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• Oscilações podem ser bem complexas: vide
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https://www.youtube.com/watch?v=U39RMUzCjiU

https://www.youtube.com/watch?v=U39RMUzCjiU


• Assim como terem grandes consequências, vide

• O oscilador harmônico é o ponto de partida em muitas áreas da Física!
3

https://www.youtube.com/watch?v=3mclp9QmCGs

https://www.youtube.com/watch?v=3mclp9QmCGs


Oscar Éboli 17 de agosto de 2022

Idéias básicas
primeira aula
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1. Revisão importantíssima!
Trabalho:

Dada uma força     e um caminho  C~F

<latexit sha1_base64="7l9ZIiPi9EE5oaS+pxywDMRW4IY=">AAAB7nicbVDLSgMxFM3UVx1fVZdugkVwVWa02m7EoiAuK9gHtEPJpJk2NJMJSaZQhn6EGxeKuHDjn7h3I/6N6bSCWg9cOJxzL/fe4wtGlXacTyuzsLi0vJJdtdfWNza3cts7dRXFEpMajlgkmz5ShFFOappqRppCEhT6jDT8weXEbwyJVDTit3okiBeiHqcBxUgbqdEeEpxcjTu5vFNwUsB54s5I/vzNPhMvH3a1k3tvdyMch4RrzJBSLdcR2kuQ1BQzMrbbsSIC4QHqkZahHIVEeUl67hgeGKULg0ia4hqm6s+JBIVKjULfdIZI99VfbyL+57ViHZS9hHIRa8LxdFEQM6gjOPkddqkkWLORIQhLam6FuI8kwtokZKchnJbKxWMXzpPvEOpHBbdYOLlx8pULMEUW7IF9cAhcUAIVcA2qoAYwGIA78AAeLWHdW0/W87Q1Y81mdsEvWK9f7CaTMQ==</latexit>

C

(sentido)

~x0

<latexit sha1_base64="Hn/IvTdYi7ODlsGbmWDaCdhiHvY=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Gk2OIV48JmAemCxhdjJJhszOLjOzwbDkL7x4UMSr+Bd+gTcvfouTh6DGgoaiqpvuLi/kTGnb/rASS8srq2vJ9dTG5tb2Tnp3r6aCSBJaJQEPZMPDinImaFUzzWkjlBT7Hqd1b3A58etDKhULxLUehdT1cU+wLiNYG+mmNaQkvh237VQ7nbGz9hRokThzkikeVD7Za+mt3E6/tzoBiXwqNOFYqaZjh9qNsdSMcDpOtSJFQ0wGuEebhgrsU+XG04vH6NgoHdQNpCmh0VT9ORFjX6mR75lOH+u++utNxP+8ZqS7BTdmIow0FWS2qBtxpAM0eR91mKRE85EhmEhmbkWkjyUm2oQ0C+EiX8idOWiRfIdQO806uex5xaRRghmScAhHcAIO5KEIV1CGKhAQcAcP8Ggp6956sp5nrQlrPrMPv2C9fAEYJZR6</latexit>

~x1

<latexit sha1_base64="IfbGto8LhLm9CnB/jJhKRTbfqWU=">AAAB8XicbVDLSgNBEJyNrxhfUcGLl8EgeAq7Gk2OIV48JmAemCxhdtJJhszOLjOzwbDkL7x4UMSr+Bd+gTcvfouTh6DGgoaiqpvuLi/kTGnb/rASS8srq2vJ9dTG5tb2Tnp3r6aCSFKo0oAHsuERBZwJqGqmOTRCCcT3ONS9weXErw9BKhaIaz0KwfVJT7Auo0Qb6aY1BBrfjttOqp3O2Fl7CrxInDnJFA8qn+y19FZup99bnYBGPghNOVGq6dihdmMiNaMcxqlWpCAkdEB60DRUEB+UG08vHuNjo3RwN5CmhMZT9edETHylRr5nOn2i++qvNxH/85qR7hbcmIkw0iDobFE34lgHePI+7jAJVPORIYRKZm7FtE8kodqENAvhIl/InTl4kXyHUDvNOrnsecWkUUIzJNEhOkInyEF5VERXqIyqiCKB7tADerSUdW89Wc+z1oQ1n9lHv2C9fAEZqpR7</latexit>

W =

Z

C
d~̀ · ~F

<latexit sha1_base64="xNOTnt23/GZQ4YopxtIsERfllw8=">AAACDXicbZBLSwMxFIUzvq2vqks3wQe4KjO+N0JREJcK1gqdUjKZWw3NZIbkjlCGwb0b/4m4UVDErXt3/hvTqYKvA4GPc+4lyQkSKQy67rszMDg0PDI6Nl6amJyaninPzp2aONUcajyWsT4LmAEpFNRQoISzRAOLAgn1oLPfy+uXoI2I1Ql2E2hG7FyJtuAMrdUqL9fpLvWFwtY+Df1L4JkPUubU52GMtDAO8lZ5ya24hehf8D5hqVrNr4KH2/yoVX7zw5inESjkkhnT8NwEmxnTKLiEvOSnBhLGO+wcGhYVi8A0s+I3OV2xTkjbsbZHIS3c7xsZi4zpRoGdjBhemN9Zz/wva6TY3mlmQiUpguL9i9qppBjTXjU0FBo4yq4FxrWwb6X8gmnG0RZYKkrY2t7ZWPfoX/gq4XSt4m1UNo9tG3ukrzGyQBbJKvHINqmSQ3JEaoSTa3JHHsmTc+PcO8/OS390wPncmSc/5Lx+AFIznxQ=</latexit>

d~̀

<latexit sha1_base64="kN5tcrF60ojBmQwZykqoEf+3a24=">AAAB8XicbVBNS8NAEN3Urxq/qh69LBbBU0m02l7EohePFewHtqVsNpN26WYTdjeFEvovvHhQRI/+EO9exH9j2lRQ64OBx3szzMxzQs6UtqxPI7OwuLS8kl0119Y3Nrdy2zt1FUSSQo0GPJBNhyjgTEBNM82hGUogvsOh4QwuJ35jCFKxQNzoUQgdn/QE8xglOpFu3fYQaBs4N7u5vFWwpsDzxJ6R/PmbeRa+fJjVbu697QY08kFoyolSLdsKdScmUjPKYWy2IwUhoQPSg1ZCBfFBdeLpxWN8kCgu9gKZlNB4qv6ciImv1Mh3kk6f6L76603E/7xWpL1yJ2YijDQImi7yIo51gCfvY5dJoJqPEkKoZMmtmPaJJFQnIaUhnJbKxWMbz5PvEOpHBbtYOLm28pULlCKL9tA+OkQ2KqEKukJVVEMUCXSHHtCjoYx748l4TlszxmxmF/2C8foFlR2UGA==</latexit>

é deslocamento ao longo da curva

•Note: o trabalho depende da força  e  da curva


•Utilidade desse conceito: teorema do trabalho e energia cinética

1

2
m~v21 �

1

2
m~v20 = W

<latexit sha1_base64="pAx+WMoiBt+JAhN5Ag9Ts0orHWg="></latexit>

a variação de energia cinética é igual ao trabalho realizado!

Vale para qualquer força?

SIM! se for a força total.
5



• Caso importante: para forças conservativas o trabalho depende apenas do pontos       
inicial e final mas não do caminho entre estes pontos!  C

(sentido)

~x0

<latexit sha1_base64="Hn/IvTdYi7ODlsGbmWDaCdhiHvY=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl8EgeAq7Gk2OIV48JmAemCxhdjJJhszOLjOzwbDkL7x4UMSr+Bd+gTcvfouTh6DGgoaiqpvuLi/kTGnb/rASS8srq2vJ9dTG5tb2Tnp3r6aCSBJaJQEPZMPDinImaFUzzWkjlBT7Hqd1b3A58etDKhULxLUehdT1cU+wLiNYG+mmNaQkvh237VQ7nbGz9hRokThzkikeVD7Za+mt3E6/tzoBiXwqNOFYqaZjh9qNsdSMcDpOtSJFQ0wGuEebhgrsU+XG04vH6NgoHdQNpCmh0VT9ORFjX6mR75lOH+u++utNxP+8ZqS7BTdmIow0FWS2qBtxpAM0eR91mKRE85EhmEhmbkWkjyUm2oQ0C+EiX8idOWiRfIdQO806uex5xaRRghmScAhHcAIO5KEIV1CGKhAQcAcP8Ggp6956sp5nrQlrPrMPv2C9fAEYJZR6</latexit>

~x1

<latexit sha1_base64="IfbGto8LhLm9CnB/jJhKRTbfqWU=">AAAB8XicbVDLSgNBEJyNrxhfUcGLl8EgeAq7Gk2OIV48JmAemCxhdtJJhszOLjOzwbDkL7x4UMSr+Bd+gTcvfouTh6DGgoaiqpvuLi/kTGnb/rASS8srq2vJ9dTG5tb2Tnp3r6aCSFKo0oAHsuERBZwJqGqmOTRCCcT3ONS9weXErw9BKhaIaz0KwfVJT7Auo0Qb6aY1BBrfjttOqp3O2Fl7CrxInDnJFA8qn+y19FZup99bnYBGPghNOVGq6dihdmMiNaMcxqlWpCAkdEB60DRUEB+UG08vHuNjo3RwN5CmhMZT9edETHylRr5nOn2i++qvNxH/85qR7hbcmIkw0iDobFE34lgHePI+7jAJVPORIYRKZm7FtE8kodqENAvhIl/InTl4kXyHUDvNOrnsecWkUUIzJNEhOkInyEF5VERXqIyqiCKB7tADerSUdW89Wc+z1oQ1n9lHv2C9fAEZqpR7</latexit>

•  Consequência: existe uma função chamada energia potencial         tal que U(~x)

