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Oscilador Harmônico Simples
segunda aula
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Onde paramos:

•  Procuremos duas soluções linearmente independentes para a equação homogênea

a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>

•  Tentemos x(t) = ept

<latexit sha1_base64="an3EWZPeSSULZ8lZJRLXndMTBDo=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTWgRKkKZ0Wq7EYpuXFawD+iLTJppQzMPkjvqMPRfuHDjQhG3/hd3/TemD0GtBwIf59xLLscOBFdgmmMjsbS8srqWXE9tbG5t76R392rKDyVlVeoLXzZsopjgHqsCB8EagWTEtQWr28OrSV6/Y1Jx37uFKGBtl/Q97nBKQFudhxwc4QvMOnGAYdRNZ828ORVeBGsO2XKmdfw4LkeVbvqz1fNp6DIPqCBKNS0zgHZMJHAq2CjVChULCB2SPmtq9IjLVDueXj3Ch9rpYceX+nmAp+7PjZi4SkWurSddAgP1N5uY/2XNEJxSO+ZeEALz6OwjJxQYfDypAPe4ZBREpIFQyfWtmA6IJBR0UalpCefFUuHUwovwXULtJG8V8mc3uo1LNFMSHaAMyiELFVEZXaMKqiKKJHpCL+jVuDeejTfjfTaaMOY7++iXjI8vNG2U5g==</latexit>

onde p é uma constante. Substituindo temos que 

a p2 + b p+ c = 0

<latexit sha1_base64="65yODyIj/zQ1JCBqePDa7Pi3EJ0=">AAAB/HicbVDLSsNAFJ3UV62vaJeKDBZBEEpSq+1GKLpx2YJ9QBvLZDpph04ezEyEENqd3+HGhSJupd/hzm/wJ5ymFXwduJfDOfdyL8cOGBXSMN611MLi0vJKejWztr6xuaVv7zSEH3JM6thnPm/ZSBBGPVKXVDLSCjhBrs1I0x5eTv3mLeGC+t61jAJiuajvUYdiJJXU1bNoHNwU4DG0x4HqGJ5Do6vnjLyRAP4l5pzkKnuT2sfd/qTa1d86PR+HLvEkZkiItmkE0ooRlxQzMsp0QkEChIeoT9qKesglwoqT50fwUCk96PhclSdhon7fiJErROTaatJFciB+e1PxP68dSqdsxdQLQkk8PDvkhAxKH06TgD3KCZYsUgRhTtWvEA8QR1iqvDJJCGelcvHEhH/JVwiNQt4s5k9rKo0LMEMa7IIDcARMUAIVcAWqoA4wiMA9eARP2lh70J61l9loSpvvZMEPaK+fPi6WgQ==</latexit>

logo p =
�b±

p
b2 � 4ac
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<latexit sha1_base64="DJAx+1BvOOfZYWIpc7cINW7qMEY="></latexit>

•  Primeiro caso: o discriminante é positivo b2 � 4ac > 0

<latexit sha1_base64="0Mv7tai2yLpH5Y/9+dY8yMnJJLk=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7kqIblxXsA9uxZNJMG5rJDEmmWIb+EMGNC0XcuPCfuPPXaNqpoNYDgY9z7iWX44aMSmVZH0ZqYXFpeSWdya6urW9smlvbdRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4g/NJ3hgSIWnAr9QoJI6Pepx6FCOlrY5pujcFeAiLEEEMT6GV7Zg5K29NBefBnkGukgnvrl9vP6sd873dDXDkE64wQ1K2bCtUToyEopiRcbYdSRIiPEA90tLIkU+kE08vH8N97XShFwj9uIJT9+dGjHwpR76rJ32k+vJvNjH/y1qR8spOTHkYKcJx8pEXMagCOKkBdqkgWLGRBoQF1bdC3EcCYaXLSko4KZWLRzach+8S6oW8XcwfX+o2zkCiNNgFe+AA2KAEKuACVEENYDAE9+ARPBmx8WA8Gy/JaMqY7eyAXzLevgA4Z5TE</latexit>

há duas raízes distintas p1 e p2

<latexit sha1_base64="GfUXHQ1FM9Ypl1DHXRHOixfXLYI=">AAAB/HicbZDLSgMxGIUz9VbrbbRLRYJFcFVmarVdFt24bMFeoB2GTJppQzMXkow4DHXnc7hxoYhb6XO48xl8CdNpBbUeCHyc8//k5zgho0IaxoeWWVpeWV3Lruc2Nre2d/TdvZYIIo5JEwcs4B0HCcKoT5qSSkY6ISfIcxhpO6PLad6+IVzQwL+WcUgsDw186lKMpLJsPR/aJuwNneA2gQSOYWiXoK0XjKKRCi6COYdC7WDS+Lw/nNRt/b3XD3DkEV9ihoTomkYorQRxSTEj41wvEiREeIQGpKvQRx4RVpIeP4bHyulDN+Dq+RKm7s+NBHlCxJ6jJj0kh+JvNjX/y7qRdKtWQv0wksTHs4/ciEEZwGkTsE85wZLFChDmVN0K8RBxhKXqK5eWcF6plk9NuAjfJbRKRbNcPGuoNi7ATFmwD47ACTBBBdTAFaiDJsAgBg/gCTxrd9qj9qK9zkYz2nwnD35Je/sCuFyXdw==</latexit>

solução geral x(t) = c1 ep1t + c2 ep2t

<latexit sha1_base64="+Ee/bvFFjS0xMZ236v9g0c7FCH4="></latexit>
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•Segundo caso: discriminante nulo b2 � 4ac = 0

<latexit sha1_base64="o/Fgl/bRfSsGBV8ZgogqfqPmTd0=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7EYpuXFawD2zHkkkzbWgmMySZYhn6QwQ3LhRx48J/4s5fo2mngloPBD7OuZdcjhsyKpVlfRiphcWl5ZV0Jru6tr6xaW5t12UQCUxqOGCBaLpIEkY5qSmqGGmGgiDfZaThDs4neWNIhKQBv1KjkDg+6nHqUYyUtjqm6d4U4CEsQgQxPIVWtmPmrLw1FZwHewa5Sia8u369/ax2zPd2N8CRT7jCDEnZsq1QOTESimJGxtl2JEmI8AD1SEsjRz6RTjy9fAz3tdOFXiD04wpO3Z8bMfKlHPmunvSR6su/2cT8L2tFyis7MeVhpAjHyUdexKAK4KQG2KWCYMVGGhAWVN8KcR8JhJUuKynhpFQuHtlwHr5LqBfydjF/fKnbOAOJ0mAX7IEDYIMSqIALUAU1gMEQ3INH8GTExoPxbLwkoyljtrMDfsl4+wI24JTD</latexit>

há uma única raiz                   . Qual a segunda solução?� = � b

2a

<latexit sha1_base64="4H0ukozWSafx09rzNjVb4YYbeGc=">AAACAHicbZBLSwMxFIUz9VXrq+qiiJugCG4sM7XaboSiG5cVbBXaUu6kmRqazAxJRijDbPwrblwo4tZfIe5049afYfoQ1HogcDjnXpJ8bsiZ0rb9ZqWmpmdm59LzmYXFpeWV7OpaXQWRJLRGAh7ISxcU5cynNc00p5ehpCBcTi/c3smgv7imUrHAP9f9kLYEdH3mMQLaRO1srtkFIQAf4T3c9CSQ2E3iAiTt7Ladt4fCk8YZm+1K+eMl9/65UW1nX5udgESC+ppwUKrh2KFuxSA1I5wmmWakaAikB13aMNYHQVUrHn4gwTsm6WAvkOb4Gg/TnxsxCKX6wjWTAvSV+tsNwv+6RqS9citmfhhp6pPRRV7EsQ7wgAbuMEmJ5n1jgEhm3orJFRgM2jDLDCEclsrFfQdPmm8I9ULeKeYPzgyNYzRSGm2iLbSLHFRCFXSKqqiGCErQLbpHD9aNdWc9Wk+j0ZQ13llHv2Q9fwH88JoI</latexit>

Tentamos x(t) = f(t) e�t =) d2f

dt2
= 0 =) f(t) = c1 + c2t

<latexit sha1_base64="z6QkSM95osa8B7WL4F9L6xSFSJ8="></latexit>

logo x(t) = (c1 + c2t) e
�t

<latexit sha1_base64="oy9tJVMfRjA5/nfa8UzhCqV5FNg="></latexit>

Estudemos o terceiro caso:
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•  Terceiro caso: o discriminante é negativo                         logo  b2 � 4ac < 0

<latexit sha1_base64="4SlQRy2VSkIGMbtKogGcjjkiOCc=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7cFF047KCfWA7lkyaaUMzmSHJFMvQHyK4caGIGxf+E3f+Gk07FdR6IPBxzr3kctyQUaks68NILSwuLa+kM9nVtfWNTXNruy6DSGBSwwELRNNFkjDKSU1RxUgzFAT5LiMNd3A+yRtDIiQN+JUahcTxUY9Tj2KktNUxTfemAA9hESKI4Sm0sh0zZ+WtqeA82DPIVTLh3fXr7We1Y763uwGOfMIVZkjKlm2FyomRUBQzMs62I0lChAeoR1oaOfKJdOLp5WO4r50u9AKhH1dw6v7ciJEv5ch39aSPVF/+zSbmf1krUl7ZiSkPI0U4Tj7yIgZVACc1wC4VBCs20oCwoPpWiPtIIKx0WUkJJ6Vy8ciG8/BdQr2Qt4v540vdxhlIlAa7YA8cABuUQAVcgCqoAQyG4B48gicjNh6MZ+MlGU0Zs50d8EvG2xc1WZTC</latexit>

•  O que é a exponencial imaginária? Lembremos da fórmula de Euler:

•  Logo podemos escrever as soluções são

Exemplo oscilador harmônico simples: 

ei✓ ⌘ cos ✓ + i sin ✓

<latexit sha1_base64="ljokvHUkcEyWHy3woIFblKCIsrE="></latexit>

x(t) = e��t (c1 e�i!t + c2 e+i!t)

<latexit sha1_base64="fqnWYpd2W/wFt+AwFy/xLpeAtjg="></latexit>

VISÃO GERAL ANTES DOS DETALHES

p1,2 = �� ± i!

