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1-) A figura abaixo mostra viga metálica engastada na extremidade x = 0 e com uma massa concentrada M

presa à sua extremidade livre em x = L, onde x representa o eixo longitudinal paralelo à linha neutra da

viga e L o comprimento da viga. Este modelo é comumente denominado viga cantilever na bibliografia de

sistemas dinâmicos. Seu trabalho é o de formular um modelo matemático para este problema. Estabeleça

as hipóteses simplificadoras que julgar necessárias.
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2-) Na figura abaixo é mostrada uma montagem experimental para transmissão de movimento angular a dois

volantes de inércias angulares J1 e J2, respectivamente. A transmissão do movimento angular se dá através

de uma sequência de quatro polias (polia 1 e 4 montadas em eixos separados e polias 2 e 3 montadas no mesmo

eixo) e duas correias, montadas de acordo como indicado na montagem. Uma entrada velocidade angular

!i(t) é aplicada ao eixo da polia 1 e é transmitida para os volantes através do sistema de polias e correias.

Seu trabalho: (i) Escrever claramente as equações de movimento para os dois volantes; (ii) Determinar as

F.T. relacionando o deslocamento angular de cada volante (✓1 e ✓2) com a velocidade angular de entrada

!i(t). Estabeleça hipóteses simplificadoras que julgar necessárias. Obs.: os volantes estão montados em

mancais que podem introduzir efeitos de dissipação de energia no sistema ! Não existe contato entre as

superf́ıcies dos volantes !

555Problems

9.4.e Plot the input and the responses using Mathcad or 
MATLAB.

Problem 9.5 A translational mechanical system is shown 
schematically in Fig. P9.5. The system consists of a force 
source F( t) acting on a lever, to which are attached a damper 
b1 and two springs, K1 and K2. Spring K2 is attached to mass 
M which slides on a rail with a lubricating film, damping 
b2. The parameter values are tabulated. The system is de-
energized before the input force act on the system.

Table P9.5  Parameter values
L1 L2 L3 b1 b2 K1 K2 M
1 2 1 1 0.5 1,000 1,500 10

9.5.a Derive the state equations of this system.

9.5.b Calculate the system’s eigenvalues using the parame-
ter values in Table P9.5. If the system is underdamped, 
determine the ideal, undamped natural frequency ωn, 
the damped natural frequency ωd, and the damping 
ratio ζ.

9.5.c Use the Laplace transform to solve the state equations 
to yield the transfer functions for the state variables 
X s
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9.5.d Use Laplace transforms and partial fraction expan-
sion, if necessary, to determine the responses of the 
state variables to the force input, F t u ts( ) ( ).= 400

9.5.e Plot the input and the responses using Mathcad or 
MATLAB.

Problem 9.6 A rotational mechanical system is shown sche-
matically in Fig. P9.6. The system consists of an angular 
velocity source which acts on the input shaft of a belt drive 
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Fig. P9.6  Rotational mechanical 
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Fig. P9.5  Translational mechani-
cal system 
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3-) A figura anexa mostra uma vista tri-dimensional simplificada do projeto de uma mesa didática de uma

dada aula prática de sistemas mecânicos. Uma força de entrada fi(t) é aplicada à extremidade de uma haste

ŕıgida e de massa não despreźıvel que é presa por uma junta rotoidal em O (permite apenas movimentos de

rotação em torno deste ponto). A haste ŕıgida também é fixada a um amortecedor linear, puro e ideal, de

constante B1, uma mola linear, pura e ideal, de constante K e a uma haste flex́ıvel (permite deformações na

direção axial). Estima-se que esta segunda haste possua uma massa de valor inferior a 5% do valor da massa

da haste ŕıgida. Estima-se, também que, a haste flex́ıvel possua uma constante de mola equivalente que

pode assumir um valor de no máximo 25% do valor da constante K. Seu trabalho: (i) Escrever claramente

as equações diferenciais de movimento para o modelo; (ii) Obter a F.T. relacionando o deslocamento linear

da massa M , xo, em relação à entrada força fi, ou seja:
Xo(s)
Fi(s)

. Estabeleça hipóteses que julgar necessárias.

Dado: momento de inércia de uma barra uniforme de comprimento l e massa m em relação ao seu CG:

1

Problema # 1 

Solução: Proporemos quatro modelos matemáticos para o modelo físico

1-) Modelo de parâmetros concentrados 1
2-) Modelo de parâmetros concentrados 2
3-) Modelo de parâmetros concentrados 3
3-) Modelo de parâmetros distribuídos
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Cont. ... Considerações Preliminares

Solução: O modelo geométrico mostrado acima é uma idealização de um sistema físico que, 
em aplicações práticas usualmente é realizado através de um dispositivo de engaste:

u(x,t)
xdispositivo de

engaste M

irregularidades superficiais

//\\
//\\

y

x

engaste ideal:

u(x,t)

