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Exercício # 1

d) 

b) 
<latexit sha1_base64="ABoo79cxrQ6vUPs9yIlra/OqhqA=">AAACLXicbZDLSgMxFIYz9VbrbdRlN8EiCEqZ0VbdCAU3LivYC7SlZDKZNjSTGZIzhTJ04dO4VB/GhSBufQg3ppdNWw8Efv7/5BzO58WCa3CcTyuztr6xuZXdzu3s7u0f2IdHdR0lirIajUSkmh7RTHDJasBBsGasGAk9wRre4H6SN4ZMaR7JJxjFrBOSnuQBpwSM1bXz7kX5CrcDRWjqD8epD2N8jof4Drvlrl1wis608Kpw56KA5lXt2r9tP6JJyCRQQbRuuU4MnZQo4FSwca6daBYTOiA9loYE+koHesFtGSlJyHQnnZ42xqfG8XEQKfMk4Km7MIeEWo9Cz3ROJurlbGL+mzHNJSwth+C2k3IZJ8Akne0OEoEhwhN02OeKURAjIwhV3ByFaZ8YcmAA5wwtd5nNqqhfFt3rYumxVKiU5tyyKI9O0Bly0Q2qoAdURTVE0TN6QW/o3Xq1Pqwv63vWmrHmf47RQlk/f7i7p2Y=</latexit>

1, 53
dv

dt
+ v = 15

c) 

<latexit sha1_base64="13uQ2TWlJsjNPjB0fY99gDn0OCQ=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDpTBx8LoejGlVSwD2jHkkkzbWiSGZKMUIb+h0v1Y9yJW/0WN2ba2bT1wIXDOffBPX7EqNK2/WPllpZXVtfy64WNza3tneLuXkOFscSkjkMWypaPFGFUkLqmmpFWJAniPiNNf3ib+s1nIhUNxaMeRcTjqC9oQDHSRnq6gdewcnXinsF7dcq7xZJdtieAi8TJSAlkqHWLv51eiGNOhMYMKdV27Eh7CZKaYkbGhU6sSITwEPVJwpEeSBWoGbVtqECcKC+Z/DKGR0bpwSCUpoSGE3VmD+JKjbhvOtONat5LxX89oqjQc8d1cOklVESxJgJPbwcxgzqEaVawRyXBmo0MQVhS8xTEAyQR1ibRgknLmc9mkTQqZee87D64paqb5ZYHB+AQHAMHXIAquAM1UAcYSPAC3sC79Wp9WJ/W17Q1Z2Uz+2AG1vcfiUyhqg==</latexit>

B = 29, 43Ns/m

<latexit sha1_base64="KLKId6kdovveF9fobgMFH0JoB0k="></latexit>

v(t) = 15
�
1 + e�0,654t

�
(m/s)

<latexit sha1_base64="eEOT55phADcQFoU+oNCqbMo/BxE=">AAACJ3icbVDLSgMxFM3UV62vqrhyEyyCqzoj9bERCm5cVrAPaIchk95pQ5PMkGQKZejHuFQ/xp3o0u9wY/rYtPXAhcM598E9YcKZNq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epolCnMY9VKyQaOJNQN8xwaCUKiAg5NMPBw8RvDkFpFstnM0rAF6QnWcQoMVYKiifDIFPQYwLG+B5717iDxaUOiiW37E6BV4k3JyU0Ry0o/na6MU0FSEM50brtuYnxM6IMoxzGhU6qISF0QHqQCWL6Skd6QW1bKokA7WfTp8b43CpdHMXKljR4qi7sIULrkQht52SjXvYm4r8eaCbN0nET3fkZk0lqQNLZ7Sjl2MR4EhruMgXU8JElhCpmn8K0TxShxkZbsGl5y9msksZV2bspV54qpWplnlsenaIzdIE8dIuq6BHVUB1RlKEX9IbenVfnw/l0vmatOWc+c4wW4Pz8AU71pbs=</latexit>

vregime = 15 m/s
<latexit sha1_base64="KCMDkGtjuZckthdtNiDCv+9Z068=">AAACInicbVDLSsNAFJ34rPUVdelmsAgupCSlvhZCwY3LCvYBTSiT6aQdOpmEmZtCCf0Tl+rHuBNXgn/ixmmbTVsPXDiccx/cEySCa3Ccb2ttfWNza7uwU9zd2z84tI+OmzpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4cPUb42Y0jyWzzBOmB+RvuQhpwSM1LVtD0iK77F7eVW5wx7WXbvklJ0Z8Cpxc1JCOepd+9frxTSNmAQqiNYd10nAz4gCTgWbFL1Us4TQIemzLCIwUDrUC2rHUEkipv1s9s8Enxulh8NYmZKAZ+rCHhJpPY4C0zndqJe9qfivxzSXsHQcwls/4zJJgUk6vx2mAkOMp3nhHleMghgbQqji5ilMB0QRCibVoknLXc5mlTQrZfe6XH2qlmrVPLcCOkVn6AK56AbV0COqowaiaIRe0Bt6t16tD+vT+pq3rln5zAlagPXzB/sAouQ=</latexit>