<latexit sha1_base64="VIdtUCBG60I5iMZekDsH1fjU0yw="></latexit>

x(t) = e��t [c01 cos(!t) + c02 sin(!t)]

<latexit sha1_base64="8OJ8x2YRneP6ELUaKtuAN+dpAhQ="></latexit>

4

m
d2x

dt2
+ kx = 0 =) p = ±i

r
k

m
⌘ ±i! =) x(t) = c1 cos(!t) + c2 sin(!t)

<latexit sha1_base64="GlDLvdRyIq9DAjBthP4hBTdwycg="></latexit>



1. Revisão: números complexos
• Denotamos a unidade imaginária por i ⌘

p
�1

<latexit sha1_base64="epXv5kPefhf1YkerlVlYjs+BZ5c=">AAAB+3icbZBLSwMxFIUz9VXra6xuxE2wCG4sM1ptlwU3XVawD+iUkkkzbWzm0SRTLMNs3Pof3LhQxK1bwb/gzn9jOq2g1gOBj3PuJZdjB4wKaRifWmphcWl5Jb2aWVvf2NzSt7N14Ycckxr2mc+bNhKEUY/UJJWMNANOkGsz0rAHF5O8MSJcUN+7kuOAtF3U86hDMZLK6uhZCi0yDOkIWmLIZXRsxh09Z+SNRHAezBnkynu7t29379fVjv5hdX0cusSTmCEhWqYRyHaEuKSYkThjhYIECA9Qj7QUesgloh0lt8fwUDld6PhcPU/CxP25ESFXiLFrq0kXyb74m03M/7JWKJ1SO6JeEEri4elHTsig9OGkCNilnGDJxgoQ5lTdCnEfcYSlqiuTlHBeLBVOTTgP3yXUT/JmIX92qdqogKnSYB8cgCNggiIogwqoghrA4Abcg0fwpMXag/asvUxHU9psZwf8kvb6BSPbl8s=</latexit>

• Números complexos são da forma z = a+ i b

<latexit sha1_base64="oP+XCvbRO+CWcM/QWacmfUGmwxI=">AAAB83icbZBLSwMxFIXv1Fetr1ERBDfBIghCmdFquxEKbrqsYB/QDiWTZtrQzIMkI9Sh/gw3Lizi1o1Lf4Y7f4h704fg60Dg45x7yeW4EWdSWda7kZqbX1hcSi9nVlbX1jfMza2aDGNBaJWEPBQNF0vKWUCriilOG5Gg2Hc5rbv9i3Fev6ZCsjC4UoOIOj7uBsxjBCtttW7QOcLoCLFb5LbNrJWzJkJ/wZ5BtmR+vL7s7owqbfOt1QlJ7NNAEY6lbNpWpJwEC8UIp8NMK5Y0wqSPu7SpMcA+lU4yuXmIDrTTQV4o9AsUmrjfNxLsSznwXT3pY9WTv7Ox+V/WjJVXdBIWRLGiAZl+5MUcqRCNC0AdJihRfKABE8H0rYj0sMBE6ZoykxLOCsX8iY3+wlcJteOcnc+dXuo2yjBVGvZgHw7BhgKUoAwVqAKBCO7gAUZGbNwbj8bTdDRlzHa24YeM50+A5pP6</latexit>

5

• Se z1 = a1 + ib1 e z2 = a2 + ib2

<latexit sha1_base64="qDO8Ju/kv+N9KWAM0HbBT5i9ZCw="></latexit>

z1 + z2 = (a1 + a2) + i (b1 + b2)

<latexit sha1_base64="A75RsAzZ3WRo6dR6TiJTLhReI0I="></latexit>

a soma é dada por 

z1z2 = (a1a2 � b1b2) + i (a1b2 + a2 b1)

<latexit sha1_base64="qP8F1PJZXtAYb7qBgBbm0eAj/i0="></latexit>

e o produto por 

z⇤ = a� i b

<latexit sha1_base64="uQU7MfH15ztOgqtwSlx2rdVG/Xk=">AAAB9XicbZBLSwMxFIUz9VXra1QEwU2wCCJYZrTaboSCmy4r2Ae005JJUxuayQxJRqlD/R1uBBVxK7j0Z7jzh7g3nVZQ64HAxzn3kstxA0alsqwPIzE1PTM7l5xPLSwuLa+Yq2sV6YcCkzL2mS9qLpKEUU7KiipGaoEgyHMZqbq902FevSRCUp+fq35AHA9dcNqhGCltNa+be/AEIrgPKbxxW2baylix4CTYY0gXzM+3182N+1LLfG+0fRx6hCvMkJR12wqUEyGhKGZkkGqEkgQI99AFqWvkyCPSieKrB3BHO23Y8YV+XMHY/bkRIU/KvufqSQ+prvybDc3/snqoOnknojwIFeF49FEnZFD5cFgBbFNBsGJ9DQgLqm+FuIsEwkoXlYpLOM7ls4c2nITvEioHGTubOTrTbRTBSEmwBbbBLrBBDhRAEZRAGWAgwC14AI/GlXFnPBnPo9GEMd5ZB79kvHwBoumUmA==</latexit>

• O complexo conjugado do número é 

|z|2 = zz⇤ = a2 + b2

<latexit sha1_base64="uBY/3LQg7UJL5jYh6s6IZ9X9ywY=">AAACAXicbVDLSgMxFM3UV62v+lgIboJFKAplZqy2G6Hgwi4r2Ae005JJ0zY08yDJCJ1p3fgrblxYxK1/4c6lf2L6EHwdCDmccy/33mP7jAqp6+9abGFxaXklvppYW9/Y3Epu71SEF3BMythjHq/ZSBBGXVKWVDJS8zlBjs1I1e5fTvzqLeGCeu6NHPjEclDXpR2KkVRSK7k/DIdNE17AEIbNY/WjpnkC7abZSqb0jD4F/EuMOUkV0uHH1XgvKrWSb422hwOHuBIzJETd0H1pRYhLihkZJRqBID7CfdQldUVd5BBhRdMLRvBIKW3Y8bh6roRT9XtHhBwhBo6tKh0ke+K3NxH/8+qB7OStiLp+IImLZ4M6AYPSg5M4YJtygiUbKIIwp2pXiHuIIyxVaIlpCOe5fPbUgH/JVwgVM2NkM2fXKo0imCEODsAhSAMD5EABFEEJlAEGd+ABPIGxdq89as/ay6w0ps17dsEPaK+fJV+YBg==</latexit>

• O módulo ao quadrado de z é 
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• Plano Argand-Gauss: considere um ponto P no plano (x,y)

��!
OP = a~i+ b~j

<latexit sha1_base64="TiIyNl5l1vOF7xpHrL6sFWggqUg="></latexit>

x

y

O

P

a

b

��!
OP com z = a+ ib

<latexit sha1_base64="B61QSwQJK3jeMRi5KgvnvC2wOkM="></latexit>

Agora associamos

Re[z]

Im[z]

O

P

a

b
z
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• Neste plano o complexo conjugado é a 
reflexão no eixo real:

Re[z]

Im[z]

O a

b
z

-b
z*

• A soma é a soma de vetores!

Re[z]

Im[z]

O

z1

z2

z1+z2
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• Fórmula de Euler:
ei✓ = cos ✓ + i sin ✓

<latexit sha1_base64="AmPg8HqTtTUINZ3KqJcxRxUMP7w=">AAACD3icbVDLSgNBEJz1bXytiiB4GRRFEMKuz1wEwYtHBaNCNobZSccMzs4uM71CWPIHXvwDvyEXQUW8evXmh3h3klXwVdBQXdXNTFeYSGHQ896cvv6BwaHhkdHC2PjE5JQ7PXNi4lRzKPNYxvosZAakUFBGgRLOEg0sCiWchpf7Xf/0CrQRsTrGVgLViF0o0RCcoZVq7gqcZyLAJiBr092AxyZv6BoVNDBC5W3NXfKKXg/0L/E/ydKe+37fmZ+7Pay5r0E95mkECrlkxlR8L8FqxjQKLqFdCFIDCeOX7AIqlioWgalmvXvadNkqddqItS2FtKd+38hYZEwrCu1kxLBpfntd8T+vkmKjVM2ESlIExfOHGqmkGNNuOLQuNHCULUsY18L+lfIm04yjjbDQC2F7p7S54dO/5CuEk/Wiv1ncOrJpHJAcI2SBLJJV4pMdskcOyCEpE06uSYc8kEfnxrlznpznfLTP+dyZJT/gvHwAPMegFQ==</latexit>

• Comporta-se exatamente como uma exponencial:

1. Para ✓ = 0 =) ei0 = cos(0) + i sin(0) = 1

<latexit sha1_base64="Yg2WVVwS9pqjUIYDssQDbQ59UHc="></latexit>

3. Dados ✓1 e ✓2 =) ei✓1ei✓2 = ei(✓1+✓2)

<latexit sha1_base64="GNKKOGW1O9s1lyoVJNpOl3ZbU4w="></latexit>

2. E também satisfaz: d

dt
(eiat) = iaeiat

<latexit sha1_base64="4KXSSnVvgZSNKYjM81VqOM0PB4w=">AAACEnicbZDLSgMxGIUzXmu9jbp0EyyC3ZQZrbYboeCmywr2Am0tmUymBjMXkn8KZZhncKOP4kZQEbeu3PkSPoPpRfF2IPBxzv+T5DiR4Aos682YmZ2bX1jMLGWXV1bX1s2NzYYKY0lZnYYilC2HKCZ4wOrAQbBWJBnxHcGazuXJKG8OmFQ8DM5gGLGuT/oB9zgloK2eme94ktDETRMXUryH2XnCMcGQ5vExHtGX0TNzVsEaC/8Fewq5SuWmeD94h1rPfO24IY19FgAVRKm2bUXQTYgETgVLs51YsYjQS9JnbY0B8ZnqJuMvpXhXOy72QqlPAHjsft9IiK/U0Hf0pE/gQv3ORuZ/WTsGr9xNeBDFwAI6uciLBYYQj/rBLpeMghhqIFRy/VZML4juCHSL2XEJR6Vy8cDGf+GzhMZ+wS4WDk91G1U0UQZtox20h2xUQhVURTVURxRdoVv0gB6Na+POeDKeJ6MzxnRnC/2Q8fIBrC6gLw==</latexit>
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Números complexos na forma trigonométrica:

• Dado o número complexo z = a+ i b

<latexit sha1_base64="oP+XCvbRO+CWcM/QWacmfUGmwxI=">AAAB83icbZBLSwMxFIXv1Fetr1ERBDfBIghCmdFquxEKbrqsYB/QDiWTZtrQzIMkI9Sh/gw3Lizi1o1Lf4Y7f4h704fg60Dg45x7yeW4EWdSWda7kZqbX1hcSi9nVlbX1jfMza2aDGNBaJWEPBQNF0vKWUCriilOG5Gg2Hc5rbv9i3Fev6ZCsjC4UoOIOj7uBsxjBCtttW7QOcLoCLFb5LbNrJWzJkJ/wZ5BtmR+vL7s7owqbfOt1QlJ7NNAEY6lbNpWpJwEC8UIp8NMK5Y0wqSPu7SpMcA+lU4yuXmIDrTTQV4o9AsUmrjfNxLsSznwXT3pY9WTv7Ox+V/WjJVXdBIWRLGiAZl+5MUcqRCNC0AdJihRfKABE8H0rYj0sMBE6ZoykxLOCsX8iY3+wlcJteOcnc+dXuo2yjBVGvZgHw7BhgKUoAwVqAKBCO7gAUZGbNwbj8bTdDRlzHa24YeM50+A5pP6</latexit>

Re[z]

Im[z]

O a

b
r

✓

<latexit sha1_base64="wEmkI93pvgR76gjNEMgIGfC6jOQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZIam7oruOmygn1AG8pkOmnHTh7M3Agl9B/cuFDErf/jzr9x0lbQ4oELh3Pu5d57/ERwBZb1ZRQ2Nre2d4q7pb39g8Oj8vFJR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/epv73UcmFY+je5glzAvJOOIBpwS01BnAhAEZliuWeVOvVZ0atkzLcu2qnZOq61w52NZKjgpaoTUsfw5GMU1DFgEVRKm+bSXgZUQCp4LNS4NUsYTQKRmzvqYRCZnyssW1c3yhlREOYqkrArxQf09kJFRqFvq6MyQwUeteLv7n9VMI6l7GoyQFFtHloiAVGGKcv45HXDIKYqYJoZLrWzGdEEko6IBKixBqbt25yn9fJz8hdKqm7ZjXd06l0VzFUURn6BxdIhu5qIGaqIXaiKIH9IRe0KsRG8/Gm/G+bC0Yq5lT9AfGxzcsmY/M</latexit>

a = r cos ✓ e b = r sin ✓ =) z = r cos ✓ + ir sin ✓ = rei✓

<latexit sha1_base64="KL2Bek7S0adXRkQd7ITVM/QF0gI="></latexit>

• Note: z⇤ = re�i✓

<latexit sha1_base64="Y7sW9eM9Xv0qwt6UGAWHG+NplNo=">AAAB/XicbZBJSwNBEIV74hbjNi43L41BEMEwo9HkIgS85BjBLJCNnk4ladKz0F0jJEPwr3jxoIhX/4c3/42TRVDjg4aP96ro4jmBFBot69NILC2vrK4l11Mbm1vbO+buXkX7oeJQ5r70Vc1hGqTwoIwCJdQCBcx1JFSdwc0kr96D0sL37nAYQNNlPU90BWcYW23zYNQ6pddUUWhFZ6KBfUA2bptpK2NNRRfBnkOazFVqmx+Njs9DFzzkkmldt60AmxFTKLiEcaoRaggYH7Ae1GP0mAu6GU2vH9Pj2OnQrq/i5yGduj83IuZqPXSdeNJl2Nd/s4n5X1YPsZtvRsILQgSPzz7qhpKiTydV0I5QwFEOY2BcifhWyvtMMY5xYalpCVe5fPbCpovwXULlPGNnM5e32XShOK8jSQ7JETkhNsmRAimSEikTTkbkkTyTF+PBeDJejbfZaMKY7+yTXzLevwAjw5Sp</latexit>

|z|2 = z⇤z = r2

<latexit sha1_base64="Rji9EOp+FFnh3CLMChbjNfQLjdQ=">AAAB+3icbVDLTsJAFJ3iC/FVcelmIjExLkiLKGxMSNywxEQeCRQyHQaYMJ02M1MjFH7FjQuNceuPuPNvHEpNVDzJzT05597cm+MGjEplWZ9Gam19Y3MrvZ3Z2d3bPzAPsw3phwKTOvaZL1oukoRRTuqKKkZagSDIcxlpuuObhd+8J0JSn9+pSUAcDw05HVCMlJZ6ZnY2nXUL8BpOu+dT3US30DNzVt6KAVeJnZAcSFDrmR+dvo9Dj3CFGZKybVuBciIkFMWMzDOdUJIA4TEakramHHlEOlH8+xyeaqUPB77QxRWM1Z8bEfKknHiunvSQGsm/3kL8z2uHalB2IsqDUBGOl4cGIYPKh4sgYJ8KghWbaIKwoPpXiEdIIKx0XJk4hKtSuXhhw1XyHUKjkLeL+cvbYq5STeJIg2NwAs6ADUqgAqqgBuoAgwfwCJ7BizE3noxX4205mjKSnSPwC8b7F8VPkzs=</latexit>

i = ei
⇡
2 � 1 = ei⇡

<latexit sha1_base64="9vMs+Ec7thc/1TVNBbOVK/UGqS0=">AAACHXicbVBLSwMxGMzWV62vVY9egkXwYtmtqy2IUPDSYwX7gG4t2TTbhmYfJFmhLPtHvPhXvHhQxIMX8d+YbtdnnRAYZubjS8YJGRXSMN613MLi0vJKfrWwtr6xuaVv77REEHFMmjhgAe84SBBGfdKUVDLSCTlBnsNI2xlfTP32DeGCBv6VnISk56GhT12KkVRSX7coPIfkOqbQdjnCsR3SJC4nCYT22feBR+ZXTAX6etEoGSngPDEzUgQZGn391R4EOPKILzFDQnRNI5S9GHFJMSNJwY4ECREeoyHpKuojj4henP4ugQdKGUA34Or6Eqbqz4kYeUJMPEclPSRH4q83Ff/zupF0q72Y+mEkiY9ni9yIQRnAaVVwQDnBkk0UQZhT9VaIR0i1JFWhhbSE00rVOjbhPPksoVUumVbp5NIq1upZHXmwB/bBITBBBdRAHTRAE2BwC+7BI3jS7rQH7Vl7mUVzWjazC35Be/sAQsGfzA==</latexit>

z1z2 = r1e
i✓1 r2e

i✓2 = r1r2 ei(✓1+✓2)

<latexit sha1_base64="CsCHN+Ib1dHOU/RCO9ObQpjuaKQ="></latexit>

z1/z2 = r1e
i✓1/r2e

i✓2 = r1/r2 ei(✓1�✓2)

<latexit sha1_base64="CrUtONTbYi2H9teTFWSEfXdkJKY="></latexit>



Um pouco mais:

cos ✓ =
1

2
(ei✓ + e�i✓)

<latexit sha1_base64="MXGBpDBz8xFunJBlpDtDz27q5EM=">AAACIHicbZDLSgMxFIYz3q23qks3wSIoYpnRat0IghuXFWwtdGrJpGfaYOZCckYowzyKG1/FjQtFdKdPY9qO4O1A4D//fw5JPi+WQqNtv1sTk1PTM7Nz84WFxaXlleLqWkNHieJQ55GMVNNjGqQIoY4CJTRjBSzwJFx5N2fD/OoWlBZReImDGNoB64XCF5yhsTrFqssj7WIfkNET6vqK8dTJ0v2MblO4TsU4yujusNsTNO93OsWSXbZHRf8KJxclkletU3xzuxFPAgiRS6Z1y7FjbKdMoeASsoKbaIgZv2E9aBkZsgB0Ox19MKNbxulSP1LmhEhH7veNlAVaDwLPTAYM+/p3NjT/y1oJ+sftVIRxghDy8UV+IilGdEiLdoUCjnJgBONKmLdS3mcGEhqmhRGEo+px5cChf8UXhMZ+2amUDy8qpdPzHMcc2SCbZJs4pEpOyTmpkTrh5I48kCfybN1bj9aL9ToenbDynXXyo6yPTwCLooM=</latexit>

sin ✓ =
1

2i
(ei✓ � e�i✓)