<latexit sha1_base64="o51+2Zb9BF8rSAxbqUeaB1FjKTo=">AAAB8XicbVBNT8JAEN3iF+IX6tHLBmKCMSGtonAkevGIiQUibch2WWDDdtvsbolNw7/g4kFjvPpvvPFvXAomKr5kkpf3ZjIzzwsZlco0Z0ZmbX1jcyu7ndvZ3ds/yB8eNWUQCUxsHLBAtD0kCaOc2IoqRtqhIMj3GGl5o9u53xoTIWnAH1QcEtdHA077FCOlpUe75IwJTp4mZ9180SybKeAqsZakWC8459NZPW50859OL8CRT7jCDEnZscxQuQkSimJGJjknkiREeIQGpKMpRz6RbpJePIGnWunBfiB0cQVT9edEgnwpY9/TnT5SQ/nXm4v/eZ1I9WtuQnkYKcLxYlE/YlAFcP4+7FFBsGKxJggLqm+FeIgEwkqHlEtDuK7WKpcWXCXfITQvylalfHWv07gBC2TBCSiAErBAFdTBHWgAG2DAwRS8gFdDGs/Gm/G+aM0Yy5lj8AvGxxdlFZP1</latexit>

W = U( ~x0)� U( ~x1)

<latexit sha1_base64="r464dBhc0dnhpyHUgOsi5hDOAnk=">AAACCHicbVDLSgMxFM3UV62vqksXhhahRSwzWm03QtGNywr2AZ1hyKRpG5p5kGSKw9ClG9f+hRsXirj1E9z1b0wf4qMeuHByzr3c3OMEjAqp6yMtsbC4tLySXE2trW9sbqW3d+rCDzkmNewznzcdJAijHqlJKhlpBpwg12Gk4fQvx35jQLigvncjo4BYLup6tEMxkkqy0/sNeA5rOXNAcHxr68M8PPp+GsO8nc7qBX0COE+MGclWMubhw6gSVe30h9n2cegST2KGhGgZeiCtGHFJMSPDlBkKEiDcR13SUtRDLhFWPDlkCA+U0oYdn6vyJJyoPydi5AoRuY7qdJHsib/eWPzPa4WyU7Zi6gWhJB6eLuqEDEofjlOBbcoJlixSBGFO1V8h7iGOsFTZpSYhnJXKxRMDzpOvEOrHBaNYOL1WaVyAKZJgD2RADhigBCrgClRBDWBwBx7BM3jR7rUn7VV7m7YmtNnMLvgF7f0TlbObCA==</latexit>

~F = �rU

<latexit sha1_base64="QHqEaotmd8cSfMR2inDAptbKd2E=">AAAB/XicbZDNSwJBGMZn7Uvta/u4dRmSoEuyW5ZeAimIjgatSioyO446ODu7zMxKtkh/R7cuHYqoY/9Ht/6aGleDyh4Y+PE878u8PG7AqFSW9WEkZmbn5heSqfTi0vLKqrm2XpZ+KDBxsM98UXWRJIxy4iiqGKkGgiDPZaTi9k5HeaVPhKQ+v1SDgDQ81OG0TTFS2mqam/U+wdHZEB7DPVjnyGUIOk0zY2WtWHAa7Alkiqng7ur1+rPUNN/rLR+HHuEKMyRlzbYC1YiQUBQzMkzXQ0kChHuoQ2oaOfKIbETx9UO4o50WbPtCP65g7P7ciJAn5cBz9aSHVFf+zUbmf1ktVO1CI6I8CBXhePxRO2RQ+XBUBWxRQbBiAw0IC6pvhbiLBMJKF5aOSzjKF3IHNpyG7xLK+1k7lz280G2cgLGSYAtsg11ggzwognNQAg7A4Abcg0fwZNwaD8az8TIeTRiTnQ3wS8bbF7DhmA4=</latexit>

onde podemos escrever
U(~x) = U(~xref)�

Z ~x

~xref

d~̀ · ~F

<latexit sha1_base64="wbP1i0xi1y+IdFg23aUxnu62ka8="></latexit>

•  Para forças conservativas o teorema da energia cinética trabalho fica

1

2
m~v21 �

1

2
m~v20 = U(~x0)� U(~x1)

<latexit sha1_base64="8Kd/Soh3TrFlsxdX+8OsDXH95W4="></latexit>

=) 1

2
m~v20 + U(~x0) =

1

2
m~v21 + U(~x1) = Etotal

<latexit sha1_base64="BNwOUmu28tpNTJMMyAP1TjXs7ik="></latexit>

A energia mecânica total é conservada!
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2. Oscilações estão em todos os lugares:

1. batidas do coração (periódica)


2. respiração 


3. piscar


4. amanhecer/pôr do sol


5. Pêndulo de um relógio 


6. etc etc etc! 

Concentremos em sistemas simples, mas que aparecem em inúmeros sistemas reais
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• Consideremos um pêndulo simples

~e✓

<latexit sha1_base64="DBvncktKfU8EywmTLLGW7gu+V38=">AAAB9XicbZC7SgNBFIZnvcZ4iwo2NoNBsAq7Go2lxMYygjGB7BpmJydmcPbCzNlIWPIeNhaK2Ikv4RPY2fgsTjYRvP0w8PH/5zCH34+l0Gjb79bU9Mzs3HxuIb+4tLyyWlhbv9BRojjUeSQj1fSZBilCqKNACc1YAQt8CQ3/+mSUN/qgtIjCcxzE4AXsKhRdwRka69LtA09h2HaxB8jahaJdsjPRv+BMoHi8efYhnquvtXbhze1EPAkgRC6Z1i3HjtFLmULBJQzzbqIhZvyaXUHLYMgC0F6aXT2kO8bp0G6kzAuRZu73jZQFWg8C30wGDHv6dzYy/8taCXaPvFSEcYIQ8vFH3URSjOioAtoRCjjKgQHGlTC3Ut5jinE0ReWzEg4rR+V9h/6FrxIu9kpOuXRwZtqokrFyZItsk13ikAo5JqekRuqEE0VuyT15sG6sO+vRehqPTlmTnQ3yQ9bLJ/84lsc=</latexit>

aceleração na direção 
m

<latexit sha1_base64="N8uQnVamVE5XBv5Q7K5EPemtXXI=">AAAB6XicbVBNS8NAEJ3Urxq/qh69LBbBU0m02l7EohePVWwrtKFstpt26WYTdjdCKf0HXjwo4rU/xrsX8d+4bSqo9cHA470ZZub5MWdKO86nlVlYXFpeya7aa+sbm1u57Z26ihJJaI1EPJJ3PlaUM0FrmmlO72JJcehz2vD7lxO/cU+lYpG41YOYeiHuChYwgrWRbkK7ncs7BWcKNE/cGcmfv9ln8fjDrrZz761ORJKQCk04VqrpOrH2hlhqRjgd2a1E0RiTPu7SpqECh1R5w+mlI3RglA4KImlKaDRVf04McajUIPRNZ4h1T/31JuJ/XjPRQdkbMhEnmgqSLgoSjnSEJm+jDpOUaD4wBBPJzK2I9LDERJtw0hBOS+XisYvmyXcI9aOCWyycXDv5ygWkyMIe7MMhuFCCClxBFWpAIIAHeIJnq289Wi/Wa9qasWYzu/AL1vgLkFKQng==</latexit>

m~g

<latexit sha1_base64="Mf0lSp3oKzENNdpHr8CuwcjdwTo=">AAAB8XicbVDLSgMxFM3UV62vqktFgkVwVWa02i6Lbly2YB/YDiWTZtrQJDMkmUIZuvQP3LhQxK0/0O9w5zf4E6adCmo9cOFwzr3ce48XMqq0bX9YqaXlldW19HpmY3Nreye7u1dXQSQxqeGABbLpIUUYFaSmqWakGUqCuMdIwxtcT/3GkEhFA3GrRyFxOeoJ6lOMtJHuOGwPCY5740wnm7Pz9gxwkThzkisfTqqf90eTSif73u4GOOJEaMyQUi3HDrUbI6kpZmScaUeKhAgPUI+0DBWIE+XGs4vH8MQoXegH0pTQcKb+nIgRV2rEPdPJke6rv95U/M9rRdovuTEVYaSJwMkiP2JQB3D6PuxSSbBmI0MQltTcCnEfSYS1CSkJ4bJYKpw7cJF8h1A/yzuF/EXVpHEFEqTBATgGp8ABRVAGN6ACagADAR7AE3i2lPVovVivSWvKms/sg1+w3r4AB2GUcQ==</latexit>

~T

<latexit sha1_base64="4mq80fhdWaCAQUPn6B5vHE3VNoU=">AAAB7nicbVDLSgMxFM3UVx1fVZdugkVwVWa02m7EohuXFfqCdiiZNNOGZjIhyRTK0I9w40IRF278E/duxL8xnVZQ64ELh3Pu5d57fMGo0o7zaWWWlldW17Lr9sbm1vZObnevoaJYYlLHEYtky0eKMMpJXVPNSEtIgkKfkaY/vJ76zRGRika8pseCeCHqcxpQjLSRmp0RwUlt0s3lnYKTAi4Sd07yl2/2hXj5sKvd3HunF+E4JFxjhpRqu47QXoKkppiRid2JFREID1GftA3lKCTKS9JzJ/DIKD0YRNIU1zBVf04kKFRqHPqmM0R6oP56U/E/rx3roOwllItYE45ni4KYQR3B6e+wRyXBmo0NQVhScyvEAyQR1iYhOw3hvFQunrpwkXyH0DgpuMXC2a2Tr1yBGbLgAByCY+CCEqiAG1AFdYDBENyBB/BoCeveerKeZ60Zaz6zD37Bev0CAXuTPw==</latexit>

✓

<latexit sha1_base64="XDf9tXH5xXcph2I/5jLhlJf6NnI=">AAAB7nicbVA9SwNBEN2LX/H8ilraLAbBKtxpNGnEoI1lBPMByRH2Nptkyd7dsjsnhCM/wsZCEQsb/4m9jfhv3OQiqPHBwOO9GWbm+VJwDY7zaWUWFpeWV7Kr9tr6xuZWbnunrqNYUVajkYhU0yeaCR6yGnAQrCkVI4EvWMMfXk78xi1TmkfhDYwk8wLSD3mPUwJGarRhwIDYnVzeKThT4Hnizkj+/M0+ky8fdrWTe293IxoHLAQqiNYt15HgJUQBp4KN7XasmSR0SPqsZWhIAqa9ZHruGB8YpYt7kTIVAp6qPycSEmg9CnzTGRAY6L/eRPzPa8XQK3sJD2UMLKTpol4sMER48jvucsUoiJEhhCpubsV0QBShYBJKQzgtlYvHLp4n3yHUjwpusXBy7eQrFyhFFu2hfXSIXFRCFXSFqqiGKBqiO/SAHi1p3VtP1nPamrFmM7voF6zXL2DLktU=</latexit>