<latexit sha1_base64="Gmnpx8yfOV/qLA0I1YDSax+LzS0="></latexit>8
<

:
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x=0

= 0

@u(x,t)
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x=0

= 0

M
viga (L, r, A, E)

yb(x=0,t)

Formular um modelo da viga cantilever

<latexit sha1_base64="B+/pYlkJ3QShEXIsgDeuLDffKnc="></latexit>8
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Cont. ... Aspectos Construtivos
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dispositivo
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grampo
de fixação

Cont. ... Aspectos Construtivos
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Meq

Keq

u(t)

p(t)

o

//\\
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P
x

y

u(x=L,t) = d
<latexit sha1_base64="spwtC3lVvXs9EyaPspQ0i3DiS5Y=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5aklupGKIig4KKCfUAby2Q6aYdOHsxMpCFk58ZfceNCEbf+gjv/xmmbhbYeuHA4517uvccOGBXSML61zMLi0vJKdjW3tr6xuaVv7zSEH3JM6thnPm/ZSBBGPVKXVDLSCjhBrs1I0x5ejP3mA+GC+t6djAJiuajvUYdiJJXU1fej847DEY5rcHQfl5IkrsBLeJ0UTuDN8eioq+eNojEBnCdmSvIgRa2rf3V6Pg5d4knMkBBt0wikFSMuKWYkyXVCQQKEh6hP2op6yCXCiid/JPBQKT3o+FyVJ+FE/T0RI1eIyLVVp4vkQMx6Y/E/rx1K58yKqReEknh4usgJGZQ+HIcCe5QTLFmkCMKcqlshHiAVi1TR5VQI5uzL86RRKpqVYvm2nK+W0jiyYA8cgAIwwSmogitQA3WAwSN4Bq/gTXvSXrR37WPamtHSmV3wB9rnDxVAl3c=</latexit>

y =
Px2

6EI
(3L� x)

<latexit sha1_base64="YBjm23VtaUe5wn89i/3AdbrWl34=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUBshYGNhEcFLAskR9jZ7yZLdvWN3TwxHfoONhSK2/iA7/42b5ApNfDDweG+GmXlhwpk2rvvtFNbWNza3itulnd29/YPy4VFLx6ki1Ccxj1UnxJpyJqlvmOG0kyiKRchpOxzfzPz2I1WaxfLBTBIaCDyULGIEGyv5T+ga3fXLFbfqzoFWiZeTCuRo9stfvUFMUkGlIRxr3fXcxAQZVoYRTqelXqppgskYD2nXUokF1UE2P3aKzqwyQFGsbEmD5urviQwLrScitJ0Cm5Fe9mbif143NdFVkDGZpIZKslgUpRyZGM0+RwOmKDF8YgkmitlbERlhhYmx+ZRsCN7yy6ukVat6F9X6fb3SqOVxFOEETuEcPLiEBtxCE3wgwOAZXuHNkc6L8+58LFoLTj5zDH/gfP4Aq4+N5g==</latexit>

x = L
<latexit sha1_base64="RQo9/xNSPfAhAkEWXLUMSkHGReE=">AAACEnicbVDJSgNBEO2JW4zbqEcvjUHQS5hJgnoJBERQ9BDBLJDE0NOpSZr0LHb3CGGYb/Dir3jxoIhXT978GzvLQRMfFDzeq6KqnhNyJpVlfRuphcWl5ZX0amZtfWNzy9zeqckgEhSqNOCBaDhEAmc+VBVTHBqhAOI5HOrO4Gzk1x9ASBb4t2oYQtsjPZ+5jBKlpY55dNWJ4T4ptVxBaFxJ4lYXuCIJLuGJVDi/TOLru0LSMbNWzhoDzxN7SrJoikrH/Gp1Axp54CvKiZRN2wpVOyZCMcohybQiCSGhA9KDpqY+8UC24/FLCT7QShe7gdDlKzxWf0/ExJNy6Dm60yOqL2e9kfif14yUe9qOmR9GCnw6WeRGHKsAj/LBXSaAKj7UhFDB9K2Y9olOQukUMzoEe/bleVLL5+zjXPGmmC3np3Gk0R7aR4fIRieojC5QBVURRY/oGb2iN+PJeDHejY9Ja8qYzuyiPzA+fwDuK52U</latexit>

Keq =
P

�
=

3EI

L3

<latexit sha1_base64="A9EZjyJ8cqRokbeZx/hZbt2CMfY=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRtUTdCQQQFFxXsA5pYJpNJO3QyCTMToYTgxl9x40IRt36FO//GaZuFth64cDjnXu69x4sZlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG16M/fYDEZJG/E6NYuKGqM9pQDFSWuqZ+45PmELwHDqBQDht3NxXs7R6eZ31zJJVtiaA88TOSQnkaPTML8ePcBISrjBDUnZtK1ZuioSimJGs6CSSxAgPUZ90NeUoJNJNJy9k8EgrPgwioYsrOFF/T6QolHIUerozRGogZ72x+J/XTVRw5qaUx4kiHE8XBQmDKoLjPKBPBcGKjTRBWFB9K8QDpKNQOrWiDsGefXmetCpl+6Rcu62V6pU8jgI4AIfgGNjgFNTBFWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfAHxucPwR2WVw==</latexit>