<latexit sha1_base64="5BpVD8UDeSscb9YAdEfShb4DJ40="></latexit>

ea+ib ⌘ eaeib

<latexit sha1_base64="lvlC+8XQy20mB0TfOPcnB0nAp2Y=">AAACB3icbVDLSgNBEJyNrxhfUY+CDIaAIIRdjSbHgJccI5gHJJswO+lNhsw+nJkNhCU3L/6KFw+KePUXvPk3TpIV1FjQUFR1093lhJxJZZqfRmpldW19I72Z2dre2d3L7h80ZBAJCnUa8EC0HCKBMx/qiikOrVAA8RwOTWd0PfObYxCSBf6tmoRge2TgM5dRorTUyx5DNyb4DDPsTHEH7iI2xtAlumKmlV42ZxbMOfAysRKSQwlqvexHpx/QyANfUU6kbFtmqOyYCMUoh2mmE0kICR2RAbQ19YkH0o7nf0xxXit97AZCl6/wXP05ERNPyomn78p7RA3lX28m/ue1I+WW7Zj5YaTAp4tFbsSxCvAsFNxnAqjiE00IFUzfiumQCEKVji4zD+GqVC5eWHiZfIfQOC9YxcLlTTFXqSZxpNEROkGnyEIlVEFVVEN1RNE9ekTP6MV4MJ6MV+Nt0ZoykplD9AvG+xfu8phb</latexit>

• Podemos expressar as funções seno e cosseno usando a fórmula de Euler

• Podemos definir exponenciais de números complexos:

10
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2. Retornando à nossa equação diferencial:
a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>

• Consideremos uma função complexa de t z(t) = x(t) + i y(t)

<latexit sha1_base64="njdxglR/24h8+/bF3GZ/xoir85o=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUBFKUqvtRii46bKCvUAbymQ6aYdOLsxMxDQUX8WNC0Xc+h7ufBsnaQRvB4b5+P9zOIffDhgV0jA+tNzS8srqWn69sLG5tb2j7+51hB9yTNrYZz7v2UgQRj3SllQy0gs4Qa7NSNeeXiV+95ZwQX3vRkYBsVw09qhDMZJKGuoHs5I8gZfwLvlOIYWRgqFeNMpGWvAvmBkUQVatof4+GPk4dIknMUNC9E0jkFaMuKSYkXlhEAoSIDxFY9JX6CGXCCtOr5/DY6WMoONz9TwJU/X7RIxcISLXVp0ukhPx20vE/7x+KJ26FVMvCCXx8GKREzIofZhEAUeUEyxZpABhTtWtEE8QR1iqwAppCBe1evXMhH/hK4ROpWxWy+fXlWKjmcWRB4fgCJSACWqgAZqgBdoAgxl4AE/gWbvXHrUX7XXRmtOymX3wo7S3T5aSkv4=</latexit>

real

• Generalizamos a equação diferencial para a
d2z

dt2
+ b

dz

dt
+ cz = 0

<latexit sha1_base64="fKQYLqxkRtrKINsBaRJvsde49lI="></latexit>

• Temos que dz

dt
=

d

dt
[x(t) + iy(t)] =

dx

dt
+ i

dy

dt

<latexit sha1_base64="zr3RpaG0Ry0obeRCSlMUorUOx7s="></latexit>

• Note que Re

dz

dt

�
=

d

dt
[Re(z(t))]

<latexit sha1_base64="lujbfdaeMMugbjGroB+EG2j1z7k="></latexit>

• Note que Re

⇢
a
d2z

dt2
+ b

dz

dt
+ cz

�
= a

d2

dt2
Re[z] + b

d

dt
Re[z] + cRe[z]

<latexit sha1_base64="qt2KcV9Q8c4qQ35nIPgHctJS60Q="></latexit>
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devemos ter a p2 + b p+ c = 0

<latexit sha1_base64="65yODyIj/zQ1JCBqePDa7Pi3EJ0=">AAAB/HicbVDLSsNAFJ3UV62vaJeKDBZBEEpSq+1GKLpx2YJ9QBvLZDpph04ezEyEENqd3+HGhSJupd/hzm/wJ5ymFXwduJfDOfdyL8cOGBXSMN611MLi0vJKejWztr6xuaVv7zSEH3JM6thnPm/ZSBBGPVKXVDLSCjhBrs1I0x5eTv3mLeGC+t61jAJiuajvUYdiJJXU1bNoHNwU4DG0x4HqGJ5Do6vnjLyRAP4l5pzkKnuT2sfd/qTa1d86PR+HLvEkZkiItmkE0ooRlxQzMsp0QkEChIeoT9qKesglwoqT50fwUCk96PhclSdhon7fiJErROTaatJFciB+e1PxP68dSqdsxdQLQkk8PDvkhAxKH06TgD3KCZYsUgRhTtWvEA8QR1iqvDJJCGelcvHEhH/JVwiNQt4s5k9rKo0LMEMa7IIDcARMUAIVcAWqoA4wiMA9eARP2lh70J61l9loSpvvZMEPaK+fPi6WgQ==</latexit>

para o caso b2 � 4ac < 0

<latexit sha1_base64="4SlQRy2VSkIGMbtKogGcjjkiOCc=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7cFF047KCfWA7lkyaaUMzmSHJFMvQHyK4caGIGxf+E3f+Gk07FdR6IPBxzr3kctyQUaks68NILSwuLa+kM9nVtfWNTXNruy6DSGBSwwELRNNFkjDKSU1RxUgzFAT5LiMNd3A+yRtDIiQN+JUahcTxUY9Tj2KktNUxTfemAA9hESKI4Sm0sh0zZ+WtqeA82DPIVTLh3fXr7We1Y763uwGOfMIVZkjKlm2FyomRUBQzMs62I0lChAeoR1oaOfKJdOLp5WO4r50u9AKhH1dw6v7ciJEv5ch39aSPVF/+zSbmf1krUl7ZiSkPI0U4Tj7yIgZVACc1wC4VBCs20oCwoPpWiPtIIKx0WUkJJ6Vy8ciG8/BdQr2Qt4v540vdxhlIlAa7YA8cABuUQAVcgCqoAQyG4B48gicjNh6MZ+MlGU0Zs50d8EvG2xc1WZTC</latexit>

temos

x(t) = Re[z(t)]

<latexit sha1_base64="f/NwJ+zzYMBUUEJ/NYsxlra6EYg=">AAAB/3icbZBLTwIxFIU7+EJ8jY+4cdNITHBDZhSFjQmJC1mikUcyTEinFGjoPNJ2DDCy8K+4caEhbv0b7lz6TywDJiqepMnJOfemN58TMCqkYXxoiYXFpeWV5GpqbX1jc0vf3qkKP+SYVLDPfF53kCCMeqQiqWSkHnCCXIeRmtO7nPS1O8IF9b1bOQiI7aKOR9sUI6mipr7fz8hjeAEbXcfvRzdkZA1VYDf1tJE1YsF5Y85MupgZfl6N96JyU39vtHwcusSTmCEhLNMIpB0hLilmZJRqhIIECPdQh1jKesglwo7i+0fwSCUt2Pa5ep6EcfpzI0KuEAPXUZMukl3xt5uE/3VWKNsFO6JeEEri4elH7ZBB6cMJDNiinGDJBsogzKm6FeIu4ghLhSwVQzjPF3KnJpw33xCqJ1kzlz27VjRKYKokOACHIANMkAdFUAJlUAEY3INH8AxetAftSRtrr9PRhDbb2QW/pL19Ac2xmJk=</latexit>

• Logo resolvendo 

a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>

a
d2z

dt2
+ b

dz

dt
+ cz = 0

<latexit sha1_base64="koedHqO7+MuxUUQLZGhRGyWWpKg="></latexit>

obtemos a solução de 

fazendo

• Agora procurando soluções da forma z(t) = ept

<latexit sha1_base64="g4vLClozuJZGl+hU46xcIb6RIf8=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTWgRKkKZ0Wq7EYpuXFawD+iLTJppQzMPkjvKOPRfuHDjQhG3/hd3/TemD0GtBwIf59xLLscOBFdgmmMjsbS8srqWXE9tbG5t76R392rKDyVlVeoLXzZsopjgHqsCB8EagWTEtQWr28OrSV6/Y1Jx37uFKGBtl/Q97nBKQFudhxwc4QvMOnGAYdRNZ828ORVeBGsO2XKmdfw4LkeVbvqz1fNp6DIPqCBKNS0zgHZMJHAq2CjVChULCB2SPmtq9IjLVDueXj3Ch9rpYceX+nmAp+7PjZi4SkWurSddAgP1N5uY/2XNEJxSO+ZeEALz6OwjJxQYfDypAPe4ZBREpIFQyfWtmA6IJBR0UalpCefFUuHUwovwXULtJG8V8mc3uo1LNFMSHaAMyiELFVEZXaMKqiKKJHpCL+jVuDeejTfjfTaaMOY7++iXjI8vN4+U6A==</latexit>

z(t) = (c01 e���i!t + c02 e��+i!t) =) x(t) = e��t (c1 e�i!t + c2 e+i!t)

<latexit sha1_base64="s/hNajO3Cu81y7b8EGN1svMModo="></latexit>

(funciona também com a parte imaginária :-)

x(t) = e��t [d1 cos(!t) + d2 sin(!t)]

<latexit sha1_base64="aw+sWAJ8h7EHWCaiWGJXDQEMZqU="></latexit>

p1,2 = �� ± i!

<latexit sha1_base64="CrRVh8KfBlpA28fnd5RLpZ26aV0="></latexit>
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3. Oscilador harmônico simples (ohs)
• Como vimos um OHS obedece

x(t) = c1e
�i!t + c2e

+i!t = d1 cos(!t) + d2 sin(!t) = A cos(!t+ �)

<latexit sha1_base64="IP9Eoz/M9W8zesPsJGTfBeQqQDM="></latexit>

• A relação com o movimento circular é direta

Re[z]

Im[z]

O

zz(t) = A ei�e+i!t

<latexit sha1_base64="46RETCdRhSvyaCP5Y8M0eWjxQxg="></latexit>

m
d2x

dt2
+ kx = 0 =) p = ±i

r
k

m
⌘ ±i!

<latexit sha1_base64="PfrQpHuHGyg8AsxBwZxJ1DzwBLc="></latexit>
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• Período !T = 2⇡ =) T =
2⇡

!