O
`

<latexit sha1_base64="HMR4H3+njQIx/O1KBkqkz2XyJB0=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0m02l7EohePFUxbaEPZbDft0s0m7G6EEvobvHhQxJPgX/HuRfw3pk0FtT4YeLw3w8w8L+JMacv6NHILi0vLK/lVc219Y3OrsL3TUGEsCXVIyEPZ8rCinAnqaKY5bUWS4sDjtOkNLyd+85ZKxUJxo0cRdQPcF8xnBOtUcjqUc7NbKFolawo0T+wZKZ6/mWfRy4dZ7xbeO72QxAEVmnCsVNu2Iu0mWGpGOB2bnVjRCJMh7tN2SgUOqHKT6bFjdJAqPeSHMi2h0VT9OZHgQKlR4KWdAdYD9debiP957Vj7VTdhIoo1FSRb5Mcc6RBNPkc9JinRfJQSTCRLb0VkgCUmOs0nC+G0Ui0f22iefIfQOCrZ5dLJtVWsXUCGPOzBPhyCDRWowRXUwQECDO7gAR4NYdwbT8Zz1pozZjO78AvG6xfJTpHo</latexit>

~e✓

<latexit sha1_base64="DBvncktKfU8EywmTLLGW7gu+V38=">AAAB9XicbZC7SgNBFIZnvcZ4iwo2NoNBsAq7Go2lxMYygjGB7BpmJydmcPbCzNlIWPIeNhaK2Ikv4RPY2fgsTjYRvP0w8PH/5zCH34+l0Gjb79bU9Mzs3HxuIb+4tLyyWlhbv9BRojjUeSQj1fSZBilCqKNACc1YAQt8CQ3/+mSUN/qgtIjCcxzE4AXsKhRdwRka69LtA09h2HaxB8jahaJdsjPRv+BMoHi8efYhnquvtXbhze1EPAkgRC6Z1i3HjtFLmULBJQzzbqIhZvyaXUHLYMgC0F6aXT2kO8bp0G6kzAuRZu73jZQFWg8C30wGDHv6dzYy/8taCXaPvFSEcYIQ8vFH3URSjOioAtoRCjjKgQHGlTC3Ut5jinE0ReWzEg4rR+V9h/6FrxIu9kpOuXRwZtqokrFyZItsk13ikAo5JqekRuqEE0VuyT15sG6sO+vRehqPTlmTnQ3yQ9bLJ/84lsc=</latexit>

•Tomando o zero da energia potencial para ✓ = 0

<latexit sha1_base64="bOQdc6myc8b660wmbCVCJrfy284=">AAAB73icbVBNS8NAEN3Urxq/qh69LBbBU0m02l6KRS8eK9gPaEPZbDft0s0m7k6EEvonvHhQRPDkL/HuRfw3pmkFtT4YeLw3w8w8NxRcg2V9GpmFxaXlleyquba+sbmV295p6CBSlNVpIALVcolmgktWBw6CtULFiO8K1nSHFxO/ecuU5oG8hlHIHJ/0Jfc4JZBIrQ4MGJCK1c3lrYKVAs8Te0byZ29mJXz5MGvd3HunF9DIZxKoIFq3bSsEJyYKOBVsbHYizUJCh6TP2gmVxGfaidN7x/ggUXrYC1RSEnCq/pyIia/1yHeTTp/AQP/1JuJ/XjsCr+zEXIYRMEmni7xIYAjw5Hnc44pREKOEEKp4ciumA6IIhSQiMw3htFQuHtt4nnyH0Dgq2MXCyZWVr56jKbJoD+2jQ2SjEqqiS1RDdUSRQHfoAT0aN8a98WQ8T1szxmxmF/2C8foFHoWTQg==</latexit>

U(✓) = mg`(1� cos ✓)

<latexit sha1_base64="QhOfJcW+/5YGM+iDPK2z6JJY/5Y=">AAACCnicbZBLSwMxFIUz9V1fVZduokWoiGXGV90IRTcuFRwtdErJpLdtaOZBckcoQ9duXPo33LhQxK2/wJ3/xvQhqPVA4OOce0ly/FgKjbb9aWUmJqemZ2bnsvMLi0vLuZXVax0lioPLIxmpis80SBGCiwIlVGIFLPAl3Pids35+cwtKiyi8wm4MtYC1QtEUnKGx6rkNt+BhG5Bt0xMatDyQkhacXY9HeuTXc3m7aA9Ex8EZQb686e08fJa7F/Xch9eIeBJAiFwyrauOHWMtZQoFl9DLeomGmPEOa0HVYMgC0LV08JUe3TJOgzYjZU6IdOD+3EhZoHU38M1kwLCt/2Z987+smmDzuJaKME4QQj68qJlIihHt90IbQgFH2TXAuBLmrZS3mWIcTXvZQQlHpeODfYeOw3cJ13tF56B4eGnaOCVDzZJ1skkKxCElUibn5IK4hJM78kieyYt1bz1Zr9bbcDRjjXbWyC9Z71+4uJxA</latexit>

✓

<latexit sha1_base64="XDf9tXH5xXcph2I/5jLhlJf6NnI=">AAAB7nicbVA9SwNBEN2LX/H8ilraLAbBKtxpNGnEoI1lBPMByRH2Nptkyd7dsjsnhCM/wsZCEQsb/4m9jfhv3OQiqPHBwOO9GWbm+VJwDY7zaWUWFpeWV7Kr9tr6xuZWbnunrqNYUVajkYhU0yeaCR6yGnAQrCkVI4EvWMMfXk78xi1TmkfhDYwk8wLSD3mPUwJGarRhwIDYnVzeKThT4Hnizkj+/M0+ky8fdrWTe293IxoHLAQqiNYt15HgJUQBp4KN7XasmSR0SPqsZWhIAqa9ZHruGB8YpYt7kTIVAp6qPycSEmg9CnzTGRAY6L/eRPzPa8XQK3sJD2UMLKTpol4sMER48jvucsUoiJEhhCpubsV0QBShYBJKQzgtlYvHLp4n3yHUjwpusXBy7eQrFyhFFu2hfXSIXFRCFXSFqqiGKBqiO/SAHi1p3VtP1nPamrFmM7voF6zXL2DLktU=</latexit>

E

mg`

<latexit sha1_base64="z0viIfP2X2npXDXLxO5GgHIXbW4=">AAAB+XicbZBLS8NAFIUnPmt9RV26GSyCG0ui1XZnUUSXFewDmlAm00k7dCYJM5NiCfknblwo4tZfojtX/hWnaQW1Hhg4nHMvc/m8iFGpLOvDmJtfWFxazq3kV9fWNzbNre2GDGOBSR2HLBQtD0nCaEDqiipGWpEgiHuMNL3BxbhvDomQNAxu1SgiLke9gPoUI6Wjjmk6vkA4uUwT3nMIY2nHLFhFKxOcNfbUFKpnn293h5WrWsd8d7ohjjkJFGZIyrZtRcpNkFAUM5LmnViSCOEB6pG2tgHiRLpJdnkK93XShX4o9AsUzNKfGwniUo64pyc5Un35txuH/3XtWPkVN6FBFCsS4MlHfsygCuEYA+xSQbBiI20QFlTfCnEfaRRKw8pnEE7LldKxDWfNN4TGUdEuFU9uNI1zMFEO7II9cABsUAZVcA1qoA4wGIJ78AiejMR4MJ6Nl8nonDHd2QG/ZLx+AaUdl5A=</latexit>

U

mg`

<latexit sha1_base64="rQjyK+DBq/sMipDZhV9Hvxi+LnI=">AAAB+XicbZBLS8NAFIUn9VXrK+rSzWAR3FgSrbY7iy50WcE+oAllMp20QyeTMDMplpB/4saFIm79Jbpz5V9xmlZQ64GBwzn3MpfPixiVyrI+jNzC4tLySn61sLa+sbllbu80ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNLyd9a0SEpCG/VeOIuAHqc+pTjJSOuqbp+ALhpJEmQd8hjKVds2iVrExw3tgzU6ydf77dHVWv6l3z3emFOA4IV5ghKTu2FSk3QUJRzEhacGJJIoSHqE862nIUEOkm2eUpPNBJD/qh0I8rmKU/NxIUSDkOPD0ZIDWQf7tJ+F/XiZVfdRPKo1gRjqcf+TGDKoQTDLBHBcGKjbVBWFB9K8QDpFEoDauQQTirVMsnNpw33xCaxyW7XDq90TQuwFR5sAf2wSGwQQXUwDWogwbAYATuwSN4MhLjwXg2XqajOWO2swt+yXj9Ar3tl6A=</latexit>

•  a energia total é

E =
1

2
m

✓
`
d✓

dt

◆2

+ U(✓)

<latexit sha1_base64="yRY3DfCwkRHpXK4/jhdtov2vQPY="></latexit>

Por que oscila?

equação complexa!

m`
d2✓

dt2
= �mg sin ✓

<latexit sha1_base64="X/NWaKtkH5DqHlK5grjgjK4hSJs="></latexit>
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dx

dt
=

r
2

m
[E � U(x)] =)

Z t2

t1

dt =

Z x(t2)

x(t1)
dx

1q
2
m [E � U(x)]

<latexit sha1_base64="ZEJRTDZkpih6QBCqOdwH6ZHun3g="></latexit>

E =
1

2
m

✓
dx

dt

◆2

+ U(x)

