þ 2Q66ð Þn2m2 þ Q22m
4

Q16 ¼ Q11 � Q12ð Þnm3 þ Q12 � Q22ð Þn3m� 2mn m2 � n2ð ÞQ66

Q26 ¼ Q11 � Q12ð Þn3mþ Q12 � Q22ð Þnm3 þ 2mn m2 � n2ð ÞQ66

Q66 ¼ Q11 þ Q22 � 2Q12 � 2Q66ð Þn2m2 þ Q66 n4 þ m4ð Þ
m¼ cos θð Þ and n ¼ sen θð Þ

579 Step 4: Calculate matrixes A, B, and D in relation of Global Coordinate System.

A½ � ¼
Xn
k¼1

Q
� �

k
hk � hk�1ð Þ

B½ � ¼ 1

2

Xn
k¼1

Q
� �

k
h2k � h2k�1

� �

D½ � ¼ 1

3

Xn
k¼1

Q
� �

k
h3k � h3k�1

� �
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580Step 5: Calculate the strain components [εo] and the curvatures [K] of the laminate

581for the Global Coordinate System.

εo½ �
K½ �

" #
Global

¼ A0½ � B0½ �
C0½ � D0½ �

" #
N½ �
M½ �

" #

582where:

A0½ � ¼ A*
� �� B*

� �
D*
� ��1

C*
� � ¼ A*

� �þ B*
� �

D*
� ��1

B*
� �T

B0½ � ¼ B*
� �

D*
� ��1

C0½ � ¼ � D*
� ��1

C*
� � ¼ B0½ �T ¼ B0½ �

D*
� �¼ D*

� ��1

583Step 6: Calculate the stress components for each k ply for the Global Coordinate

584System.

σ½ � kGlobal ¼ Q
� � k

Global
ε0½ �Global þ z K½ �Global

� �
585Step 7: Calculate the stress components for each k ply for the Local Coordinate

586System.

σ1
σ2
σ12

2
4

3
5
Local

¼ T½ �
σx
σy
σxy

2
4

3
5
Global

587where:

T½ � ¼
m2 n2 2mn
n2 m2 �2mn

�mn mn m2 � n2ð Þ

2
4

3
5

588These stress or strain components will be used in the Failure Criteria, and the

589engineer will be able to evaluate if the composite structure will fail or not under a

590specific load case.

5914 Failure Analysis

592Based on the stress or strain components values for each ply for the Local Coordi-

593nate System, it is carried out the failure analysis of the laminate. However, it is

594necessary to know previously the different failure modes, which can be found in the

595composite structures. Thus, based on the failure modes, which can occur, the failure

596criterion should be selected.
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597 4.1 Laminate Failure Modes

598 In this chapter, the failure/damage mechanisms are classified in two types:

599 • Intralaminar damage: occur inside the ply;
600 • Interlaminar failure: occur between plies.

601 The intralaminar damages correspond to the damage in the matrix, fibers, or

602 interface fiber-matrix. The interlaminar failures correspond to the delaminations

603 between plies, which consists on the separation of plies (Fig. 19).

604 4.1.1 Intralaminar Damage

605 The intralaminar damages can be divided in three different mechanisms:

606 • Mechanism of fiber damage.

607 • Mechanism of damage damage.

608 • Mechanism of interface matrix-fiber damage.

609 The mechanism of fiber damage depends on different aspects, such as diameter

610 and length of fibers, volume fraction of fibers, and orientation of fibers. However,

611 the damage modes are also related to the applied loadings. For examples, compres-

612 sion loading can produce fails in the fibers through micro-buckling or shearing

613 (Fig. 20).

614 Tension loading can promote the rupture of the fibers and depends on the level of

615 the adhesion between fibers and polymer matrix. In other words, if the loading,

616 which acts in the matrix, is transferred to the fibers in an efficient way, then the

617 fibers can fracture, depending on the level of load.

618 The matrix damage modes depend on the physic-chemical properties of the

619 polymer, which can be fragile or ductile and have linear elastic or viscoelastic

620 response. Moreover, this behavior depends on the environment temperature. How-

621 ever, in general way, the rupture of the matrix occurs close to a fractured fiber or

622 close to a void created during the material processing. These regions show stress

Fig. 19 Damage and failure mechanisms
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623concentration, which causes failure of the matrix. Therefore, under tension loading,

624the damage process in the matrix, as shown by Fig. 21a, starts close to micro-

625failures (1), then propagates (2) and, finally, coalesces (3) until creating a cata-

626strophic macro-failure (4). By the other side, under compression loading, the matrix

627can fail by shearing (Fig. 21b).