<latexit sha1_base64="TvlImWXR8sNgCWUS9d89CBvf5ZE="></latexit>

⌫ =
1

T

<latexit sha1_base64="y0C79hWfiZbOwhTRGina2x42N5o=">AAAB+nicbZDLSgMxGIUz9VbrbapLN8EiuCozWm03QsFNlxV6g04pmTTThmYyQ5KplHEew6UbF4q4detLuPMlfAbTaQW1Hggczvl/8vO5IaNSWdaHkVlZXVvfyG7mtrZ3dvfM/H5LBpHApIkDFoiOiyRhlJOmooqRTigI8l1G2u74ata3J0RIGvCGmoak56Mhpx7FSOmob+YdHsFL6HgC4dhO4kbSNwtW0UoFl429MIVq9a70NvlU9b757gwCHPmEK8yQlF3bClUvRkJRzEiScyJJQoTHaEi62nLkE9mL09MTeKyTAfQCoR9XME1/bsTIl3Lqu3rSR2ok/3az8L+uGymv0ospDyNFOJ5/5EUMqgDOOMABFQQrNtUGYUH1rRCPkKagNK1cCuGiXCmd2XDZfENonRbtUvH8WtOogbmy4BAcgRNggzKoghqogybA4Abcg0fwZNwaD8az8TIfzRiLnQPwS8brF9W6l7o=</latexit>

! = 2⇡⌫

<latexit sha1_base64="qk9LGzhZZfgy0u64Vtaq3cYJxJg=">AAAB+nicbZDLSsNAGIUn9VbrLdWlIINFcFWSWm03YsFNly3YCzShTKaTduhkEmYmSold+hhuXCji1kWfwoU7n8GXME0rqPXAwMc5/8/8HCdgVCrD+NBSS8srq2vp9czG5tb2jp7dbUo/FJg0sM980XaQJIxy0lBUMdIOBEGew0jLGV5O89Y1EZL6/EqNAmJ7qM+pSzFSsdXVs5bvkT6C57BgBRRaPOzqOSNvJIKLYM4hd/E2qX/eHUxqXf3d6vk49AhXmCEpO6YRKDtCQlHMyDhjhZIECA9Rn3Ri5Mgj0o6S08fwKHZ60PVF/LiCiftzI0KelCPPiSc9pAbybzY1/8s6oXLLdkR5ECrC8ewjN2RQ+XDaA+xRQbBioxgQFjS+FeIBEgiruK1MUsJZqVw8MeEifJfQLOTNYv60buQqVTBTGuyDQ3AMTFACFVAFNdAAGNyAe/AInrRb7UF71l5moyltvrMHfkl7/QK92Ze3</latexit>

• Frequência em Hz com

• Energia cinética, potencial e total

Ecin =
1

2
m

✓
dx

dt

◆2

=
1

2
m!2A2 sin2(!t+ �)

<latexit sha1_base64="HDksyHroxqK9JAYCdatgFJTfcvo="></latexit>

U =
1

2
m!2x2 =

1

2
m!2A2 cos2(!t+ �)

<latexit sha1_base64="hs2wuphHQmn0bHy2Ocq+qNCcSHk="></latexit>

x(t) = A cos(!t+ �)

<latexit sha1_base64="D8lepa6rPYqg5HCo2EsFOV/02I0=">AAACCHicbZBLSwMxFIUzPmt91cfOhcEiVIQy47MboeJClwq2FTqlZNK0Dc1MhuSOWIcu3fhXBHGhiFt/gjuX/hPTaQVfBwIf59xLkuOFgmuw7XdrZHRsfGIyNZWenpmdm88sLJa1jBRlJSqFVBce0UzwgJWAg2AXoWLE9wSreJ2jfl65ZEpzGZxDN2Q1n7QC3uSUgLHqmdWrHGzgA4wPsUulzrnSZy2CAW9iN2zzjXoma+ftRPgvOEPIFnPXH8f3y/FpPfPmNiSNfBYAFUTrqmOHUIuJAk4F66XdSLOQ0A5psarBgPhM1+LkIz28bpwGbkplTgA4cb9vxMTXuut7ZtIn0Na/s775X1aNoFmoxTwII2ABHVzUjAQGifut4AZXjILoGiBUcfNWTNtEEQqmu3RSwt5+YWfbwX/hq4TyVt7Zye+emTZO0EAptILWUA45aB8V0Qk6RSVE0Q26Q4/oybq1Hqxn62UwOmINd5bQD1mvn/9smrQ=</latexit>

Etotal = Ecin + U =
1

2
m!2A2

<latexit sha1_base64="SjB8++cfPbz4b+2mSFem7bd2cQU="></latexit>

o

x(t) = A cos(!t+ �)

<latexit sha1_base64="D8lepa6rPYqg5HCo2EsFOV/02I0=">AAACCHicbZBLSwMxFIUzPmt91cfOhcEiVIQy47MboeJClwq2FTqlZNK0Dc1MhuSOWIcu3fhXBHGhiFt/gjuX/hPTaQVfBwIf59xLkuOFgmuw7XdrZHRsfGIyNZWenpmdm88sLJa1jBRlJSqFVBce0UzwgJWAg2AXoWLE9wSreJ2jfl65ZEpzGZxDN2Q1n7QC3uSUgLHqmdWrHGzgA4wPsUulzrnSZy2CAW9iN2zzjXoma+ftRPgvOEPIFnPXH8f3y/FpPfPmNiSNfBYAFUTrqmOHUIuJAk4F66XdSLOQ0A5psarBgPhM1+LkIz28bpwGbkplTgA4cb9vxMTXuut7ZtIn0Na/s775X1aNoFmoxTwII2ABHVzUjAQGifut4AZXjILoGiBUcfNWTNtEEQqmu3RSwt5+YWfbwX/hq4TyVt7Zye+emTZO0EAptILWUA45aB8V0Qk6RSVE0Q26Q4/oybq1Hqxn62UwOmINd5bQD1mvn/9smrQ=</latexit>

frequência angular !

<latexit sha1_base64="WAdPsvk7wHYmfgx613HJ2o2LoKs=">AAAB7XicbVDLSgMxFM34rPVVdSlIsAiuSqYPO7Oy4KbLFuwD2lIyadrGZiZDkhFK6dK9GxeKuPUX+hUu3PkN/oSZVsHXgQuHc+7l3nu8kDOlEXqzlpZXVtfWExvJza3tnd3U3n5diUgSWiOCC9n0sKKcBbSmmea0GUqKfY/Thje6iP3GNZWKieBSj0Pa8fEgYH1GsDZSvS18OsDdVBplXKdQyDkQZRBys27RENd17aINbaPESJ+/zKrvN0ezSjf12u4JEvk00IRjpVo2CnVngqVmhNNpsh0pGmIywgPaMjTAPlWdyfzaKTwxSg/2hTQVaDhXv09MsK/U2PdMp4/1UP32YvE/rxXpvtOZsCCMNA3IYlE/4lALGL8Oe0xSovnYEEwkM7dCMsQSE20CSs5DOCs6+ZwN/5KvEOrZjJ3PFKooXSqDBRLgEByDU2CDIiiBMqiAGiDgCtyCe/BgCevOerSeFq1L1ufMAfgB6/kDKASUOg==</latexit>
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Energias médias: definimos a média temporal por

hfi ⌘ 1

T

Z T

0
dt f(t) para f(t+ T ) = f(t)

<latexit sha1_base64="EIIlV5uxmHgb8YydlGDsOEisimw="></latexit>

hEcini =
1

T

Z T

0
dt

1

2
m!2A2 sin2(!t+ �)

=
1

2
m!2A2 1

T

Z T+�/!

�/!
dt0 sin2(!t0)

=
1

2
m!2A2 1

T

Z T+�/!

�/!
dt0

1

2
[1� cos(2!t0)]

=
1

4
m!2A2

<latexit sha1_base64="sf0a5bApCBDB3EjD3QbF435mz2I="></latexit>



16

Analogamente

hUi = 1

T

Z T

0
dt

1

2
m!2A2 cos2(!t+ �)

=
1

2
m!2A2 1

T

Z T+�/!

�/!
dt0 cos2(!t0)

=
1

2
m!2A2 1

T

Z T+�/!

�/!
dt0

1

2
[1 + cos(2!t0)]

=
1

4
m!2A2

= hEcini

<latexit sha1_base64="wPUBjMv8Q/lZ+VNbX41PgiUP2H8="></latexit>

atrito invalida essa relação
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3. Superposição de OHS
1. Consideremos a soma de duas soluções na mesma direção e frequência

x1(t) = A1 cos(!t+ �1) e x2(t) = A2 cos(!t+ �2)

<latexit sha1_base64="OmPZxi78dsP0FoPZR8+l7h6xNew="></latexit>

x(t) = x1(t) + x2(t)

<latexit sha1_base64="jJwf4z34yroF7Y5va+Ekgrdjims=">AAACAHicbZBJSwMxHMUzdat1Gxfw4CVYhIpQZmq1vQgFD/ZYwS7QDkMmTdvQzEKSkdahF7+KFw8uePVjePPoNzEzreD2IPDjvf+fJM8JGBXSMN611Nz8wuJSejmzsrq2vqFvbjWEH3JM6thnPm85SBBGPVKXVDLSCjhBrsNI0xmex3nzmnBBfe9KjgNiuajv0R7FSCrL1ndHOXkIz+DINmM4UlCIwdazRt5IBP+COYNsJXfzcfG0E9Vs/a3T9XHoEk9ihoRom0YgrQhxSTEjk0wnFCRAeIj6pK3QQy4RVpR8YAIPlNOFPZ+r40mYuN83IuQKMXYdNekiORC/s9j8L2uHsle2IuoFoSQenl7UCxmUPozbgF3KCZZsrABhTtVbIR4gjrBUnWWSEk5L5eKxCf/CVwmNQt4s5k8uVRtVMFUa7IF9kAMmKIEKqIIaqAMMJuAOPIBH7Va71561l+loSpvtbIMf0l4/AZIelxY=</latexit>

calculemos

Re[z]

Im[z]