<latexit sha1_base64="IATBtXaZeqg0m1y/WTYYdOIVYP0="></latexit>

U

x

E

•  Como podemos calcular o período? Em geral para uma força conservativa

x̄1

<latexit sha1_base64="2ACrWuV5XqmbJmIdHzYo7PJ3jYU=">AAAB8HicbVDLSgNBEOz1GeMrKnjxMhgET2FXo8kxxIvHBMxDkiXMTmaTIbOzy8ysGJZ8hRcPingV/Au/wJsXv8XJQ1BjQUNR1U13lxdxprRtf1gLi0vLK6uptfT6xubWdmZnt67CWBJaIyEPZdPDinImaE0zzWkzkhQHHqcNb3Ax9hs3VCoWiis9jKgb4J5gPiNYG+m67WGZ3I46TieTtXP2BGieODOSLe1XP9lr+a3Syby3uyGJAyo04ViplmNH2k2w1IxwOkq3Y0UjTAa4R1uGChxQ5SaTg0foyChd5IfSlNBoov6cSHCg1DDwTGeAdV/99cbif14r1n7RTZiIYk0FmS7yY450iMbfoy6TlGg+NAQTycytiPSxxESbjNKTEM4Lxfypg+bJdwj1k5yTz51VTRplmCIFB3AIx+BAAUpwCRWoAYEA7uABHi1p3VtP1vO0dcGazezBL1gvX9PolF4=</latexit>

x̄2

<latexit sha1_base64="jVAEUVYHwn9NrPWSrwQE5Qd7wqY=">AAAB8HicbVDLSgMxFM3UV62vquDGTbAIrspMrbbLUjcuW7APaYeSSTNtaJIZkoxYhn6FGxeKuBX8C7/AnRu/xXRaQa0HLhzOuZd77/FCRpW27Q8rtbS8srqWXs9sbG5t72R395oqiCQmDRywQLY9pAijgjQ01Yy0Q0kQ9xhpeaOLqd+6IVLRQFzpcUhcjgaC+hQjbaTrrodkfDvpFXrZnJ23E8BF4sxJrnJQ/6Sv1bdaL/ve7Qc44kRozJBSHccOtRsjqSlmZJLpRoqECI/QgHQMFYgT5cbJwRN4bJQ+9ANpSmiYqD8nYsSVGnPPdHKkh+qvNxX/8zqR9stuTEUYaSLwbJEfMagDOP0e9qkkWLOxIQhLam6FeIgkwtpklElCOC+Vi6cOXCTfITQLeaeYP6ubNKpghjQ4BEfgBDigBCrgEtRAA2DAwR14AI+WtO6tJ+t51pqy5jP74Besly/VbJRf</latexit>

pontos de retorno clássicos

• Integrando entre os pontos de retorno clássicos

T

2
=

Z x̄2

x̄1

dx
1q

2
m [E � U(x)]

<latexit sha1_base64="426yQGaVLi4meCH3XBhDv7uVbfc="></latexit>
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• Simplificação importante:
•  Para pequenos oscilações em torno do ponto de equilíbrio estável ✓ = 0

<latexit sha1_base64="nKKq43yeuszZrCiypAWdLbeK1UI=">AAAB8XicbVBNS8NAEN3Urxq/qh69LBbBU0m02l6KRS8eK9gPbEPZbDft0s0m7E6EEvovvHhQRI/+EO9exH9jmlZQ64OBx3szzMxzQ8E1WNankVlYXFpeya6aa+sbm1u57Z2GDiJFWZ0GIlAtl2gmuGR14CBYK1SM+K5gTXd4MfGbt0xpHshrGIXM8Ulfco9TAol004EBA4Ir2Orm8lbBSoHniT0j+bM3sxK+fJi1bu690wto5DMJVBCt27YVghMTBZwKNjY7kWYhoUPSZ+2ESuIz7cTpxWN8kCg97AUqKQk4VX9OxMTXeuS7SadPYKD/ehPxP68dgVd2Yi7DCJik00VeJDAEePI+7nHFKIhRQghVPLkV0wFRhEISkpmGcFoqF49tPE++Q2gcFexi4eTKylfP0RRZtIf20SGyUQlV0SWqoTqiSKI79IAeDW3cG0/G87Q1Y8xmdtEvGK9fzwyTlg==</latexit>

sin ✓ = ✓ + . . .

<latexit sha1_base64="1bJOoSVFpVyhW0LR/B1wSiEMBbw=">AAACBXicbZDLSgMxGIUz9dbW26hLXQSLIAhlRqvtRii6cVnBXrAtJZOmbWgmMyT/iKV048Zn8A3ciCji1ndw59NoehHUeiDwcc7/k+R4oeAaHOfDis3Mzs0vxBPJxaXllVV7bb2kg0hRVqSBCFTFI5oJLlkROAhWCRUjvidY2eueDvPyFVOaB/ICeiGr+6QteYtTAsZq2Fs1zWUNOgwIPsYT2MO1ZgA62bBTTtoZCU+DO4FUPhHeXT5efxYa9rtZpJHPJFBBtK66Tgj1PlHAqWCDZC3SLCS0S9qsalASn+l6f/SLAd4xThO3AmWOBDxyf270ia91z/fMpE+go/9mQ/O/rBpBK1fvcxlGwCQdX9SKBIYADyvBTa4YBdEzQKji5q2YdogiFExx4xKOsrnMgYun4buE0n7azaQPz00bJ2isONpE22gXuSiL8ugMFVARUXSD7tETerZurQfrxXodj8asyc4G+iXr7Qvhl5t/</latexit>

cos ✓ = 1� 1

2
✓2 + . . .

<latexit sha1_base64="lUMc4CpZvt8OnXftIwH2muFwapA="></latexit>

e

d2✓

dt2
= �g

`
✓

<latexit sha1_base64="CdinQWCh1KbsLvQV0rC5MP0MXA4="></latexit>

•  A equação de movimento fica 

U(✓) =
1

2
mg`✓2

<latexit sha1_base64="rHVXzLJVfNoXN+ypI2APVo4nhIw="></latexit>

•  E a energia potencial é aproximadamente (é uma função quadrática)

• Essa é a aproximação harmônica

• Mas isso é geral? SIM!!!!


• Por que?

U

mg`

<latexit sha1_base64="rQjyK+DBq/sMipDZhV9Hvxi+LnI=">AAAB+XicbZBLS8NAFIUn9VXrK+rSzWAR3FgSrbY7iy50WcE+oAllMp20QyeTMDMplpB/4saFIm79Jbpz5V9xmlZQ64GBwzn3MpfPixiVyrI+jNzC4tLySn61sLa+sbllbu80ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNLyd9a0SEpCG/VeOIuAHqc+pTjJSOuqbp+ALhpJEmQd8hjKVds2iVrExw3tgzU6ydf77dHVWv6l3z3emFOA4IV5ghKTu2FSk3QUJRzEhacGJJIoSHqE862nIUEOkm2eUpPNBJD/qh0I8rmKU/NxIUSDkOPD0ZIDWQf7tJ+F/XiZVfdRPKo1gRjqcf+TGDKoQTDLBHBcGKjbVBWFB9K8QDpFEoDauQQTirVMsnNpw33xCaxyW7XDq90TQuwFR5sAf2wSGwQQXUwDWogwbAYATuwSN4MhLjwXg2XqajOWO2swt+yXj9Ar3tl6A=</latexit>

✓

<latexit sha1_base64="XDf9tXH5xXcph2I/5jLhlJf6NnI=">AAAB7nicbVA9SwNBEN2LX/H8ilraLAbBKtxpNGnEoI1lBPMByRH2Nptkyd7dsjsnhCM/wsZCEQsb/4m9jfhv3OQiqPHBwOO9GWbm+VJwDY7zaWUWFpeWV7Kr9tr6xuZWbnunrqNYUVajkYhU0yeaCR6yGnAQrCkVI4EvWMMfXk78xi1TmkfhDYwk8wLSD3mPUwJGarRhwIDYnVzeKThT4Hnizkj+/M0+ky8fdrWTe293IxoHLAQqiNYt15HgJUQBp4KN7XasmSR0SPqsZWhIAqa9ZHruGB8YpYt7kTIVAp6qPycSEmg9CnzTGRAY6L/eRPzPa8XQK3sJD2UMLKTpol4sMER48jvucsUoiJEhhCpubsV0QBShYBJKQzgtlYvHLp4n3yHUjwpusXBy7eQrFyhFFu2hfXSIXFRCFXSFqqiGKBqiO/SAHi1p3VtP1nPamrFmM7voF6zXL2DLktU=</latexit>

(força depende linearmente na variável)
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•  Essa é uma boa aproximação?

a solução exata para o período contém a função elíptica de Legendre de primeiro tipo11



3. Oscilações harmônicas
•  Consideremos um sistema mecânico unidimensional cuja energia potencial é U(x)

x

U

x0

<latexit sha1_base64="HTP4qMhO7rfXFtL7j4060uvF1WE=">AAAB63icbVDLSgMxFM3UV62vquDGTbAIrsqMVttlqRuXLdgHtEPJpJk2NMkMSUYsQ3/BjQtF3Lr0L/wCd278FjPTCmo9cOFwzr3ce48XMqq0bX9YmaXlldW17HpuY3Nreye/u9dSQSQxaeKABbLjIUUYFaSpqWakE0qCuMdI2xtfJn77hkhFA3GtJyFxORoK6lOMdCLB277dzxfsop0CLhJnTgrVg8Ynfa291fv5994gwBEnQmOGlOo6dqjdGElNMSPTXC9SJER4jIaka6hAnCg3Tm+dwmOjDKAfSFNCw1T9OREjrtSEe6aTIz1Sf71E/M/rRtqvuDEVYaSJwLNFfsSgDmDyOBxQSbBmE0MQltTcCvEISYS1iSeXhnBRrpTOHLhIvkNonRadUvG8YdKogRmy4BAcgRPggDKogitQB02AwQjcgQfwaHHr3nqynmetGWs+sw9+wXr5AmVSkcI=</latexit>

x0

<latexit sha1_base64="HTP4qMhO7rfXFtL7j4060uvF1WE=">AAAB63icbVDLSgMxFM3UV62vquDGTbAIrsqMVttlqRuXLdgHtEPJpJk2NMkMSUYsQ3/BjQtF3Lr0L/wCd278FjPTCmo9cOFwzr3ce48XMqq0bX9YmaXlldW17HpuY3Nreye/u9dSQSQxaeKABbLjIUUYFaSpqWakE0qCuMdI2xtfJn77hkhFA3GtJyFxORoK6lOMdCLB277dzxfsop0CLhJnTgrVg8Ynfa291fv5994gwBEnQmOGlOo6dqjdGElNMSPTXC9SJER4jIaka6hAnCg3Tm+dwmOjDKAfSFNCw1T9OREjrtSEe6aTIz1Sf71E/M/rRtqvuDEVYaSJwLNFfsSgDmDyOBxQSbBmE0MQltTcCvEISYS1iSeXhnBRrpTOHLhIvkNonRadUvG8YdKogRmy4BAcgRPggDKogitQB02AwQjcgQfwaHHr3nqynmetGWs+sw9+wXr5AmVSkcI=</latexit>