628For the ply under shear loading, the damage mode will occur as shown by

629Fig. 22a. As it is observed, this damage mode depends mainly on the polymer

630matrix behavior, which can be non-linear due to inelastic strains.

631The damage process of the ply is strongly influenced by the orientation of the

632fibers. For example, the ply can show a linear response when the loading is applied

633in the direction 1 (0�) or in the direction 2 (90�) due to the relevance of normal

634stresses. However, for the loadings applied close to the angle 15�, it is observed a

635non-linear response, because there is an important contribution of the shear stresses

636as shown by Fig. 22b.

637Regarding the damage modes of the interface, it is confirmed that these modes

638depend on physic-chemical interaction between fiber and matrix. In fact, the quality

639of the interface is a parameter that it is used to evaluate the toughness of the

(1)

(4)

(2)

(3)

ba

Fig. 21 Damage process in the matrix: (a) under tension; (b) under compression (adapted from

Agarwal and Broutman 1990)

a b

Fig. 20 Fiber damage mode under compression: (a) micro-buckling (Agarwal and Broutman

1990); (b) shearing (Adapted from Agarwal and Broutman 1990)
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640 composite material. Thus, if there is a weak interaction between fiber and matrix,

641 then it occurs “debonding” as shown by Fig. 23a.

642 Figure 23b shows different damage mechanisms in the ply. If there is a weak

643 interface, after the fiber failure, “Pull-Out” (mechanism 1) can take place. Before

644 this mechanism, it is possible to occur “Fiber Bridging” (mechanism 2), since the

645 composite has fragile fibers, ductile matrix, and strong interface. Thus, the crack

646 propagation creates like bridges by using the fibers. As commented earlier, if the

647 interface is weak, then “debonding” (mechanism 3) can occur. By the other side, if

0
0

20

40

60

80

100

120

Transversal
Shearing

Longitudinal

10 20 30 40 50 60 8070 90

2 1

σx

σx

α

a

b

Fiber Orientation
C

on
tri

bu
tio

n 
of

 L
oa

di
ng

 [%
]

Fig. 22 (a) Damage of matrix under shear loadings (adapted from Agarwal and Broutman 1990);

(b) influence of the fiber orientation in the damage process (Hahn and Tsai 1973)

a b

Fig. 23 (a) Debonding due to weak interface; (b) damage mechanisms in the ply (Anderson 1995)
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648the interface is strong, then facture of the fiber (mechanism 4) and the damage

649process of the matrix (mechanism 5) are verified. However, these all damage

650mechanisms are random and depend on several aspects:

651• Physic-chemical properties of the fibers and polymer matrix.

652• Alignment and strength of the fibers.

653• Orientation and volume fraction of the fibers.

654• Type of loading: tension, compression, shear, or combined.

655• Environment effects: temperature, humidity, corrosion, etc.

6564.1.2 Interlaminar Failure (Delaminations)

657In composite materials, the failure starts with micromechanisms (intralaminar

658damages) and, after that, it is observed the macromechanisms like delaminations.

659In general, the damage evolution starts in the plies with fiber orientation close to 90�

660in relation to the loading. After the first damage, stresses are redistributed in the

661laminated and new failure mechanisms can occur in the same ply or in other plies.

662This failure process evolutes until the damage to reach the interface between two

663plies, creating a discrete crack. In fact, the frontiers of the cracks, which were

664created in one ply, propagate until to find adjacent ply with fiber oriented in other

665direction (Fig. 24a). At this moment, the interlaminar shear stresses increase

666abruptly and the laminate suffers the delamination as shown by Fig. 24b. Consid-

667ering the increment of the loadings, the delaminations increase (initiation) and

668evolve (propagation).

669Researchers proved that the interlaminar failure is promoted by the interlaminar

670shear stress and normal stress in direction z as shown by Fig. 25a.

Fig. 24 Mechanisms of damage and failure in the plies: (a) evolution of the failure process (Hull

1981); (b) laminate with delaminations
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671 According to the Fracture Mechanics, laminate material composites, normally,

672 show two classic modes of delamination: Mode I and Mode II (Fig. 25b). The Mode

673 I is created by tension loadings and Mode II is created by shear loadings. Thus,

674 during the delamination process is common to observe the Mixed Mode, i.e., Mode

675 I and Mode II are coupled.

676 In practical terms, the engineer should be pay attention, mainly in the geomet-

677 rical discontinuities in the composite structures, such as holes and ply drop. In these

678 regions, there is a 3D stress state, which promotes delamination (Fig. 26a). Another

679 important region consists of the edge of the laminate. In fact, in this portion of the

680 laminate, edge-effects can increase the transversal shear stress close to the edges

681 (Fig. 26b).