O
�1

<latexit sha1_base64="EYkZnxZbqO2+kmDmAhbz58gYPVE=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFkPAKtxpNCkDNikjmA9IQtjb7CVr9m6P3T0hHEGwtbGxUERI5f+x89+4uURQ44OBx3szzMxzQ86Utu1PK7Wyura+kd7MbG3v7O5l9w8aSkSS0DoRXMiWixXlLKB1zTSnrVBS7LucNt3R5cxv3lKpmAiu9TikXR8PAuYxgrWRGp1wyHpOL5uzC3YCtEycBclVcvmH+7vptNbLfnT6gkQ+DTThWKm2Y4e6G2OpGeF0kulEioaYjPCAtg0NsE9VN06unaC8UfrIE9JUoFGi/pyIsa/U2HdNp4/1UP31ZuJ/XjvSXrkbsyCMNA3IfJEXcaQFmr2O+kxSovnYEEwkM7ciMsQSE20CyiQhXJTKxTMHLZPvEBqnBadYOL8yaVRhjjQcwTGcgAMlqEAValAHAjfwCM/wYgnryXq13uatKWsxcwi/YL1/Adzwkpc=</latexit>

�2

<latexit sha1_base64="zdPnjXpe+1NiQMS3D1HMUbbkOkM=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYghYhbsYTcqATcoI5gOSEPY2e8mavdtjd08IRxBsbWwsFBFS+X/s/DduLhHU+GDg8d4MM/PckDOlbfvTWlldW9/YTG2lt3d29/YzB4cNJSJJaJ0ILmTLxYpyFtC6ZprTVigp9l1Om+7ocuY3b6lUTATXehzSro8HAfMYwdpIjU44ZL1CL5O183YCtEycBclWsrmH+7vptNbLfHT6gkQ+DTThWKm2Y4e6G2OpGeF0ku5EioaYjPCAtg0NsE9VN06unaCcUfrIE9JUoFGi/pyIsa/U2HdNp4/1UP31ZuJ/XjvSXrkbsyCMNA3IfJEXcaQFmr2O+kxSovnYEEwkM7ciMsQSE20CSichXJTKxTMHLZPvEBqFvFPMn1+ZNKowRwqO4QROwYESVKAKNagDgRt4hGd4sYT1ZL1ab/PWFWsxcwS/YL1/Ad50kpg=</latexit>

↵

<latexit sha1_base64="7vXZT57OuV6d+EgnU8EWhVDU2iU=">AAAB7XicbVDLSgMxFM3UV62vqktBgkVwVWa02u4suOmyBfuAdiiZNNPGZpIhyQhl6NK9GxeKuPUX+hUu3PkN/oTptIJaD1w4nHMv997jhYwqbdsfVmppeWV1Lb2e2djc2t7J7u41lIgkJnUsmJAtDynCKCd1TTUjrVASFHiMNL3h1dRv3hKpqODXehQSN0B9Tn2KkTZSo4NYOEDdbM7O2wngInHmJHf5Nql93h1Oqt3se6cncBQQrjFDSrUdO9RujKSmmJFxphMpEiI8RH3SNpSjgCg3Tq4dw2Oj9KAvpCmuYaL+nIhRoNQo8ExngPRA/fWm4n9eO9J+yY0pDyNNOJ4t8iMGtYDT12GPSoI1GxmCsKTmVogHSCKsTUCZJISLYqlw5sBF8h1C4zTvFPLnNTtXroAZ0uAAHIET4IAiKIMKqII6wOAG3INH8GQJ68F6tl5mrSlrPrMPfsF6/QKQ/ZPS</latexit>

P1

<latexit sha1_base64="FbMfxiLqnNF5AI9lDYik61kxPxI=">AAAB6nicbVDLSgNBEOyNrxhfUY8iDAbBU9jVaHIMeMkxonlAsoTZyWwyZHZ2mZkV4pJP8OJBEa9+iZ/gzZO/4mQTQY0FDUVVN91dXsSZ0rb9YWWWlldW17LruY3Nre2d/O5eU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6HLqt26pVCwUN3ocUTfAA8F8RrA20nW95/TyBbtop0CLxJmTQvXw7Y4o/lnv5d+7/ZDEARWacKxUx7Ej7SZYakY4neS6saIRJiM8oB1DBQ6ocpP01Ak6Nkof+aE0JTRK1Z8TCQ6UGgee6QywHqq/3lT8z+vE2q+4CRNRrKkgs0V+zJEO0fRv1GeSEs3HhmAimbkVkSGWmGiTTi4N4aJcKZ05aJF8h9A8LTql4vmVSaMGM2ThAI7gBBwoQxVqUIcGEBjAPTzCk8WtB+vZepm1Zqz5zD78gvX6BfedkZA=</latexit>

P2

<latexit sha1_base64="9WaTfCKx3l+3eRjkZ0WjNLSHnoE=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CrsxmhwDXnKMaB6QLGF2MpsMmZ1dZmaFuOQTvHhQxKtf4id48+SvONlEUGNBQ1HVTXeXF3GmtG1/WEvLK6tr65mN7ObW9s5ubm+/qcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdDn1W7dUKhaKGz2OqBvggWA+I1gb6breK/Zyebtgp0CLxJmTfPXo7Y4o/lnv5d67/ZDEARWacKxUx7Ej7SZYakY4nWS7saIRJiM8oB1DBQ6ocpP01Ak6MUof+aE0JTRK1Z8TCQ6UGgee6QywHqq/3lT8z+vE2q+4CRNRrKkgs0V+zJEO0fRv1GeSEs3HhmAimbkVkSGWmGiTTjYN4aJcKZ05aJF8h9AsFpxS4fzKpFGDGTJwCMdwCg6UoQo1qEMDCAzgHh7hyeLWg/Vsvcxal6z5zAH8gvX6BfkhkZE=</latexit>

P

<latexit sha1_base64="wny6Kp98duwu0EFCQCCJ7zyvhlM=">AAAB6HicbVDLSgMxFL1TX7W+qi4FCRbBVZnRaruz4KbLFuwD2kEyaaaNzWSGJCOU0qUrNy4UcetX9CtcuPMb/AnTaQVfBwKHc87l3hwv4kxp2363UguLS8sr6dXM2vrG5lZ2e6ehwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTW9wMfWbN1QqFopLPYyoG+CeYD4jWBupVr3K5uy8nQD9Jc6c5M5fJ7WP2/2Jyb91uiGJAyo04ViptmNH2h1hqRnhdJzpxIpGmAxwj7YNFTigyh0lh47RoVG6yA+leUKjRP0+McKBUsPAM8kA67767U3F/7x2rP2SO2IiijUVZLbIjznSIZr+GnWZpETzoSGYSGZuRaSPJSbadJNJSjgrlgonDvpLvkpoHOedQv60ZufKFZghDXtwAEfgQBHKUIEq1IEAhTt4gEfr2rq3nqznWTRlzWd24Qesl0+vFZGO</latexit>

com z(t) = A1e
i(!t+�1) +A2e

i(!t+�2) = z1(t) + z2(t)

<latexit sha1_base64="Gy8/zVidj1cs0Q657gXDElYEqo8="></latexit>

z(t) = Aei(!t+�1+↵)

<latexit sha1_base64="6MutOcBVo5T+uksCITcFfcGwOOE=">AAACE3icbZA7SwNBFIVn4zu+opY2g0GICmFX46MRIjYpFYwJJDHcndwkg7MPZu4Kccl/sPGv2FgoYmtj579xEyOo8cDAxzn3MjPHDZU0ZNsfVmpicmp6ZnYuPb+wuLScWVm9NEGkBZZFoAJddcGgkj6WSZLCaqgRPFdhxb0+HeSVG9RGBv4F9UJseNDxZVsKoMRqZrZvc7TFj/kJx6tY5uqBhx3gxHd4PezKpjMAUGEXtvrNTNbO20PxcXBGkGUjnTUz7/VWICIPfRIKjKk5dkiNGDRJobCfrkcGQxDX0MFagj54aBrx8E99vpk4Ld4OdHJ84kP350YMnjE9z00mPaCu+ZsNzP+yWkTto0Ys/TAi9MXXRe1IcQr4oCDekhoFqV4CILRM3spFFzQISmpMD0s4ODwq7Dl8HL5LuNzNO4X8/nkhWyyN6phl62yD5ZjDDlmRldgZKzPB7tgDe2LP1r31aL1Yr1+jKWu0s8Z+yXr7BGD/m6E=</latexit>

|z(t)|2 = z⇤z = (z⇤1 + z⇤2)(z1 + z2)

= |z1|2 + |z2|2 + z⇤1z2 + z1z
⇤
2

= A2
1 +A2

2 +A1A2

h
ei(�2��1) + ei(�1��2)

i

= A2
1 +A2

2 + 2A1A2 cos(�2 � �1)

= A2

<latexit sha1_base64="O7J/zQ95COA7cYljhPiraxwRwWc="></latexit>



18

• Obtenhamos a fase: Aei(!t+�1+↵) = A1e
i(!t+�1) +A2e

i(!t+�2)

Aei↵ = A1 +A2e
i(�2��1)

ei↵ =
A1 +A2ei(�2��1)