� =
PL3

3EI

<latexit sha1_base64="89vzl+kRXeYVnqxDdC+COiVRAGI=">AAACCHicbVBNS8NAEN3Ur1q/qh49uFiEilCSUtSLUPAiiFDBfkBbwmazbZduNnF3IpTQoxf/ihcPinj1J3jz37htc9Dqg4HHezPMzPMiwTXY9peVWVhcWl7JrubW1jc2t/LbOw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3vBi4jfvmdI8lLcwilg3IH3Je5wSMJKb3792E3Y37vh+CEk8xsf4airE+BxHRThy8wW7ZE+B/xInJQWUoubmPzt+SOOASaCCaN127Ai6CVHAqWDjXCfWLCJ0SPqsbagkAdPdZPrIGB8axce9UJmSgKfqz4mEBFqPAs90BgQGet6biP957Rh6Z92EyygGJulsUS8WGEI8SQX7XDEKYmQIoYqbWzEdEEUomOxyJgRn/uW/pFEuOSelyk2lUC2ncWTRHjpAReSgU1RFl6iG6oiiB/SEXtCr9Wg9W2/W+6w1Y6Uzu+gXrI9vUFqY0g==</latexit>

Meqü+Kequ = p(t)

<latexit sha1_base64="UTpcIiHCBi7JHCP62D6NV+qrDU4="></latexit>

!n =

s
Keq

Meq
=

s
3EI
L3

M

Cont. ... Modelo # 1  

Hipóteses simplificadoras: 
1- Massa da viga desprezada comparada com M
2- Massa M rígida 
3- Elementos puros e ideais

Linha elástica:
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<latexit sha1_base64="bJoTIx7kpUduZ4kBKoQP59HJFcs=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRS1I1QcOOygn1AG8JkOmmHTh7M3BRCyM6Nv+LGhSJu/QV3/o3TNgttPTBwOOce7tzjxYIrsKxvY2V1bX1js7RV3t7Z3ds3Dw7bKkokZS0aiUh2PaKY4CFrAQfBurFkJPAE63jj26nfmTCpeBQ+QBozJyDDkPucEtCSa55M3GyA0/ym70tCszTPRI77gwiyJK/CuWtWrJo1A14mdkEqqEDTNb90mCYBC4EKolTPtmJwMiKBU8Hycj9RLCZ0TIasp2lIAqacbHZHjs+0MsB+JPULAc/U34mMBEqlgacnAwIjtehNxf+8XgL+tZPxME6AhXS+yE8EhghPS8EDLhkFkWpCqOT6r5iOiC4EdHVlXYK9ePIyaV/U7Mta/b5eadSLOkroGJ2iKrLRFWqgO9RELUTRI3pGr+jNeDJejHfjYz66YhSZI/QHxucPZOWZmw==</latexit>

vdy =
y

l
u̇(t)

<latexit sha1_base64="4I2WkWBvUoAWONv4IigyQAhs45I="></latexit>

Tmola =
1

2

Z l

0

ms

l

⇣y
l
u̇
⌘2

dy =
1

2

⇣ms

3

⌘
u̇2

//\\ //\\

M

Keq

u(t)

p(t)

dy

yy+dy

l

y

ms

Cont. ... Modelo # 2  

A viga é representada por uma mola de massa total igual a ms. Neste caso a massa
e a velocidade do elemento dy são respectivamente dadas por  

<latexit sha1_base64="uWS32hWkKK6y/S4Vd6AcEjmqKzY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEiroRCm5cVrAPaEOYTCbt0JlJmJkIIcSNv+LGhSJu/Qt3/o3TNgttPXDhcM693HtPkDCqtON8W5WV1bX1jepmbWt7Z3fP3j/oqjiVmHRwzGLZD5AijArS0VQz0k8kQTxgpBdMbqZ+74FIRWNxr7OEeByNBI0oRtpIvn3E/TzMCngNh5FEOOe+KnJWhJlv152GMwNcJm5J6qBE27e/hmGMU06ExgwpNXCdRHs5kppiRoraMFUkQXiCRmRgqECcKC+ffVDAU6OEMIqlKaHhTP09kSOuVMYD08mRHqtFbyr+5w1SHV15ORVJqonA80VRyqCO4TQOGFJJsGaZIQhLam6FeIxMEtqEVjMhuIsvL5PuecO9aDTvmvVWs4yjCo7BCTgDLrgELXAL2qADMHgEz+AVvFlP1ov1bn3MWytWOXMI/sD6/AHfppck</latexit>

mdy =
ms

l
dy

E, a energia cinética da mola é então escrita:

<latexit sha1_base64="r9mdyMHD9jluHBzX+JRt1HpE8nM="></latexit>

TM =
1

2
Mu̇2

E, para a massa M temos

<latexit sha1_base64="89vzl+kRXeYVnqxDdC+COiVRAGI=">AAACCHicbVBNS8NAEN3Ur1q/qh49uFiEilCSUtSLUPAiiFDBfkBbwmazbZduNnF3IpTQoxf/ihcPinj1J3jz37htc9Dqg4HHezPMzPMiwTXY9peVWVhcWl7JrubW1jc2t/LbOw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3vBi4jfvmdI8lLcwilg3IH3Je5wSMJKb3792E3Y37vh+CEk8xsf4airE+BxHRThy8wW7ZE+B/xInJQWUoubmPzt+SOOASaCCaN127Ai6CVHAqWDjXCfWLCJ0SPqsbagkAdPdZPrIGB8axce9UJmSgKfqz4mEBFqPAs90BgQGet6biP957Rh6Z92EyygGJulsUS8WGEI8SQX7XDEKYmQIoYqbWzEdEEUomOxyJgRn/uW/pFEuOSelyk2lUC2ncWTRHjpAReSgU1RFl6iG6oiiB/SEXtCr9Wg9W2/W+6w1Y6Uzu+gXrI9vUFqY0g==</latexit>

Meqü+Kequ = p(t)
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Cont. ... Modelo # 2  
A energia cinética total é a soma das duas contribuições, ou seja: 

Enquanto que a energia potencial do sistema é devida somente à mola1

<latexit sha1_base64="oUpABwLWvlW+d2ms00igL51WH7Q=">AAACI3icbVDLSsNAFJ34Nr6iLt0MFsFVSUpREYSCG8GNgq1CE8tkctMOnUzizEQoIf/ixl9x40IRNy78F6c1iK8DA4dzzuXOPWHGmdKu+2ZNTc/Mzs0vLNpLyyura876RkeluaTQpilP5VVIFHAmoK2Z5nCVSSBJyOEyHB6P/ctbkIql4kKPMggS0hcsZpRoI/WcQz+EPhMF4awvICrtDj7yY0lo4ZVFo8T2aa+AmxLj/LqBbR9E9BXtOTW37k6A/xKvIjVU4aznvPhRSvMEhKacKNX13EwHBZGaUQ6l7ecKMkKHpA9dQwVJQAXF5MYS7xglwnEqzRMaT9TvEwVJlBoloUkmRA/Ub28s/ud1cx0fBAUTWa5B0M9Fcc6xTvG4MBwxCVTzkSGESmb+iumAmIa0qdU2JXi/T/5LOo26t1dvnjdrrWZVxwLaQttoF3loH7XQCTpDbUTRHXpAT+jZurcerRfr9TM6ZVUzm+gHrPcPjXyjjw==</latexit>

V =
1

2
Kequ

2
<latexit sha1_base64="crZEuLCXN/DjWabkS5LnwxLK5FU=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAInsKuCepFCIigeIlgHpCsYXbSmwyZfTgzK4RlvfgrXjwo4tW/8ObfOEn2oIkFDUVVN91dbsSZVJb1bczNLywuLedW8qtr6xub5tZ2XYaxoFCjIQ9F0yUSOAugppji0IwEEN/l0HAH5yO/8QBCsjC4VcMIHJ/0AuYxSpSWOubudSeB+xSf4bYnCE1KF1dpwu9KaccsWEVrDDxL7IwUUIZqx/xqd0Ma+xAoyomULduKlJMQoRjlkObbsYSI0AHpQUvTgPggnWT8QYoPtNLFXih0BQqP1d8TCfGlHPqu7vSJ6stpbyT+57Vi5Z06CQuiWEFAJ4u8mGMV4lEcuMsEUMWHmhAqmL4V0z7RSSgdWl6HYE+/PEvqR0X7uFi+KRcq5SyOHNpD++gQ2egEVdAlqqIaougRPaNX9GY8GS/Gu/ExaZ0zspkd9AfG5w9nyJYx</latexit>

Keq =
3EI

l3
sendo

Como o movimento assumido deve ser do tipo harmônico simples temos
<latexit sha1_base64="SBH83sobhjmMZZQOJJsTjwxC8xU=">AAACA3icbVDLSgNBEJyNrxhfq970MhiEeAm7EtSLEPDiMYJ5QDYss5NJMmR2ZpnpFcIS8OKvePGgiFd/wpt/4+Rx0MSChqKqm+6uKBHcgOd9O7mV1bX1jfxmYWt7Z3fP3T9oGJVqyupUCaVbETFMcMnqwEGwVqIZiSPBmtHwZuI3H5g2XMl7GCWsE5O+5D1OCVgpdI/SEpxd10MPB1QZHKiY9UmYyTGG0C16ZW8KvEz8OSmiOWqh+xV0FU1jJoEKYkzb9xLoZEQDp4KNC0FqWELokPRZ21JJYmY62fSHMT61Shf3lLYlAU/V3xMZiY0ZxZHtjAkMzKI3Ef/z2in0rjoZl0kKTNLZol4qMCg8CQR3uWYUxMgSQjW3t2I6IJpQsLEVbAj+4svLpHFe9i/KlbtKsVqZx5FHx+gElZCPLlEV3aIaqiOKHtEzekVvzpPz4rw7H7PWnDOfOUR/4Hz+AEl9lqQ=</latexit>