•  U(x) tem um mínimo em 

•  Estudemos pequenas oscilações em torno de x0

<latexit sha1_base64="HTP4qMhO7rfXFtL7j4060uvF1WE=">AAAB63icbVDLSgMxFM3UV62vquDGTbAIrsqMVttlqRuXLdgHtEPJpJk2NMkMSUYsQ3/BjQtF3Lr0L/wCd278FjPTCmo9cOFwzr3ce48XMqq0bX9YmaXlldW17HpuY3Nreye/u9dSQSQxaeKABbLjIUUYFaSpqWakE0qCuMdI2xtfJn77hkhFA3GtJyFxORoK6lOMdCLB277dzxfsop0CLhJnTgrVg8Ynfa291fv5994gwBEnQmOGlOo6dqjdGElNMSPTXC9SJER4jIaka6hAnCg3Tm+dwmOjDKAfSFNCw1T9OREjrtSEe6aTIz1Sf71E/M/rRtqvuDEVYaSJwLNFfsSgDmDyOBxQSbBmE0MQltTcCvEISYS1iSeXhnBRrpTOHLhIvkNonRadUvG8YdKogRmy4BAcgRPggDKogitQB02AwQjcgQfwaHHr3nqynmetGWs+sw9+wXr5AmVSkcI=</latexit>

U(x) = U(x0) +
dU

dx
(x0) (x� x0) +

1

2

d2U

dx2
(x0) (x� x0)

2 +
1

3!

d3U

dx3
(x0)(x� x0)

3 + . . .

' U(x0) +
dU

dx
(x0) (x� x0) +

1

2

d2U

dx2
(x0) (x� x0)

2

<latexit sha1_base64="sOxv0yxxod91TkmZtAQVYEq8V/A="></latexit>

x

U0

•  A força neste caso é 

•  A equação de movimento é m
d2x

dt2
= �k(x� x0)

<latexit sha1_base64="7nMMbvHhvTYRrSb4kijjPELcWms="></latexit>

linear 

F (x) = �dU

dx
= �d2U

dx2
(x0) (x� x0) ⌘ �k(x� x0)

<latexit sha1_base64="t9oQD95P0R3A0jmuvidplK0A8fo="></latexit>
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•  Como no pêndulo temos oscilações 

•  Para simplificar fazemos 

m
d2x

dt2
= �k(x� x0) =) m

d2x0

dt2
= �kx0

<latexit sha1_base64="cdCYuiVMMpfQpajjxTMKQgBMAbc="></latexit>

x0 ⌘ (x� x0)

<latexit sha1_base64="Q9Rr002tbrIqT1HgYgddAQVTQ+s=">AAACB3icbZBLSwMxFIUz9VXrq+pSkIsiKGKZ0WpdFt24VLC20Kklk962oZmHSaa0FHdu3Psr3LhQxK1/wZ3/xvQhqPVA4OOce0lyvEhwpW3700pMTE5NzyRnU3PzC4tL6eWVKxXGkmGBhSKUJY8qFDzAguZaYCmSSH1PYNFrnfbzYhul4mFwqbsRVnzaCHidM6qNVU2vQ+fajST3EVy8iXkbYLsDe9Cp2jsAUE1v2hl7IBgHZwSb+Q139+Ez3z2vpj/cWshiHwPNBFWq7NiRrvSo1JwJvE25scKIshZtYNlgQH1Uld7gH7ewZZwa1ENpTqBh4P7c6FFfqa7vmUmf6qb6m/XN/7JyrOvHlR4PolhjwIYX1WMBOoR+KVDjEpkWXQOUSW7eCqxJJWXaVJcalHCUO84eODAO3yVc7WecbObwwrRxQoZKkjWyQbaJQ3IkT87IOSkQRu7II3kmL9a99WS9Wm/D0YQ12lklv2S9fwE/65ow</latexit>

U

x

E

• Oscilações harmônicas são pequenas oscilações em torno de um mínimo do potencial

13



•  Temos que resolver a equação diferencial m
d2x

dt2
= �kx

<latexit sha1_base64="iwPcSdMg/JB/Us4Jsu0G1QQ5OPg="></latexit>

•  Solução astuta:  considere um corpo num movimento circular uniforme com velocidade angular !

<latexit sha1_base64="jfxpCkaDe/41bT2lLmOVdo4qfDs=">AAAB7XicbVC7SgNBFJ31GddX1NJmMAhWYVejSSMGbSwjmAckS5idTJIx81hmZoWw5B9sLBSxsfBT7G3Ev3GyiaDGAxcO59zLvfeEEaPaeN6nMze/sLi0nFlxV9fWNzazW9s1LWOFSRVLJlUjRJowKkjVUMNII1IE8ZCReji4GPv1W6I0leLaDCMScNQTtEsxMlaqtSQnPdTO5ry8lwLOEn9Kcmdv7mn08uFW2tn3VkfimBNhMENaN30vMkGClKGYkZHbijWJEB6gHmlaKhAnOkjSa0dw3yod2JXKljAwVX9OJIhrPeSh7eTI9PVfbyz+5zVj0y0FCRVRbIjAk0XdmEEj4fh12KGKYMOGliCsqL0V4j5SCBsbkJuGcFIsFY58OEu+Q6gd5v1C/vjKy5XPwQQZsAv2wAHwQRGUwSWogCrA4AbcgQfw6Ejn3nlynietc850Zgf8gvP6BRZ9krQ=</latexit>

✓(t) = !t+ '

<latexit sha1_base64="2CDXoK0fmgjWcMsNFXks35zm/Nk=">AAACCnicbZBLSwMxFIUzPmt9VV26iYqgCGXGZzdC0Y3LClaFTil30ts2mHmQ3BFK6dqNS/+GGxeKuPUXuOu/MX0Ivg4EPs65lyQnSJQ05Lo9Z2x8YnJqOjOTnZ2bX1jMLS1fmjjVAssiVrG+DsCgkhGWSZLC60QjhIHCq+DmtJ9f3aI2Mo4uqJ1gNYRmJBtSAFmrllvzqYUEfIu2+TH34xCbwInvcP8WdNKS2Wwtt+Hm3YH4X/BGsFFc93ceesV2qZb78OuxSEOMSCgwpuK5CVU7oEkKhd2snxpMQNxAEysWIwjRVDuDr3T5pnXqvBFreyLiA/f7RgdCY9phYCdDoJb5nfXN/7JKSo1CtSOjJCWMxPCiRqo4xbzfC69LjYJU2wIILe1buWiBBkG2vWEJh0eF/T2P/4WvEi53895+/uDctnHChsqwVbbOtpjHjliRnbESKzPB7tgje2Yvzr3z5Lw6b8PRMWe0s8J+yHn/BKpAm44=</latexit>

e ~r = R ~er(✓)

<latexit sha1_base64="V2rW//M19rm6QDLYNUpxC7MVBfk=">AAACCXicbVDJSgNBEO1xN25Rj16aiKAIYcYtuQhBLx5VzAKZEHo6laRJz0J3jRCGePTi1c/w4kERr/6Bt/yNnYyC24OC1+9VUV3Pi6TQaNtDa2Jyanpmdm4+s7C4tLySXV2r6DBWHMo8lKGqeUyDFAGUUaCEWqSA+Z6Eqtc7HfnVa1BahMEV9iNo+KwTiLbgDI3UzFL3GniiBvSYXt6kDxg01baLXUC2k8k0s5t23h6D/iXOJ9ks5dzd+2Gpf97MvrutkMc+BMgl07ru2BE2EqZQcAmDjBtriBjvsQ7UDQ2YD7qRjC8Z0C2jtGg7VKYCpGP1+0TCfK37vmc6fYZd/dsbif959RjbxUYigihGCHi6qB1LiiEdxUJbQgFH2TeEcSXMXynvMsU4mvDSEI4KxYN9h/4lXyFU9vLOQf7wwqRxQlLMkQ2SI9vEIQVSImfknJQJJ7fkgTyRZ+vOerRerNe0dcL6nFknP2C9fQDiR5xi</latexit>

m
d2~r

dt2
= �T~er

<latexit sha1_base64="gyiwMLOtnaBbrKenDhUwi7Ut/P4="></latexit>

R
~r

<latexit sha1_base64="5kgGy+hgUOLcGj2YvEulTv+OOmU=">AAAB73icbVDLSgMxFM3UVx1fVZdugkVwVZJa2+lCLLpxWcE+oC0lk6ZtaOZhkimUoT/hxoUigiu/xL0b8W/MtApaPHDhcM693HuPGwquNEKfVmppeWV1Lb1ub2xube9kdvfqKogkZTUaiEA2XaKY4D6raa4Fa4aSEc8VrOGOLhO/MWZS8cC/0ZOQdTwy8HmfU6KN1ITtMaOxnHYzWZRDCGGMYUJwqYgMKZedPHYgTiyD7PmbfRa+fNjVbua93Qto5DFfU0GUamEU6k5MpOZUsKndjhQLCR2RAWsZ6hOPqU48u3cKj4zSg/1AmvI1nKm/J2LiKTXxXNPpET1Ui14i/ue1It13OjH3w0gzn84X9SMBdQCT52GPS0a1mBhCqOTmVkiHRBKqTUT2LIRiySmcJCEskp8Q6vkcLuROr1G2cgHmSIMDcAiOAQYlUAFXoApqgAIB7sADeLRurXvryXqet6as75l98AfW6xfSV5O9</latexit>

x

<latexit sha1_base64="GsUt+SJNB8hxNjbXMSvXBFcDcGI=">AAAB6HicbVDLSsNAFJ34rPFVdelmsAiuQpLGpi7EohuXLdgHtKFMppN27OTBzEQspV/gxoUibvVj3LsR/8ZJq6DFAxcO59zLvff4CaNCmuantrC4tLyymlvT1zc2t7bzO7sNEacckzqOWcxbPhKE0YjUJZWMtBJOUOgz0vSHF5nfvCFc0Di6kqOEeCHqRzSgGEkl1W67+YJpnJRLtlOCpmGarmVbGbFdp+hASykZCmdv+mny+qFXu/n3Ti/GaUgiiRkSom2ZifTGiEuKGZnonVSQBOEh6pO2ohEKifDG00Mn8FApPRjEXFUk4VT9PTFGoRCj0FedIZIDMe9l4n9eO5VB2RvTKEklifBsUZAyKGOYfQ17lBMs2UgRhDlVt0I8QBxhqbLRpyGU3LJTzH6fJz8hNGzDcozjmlmonIMZcmAfHIAjYAEXVMAlqII6wICAO/AAHrVr7V570p5nrQva98we+APt5QvMlJDX</latexit>

