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Transformada Z

@ Fungao discreta
x(kTo), k=0,1,---,00

@ Transformada Z

X(z) = Z{x(kTo)} = ix(kTo)z’k
k=0
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e Exemplo 1: x(kTp) =1

[e.e]
X(z)221z_k:1+z_1—|—z_2+z_3—|—~-
k=0

@ Série geométrica

f(ry=a+ar+ar®> +ar* +--- ...

@ converge para f(r)=
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e Exemplo 1: x(kTp) =1

o
X(z)zle_k:1+z_1+z_2+z_3+---
k=0

@ Fazendoa=1ler=2z"1

1 z
X(2) = 1—z1 -1
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o Exemplo 2: x(kTy) = akTo
oo
X(Z) — ZakTOZ_k =1+ aTOZ_l +32TOZ_2 4.
k=0

@ Fazendoa=1er=al0z!
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o Exemplo 3: x(kTy) = e~ 2kTo

oo
Z e akTo =14+ (eaTOZ)—l + (eaTOZ)—2 4.
k=0

o Fazendoa=1er = (e?Toz)"!

1 z

X(z) = 1—(eaToz)"1 7z —eaTo
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@ Exemplo 4: x(kTp) = cos(kTp)

ekTo 1 g=ikTo

cos(0kTy) = 3

@ Usando o Exemplo 3

z/2 z/2
X(2) Tz _ el + z—eJTo
_ z(z —cos(Tp))
- 22 —2cos(To)z +1
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Exercicios

@ Calcule a Transformada Z das seguintes fung¢des discretas

O x(kTy) = kT,

@ x(kTy) = sen(kTy)

@ x(kTy) = e~ Tocos(kTy)
Q x(kTy)=0,1,2,3,0,0,0,0,
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Propriedades

@ Superposicdo (linearidade)

Z{aXl(kTo) + 5X2(kT0)} = aXl(z) + ﬁXz(Z)

@ Deslocamento para a direita

Z{x(k —d)} = z79X(2)
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Propriedades

@ Deslocamento para a esquerda

d—1
Z{x(k+d)} =29 [X(z) -

Q
Il
o

e Exemplos:

Z{x(k + 1)} =z[X(2) — x(0)]
Z{x(k 4+ 2)} =2°[X(z) — x(0) — x(1)z7}]
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Propriedades

@ Amortecimento

Z{x(kTO)e*akTO} = X(zeaTO)

@ Teorema do Valor Inicial

x(0) = lim X(z)

Z—00
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Propriedades

@ Teorema do Valor Final

lim x(k) = lim(z — 1)X(2)

k— 00 z—1

e Exemplo: X(z) = (2_1)2(+0’5)
2z
. _ B —4
kll—';noo X(k) Zlinl(z 1) (Z — 1)(2 - 07 5)
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Transformada Z Inversa

@ Método da Expansiao em Fragbes Parciais

Az Bz Cz Dz

(2) z—1+(z—1)2+z—a+22+cz+d+

@ Solucao

x(k) = A+ Bk + Ca* + De™**sen(f1k) + - - -
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Transformada Z Inversa

2z

e Exemplo: X(z) = Z=1)(z—05)

4z —4z
X(z) =
(2) z—1+z—0,5

@ Solucio

x(k) =4 — 4.0,5% = 4(1 — 0,5%)
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Transformada Z Inversa

@ Método da Divisao

B(z)  boz"+ biz" 1+ -+ b,
X(z) = ~ o n—14 ...
A(z) "+ az" + -+ ay

@ Divisao

z"+az" -t a,
co+czl+coz2. ..

boz" 4 b1zt 4 - + b,
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Transformada Z Inversa

X(O) =0Q0
X(l) =C1
X(2) =C2
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Transformada Z Inversa

. —_— 2 = 2
e Exemplo: X(z) = (2_1)(§—0,5) = 22—1,5Zz+0,5

z2—-1,524+0,5
0+2z143z72+3,5z73...

22‘
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Solucdo de Equacdo a Diferencas

e Exemplo

y(k+1)+2y(k) = u(k), y(0)=1
o Transformada Z
2Y(z) — zy(0) + 2Y(2) = U(z)
o Sendo u(k) = 1 (degrau unitério) e y(0) = 1

z
z—1

zY(z) —z+2Y(2) =
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Solucdo de Equacdo a Diferencas

@ Isolando Y(z) e fatorando

z2 1 =z 2 z

Y(z) = (z+2)(z—-1) :gz—1+§z+2

@ Solucdo _
= 4+ 2 (=2)
Yk =5 +35.(-2)
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Exercicios

@ Encontre a solugdo das equagdes a diferencas usando a
Transformada Z

Q y(k+1)—y(k)=2*

com y(0) =1

© y(k+2) —3y(k+1)+2y(k) = u(k + 1) + 2u(k)
com y(0) =1, y(1) =0, u(k) = -2k
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