u(t) = U0 cos!nt

E, como o sistema é conservativo, sua energia mecânica se conserva ou seja,

<latexit sha1_base64="S1gGg1s8iFwyCgPi3BLLn1Cdu2o=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAIghB2JagXIeDFY4S8IAlhdtJJhszOLjO9YljixV/x4kERr/6FN//GyeOgiQUNRVU33V1BLIVBz/t2lpZXVtfWMxvZza3tnV13b79qokRzqPBIRroeMANSKKigQAn1WAMLAwm1YHAz9mv3oI2IVBmHMbRC1lOiKzhDK7XdwzI9o1V6TZsID5jySBlkCmHUdnNe3puALhJ/RnJkhlLb/Wp2Ip6EoJBLZkzD92JspUyj4BJG2WZiIGZ8wHrQsFSxEEwrnXwwoidW6dBupG0ppBP190TKQmOGYWA7Q4Z9M++Nxf+8RoLdq1YqVJwgKD5d1E0kxYiO46AdoYGjHFrCuBb2Vsr7TDOONrSsDcGff3mRVM/z/kW+cFfIFQuzODLkiByTU+KTS1Ikt6REKoSTR/JMXsmb8+S8OO/Ox7R1yZnNHJA/cD5/ACaJlhA=</latexit>

T + V = constante
1 para movimentos de natureza oscilatória em torno da posição de equilíbrio estático, a variação da energia potencial gravitacional é nula !

<latexit sha1_base64="uS6bf2u02HdR4CswsAClPXUTH94="></latexit>

T =
1

2
Mu̇2 +

1

2

⇣ms

3

⌘
u̇2 =

1

2

⇣
M +

ms

3

⌘
u̇2

Meq

Contribuição da 
mola
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Cont. ... Modelo # 2  

O Princípio de Rayleigh estabelece, a partir da conservação da energia mecânica

<latexit sha1_base64="1cAR/CQ6mMyMLyPOU8lyvS2I3NQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkqBuh4MZlhb6gDWEynbRDJw9mbqQlZOnGX3HjQhG3foI7/8Zpm4VtPXDhcM693HuPFwuuwLJ+jMLa+sbmVnG7tLO7t39gHh61VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGd1O//cik4lHYgEnMnIAMQu5zSkBLrnnacNMesDGkARlnGb7FrQXBNctWxZoBrxI7J2WUo+6a371+RJOAhUAFUaprWzE4KZHAqWBZqZcoFhM6IgPW1TQkAVNOOnskw+da6WM/krpCwDP170RKAqUmgac7AwJDtexNxf+8bgL+jZPyME6AhXS+yE8EhghPU8F9LhkFMdGEUMn1rZgOiSQUdHYlHYK9/PIqaV1W7KtK9aFarlXzOIroBJ2hC2Sja1RD96iOmoiiJ/SC3tC78Wy8Gh/G57y1YOQzx2gBxtcvyB+abw==</latexit>

Tmax = Vmax

<latexit sha1_base64="n9l34RJNFceidvT6ZoaphDKlTfg="></latexit>

T =
1

2

⇣
M +

ms

3

⌘
u̇2 =

1

2

⇣
M +

ms

3

⌘
U2
0!

2
n sin

2 !nt

<latexit sha1_base64="ysUt5aJ4IrpWsFxlt1Jx+CnGDhU="></latexit>

V =
1

2
Kequ

2 =
1

2
KeqU

2
0 cos2 !nt

<latexit sha1_base64="1cAR/CQ6mMyMLyPOU8lyvS2I3NQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmkqBuh4MZlhb6gDWEynbRDJw9mbqQlZOnGX3HjQhG3foI7/8Zpm4VtPXDhcM693HuPFwuuwLJ+jMLa+sbmVnG7tLO7t39gHh61VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGd1O//cik4lHYgEnMnIAMQu5zSkBLrnnacNMesDGkARlnGb7FrQXBNctWxZoBrxI7J2WUo+6a371+RJOAhUAFUaprWzE4KZHAqWBZqZcoFhM6IgPW1TQkAVNOOnskw+da6WM/krpCwDP170RKAqUmgac7AwJDtexNxf+8bgL+jZPyME6AhXS+yE8EhghPU8F9LhkFMdGEUMn1rZgOiSQUdHYlHYK9/PIqaV1W7KtK9aFarlXzOIroBJ2hC2Sja1RD96iOmoiiJ/SC3tC78Wy8Gh/G57y1YOQzx2gBxtcvyB+abw==</latexit>

Tmax = Vmax

<latexit sha1_base64="/yqwt9BbCMGO+7UbXEvsNNoyiLs="></latexit>

1

2

⇣
M +

ms

3

⌘
U2
0!