A

<latexit sha1_base64="y2zCYWRfltqfyxjJWpkVkGRgdQA="></latexit>

2. Consideremos a soma de duas soluções de mesma frequência e em direções 
perpendiculares

Movimento no plano de uma massa presa a uma mola m
d2~r

dt2
= �k~r = �m!2~r

<latexit sha1_base64="hSh84ArMaOfyUXQQhT7rxADbBis="></latexit>

~r = x~i+ y~j

<latexit sha1_base64="Tfabo0pKyQLa9cb6z03avhidyWs=">AAACCHicbZBNS8MwHMZTX+d8q3r0YHAIgjBanW4XYeBlxwnuBbYy0izb4tK0JOmwlB69+FW8eFDEqx/Bm9/GrKugzgcCP57n/yfJ4waMSmVZn8bC4tLyympuLb++sbm1be7sNqUfCkwa2Ge+aLtIEkY5aSiqGGkHgiDPZaTljq+meWtChKQ+v1FRQBwPDTkdUIyUtnrmQXdCcCwSeAnvYMo0gScwmvFt0jMLVtFKBefBzqAAMtV75ke37+PQI1xhhqTs2FagnBgJRTEjSb4bShIgPEZD0tHIkUekE6cfSeCRdvpw4At9uIKp+3MjRp6UkefqSQ+pkfybTc3/sk6oBhUnpjwIFeF4dtEgZFD5cNoK7FNBsGKRBoQF1W+FeIQEwkp3l09LuChXSmc2nIfvEpqnRbtUPL8uFaq1rI4c2AeH4BjYoAyqoAbqoAEwuAeP4Bm8GA/Gk/FqvM1GF4xsZw/8kvH+BZlymVc=</latexit>

d2x

dt2
= �!2x e

d2y

dt2
= �!2y

<latexit sha1_base64="4W89CNRHSfB297vvSkRn2juxA0s="></latexit>

escrevendo segue

x(t) = A cos(!t+ �1)

y(t) = B cos(!t+ �2)

<latexit sha1_base64="xrtzczgvQBpTKO73jWIw5jSKE2Y="></latexit>

solução Qual a trajetória descrita no plano?

para facilitar a álgebra, tomamos �1 = 0

<latexit sha1_base64="CRFRmyPLf38tPTzLdZzK+fd5ckw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m02l6EgpceK9gPSEPZbDft0k027G6EEvozvHhQxKu/xpv/xm0aQa0PBh7vzTAzz485U9q2P63C2vrG5lZxu7Szu7d/UD486iqRSEI7RHAh+z5WlLOIdjTTnPZjSXHoc9rzp7cLv/dApWIiutezmHohHkcsYARrI7mDeMKGDrpBNhqWK3bVzoBWiZOTCuRoD8sfg5EgSUgjTThWynXsWHsplpoRTuelQaJojMkUj6lraIRDqrw0O3mOzowyQoGQpiKNMvXnRIpDpWahbzpDrCfqr7cQ//PcRAcNL2VRnGgakeWiIOFIC7T4H42YpETzmSGYSGZuRWSCJSbapFTKQriuN2qXDlol3yF0L6pOrXp1V6s0W3kcRTiBUzgHB+rQhBa0oQMEBDzCM7xY2nqyXq23ZWvBymeO4Res9y9f3pBE</latexit>
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1. Caso �2 = 0

<latexit sha1_base64="gbd3sgH4/Sw0J6QcRLbOBdFbiiU=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkmttheh4KXHCvYD0lA22027dLMbdjdCCf0ZXjwo4tVf481/Y5pGUOuDgcd7M8zM8yPOtLHtT2ttfWNza7uwU9zd2z84LB0dd7WMFaEdIrlUfR9rypmgHcMMp/1IURz6nPb86e3C7z1QpZkU92YWUS/EY8ECRrBJJXcQTdiwim6QjYalsl2xM6BV4uSkDDnaw9LHYCRJHFJhCMdau44dGS/ByjDC6bw4iDWNMJniMXVTKnBItZdkJ8/ReaqMUCBVWsKgTP05keBQ61nop50hNhP911uI/3lubIKGlzARxYYKslwUxBwZiRb/oxFTlBg+SwkmiqW3IjLBChOTplTMQriuN2qXDlol3yF0qxWnVrm6q5WbrTyOApzCGVyAA3VoQgva0AECEh7hGV4sYz1Zr9bbsnXNymdO4Bes9y9hZ5BF</latexit>

x(t) = A cos(!t)

y(t) = B cos(!t)

9
=

; =) x(t) =
A

B
y(t)

<latexit sha1_base64="BTVlyr0zH53m819WvGTVFLG8/fE="></latexit>

é uma reta

�2 = �⇡

2
e A = B

<latexit sha1_base64="tfDfUsmedboWnn21L/+kMZS5ulM="></latexit>

2. Caso 

x(t) = A cos(!t)

y(t) = A sin(!t)

9
=

; =) x2(t) + y2(t) = A2

<latexit sha1_base64="M4OLPhS/J5XrfRw+pp4Ue4qgpC8="></latexit>

é um círculo

x

y
1

2
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8
<

:

x(t) = A cos(!t)

y(t) = B cos(!t+ �2) = B[cos(!t) cos(�2)� sin(!t) sin(�2)]

<latexit sha1_base64="fxMLdZUqvpl+nlb/p4mYWxf6qo0="></latexit>

3. Caso geral

eliminando o tempo: y

B
=

x

A
cos(�2)±

r
1�

⇣ x

A

⌘2
sin(�2)

<latexit sha1_base64="lzM0r4Ic8sP7F9svmaM+yi73rw0="></latexit>

temos que x2

A2
+

y2

B2
� 2

xy

AB
cos(�2) = sin2(�2)

<latexit sha1_base64="b9P4Sn0r+eP5dpVufL8VQsNZq+0="></latexit>

é uma elipse!
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casos particulares

x2

A2
+

y2

B2
� 2

xy

AB
cos(�2) = sin2(�2)

<latexit sha1_base64="b9P4Sn0r+eP5dpVufL8VQsNZq+0=">AAACOXicbZDLSgMxFIYz3q23qks3wSIoYpkZq3UjVN24rGCr0Kklk2ba0ExmSDKlw9DH8FXciC/hTnDjQhEXbnwBM20FbwcSfr7/HE7yuyGjUpnmgzE2PjE5NT0zm5mbX1hcyi6vVGUQCUwqOGCBuHSRJIxyUlFUMXIZCoJ8l5ELt3OS+hddIiQN+LmKQ1L3UYtTj2KkNGpky44nEE56V3Y/OdIX3IZDEqfkOCU70B6xXqybjv sODuSmE7Zpw96Ch9CRlF/ZX6CRzZl5c1Dwr7BGIlcqXRfuuu+q3MjeO80ARz7hCjMkZc0yQ1VPkFAUM9LPOJEkIcId1CI1LTnyiawng5/34YYmTegFQh+u4IB+n0iQL2Xsu7rTR6otf3sp/M+rRco7qCeUh5EiHA8XeRGDKoBpjLBJBcGKxVogLKh+K8RtpENSOuzMIIT94kFh14J/xVcIVTtvFfJ7ZzqNUzCsGbAG1sEmsEARlMApKIMKwOAGPIJn8GLcGk/Gq/E2bB0zRjOr4EcZH59UJq9j</latexit>

�2 =
⇡

2
e �2 =

3⇡

2

<latexit sha1_base64="ZpwXRpHa1XlXQdvBm7/B1pqJ3V8="></latexit>

x

y

�2 =
⇡

2

<latexit sha1_base64="p0yJkjCRPWmikL6Z0XN2Rt6ZjCQ=">AAACAHicbZDLSgMxGIUzXmu9jbpw4SZYBFdlplbbjVBw02UFe4HOUDJppg3NzIQkUyjDbHwHn8CNC0XcCr6EO1/CZzCdVlDrgcDhnP8nyedxRqWyrA9jaXlldW09t5Hf3Nre2TX39lsyigUmTRyxSHQ8JAmjIWkqqhjpcEFQ4DHS9kZX0749JkLSKLxRE07cAA1C6lOMlI565qHDh7RXgpfQ8QXCicNpmpRS2DMLVtHKBBeNPTeFWu2u/Db+VI2e+e70IxwHJFSYISm7tsWVmyChKGYkzTuxJBzhERqQrrYhCoh0k+wDKTzRSR/6kdAnVDBLf24kKJByEnh6MkBqKP920/C/rhsrv+omNOSxIiGeXeTHDKoITmnAPhUEKzbRBmFB9VshHiINQmlm+QzCRaVaPrPhovmG0CoV7XLx/FrTqIOZcuAIHINTYIMKqIE6aIAmwCAF9+ARPBm3xoPxbLzMRpeM+c4B+CXj9QvPV5nn</latexit>

�2 =
3⇡

2

<latexit sha1_base64="tA/GOaV5ie8JrJ6yfd6ZDr9B+ZU=">AAACAXicbZDLSgMxGIUzXmu9jboR3ASL4KrMtNV2IxTcdFnBXqAzDJk004ZmLiSZQhnGjc/gG7hxoYhb8SXc+RI+g+m0gloPBA7n/D9JPjdiVEjD+NCWlldW19ZzG/nNre2dXX1vvy3CmGPSwiELeddFgjAakJakkpFuxAnyXUY67uhy2nfGhAsaBtdyEhHbR4OAehQjqSJHP7SiIXVK8AJaHkc4KVsRTZNSCh29YBSNTHDRmHNTqNfvKm/jT9l09HerH+LYJ4HEDAnRM41I2gnikmJG0rwVCxIhPEID0lM2QD4RdpL9IIUnKulDL+TqBBJm6c+NBPlCTHxXTfpIDsXfbhr+1/Vi6dXshAZRLEmAZxd5MYMyhFMcsE85wZJNlEGYU/VWiIdIkZAKWj6DcF6tVcomXDTfENqlolkpnl0pGg0wUw4cgWNwCkxQBXXQAE3QAhjcgHvwCJ60W+1Be9ZeZqNL2nznAPyS9voFSJeaJA==</latexit>
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3. Superposição de OHS
1. Consideremos a soma de duas soluções na mesma direção e frequência

x1(t) = A1 cos(!t+ �1) e x2(t) = A2 cos(!t+ �2)

<latexit sha1_base64="OmPZxi78dsP0FoPZR8+l7h6xNew="></latexit>

x(t) = x1(t) + x2(t)