✓

<latexit sha1_base64="XDf9tXH5xXcph2I/5jLhlJf6NnI=">AAAB7nicbVA9SwNBEN2LX/H8ilraLAbBKtxpNGnEoI1lBPMByRH2Nptkyd7dsjsnhCM/wsZCEQsb/4m9jfhv3OQiqPHBwOO9GWbm+VJwDY7zaWUWFpeWV7Kr9tr6xuZWbnunrqNYUVajkYhU0yeaCR6yGnAQrCkVI4EvWMMfXk78xi1TmkfhDYwk8wLSD3mPUwJGarRhwIDYnVzeKThT4Hnizkj+/M0+ky8fdrWTe293IxoHLAQqiNYt15HgJUQBp4KN7XasmSR0SPqsZWhIAqa9ZHruGB8YpYt7kTIVAp6qPycSEmg9CnzTGRAY6L/eRPzPa8XQK3sJD2UMLKTpol4sMER48jvucsUoiJEhhCpubsV0QBShYBJKQzgtlYvHLp4n3yHUjwpusXBy7eQrFyhFFu2hfXSIXFRCFXSFqqiGKBqiO/SAHi1p3VtP1nPamrFmM7voF6zXL2DLktU=</latexit>

~er

<latexit sha1_base64="2XkHu2yTnyGL1lhCUKXvBA01aqE=">AAAB83icbZDLSgMxFIYz9VbHW1Vw4yZYBFdlphensyt147IF2wptKZn0tA3NXEgyhTL0Ndy4UMRt38IncOfGZzFtFbz9EPj5/nPI4fcizqSyrDcjtba+sbmV3jZ3dvf2DzKHR00ZxoJCg4Y8FLcekcBZAA3FFIfbSADxPQ4tb3y1yFsTEJKFwY2aRtD1yTBgA0aJ0qiDOxOgCcx6wjR7mayVc8ulUqGMrZxluXnX0cZ1Xduxsa3JQtnKSf2dzasvtV7mtdMPaexDoCgnUrZtK1LdhAjFKIeZ2YklRISOyRDa2gbEB9lNljfP8LkmfTwIhX6Bwkv6fSMhvpRT39OTPlEj+TtbwP+ydqwG5W7CgihWENDVR4OYYxXiRQG4zwRQxafaECqYvhXTERGEKl3TqoRLp1ws2Piv+Sqhmc/ZxVyprtuoopXS6BSdoQtkIwdV0DWqoQaiKEJ36AE9GrFxbzwZz6vRlPG5c4x+yJh/AIB2lUw=</latexit>

equação de movimento T = m!2R

<latexit sha1_base64="mMIf/rGhEX2eFfk77bWBcV37vu0=">AAAB+nicbZBLS8NAFIUn9VXjK9Wlm8EiuCpJrbabYtGNyyp9QRvLZDpph84kYWailNif4kZBEbf+B/duxH9j2lRQ64GBj3PuZS7HCRiVyjQ/tdTC4tLySnpVX1vf2NwyMtsN6YcCkzr2mS9aDpKEUY/UFVWMtAJBEHcYaTrDs0nevCZCUt+rqVFAbI76HnUpRiq2ukamBsuQw47PSR9d5eGl3jWyZs6cCs6DNYPsyZteDh4+9GrXeO/0fBxy4inMkJRtywyUHSGhKGZkrHdCSQKEh6hP2jF6iBNpR9PTx3A/dnrQ9UX8PAWn7s+NCHEpR9yJJzlSA/k3m5j/Ze1QuSU7ol4QKuLh5CM3ZFD5cNID7FFBsGKjGBAWNL4V4gESCKu4raSE42KpcGjBefguoZHPWYXc0YWZrZyCRGmwC/bAAbBAEVTAOaiCOsDgBtyBR/Ck3Wr32rP2koymtNnODvgl7fUL7zaVvQ==</latexit>

onde

• A solução do oscilador harmônico é R cos(!t+ ') = A cos(!t) +B sin(!t)

<latexit sha1_base64="sIl7Fyw/zKg1bH5BSwwLo1RE8IA="></latexit>

equação do oscilador harmônico!
k = m!2

<latexit sha1_base64="803MgvlubSTxPA0hw2DUBrGE0mg=">AAAB9XicbVDLSsNAFJ3UV42vqks3g0VwVZI0NnVRLLpxWcE+oC8m02k7dCYJMxOllP6HGxc+cOtnuHcj/o2TVkGLBy4czrmXe+/xI0alsqxPI7W0vLK6ll43Nza3tncyu3s1GcYCkyoOWSgaPpKE0YBUFVWMNCJBEPcZqfuji8Sv3xAhaRhcq3FE2hwNAtqnGCktdUawBHkr5GSAOg7sZrJW7rRYcNwCtHKW5dmOnRDHc/MutLWSIHv2Zpaipw+z0s28t3ohjjkJFGZIyqZtRao9QUJRzMjUbMWSRAiP0IA0NQ0QJ7I9mV09hUda6cF+KHQFCs7U3xMTxKUcc193cqSGctFLxP+8Zqz6xfaEBlGsSIDni/oxgyqESQSwRwXBio01QVhQfSvEQyQQVjoocxZCwSu6+eT3RfITQs3J2W7u5MrKls/BHGlwAA7BMbCBB8rgElRAFWAgwB14AI/GrXFvPBsv89aU8T2zD/7AeP0CxMSVSw==</latexit>

constantes

~er(✓) = cos ✓ ~i+ sin ✓ ~j

<latexit sha1_base64="+mF7zSUGsL18wSCAAppAEFR9IcI="></latexit>

mas

logo a projeção no eixo x é m
d2x

dt2
= �T cos ✓ = �T

R
R cos ✓ = �T

R
x = �m!2x

<latexit sha1_base64="gZKgk3k0PyvgDL3r12iv0qPVESc="></latexit>
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4. Parênteses matemático
•  Qual a maneira sistemática de resolver essa equação diferencial? Consideremos, por ora, 

a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>

•  Essa equação é dita ser uma equação diferencial ordinária homogênea de segunda ordem a coeficientes  
constantes. UFA!

onde a, b e c são constantes.

•  Exemplos conhecidos são a partícula livre e o oscilador harmônico.

•  Alguns fatos dessa equação:

1. Esta é uma equação linear: dadas duas soluções                         e sua constantes x1(t) e x2(t)

<latexit sha1_base64="uVyoHiIBFb4teKuQ3LVopa15S4A=">AAACAnicbZDLSgMxGIUz9VbrbdSVuAktQkUoM7XaLotuXFawF+gMQyZN29DMhSQjLUNx4yP4Cm5cKOLWp3DXtzEzVVDrgcDHOf9PkuOGjAppGDMts7S8srqWXc9tbG5t7+i7ey0RRByTJg5YwDsuEoRRnzQllYx0Qk6Q5zLSdkeXSd6+JVzQwL+Rk5DYHhr4tE8xkspy9IOxYxblMbSGbjCOIYFTOHbKiePoBaNkpIKLYH5BoZ63Th5m9UnD0T+sXoAjj/gSMyRE1zRCaceIS4oZmeasSJAQ4REakK5CH3lE2HH6hSk8Uk4P9gOuji9h6v7ciJEnxMRz1aSH5FD8zRLzv6wbyX7NjqkfRpL4eH5RP2JQBjDpA/YoJ1iyiQKEOVVvhXiIOMJStZZLSziv1iqnJlyE7xJa5ZJZKZ1dqzYuwFxZcAjyoAhMUAV1cAUaoAkwuAOP4Bm8aPfak/aqvc1HM9rXzj74Je39E1lPmLE=</latexit>

c1 e c2

<latexit sha1_base64="LZIwd8WdsocL5k1KQopi4OoWuOE=">AAAB+3icbZDLSgMxGIUzXmu9jRXcuAkWwVWZqdV2WerGZQv2Au0wZNJMG5rJDElGWoa+ihsXiujSN/AJ3LnxWUynFdR6IPBxzv+Tn+NFjEplWR/Gyura+sZmZiu7vbO7t28e5FoyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXs7x9S4SkIb9Rk4g4ARpw6lOMlLZcM4ddG/aGXjhOIIFTiN2ia+atgpUKLoO9gHz1qPFJX2pvddd87/VDHAeEK8yQlF3bipSTIKEoZmSa7cWSRAiP0IB0NXIUEOkk6e1TeKqdPvRDoR9XMHV/biQokHISeHoyQGoo/2Yz87+sGyu/4iSUR7EiHM8/8mMGVQhnRcA+FQQrNtGAsKD6VoiHSCCsdF3ZtITLcqV0bsNl+C6hVSzYpcJFQ7dRA3NlwDE4AWfABmVQBdegDpoAgzG4Aw/g0Zga98aT8TwfXTEWO4fgl4zXLyYWlyk=</latexit>

x(t) = c1x1(t) + c2x2(t)