2
n =

1

2
KeqU

2
0

<latexit sha1_base64="/580fNKQpYJx9DP61GnSJHkM9Dg="></latexit>

!n =

s
Keq

Meq
=

s
3EI
L3�

M + ms
3

�
A mola contribui com
aproximadamente 33 %
Para Meq



10
Prof. Paulo S. Varoto

SEM 0533 SEM 0232 
Prof. Luiz A. M. Gonçalves

Cont. ... Modelo # 3  
Este modelo segue uma linha de raciocínio similar ao modelo # 2. Retomemos a
equação da linha elástica

<latexit sha1_base64="spwtC3lVvXs9EyaPspQ0i3DiS5Y=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5aklupGKIig4KKCfUAby2Q6aYdOHsxMpCFk58ZfceNCEbf+gjv/xmmbhbYeuHA4517uvccOGBXSML61zMLi0vJKdjW3tr6xuaVv7zSEH3JM6thnPm/ZSBBGPVKXVDLSCjhBrs1I0x5ejP3mA+GC+t6djAJiuajvUYdiJJXU1fej847DEY5rcHQfl5IkrsBLeJ0UTuDN8eioq+eNojEBnCdmSvIgRa2rf3V6Pg5d4knMkBBt0wikFSMuKWYkyXVCQQKEh6hP2op6yCXCiid/JPBQKT3o+FyVJ+FE/T0RI1eIyLVVp4vkQMx6Y/E/rx1K58yKqReEknh4usgJGZQ+HIcCe5QTLFmkCMKcqlshHiAVi1TR5VQI5uzL86RRKpqVYvm2nK+W0jiyYA8cgAIwwSmogitQA3WAwSN4Bq/gTXvSXrR37WPamtHSmV3wB9rnDxVAl3c=</latexit>

y =
Px2

6EI
(3L� x)

E, conforme já exposto, a máxima deflexão ocorre na extremidade livre da viga, 
em x = l, sendo dada por

<latexit sha1_base64="wIW6X2wWOu9hsLU3ewYGF9U7xlI=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSmKLuhEKIii4qGAf0MQwmU7aoZMHMxOxDFm78VfcuFDErV/gzr9x2mahrQcuHM65l3vv8RNGhbSsb2NufmFxabmwUlxdW9/YNLe2myJOOSYNHLOYt30kCKMRaUgqGWknnKDQZ6TlD85HfuuecEHj6FYOE+KGqBfRgGIkteSZe0NPOSF6gBk8g07AEVZ1eH2nKlmmKvACXmWeWbLK1hhwltg5KYEcdc/8croxTkMSScyQEB3bSqSrEJcUM5IVnVSQBOEB6pGOphEKiXDV+JUMHmilC4OY64okHKu/JxQKhRiGvu4MkeyLaW8k/ud1UhmcuopGSSpJhCeLgpRBGcNRLrBLOcGSDTVBmFN9K8R9pPOQOr2iDsGefnmWNI/K9nG5elMt1ap5HAWwC/bBIbDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9I6Z+QzO+APjM8fDmCZLQ==</latexit>

ymax =
PL3

3EI

Combinando-se estas duas últimas expressões escrevemos

<latexit sha1_base64="j2M3Qv7ts4TonTm764hGlLQhHLM="></latexit>

y(x) =
ymaxx2

2l3
(3l � x) =

ymax

2l3
�
3x2l � x3

�

E, a expressão para a velocidade da extremidade (M) é 
<latexit sha1_base64="1OX5J30q1HwuGKn6PxJb8pLBF1s="></latexit>

v =
@y

@t
=

ẏmax

2l3
�
3x2l � x3

�
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Cont. ... Modelo # 3  

E, a expressão da energia cinética da viga (massa total m)  é então escrita como

E, seguindo procedimento idêntico ao anterior temos 

<latexit sha1_base64="d0YMVnHjgVd43YUmZ0xK6ocbYhM="></latexit>

Meq = M +

✓
33

140

◆
m = M + 0,2357m

Então, baseado neste procedimento a viga contribui com aproximadamente 23,57 % 
de sua massa total para a massa equivalente do modelo 