<latexit sha1_base64="jJwf4z34yroF7Y5va+Ekgrdjims=">AAACAHicbZBJSwMxHMUzdat1Gxfw4CVYhIpQZmq1vQgFD/ZYwS7QDkMmTdvQzEKSkdahF7+KFw8uePVjePPoNzEzreD2IPDjvf+fJM8JGBXSMN611Nz8wuJSejmzsrq2vqFvbjWEH3JM6thnPm85SBBGPVKXVDLSCjhBrsNI0xmex3nzmnBBfe9KjgNiuajv0R7FSCrL1ndHOXkIz+DINmM4UlCIwdazRt5IBP+COYNsJXfzcfG0E9Vs/a3T9XHoEk9ihoRom0YgrQhxSTEjk0wnFCRAeIj6pK3QQy4RVpR8YAIPlNOFPZ+r40mYuN83IuQKMXYdNekiORC/s9j8L2uHsle2IuoFoSQenl7UCxmUPozbgF3KCZZsrABhTtVbIR4gjrBUnWWSEk5L5eKxCf/CVwmNQt4s5k8uVRtVMFUa7IF9kAMmKIEKqIIaqAMMJuAOPIBH7Va71561l+loSpvtbIMf0l4/AZIelxY=</latexit>

calculemos

Re[z]

Im[z]

O
�1

<latexit sha1_base64="EYkZnxZbqO2+kmDmAhbz58gYPVE=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFkPAKtxpNCkDNikjmA9IQtjb7CVr9m6P3T0hHEGwtbGxUERI5f+x89+4uURQ44OBx3szzMxzQ86Utu1PK7Wyura+kd7MbG3v7O5l9w8aSkSS0DoRXMiWixXlLKB1zTSnrVBS7LucNt3R5cxv3lKpmAiu9TikXR8PAuYxgrWRGp1wyHpOL5uzC3YCtEycBclVcvmH+7vptNbLfnT6gkQ+DTThWKm2Y4e6G2OpGeF0kulEioaYjPCAtg0NsE9VN06unaC8UfrIE9JUoFGi/pyIsa/U2HdNp4/1UP31ZuJ/XjvSXrkbsyCMNA3IfJEXcaQFmr2O+kxSovnYEEwkM7ciMsQSE20CyiQhXJTKxTMHLZPvEBqnBadYOL8yaVRhjjQcwTGcgAMlqEAValAHAjfwCM/wYgnryXq13uatKWsxcwi/YL1/Adzwkpc=</latexit>

�2

<latexit sha1_base64="zdPnjXpe+1NiQMS3D1HMUbbkOkM=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYghYhbsYTcqATcoI5gOSEPY2e8mavdtjd08IRxBsbWwsFBFS+X/s/DduLhHU+GDg8d4MM/PckDOlbfvTWlldW9/YTG2lt3d29/YzB4cNJSJJaJ0ILmTLxYpyFtC6ZprTVigp9l1Om+7ocuY3b6lUTATXehzSro8HAfMYwdpIjU44ZL1CL5O183YCtEycBclWsrmH+7vptNbLfHT6gkQ+DTThWKm2Y4e6G2OpGeF0ku5EioaYjPCAtg0NsE9VN06unaCcUfrIE9JUoFGi/pyIsa/U2HdNp4/1UP31ZuJ/XjvSXrkbsyCMNA3IfJEXcaQFmr2O+kxSovnYEEwkM7ciMsQSE20CSichXJTKxTMHLZPvEBqFvFPMn1+ZNKowRwqO4QROwYESVKAKNagDgRt4hGd4sYT1ZL1ab/PWFWsxcwS/YL1/Ad50kpg=</latexit>

↵

<latexit sha1_base64="7vXZT57OuV6d+EgnU8EWhVDU2iU=">AAAB7XicbVDLSgMxFM3UV62vqktBgkVwVWa02u4suOmyBfuAdiiZNNPGZpIhyQhl6NK9GxeKuPUX+hUu3PkN/oTptIJaD1w4nHMv997jhYwqbdsfVmppeWV1Lb2e2djc2t7J7u41lIgkJnUsmJAtDynCKCd1TTUjrVASFHiMNL3h1dRv3hKpqODXehQSN0B9Tn2KkTZSo4NYOEDdbM7O2wngInHmJHf5Nql93h1Oqt3se6cncBQQrjFDSrUdO9RujKSmmJFxphMpEiI8RH3SNpSjgCg3Tq4dw2Oj9KAvpCmuYaL+nIhRoNQo8ExngPRA/fWm4n9eO9J+yY0pDyNNOJ4t8iMGtYDT12GPSoI1GxmCsKTmVogHSCKsTUCZJISLYqlw5sBF8h1C4zTvFPLnNTtXroAZ0uAAHIET4IAiKIMKqII6wOAG3INH8GQJ68F6tl5mrSlrPrMPfsF6/QKQ/ZPS</latexit>

P1

<latexit sha1_base64="FbMfxiLqnNF5AI9lDYik61kxPxI=">AAAB6nicbVDLSgNBEOyNrxhfUY8iDAbBU9jVaHIMeMkxonlAsoTZyWwyZHZ2mZkV4pJP8OJBEa9+iZ/gzZO/4mQTQY0FDUVVN91dXsSZ0rb9YWWWlldW17LruY3Nre2d/O5eU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6HLqt26pVCwUN3ocUTfAA8F8RrA20nW95/TyBbtop0CLxJmTQvXw7Y4o/lnv5d+7/ZDEARWacKxUx7Ej7SZYakY4neS6saIRJiM8oB1DBQ6ocpP01Ak6Nkof+aE0JTRK1Z8TCQ6UGgee6QywHqq/3lT8z+vE2q+4CRNRrKkgs0V+zJEO0fRv1GeSEs3HhmAimbkVkSGWmGiTTi4N4aJcKZ05aJF8h9A8LTql4vmVSaMGM2ThAI7gBBwoQxVqUIcGEBjAPTzCk8WtB+vZepm1Zqz5zD78gvX6BfedkZA=</latexit>

P2

<latexit sha1_base64="9WaTfCKx3l+3eRjkZ0WjNLSHnoE=">AAAB6nicbVDLSgNBEOz1GeMr6lGEwSB4CrsxmhwDXnKMaB6QLGF2MpsMmZ1dZmaFuOQTvHhQxKtf4id48+SvONlEUGNBQ1HVTXeXF3GmtG1/WEvLK6tr65mN7ObW9s5ubm+/qcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdDn1W7dUKhaKGz2OqBvggWA+I1gb6breK/Zyebtgp0CLxJmTfPXo7Y4o/lnv5d67/ZDEARWacKxUx7Ej7SZYakY4nWS7saIRJiM8oB1DBQ6ocpP01Ak6MUof+aE0JTRK1Z8TCQ6UGgee6QywHqq/3lT8z+vE2q+4CRNRrKkgs0V+zJEO0fRv1GeSEs3HhmAimbkVkSGWmGiTTjYN4aJcKZ05aJF8h9AsFpxS4fzKpFGDGTJwCMdwCg6UoQo1qEMDCAzgHh7hyeLWg/Vsvcxal6z5zAH8gvX6BfkhkZE=</latexit>

P

<latexit sha1_base64="wny6Kp98duwu0EFCQCCJ7zyvhlM=">AAAB6HicbVDLSgMxFL1TX7W+qi4FCRbBVZnRaruz4KbLFuwD2kEyaaaNzWSGJCOU0qUrNy4UcetX9CtcuPMb/AnTaQVfBwKHc87l3hwv4kxp2363UguLS8sr6dXM2vrG5lZ2e6ehwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTW9wMfWbN1QqFopLPYyoG+CeYD4jWBupVr3K5uy8nQD9Jc6c5M5fJ7WP2/2Jyb91uiGJAyo04ViptmNH2h1hqRnhdJzpxIpGmAxwj7YNFTigyh0lh47RoVG6yA+leUKjRP0+McKBUsPAM8kA67767U3F/7x2rP2SO2IiijUVZLbIjznSIZr+GnWZpETzoSGYSGZuRaSPJSbadJNJSjgrlgonDvpLvkpoHOedQv60ZufKFZghDXtwAEfgQBHKUIEq1IEAhTt4gEfr2rq3nqznWTRlzWd24Qesl0+vFZGO</latexit>

Usando o triângulo OP1P

<latexit sha1_base64="bvNRA9VrXTY5b+k73ii8ry0XAB8=">AAAB7HicbVDLSgMxFL1TX7W+qi5FCBbBVZnRarssuOnOCk5baIeSSdM2NJMZkoxQh36DGxeKuPVD/AR3rvwV02kFtR4IHM45l3tz/IgzpW37w8osLa+srmXXcxubW9s7+d29hgpjSahLQh7Klo8V5UxQVzPNaSuSFAc+p01/dDn1m7dUKhaKGz2OqBfggWB9RrA2kntV7zr1br5gF+0UaJE4c1KoHr7dEcU/Tf690wtJHFChCcdKtR070l6CpWaE00muEysaYTLCA9o2VOCAKi9Jj52gY6P0UD+U5gmNUvXnRIIDpcaBb5IB1kP115uK/3ntWPcrXsJEFGsqyGxRP+ZIh2j6c9RjkhLNx4ZgIpm5FZEhlpho008uLeGiXCmdOWiRfJfQOC06peL5tWmjBjNk4QCO4AQcKEMValAHFwgwuIdHeLKE9WA9Wy+zaMaaz+zDL1ivXzSlkkM=</latexit>

A2 = A2
1 +A2

2 + 2A1A2 cos(�2 � �1)

<latexit sha1_base64="GC24XtZaYTp0vKqgUh9hxd01ksw="></latexit>

A2 sin(�2 � �1) = A sin(↵) =) sin(↵) =
A2

A
sin(�2 � �1)

<latexit sha1_base64="cNAvS8LckECFRAoPb1Uh7tlW0Eg="></latexit>

x(t) = A cos(!t+ �1 + ↵)

<latexit sha1_base64="dDIWJflLFewg9VIpj1VxJvF+jug="></latexit>