Fig. 25 (a) Delamination: interlaminar shear stress and normal stress; (b) modes of delamination

(adapted from Magagnin Filho 1996)
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6824.2 Procedure to Analyze Failure in Laminates

683It is considered that a structure fails when this one cannot satisfy the design criteria.

684Thus, failure criterion goals to provide an interpretation of the damages promoted

685by the loadings, showing if there is a local or a global failure in the structure.

686However, for laminate composite structures, there is a large number of damage and

687failure mechanisms, which occur in a random way. Thus, different approaches can

688be applied to design composite structures. One approach consists on carrying out

689micromechanics analyses in order to identify the local failure of fibers, matrix, or

690interface. By the other side, there is the macromechanics analysis, which consists

691on using a failure criterion in order to identify the failure of the ply.

692The failure criterion can be written by using mathematical expressions (the

693criterion function), considering the stress or strain components for the Local

694Coordinate System (1-2) and allowable values for the ply:

If f σ1; σ2; σ3ð Þ � 0 then the ply fails:

If f σ1; σ2; σ3ð Þ < 0 then the ply does not fail
ð93Þ

695Associated to the failure criterion, there are two methods of approaching the

696problem:

697• FPF Method (First Ply Failure): the laminate fails when the first ply fails.

698• LPF Method (Last Ply Failure): the laminate fails when the last ply fails.

699LPF Method can be summarized in 9 (nine) steps (Fig. 27):

7001. Stress analyses: calculate the stress components in each ply.

7012. Failure criterion selection: select the most adequate criterion, considering the

702failure modes observed during the experimental tests for determination of

703allowable values and elastic properties.

7043. Calculate the criterion function: use the stress components and allowable values

705to calculate the value for the criterion function.

7064. Verify the failure plies: identify the plies, which fail.

7075. If there is not failure—increase the loading: increase the loading in order to

708re-calculate the stress components in each ply.

7096. If there is failure—reduce the mechanical properties: before increasing the

710loading, the mechanical properties of the plies, which failed, should be reduced.

7117. Total failure?: check if all plies fail.

7128. If there is not total failure—re-calculate the stress distribution: re-calculate the
713stress components in each ply, considering the reduction of laminate stiffness.

7149. If there is total failure—THE END: finalize the analyses.

715The FPF Method is strongly safety, because the failure of only single ply implies

716in to have the failure of the entire laminate. By the other side, the LPF Method

717overestimates the strength of the laminate. Therefore, the engineer must be careful

718when choosing the method, mainly the failure criterion. However, due to the
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719 complexity to predict the failure mechanisms on composite structures, there is a

720 large number of failure criteria to address this problem. In the next sub-items, it will

721 be shown 3 (three) different failure criteria.

722 4.2.1 Maximum Stress Criterion

723 This failure criterion consists of 5 (five) sub-criteria and each one corresponds to

724 the 5 (five) fundamental damage mode of the ply. If, at least, one allowable stress

725 limit is exceeded, then the ply fails:

σ1 � XT or σ1 � �XC or σ2 � YT or σ2 � �YC or σ12j j � S12

ð94Þ

726 where:

727 σ1: normal stress component in direction 1.

728 σ2: normal stress component in direction 2.

729 σ12: shear stress component in the plane 1-2.

730 XT,C: strength value for tension or compression in direction 1.

731 YT,C: strength value for tension or compression in direction 2.

732 S12: strength value for shear in plane 1-2.

1. Stress Analyses

3. Calculate de Criterion Function

2. Failure Criteria Selection

4. Does any
ply fail?

6. Reduce Elastic Properties

7. Total Failure?

9. End

5. Loading
Increment

8. Stress 
Redistribution

no

yes

yes

no

Fig. 27 Procedure to perform failure analyses by using Last Ply Failure Method
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733The failure surface for this criterion is a parallelepiped in the space of stresses

734(Fig. 28). Due to the difference between strength values for tension and compres-

735sion, the geometric center of the parallelepiped does not coincide to the origin of

736space of stresses.

7374.2.2 Maximum Strain Criterion

738This failure criterion also consists of 5 (five) sub-criteria and each one corresponds

739to the 5 (five) fundamental damage mode of the ply. However, in this case, the

740criterion is written in terms of strains. Thus, if, at least, one allowable strain limit is

741exceeded, then the ply fails:

ε1 � X
0
T or ε1 � �X

0
C or ε2 � Y

0
T or ε2 � �Y

0
C or γ12j j � S

0
12 ð95Þ

742where:

743ε1¼ normal strain component in direction 1.