<latexit sha1_base64="ynf05zVFc4bmTlgAi5y1ZWBAMqQ="></latexit>

!n =

s
Keq

Meq
=

s
3EI
L3�

M + 33
140m

�
<latexit sha1_base64="89vzl+kRXeYVnqxDdC+COiVRAGI=">AAACCHicbVBNS8NAEN3Ur1q/qh49uFiEilCSUtSLUPAiiFDBfkBbwmazbZduNnF3IpTQoxf/ihcPinj1J3jz37htc9Dqg4HHezPMzPMiwTXY9peVWVhcWl7JrubW1jc2t/LbOw0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3vBi4jfvmdI8lLcwilg3IH3Je5wSMJKb3792E3Y37vh+CEk8xsf4airE+BxHRThy8wW7ZE+B/xInJQWUoubmPzt+SOOASaCCaN127Ai6CVHAqWDjXCfWLCJ0SPqsbagkAdPdZPrIGB8axce9UJmSgKfqz4mEBFqPAs90BgQGet6biP957Rh6Z92EyygGJulsUS8WGEI8SQX7XDEKYmQIoYqbWzEdEEUomOxyJgRn/uW/pFEuOSelyk2lUC2ncWTRHjpAReSgU1RFl6iG6oiiB/SEXtCr9Wg9W2/W+6w1Y6Uzu+gXrI9vUFqY0g==</latexit>

Meqü+Kequ = p(t)

<latexit sha1_base64="MjwMkbnhNdtZvrF5aAlvRBcBe4s="></latexit>

T =
´ l
0

1
2mv̇2 dx = m

2l

⇣
ẏmax

2l3

⌘2 ´ l
0

�
3x2l � x3

�2
dx = 1

2
m
l

ẏ2
max
4l6

�
33
35 l

7
�
=

1
2

�
33
140m

�
ẏ2max
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Cont. ... Modelo # 4  
Neste caso consideraremos a viga como um meio contínuo (parâmetros distribuídos)

Abaixo é mostrado o diagrama de corpo livre de um elemento infinitesimal da viga 
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Figure 3.2 Transverse vibration of a thin beam.

and disregarding terms involving second powers in dx, Eqs. (3.12) and (3.13) can be
written as

−!"
!#

(#, $) + % (#, $) = &'(#)!
2(
!$2

(#, $) (3.14)

!)
!#

(#, $) − " (#, $) = 0 (3.15)

By using the relation " = !)∕!# from Eq. (3.15), Eq. (3.14) becomes

−!2)
!#2

(#, $) + % (#, $) = &'(#)!
2(
!$2

(#, $) (3.16)

From the elementary theory of bending of beams (also known as the Euler–Bernoulli or
thin beam theory), the relationship between the bending moment and deflection can be
expressed as [1, 2]

)(#, $) = *+(#)!
2(
!#2

(#, $) (3.17)

where E is Young’s modulus and +(#) is the moment of inertia of the beam cross-section
about the y axis. Inserting Eq. (3.17) into Eq. (3.16), we obtain the equation of motion
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and disregarding terms involving second powers in dx, Eqs. (3.12) and (3.13) can be
written as

−!"
!#

(#, $) + % (#, $) = &'(#)!
2(
!$2

(#, $) (3.14)

!)
!#

(#, $) − " (#, $) = 0 (3.15)

By using the relation " = !)∕!# from Eq. (3.15), Eq. (3.14) becomes

−!2)
!#2

(#, $) + % (#, $) = &'(#)!
2(
!$2

(#, $) (3.16)

From the elementary theory of bending of beams (also known as the Euler–Bernoulli or
thin beam theory), the relationship between the bending moment and deflection can be
expressed as [1, 2]

)(#, $) = *+(#)!
2(
!#2

(#, $) (3.17)

where E is Young’s modulus and +(#) is the moment of inertia of the beam cross-section
about the y axis. Inserting Eq. (3.17) into Eq. (3.16), we obtain the equation of motion

<latexit sha1_base64="AawKksgyNP4aln7Uicfg59pe0RQ=">AAACQnicbZBNS8MwGMdTX+d8q3r0EhyCp9GOoR4nXjxOcC+wzpGm6RaWJiVJxVH6Nfw0HtXv4FfwJh71YLoVYZsPBP75P288Pz9mVGnHebdWVtfWNzZLW+Xtnd29ffvgsK1EIjFpYcGE7PpIEUY5aWmqGenGkqDIZ6Tjj6/zfOeBSEUFv9OTmPQjNOQ0pBhpYw1sx5MjAa9gAB+hF0qEUy9GUlPE7tNaBpPs7w917mQDu+JUnWnAZeEWogKKaA7sby8QOIkI15ghpXquE+t+mg/FjGRlL1EkRniMhiSNkB5JFao5t2ckRxFR/XR6bwZPjRPAUEjzuIZTd24OipSaRL6pzCeqxVxu/psjinK9sFyHl/2U8jjRhOPZ7jAxNATMecKASoI1mxiBsKTmKIhHyIDUhnrZ0HIX2SyLdq3qnlfrt/VKo1ZwK4FjcALOgAsuQAPcgCZoAQyewDN4BW/Wi/VhfVpfs9IVq+g5AnNh/fwCMSGx6A==</latexit>