⌧ = 1, 529 s

<latexit sha1_base64="FbrWqc2SSaLivyjFtt3y1dLGncM=">AAACKnicbZDLSgMxFIYz9VbrrepGcBMsQoVaZkqt40IouHFZwV6gLSWTZmpoJjMkZwql1KdxqT6Mu+LWt3Bjetm09UDg5/tPzuH8XiS4BtueWImNza3tneRuam//4PAofXxS02GsKKvSUISq4RHNBJesChwEa0SKkcATrO71H6Z+fcCU5qF8hmHE2gHpSe5zSsCgTvrMz8IVvseuW8jd4Wt84+bc0sCwTjpj5+1Z4XXhLEQGLarSSf+2uiGNAyaBCqJ107EjaI+IAk4FG6dasWYRoX3SY6OAwIvSvl6iTSMlCZhuj2Z3jfGlIV3sh8o8CXhGl+aQQOth4JnO6US96k3hvx7TXMLKcvDd9ojLKAYm6Xy3HwsMIZ7mhrtcMQpiaAShipujMH0hilAw6aZMWs5qNuuiVsg7pXzxqZgpFxe5JdE5ukBZ5KBbVEaPqIKqiKJX9IY+0Kf1bn1ZE+t73pqwFn9O0VJZP388iKRj</latexit>

f(t) = 882, 9� 58, 86v(t)e) 

a) 

f) 
<latexit sha1_base64="dJF4v66XhwQTtn8gV4iVkaQBllE=">AAACHHicbVDLSsNAFL2pr1pfVZduBovgQkoitXUjFNy4rGAf0IQymUzaoZNJmJkIJfQ3XKof407cCn6LGydtN209cOFwzn1wj59wprRt/1iFjc2t7Z3ibmlv/+DwqHx80lFxKgltk5jHsudjRTkTtK2Z5rSXSIojn9OuP77P/e4zlYrF4klPEupFeChYyAjWRnIDdIfqN1cN5KJoUK7YVXsGtE6cBanAAq1B+dcNYpJGVGjCsVJ9x060l2GpGeF0WnJTRRNMxnhIswjrkVShWlL7hgocUeVls0+m6MIoAQpjaUpoNFOX9uBIqUnkm858o1r1cvFfjyom9MpxHd56GRNJqqkg89thypGOUZ4UCpikRPOJIZhIZp5CZIQlJtrkWTJpOavZrJPOddWpV2uPtUqztsitCGdwDpfgQAOa8AAtaAOBBF7gDd6tV+vD+rS+5q0FazFzCkuwvv8AYUehFA==</latexit>

d = 65, 7 m
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Exercício # 2

a) 

ATENÇÃO : USAR
<latexit sha1_base64="C/GkD+gJ18kGP/tbGJogCz+Kyxg=">AAACIXicbVDLSsNAFJ3UV62PRl26GSyCq5JIUDdCwY3LCvYBbSyT6aQdOpmEmRuhhH6JS/Vj3Ik78VPcOGmzaeuBgcM5d+7hniARXIPjfFuljc2t7Z3ybmVv/+Cwah8dt3WcKspaNBax6gZEM8ElawEHwbqJYiQKBOsEk7vc7zwzpXksH2GaMD8iI8lDTgkYaWBXJ/gWe33gEdOu8+QN7JpTd+bA68QtSA0VaA7s3/4wpmnEJFBBtO65TgJ+RhRwKtis0k81SwidkBHLIgJjpUO9pPYMlcTE+9n8nBk+N8oQh7EyTwKeq0t7SKT1NArMZL5Rr3q5+K/HNJewEg7hjZ9xmaTAJF1kh6nAEOO8LjzkilEQU0MIVdwchemYKELBlFoxbbmr3ayT9mXdvap7D16t4RW9ldEpOkMXyEXXqIHuURO1EEUpekFv6N16tT6sT+trMVqyij8naAnWzx9wU6M4</latexit>

k = 4⇥ 104 NA RESOLUÇÃO

<latexit sha1_base64="4J9gglfdQjgJdp1n+9klBtwunQw="></latexit>

u(t) = 1, 0206e(�2t)sen(9, 798t+ 1, 3694)

b) 
<latexit sha1_base64="qerzRtIVSpsjlrjwH6dwCagrcCU=">AAACJ3icbVDLSgMxFM3UV62vqrhyEyyCqzojRd0IBTcuK9gHtMOQSe+0oUlmSDJCGfoxLtWPcSe69DvcmGm7aeuBC4dz7oN7woQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TRaFJYx6rTkg0cCahaZjh0EkUEBFyaIej+9xvP4PSLJZPZpyAL8hAsohRYqwUlE96sYABCSS+w56Le1iR/qUOyhW36k6BV4k3JxU0RyMo//b6MU0FSEM50brruYnxM6IMoxwmpV6qISF0RAaQCWKGSkd6Qe1aKokA7WfTpyb43Cp9HMXKljR4qi7sIULrsQhtZ75RL3u5+K8HmkmzdNxEt37GZJIakHR2O0o5NjHOQ8N9poAaPraEUMXsU5gOiSLU2GhLNi1vOZtV0rqqetfV2mOtUq/NcyuiU3SGLpCHblAdPaAGaiKKMvSC3tC78+p8OJ/O16y14MxnjtECnJ8/wq2lbA==</latexit>