<latexit sha1_base64="Wiu2N05E7KJORXl1HXxYUD3E4HQ=">AAACB3icbVDLSgMxFM34rPU16lKQ0CJUCmWmVtuNUHTjsoJ9QFuGTJppQzMPkoy0DN25ce9XuHGhiFt/wV3/xsy0gloPBM7jXpIcO2BUSMOYakvLK6tr66mN9ObW9s6uvrffEH7IMaljn/m8ZSNBGPVIXVLJSCvgBLk2I017eBXnzTvCBfW9WzkOSNdFfY86FCOpLEs/GuXkCbyA2DLhyDJjkVeiqERRCUvPGgUjAVwk5pxkq5lO/nFaHdcs/bPT83HoEk9ihoRom0YguxHikmJGJulOKEiA8BD1SVtRD7lEdKPkHxN4rJwedHyujidh4v7ciJArxNi11aSL5ED8zWLzv6wdSqfSjagXhJJ4eHaREzIofRiXAnuUEyzZWBGEOVVvhXiAOMJSVZdOSjgvV0qnJlwk3yU0igWzVDi7UW1cghlS4BBkQA6YoAyq4BrUQB1gcA+ewAt41R60Z+1Ne5+NLmnznQPwC9rHF4rcmSU=</latexit>

então também é solução

combinação linear15



De fato: a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>
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De fato: a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>

x(t) = c1x1(t) + c2x2(t)

<latexit sha1_base64="Wiu2N05E7KJORXl1HXxYUD3E4HQ=">AAACB3icbVDLSgMxFM34rPU16lKQ0CJUCmWmVtuNUHTjsoJ9QFuGTJppQzMPkoy0DN25ce9XuHGhiFt/wV3/xsy0gloPBM7jXpIcO2BUSMOYakvLK6tr66mN9ObW9s6uvrffEH7IMaljn/m8ZSNBGPVIXVLJSCvgBLk2I017eBXnzTvCBfW9WzkOSNdFfY86FCOpLEs/GuXkCbyA2DLhyDJjkVeiqERRCUvPGgUjAVwk5pxkq5lO/nFaHdcs/bPT83HoEk9ihoRom0YguxHikmJGJulOKEiA8BD1SVtRD7lEdKPkHxN4rJwedHyujidh4v7ciJArxNi11aSL5ED8zWLzv6wdSqfSjagXhJJ4eHaREzIofRiXAnuUEyzZWBGEOVVvhXiAOMJSVZdOSjgvV0qnJlwk3yU0igWzVDi7UW1cghlS4BBkQA6YoAyq4BrUQB1gcA+ewAt41R60Z+1Ne5+NLmnznQPwC9rHF4rcmSU=</latexit>

dx

dt
= c1

dx1

dt
+ c2

dx2

dt

<latexit sha1_base64="83Ei7edWtY6OLP/R2oZx1N2uORg="></latexit>

d2x

dt2
= c1

d2x1

dt2
+ c2

d2x2

dt2

<latexit sha1_base64="2VF9ZsOgtIYvVuS9vSYi6AiLvDI="></latexit>

linearidade!

a (c1
d2x1

dt2
+ c2

d2x2

dt2
) + b (c1

dx1

dt
+ c2

dx2

dt
) + c (c1 x2 + c2 x2) =

c1 (a
d2x1

dt2
+ b

dx1

dt
+ cx1) + c2 (a

d2x2

dt2
+ b

dx2

dt
+ cx2) = 0

<latexit sha1_base64="UcIH+XEpK/i4Zs9tJvjdib2vj+w="></latexit>
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E daí? Como acho as soluções?

•  Procuremos duas soluções linearmente independentes para a equação homogênea

a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="+P0NFVqBAbQZqMHKUZe63bXLwZQ="></latexit>

•  Tentemos x(t) = ept

<latexit sha1_base64="an3EWZPeSSULZ8lZJRLXndMTBDo=">AAAB9XicbZBLSwMxFIUz9VXrq+rSTWgRKkKZ0Wq7EYpuXFawD+iLTJppQzMPkjvqMPRfuHDjQhG3/hd3/TemD0GtBwIf59xLLscOBFdgmmMjsbS8srqWXE9tbG5t76R392rKDyVlVeoLXzZsopjgHqsCB8EagWTEtQWr28OrSV6/Y1Jx37uFKGBtl/Q97nBKQFudhxwc4QvMOnGAYdRNZ828ORVeBGsO2XKmdfw4LkeVbvqz1fNp6DIPqCBKNS0zgHZMJHAq2CjVChULCB2SPmtq9IjLVDueXj3Ch9rpYceX+nmAp+7PjZi4SkWurSddAgP1N5uY/2XNEJxSO+ZeEALz6OwjJxQYfDypAPe4ZBREpIFQyfWtmA6IJBR0UalpCefFUuHUwovwXULtJG8V8mc3uo1LNFMSHaAMyiELFVEZXaMKqiKKJHpCL+jVuDeejTfjfTaaMOY7++iXjI8vNG2U5g==</latexit>

onde p é uma constante. Substituindo temos que 

a p2 + b p+ c = 0

<latexit sha1_base64="65yODyIj/zQ1JCBqePDa7Pi3EJ0=">AAAB/HicbVDLSsNAFJ3UV62vaJeKDBZBEEpSq+1GKLpx2YJ9QBvLZDpph04ezEyEENqd3+HGhSJupd/hzm/wJ5ymFXwduJfDOfdyL8cOGBXSMN611MLi0vJKejWztr6xuaVv7zSEH3JM6thnPm/ZSBBGPVKXVDLSCjhBrs1I0x5eTv3mLeGC+t61jAJiuajvUYdiJJXU1bNoHNwU4DG0x4HqGJ5Do6vnjLyRAP4l5pzkKnuT2sfd/qTa1d86PR+HLvEkZkiItmkE0ooRlxQzMsp0QkEChIeoT9qKesglwoqT50fwUCk96PhclSdhon7fiJErROTaatJFciB+e1PxP68dSqdsxdQLQkk8PDvkhAxKH06TgD3KCZYsUgRhTtWvEA8QR1iqvDJJCGelcvHEhH/JVwiNQt4s5k9rKo0LMEMa7IIDcARMUAIVcAWqoA4wiMA9eARP2lh70J61l9loSpvvZMEPaK+fPi6WgQ==</latexit>

logo p =
�b±

p
b2 � 4ac

2a

<latexit sha1_base64="DJAx+1BvOOfZYWIpc7cINW7qMEY="></latexit>

•  Primeiro caso: o discriminante é positivo b2 � 4ac > 0

<latexit sha1_base64="0Mv7tai2yLpH5Y/9+dY8yMnJJLk=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7kqIblxXsA9uxZNJMG5rJDEmmWIb+EMGNC0XcuPCfuPPXaNqpoNYDgY9z7iWX44aMSmVZH0ZqYXFpeSWdya6urW9smlvbdRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4g/NJ3hgSIWnAr9QoJI6Pepx6FCOlrY5pujcFeAiLEEEMT6GV7Zg5K29NBefBnkGukgnvrl9vP6sd873dDXDkE64wQ1K2bCtUToyEopiRcbYdSRIiPEA90tLIkU+kE08vH8N97XShFwj9uIJT9+dGjHwpR76rJ32k+vJvNjH/y1qR8spOTHkYKcJx8pEXMagCOKkBdqkgWLGRBoQF1bdC3EcCYaXLSko4KZWLRzach+8S6oW8XcwfX+o2zkCiNNgFe+AA2KAEKuACVEENYDAE9+ARPBmx8WA8Gy/JaMqY7eyAXzLevgA4Z5TE</latexit>

há duas raízes distintas p1 e p2

<latexit sha1_base64="GfUXHQ1FM9Ypl1DHXRHOixfXLYI=">AAAB/HicbZDLSgMxGIUz9VbrbbRLRYJFcFVmarVdFt24bMFeoB2GTJppQzMXkow4DHXnc7hxoYhb6XO48xl8CdNpBbUeCHyc8//k5zgho0IaxoeWWVpeWV3Lruc2Nre2d/TdvZYIIo5JEwcs4B0HCcKoT5qSSkY6ISfIcxhpO6PLad6+IVzQwL+WcUgsDw186lKMpLJsPR/aJuwNneA2gQSOYWiXoK0XjKKRCi6COYdC7WDS+Lw/nNRt/b3XD3DkEV9ihoTomkYorQRxSTEj41wvEiREeIQGpKvQRx4RVpIeP4bHyulDN+Dq+RKm7s+NBHlCxJ6jJj0kh+JvNjX/y7qRdKtWQv0wksTHs4/ciEEZwGkTsE85wZLFChDmVN0K8RBxhKXqK5eWcF6plk9NuAjfJbRKRbNcPGuoNi7ATFmwD47ACTBBBdTAFaiDJsAgBg/gCTxrd9qj9qK9zkYz2nwnD35Je/sCuFyXdw==</latexit>

solução geral x(t) = c1 ep1t + c2 ep2t

<latexit sha1_base64="+Ee/bvFFjS0xMZ236v9g0c7FCH4="></latexit>
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por exemplo

x

U

x0

<latexit sha1_base64="HTP4qMhO7rfXFtL7j4060uvF1WE=">AAAB63icbVDLSgMxFM3UV62vquDGTbAIrsqMVttlqRuXLdgHtEPJpJk2NMkMSUYsQ3/BjQtF3Lr0L/wCd278FjPTCmo9cOFwzr3ce48XMqq0bX9YmaXlldW17HpuY3Nreye/u9dSQSQxaeKABbLjIUUYFaSpqWakE0qCuMdI2xtfJn77hkhFA3GtJyFxORoK6lOMdCLB277dzxfsop0CLhJnTgrVg8Ynfa291fv5994gwBEnQmOGlOo6dqjdGElNMSPTXC9SJER4jIaka6hAnCg3Tm+dwmOjDKAfSFNCw1T9OREjrtSEe6aTIz1Sf71E/M/rRtqvuDEVYaSJwLNFfsSgDmDyOBxQSbBmE0MQltTcCvEISYS1iSeXhnBRrpTOHLhIvkNonRadUvG8YdKogRmy4BAcgRPggDKogitQB02AwQjcgQfwaHHr3nqynmetGWs+sw9+wXr5AmVSkcI=</latexit>