⇢Adx
@2u

@t2

<latexit sha1_base64="pElPnAv7qvT7XpUwlEQMFAbHy8E=">AAACF3icbVBNS0JBFL3Pvsy+rJZthiQwCHlPpFoKbVoa5AeoyLxxng7Om/eYuS8S8Ue0rH5Mu2jbst/SpnnqRu3AhcM594N7/FgKg67742Q2Nre2d7K7ub39g8Oj/PFJw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/ukv95hPXRkTqEccx74Z0oEQgGEUrNZPi8xXBy16+4JbcGcg68RakAAvUevnfTj9iScgVMkmNaXtujN0J1SiY5NNcJzE8pmxEB3wSUhxqE5gltW2poiE33cnsiSm5sEqfBJG2pZDM1KU9NDRmHPq2M91oVr1U/NfjRihcOY7BbXciVJwgV2x+O0gkwYikIZG+0JyhHFtCmRb2KcKGVFOGNsqcTctbzWadNMol77pUeagUquVFblk4g3Moggc3UIV7qEEdGIzgBd7g3Xl1PpxP52vemnEWM6ewBOf7D2eRoCY=</latexit>

u(x, t)
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As equações de equilíbrio do elemento são:

Cont. ... Modelo # 4  
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and disregarding terms involving second powers in dx, Eqs. (3.12) and (3.13) can be
written as

−!"
!#

(#, $) + % (#, $) = &'(#)!
2(
!$2

(#, $) (3.14)

!)
!#

(#, $) − " (#, $) = 0 (3.15)

By using the relation " = !)∕!# from Eq. (3.15), Eq. (3.14) becomes

−!2)
!#2

(#, $) + % (#, $) = &'(#)!
2(
!$2

(#, $) (3.16)

From the elementary theory of bending of beams (also known as the Euler–Bernoulli or
thin beam theory), the relationship between the bending moment and deflection can be
expressed as [1, 2]

)(#, $) = *+(#)!
2(
!#2

(#, $) (3.17)

where E is Young’s modulus and +(#) is the moment of inertia of the beam cross-section
about the y axis. Inserting Eq. (3.17) into Eq. (3.16), we obtain the equation of motion

<latexit sha1_base64="1ArpWSqYOFd9gYwNyRjnT8eLwcM="></latexit>

�@2M

@x2
(x, t) + f(x, t) = ⇢A(x)

@2u

@t2
(x, t)

E, combinando estas duas últimas equações 

<latexit sha1_base64="SRZFaWjmQJ0O/KYJCHAKyQxOOs0=">AAACI3icbVDLSgMxFM3UV62vUZdugkVoQcpMKSqCUBBBF0IF+4BOLZk004ZmHiQZaRnmX9z4K25cKMWNC//FTDuItl4InJxzz03usQNGhTSMTy2ztLyyupZdz21sbm3v6Lt7DeGHHJM69pnPWzYShFGP1CWVjLQCTpBrM9K0h5eJ3nwkXFDfu5fjgHRc1PeoQzGSiurq57eF0TGUxYsreFMYFaHlcIQjK0BcUsQeonIMw/jnDkcJE88sXT1vlIxpwUVgpiAP0qp19YnV83HoEk9ihoRom0YgO1EyGjMS56xQkADhIeqTtoIeconoRNMdY3ikmB50fK6OJ+GU/e2IkCvE2LVVp4vkQMxrCfmf1g6lc9aJqBeEknh49pATMih9mAQGe5QTLNlYAYQ5VX+FeIBUSlLFmlMhmPMrL4JGuWSelCp3lXy1ksaRBQfgEBSACU5BFVyDGqgDDJ7AC3gD79qz9qpNtI9Za0ZLPfvgT2lf3z9aotQ=</latexit>

M(x, t) = EI(x)
@2u

@x2
(x, t)

Da mecânica dos sólidos elementar temos

<latexit sha1_base64="35tyGZN5+UwwoEuvVTGXHM/3Eo8="></latexit>

�(V + dV ) + f(x, t)dx+ V = ⇢A(x)dx
@2u

@t2
(x, t)

<latexit sha1_base64="9hLMFSyWhkRgmrHukMYLPeN1Y6Y="></latexit>

(M + dM)� (V + dV )dx+ f(x, t)dx
dx

2
�M = 0
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Cont. ... Modelo # 4  

Combinando-se estas duas últimas expressões temos finalmente 

<latexit sha1_base64="IARYhjw2lvl0Rl/rwdfw4wdfiGQ="></latexit>

⇢A(x)
@2u

@t2
(x, t) +

@2

@x2


EI(x)

@2u

@x2
(x, t)

�
= f(x, t)

E, para o caso de uma viga de secção transversal uniforme

<latexit sha1_base64="L2KDGJuHovrfc6RqvAPfS+uQKjc="></latexit>

⇢A
@2u

@t2
(x, t) + EI

@4u

@x4
(x, t) = f(x, t)

A qual representa uma EDP de quarta ordem. Esta equação corresponde ao modelo
Para o deslocamento vertical da viga somente e para adequá-la ao problema com 
o engaste numa extremidade e a massa concentrada na outra temos que introduzir
as chamadas condições de contorno ! (veremos mais adiante no curso !)