744ε2¼ normal strain component in direction 2.

745ε12¼ shear strain component in plane 1-2.

746X
0
T;C ¼ strain limit value for tension or compression in direction 1.

747Y
0
T;C ¼ strain limit value for tension or compression in direction 2.

748S
0
12 ¼ strain limit value for shear in plane 1-2.

749In general, the Maximum Stress Criterion and Maximum Strain Criterion pro-

750vide similar predictions, but when the composite material shows non-linear behav-

751ior, it is better to use the second one. Also, these criteria are not interactive, i.e., the

752stress component in one direction does not influence the failure mode caused by a

753stress component in other direction and vice-versa, but the mode failure of the ply

754can be identified.

XT

YT

S12

σ2 = −

σ2 = 

σ12 = 

σ12 = 

σ1 = 

σ1 = −

YC

XC

-S12

s1

s2

s12

Fig. 28 Failure surface of

maximum stress criterion
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755 4.2.3 TSAI-HILL Criterion

756 Based on HILL criterion, Tsai proposed a failure criterion for composite materials,

757 especially for laminates with orthotropic plies. Thus, TSAI-HILL criterion for

758 plane stress state can be written as follows:

f σð Þ ¼ σ1
X


 �2

þ σ2
Y


 �2

� σ1σ2
X2

� �
þ σ12

S12

� �2

¼ 1 ð96Þ

759 where σ1 and σ2 are the normal stress components in the ply. Besides, in this

760 criterion, it is necessary to use different values for compression and tension, not

761 only for actuating stresses, but also for allowable values. Thus, re-organizing

762 the equation above, it is obtained 4 (four) different equations in the space of stresses

763 (σ1 � σ2):

764 1. For the First Quadrant σ1, σ2 > 0ð Þ:

σ21
X2
T

þ σ22
Y2
T

� σ1σ2
X2
T

¼ 1� σ212
S212

ð96aÞ

765 2. For the Second Quadrant σ1 < 0, σ2 > 0ð Þ:

σ21
X2
C

þ σ22
Y2
T

þ σ1σ2
X2
C

¼ 1� σ212
S212

ð96bÞ

766 3. For the Third Quadrant σ1, σ2 < 0ð Þ:

σ21
X2
C

þ σ22
Y2
C

� σ1σ2
X2
C

¼ 1� σ212
S212

ð96cÞ

767 4. For the Fourth Quadrant σ1 > 0, σ2 < 0ð Þ:

σ21
X2
T

þ σ22
Y2
C

þ σ1σ2
X2
T

¼ 1� σ212
S212

ð96dÞ

768 Based on the equations above, it is obtained the failure surface for TSAI-HILL

769 criterion as shown by Fig. 29. It is verified that the increase of shear stress causes

770 the contraction of the failure surface, becoming the failure process easier to occur

771 for lower values of normal stresses.

772 In practical, it is used the definitions of Factor of Safety (FS) and Margin of

773 Safety (MS) to determine if a ply fails or not by using TSAI-HILL criterion:
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FS ¼
ffiffiffiffiffiffiffiffiffi
f σð Þ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ1
X


 �2

þ σ2
Y


 �2

� σ1σ2
X2

� �
þ σ12

S12

� �2
s

ð97Þ

MS ¼ 1

FS
� 1 ð98Þ

774If MS AU7is lower than zero then the ply fails. By the other side, if the MS is much

775greater than zero, then it is concluded that the laminate should be optimized. This

776criterion is used a lot by the engineers, but it is important to highlight that it is not

777recommended for laminates with non-linear behavior. However, it is an interactive

778criterion; so a stress component in one direction can influence the failure mode

779caused by a stress component in other direction and vice-versa, but it is not possible

780to identify the failure mode for the ply.

781In fact, advances in procedure to analyze failure in laminates have been

782performed by different research groups in the World for a long time. The research

783group coordinate by Professor Volnei Tita at University of S~ao Paulo has worked in
784this way, as well. Therefore, some scientific contributions can be found in the

785literature, such as Tita et al. (2008, 2012), Angelo et al. (2012, 2015), Sartorato

786et al. (2012), and Ribeiro et al. (2012a, b, 2013a, b, 2015).

787Finally, if a failure occurs, then the engineer can redesign the laminate compos-

788ite structure as shown by Fig. 4. Thus, the stacking sequence of the laminate should

789be modified in order to change the stiffness, or it is necessary to change the type of

790polymer matrix or the fibers, or to increase the volume fraction of the fibers.

2σ

σ 1

12σIncrease of

Fig. 29 Failure surface of TSAI-HILL criterion
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