•Segundo caso: discriminante nulo b2 � 4ac = 0

<latexit sha1_base64="o/Fgl/bRfSsGBV8ZgogqfqPmTd0=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7EYpuXFawD2zHkkkzbWgmMySZYhn6QwQ3LhRx48J/4s5fo2mngloPBD7OuZdcjhsyKpVlfRiphcWl5ZV0Jru6tr6xaW5t12UQCUxqOGCBaLpIEkY5qSmqGGmGgiDfZaThDs4neWNIhKQBv1KjkDg+6nHqUYyUtjqm6d4U4CEsQgQxPIVWtmPmrLw1FZwHewa5Sia8u369/ax2zPd2N8CRT7jCDEnZsq1QOTESimJGxtl2JEmI8AD1SEsjRz6RTjy9fAz3tdOFXiD04wpO3Z8bMfKlHPmunvSR6su/2cT8L2tFyis7MeVhpAjHyUdexKAK4KQG2KWCYMVGGhAWVN8KcR8JhJUuKynhpFQuHtlwHr5LqBfydjF/fKnbOAOJ0mAX7IEDYIMSqIALUAU1gMEQ3INH8GTExoPxbLwkoyljtrMDfsl4+wI24JTD</latexit>

há uma única raiz                   . Qual a segunda solução?� = � b

2a

<latexit sha1_base64="4H0ukozWSafx09rzNjVb4YYbeGc=">AAACAHicbZBLSwMxFIUz9VXrq+qiiJugCG4sM7XaboSiG5cVbBXaUu6kmRqazAxJRijDbPwrblwo4tZfIe5049afYfoQ1HogcDjnXpJ8bsiZ0rb9ZqWmpmdm59LzmYXFpeWV7OpaXQWRJLRGAh7ISxcU5cynNc00p5ehpCBcTi/c3smgv7imUrHAP9f9kLYEdH3mMQLaRO1srtkFIQAf4T3c9CSQ2E3iAiTt7Ladt4fCk8YZm+1K+eMl9/65UW1nX5udgESC+ppwUKrh2KFuxSA1I5wmmWakaAikB13aMNYHQVUrHn4gwTsm6WAvkOb4Gg/TnxsxCKX6wjWTAvSV+tsNwv+6RqS9citmfhhp6pPRRV7EsQ7wgAbuMEmJ5n1jgEhm3orJFRgM2jDLDCEclsrFfQdPmm8I9ULeKeYPzgyNYzRSGm2iLbSLHFRCFXSKqqiGCErQLbpHD9aNdWc9Wk+j0ZQ13llHv2Q9fwH88JoI</latexit>

Tentamos x(t) = f(t) e�t =) d2f

dt2
= 0 =) f(t) = c1 + c2t

<latexit sha1_base64="z6QkSM95osa8B7WL4F9L6xSFSJ8="></latexit>

logo x(t) = (c1 + c2t) e
�t

<latexit sha1_base64="oy9tJVMfRjA5/nfa8UzhCqV5FNg="></latexit>

m
d2x

dt2
� k2x = 0 =) p = ± kp

m
⌘ ±� =) x(t) = c1 e��t + c2 e�t

<latexit sha1_base64="YtmhUQ6ZgGqK+FVM7c//jkIb350="></latexit>
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•  Terceiro caso: o discriminante é negativo                         logo  b2 � 4ac < 0

<latexit sha1_base64="4SlQRy2VSkIGMbtKogGcjjkiOCc=">AAAB+XicbZBLSwMxFIUz9dXW16hLN8EiuLHM1Gq7cFF047KCfWA7lkyaaUMzmSHJFMvQHyK4caGIGxf+E3f+Gk07FdR6IPBxzr3kctyQUaks68NILSwuLa+kM9nVtfWNTXNruy6DSGBSwwELRNNFkjDKSU1RxUgzFAT5LiMNd3A+yRtDIiQN+JUahcTxUY9Tj2KktNUxTfemAA9hESKI4Sm0sh0zZ+WtqeA82DPIVTLh3fXr7We1Y763uwGOfMIVZkjKlm2FyomRUBQzMs62I0lChAeoR1oaOfKJdOLp5WO4r50u9AKhH1dw6v7ciJEv5ch39aSPVF/+zSbmf1krUl7ZiSkPI0U4Tj7yIgZVACc1wC4VBCs20oCwoPpWiPtIIKx0WUkJJ6Vy8ciG8/BdQr2Qt4v540vdxhlIlAa7YA8cABuUQAVcgCqoAQyG4B48gicjNh6MZ+MlGU0Zs50d8EvG2xc1WZTC</latexit>

p1,2 = �� ± i! com ! =
p
4ac� b2

<latexit sha1_base64="XaKEZLzSXy535n1HpUE6lk25zZw="></latexit>

•  O que é a exponencial imaginária? Lembremos da fórmula de Euler:

•  Logo podemos escrever as soluções são

x(t) = e�t [c01 cos(!t) + c02 sin(!t)]

<latexit sha1_base64="iaRgnMO+PxzU6UohjFDAseMT5Jo="></latexit>

Exemplo oscilador harmônico simples: 

m
d2x

dt2
+ k2x = 0 =) p = ±i

kp
m

⌘ ±i! =) x(t) = c1 cos(!t) + c2 sin(!t)

<latexit sha1_base64="LmbrK4ukVBxGJK9xwsxKh1HeIO4="></latexit>

ei✓ ⌘ cos ✓ + i sin ✓

<latexit sha1_base64="ljokvHUkcEyWHy3woIFblKCIsrE="></latexit>

x(t) = e��t (c1 e�i!t + c2 e+i!t)

<latexit sha1_base64="fqnWYpd2W/wFt+AwFy/xLpeAtjg="></latexit>
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x1(t) 6= c x2(t)

<latexit sha1_base64="7Uq8RMtlY5637KUNWEiTP0EI5Yg=">AAAB/XicbVDLTgIxFO3gC/E1PnZuGogJxoTMIApLohuXmMgjATLplAINnc6k7Rhwgv6EH+DGhca49T/c8TeWARMVT3KTc8+5N/fmuAGjUlnWxEgsLa+sriXXUxubW9s75u5eTfqhwKSKfeaLhoskYZSTqqKKkUYgCPJcRuru4HLq12+JkNTnN2oUkLaHepx2KUZKS455MHTsrDqGLU4gvodDJ687x8xYOSsGXCT2nGTK6dbJ46Q8qjjmZ6vj49AjXGGGpGzaVqDaERKKYkbGqVYoSYDwAPVIU1OOPCLbUfz9GB5ppQO7vtDFFYzVnxsR8qQcea6e9JDqy7/eVPzPa4aqW2pHlAehIhzPDnVDBpUPp1HADhUEKzbSBGFB9a8Q95FAWOnAUnEI58VS4dSGi+Q7hFo+ZxdyZ9c6jQswQxIcgjTIAhsUQRlcgQqoAgzuwBN4Aa/Gg/FsvBnvs9GEMd/ZB79gfHwBDE6W5Q==</latexit>

2. Existem duas soluções tais que 

constante

qualquer que seja c

3. A solução é única se especificarmos x(0) e
dx

dt
(0)

<latexit sha1_base64="knkTQt3pxPLRlngPLoaS3hPkBoc="></latexit>

exemplos
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x1(t) 6= c x2(t)

<latexit sha1_base64="7Uq8RMtlY5637KUNWEiTP0EI5Yg=">AAAB/XicbVDLTgIxFO3gC/E1PnZuGogJxoTMIApLohuXmMgjATLplAINnc6k7Rhwgv6EH+DGhca49T/c8TeWARMVT3KTc8+5N/fmuAGjUlnWxEgsLa+sriXXUxubW9s75u5eTfqhwKSKfeaLhoskYZSTqqKKkUYgCPJcRuru4HLq12+JkNTnN2oUkLaHepx2KUZKS455MHTsrDqGLU4gvodDJ687x8xYOSsGXCT2nGTK6dbJ46Q8qjjmZ6vj49AjXGGGpGzaVqDaERKKYkbGqVYoSYDwAPVIU1OOPCLbUfz9GB5ppQO7vtDFFYzVnxsR8qQcea6e9JDqy7/eVPzPa4aqW2pHlAehIhzPDnVDBpUPp1HADhUEKzbSBGFB9a8Q95FAWOnAUnEI58VS4dSGi+Q7hFo+ZxdyZ9c6jQswQxIcgjTIAhsUQRlcgQqoAgzuwBN4Aa/Gg/FsvBnvs9GEMd/ZB79gfHwBDE6W5Q==</latexit>

2. Existem duas soluções tais que 

constante

qualquer que seja c

4. A solução é única se especificarmos x(0) e
dx

dt
(0)

<latexit sha1_base64="knkTQt3pxPLRlngPLoaS3hPkBoc="></latexit>

exemplos

i. Partícula livre:

ii. Oscilador harmônico simples:

m
d2x

dt2
= 0 =) x(t) = x0 + v0t

<latexit sha1_base64="JczP2Lne3hTKgywsl/BnVqbU4Mg="></latexit>

m
d2x

dt2
= �m!2x =) x(t) = c1 cos(!t) + c2 sin(!t)

<latexit sha1_base64="4tIcvaaYA38xhaoA4PDDipLf7h4="></latexit>

3. Qualquer solução pode ser escrita como uma combinação linear dessas soluções

x(t) = c1x1(t) + c2x2(t)

<latexit sha1_base64="Wiu2N05E7KJORXl1HXxYUD3E4HQ=">AAACB3icbVDLSgMxFM34rPU16lKQ0CJUCmWmVtuNUHTjsoJ9QFuGTJppQzMPkoy0DN25ce9XuHGhiFt/wV3/xsy0gloPBM7jXpIcO2BUSMOYakvLK6tr66mN9ObW9s6uvrffEH7IMaljn/m8ZSNBGPVIXVLJSCvgBLk2I017eBXnzTvCBfW9WzkOSNdFfY86FCOpLEs/GuXkCbyA2DLhyDJjkVeiqERRCUvPGgUjAVwk5pxkq5lO/nFaHdcs/bPT83HoEk9ihoRom0YguxHikmJGJulOKEiA8BD1SVtRD7lEdKPkHxN4rJwedHyujidh4v7ciJArxNi11aSL5ED8zWLzv6wdSqfSjagXhJJ4eHaREzIofRiXAnuUEyzZWBGEOVVvhXiAOMJSVZdOSjgvV0qnJlwk3yU0igWzVDi7UW1cghlS4BBkQA6YoAyq4BrUQB1gcA+ewAt41R60Z+1Ne5+NLmnznQPwC9rHF4rcmSU=</latexit>
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