!n = 10 rad/s
<latexit sha1_base64="wK9o7iCb6vOyEyR2OKB1kt7KiP0=">AAACKnicbVC7SgNBFJ31GeMraiPYDAbBQuKuBJMUQsDGMoJ5QBLC3cndZHB2dpmZFUKIX2OpfoxdsPUvbJw8miQeuHA45z64x48F18Z1x87a+sbm1nZqJ727t39wmDk6rukoUQyrLBKRavigUXCJVcONwEasEEJfYN1/vp/49RdUmkfyyQxibIfQkzzgDIyVOpnTVhRiDzpA72jpqlAq0hZV0L3WnUzWzblT0FXizUmWzFHpZH5b3YglIUrDBGjd9NzYtIegDGcCR+lWojEG9gw9HIZg+koHekFtWiohRN0eTv8a0QurdGkQKVvS0Km6sAdCrQehbzsnG/WyNxH/9VBzaZaOm6DYHnIZJwYlm90OEkFNRCe50S5XyIwYWAJMcfsUZX1QwIxNN23T8pazWSW1m5x3m8s/5rPl/Dy3FDkj5+SSeKRAyuSBVEiVMPJK3sgH+XTenS9n7HzPWtec+cwJWYDz8wdOu6Yp</latexit>

!a = 9, 798 rad/s
<latexit sha1_base64="8DpI41zZa/3qkn7CspzrqhYTVug=">AAACG3icbVC7SgNBFJ31GeMramkzGAQLCbshqI0QsLGMYB6QLGF2cjcZMju7zNwVYshnWKofYye2Fn6LjZNkmyQeuHA45z64J0ikMOi6P87a+sbm1nZuJ7+7t39wWDg6bpg41RzqPJaxbgXMgBQK6ihQQivRwKJAQjMY3k395hNoI2L1iKME/Ij1lQgFZ2ilducZkNFb6l6Wu4WiW3JnoKvEy0iRZKh1C7+dXszTCBRyyYxpe26C/phpFFzCJN9JDSSMD1kfxhHDgTahWVDblioWgfHHs0cm9NwqPRrG2pZCOlMX9rDImFEU2M7pRrPsTcV/PTBC4dJxDG/8sVBJiqD4/HaYSooxnQZFe0IDRzmyhHEt7FOUD5hmHG2ceZuWt5zNKmmUS95VqfJQKVYrWW45ckrOyAXxyDWpkntSI3XCSUxeyBt5d16dD+fT+Zq3rjnZzAlZgPP9B+awoW0=</latexit>

⇣ = 0, 2 (sub-amortecido) 

c) discussão

d) discussão

<latexit sha1_base64="893CCyeVXgo4KcNqpeI6ic5zkgo="></latexit>

500s2 + 2⇥ 103s+ 4⇥ 104 = 0
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Exercício # 3

a) <latexit sha1_base64="hVdnLSE0dMqs6ZWdA3WwWSVHrR8=">AAACGnicbVC7SgNBFJ31GeMramkzGAQLCbshqI0QsLGMYB6YLGF2cjcZMju7zNwVQshfWKofYye2Nn6LjZNkmyQeuHA45z64J0ikMOi6P87a+sbm1nZuJ7+7t39wWDg6bpg41RzqPJaxbgXMgBQK6ihQQivRwKJAQjMY3k395jNoI2L1iKME/Ij1lQgFZ2ilpw6ylN5S97LcLRTdkjsDXSVeRookQ61b+O30Yp5GoJBLZkzbcxP0x0yj4BIm+U5qIGF8yPowjhgOtAnNgtq2VLEIjD+e/TGh51bp0TDWthTSmbqwh0XGjKLAdk43mmVvKv7rgREKl45jeOOPhUpSBMXnt8NUUozpNCfaExo4ypEljGthn6J8wDTjaNPM27S85WxWSaNc8q5KlYdKsVrJcsuRU3JGLohHrkmV3JMaqRNOFHkhb+TdeXU+nE/na9665mQzJ2QBzvcfC7Sg+Q==</latexit>

⌧ = 0, 2

b) 
<latexit sha1_base64="0yhAcy+LV2kHe+Z8gV5yNJW7S2I=">AAACIXicbVDLSsNAFJ3UV62PRl26GSyCq5KUom6EghuXFewD2lAm05t26GQSZiZCCP0Sl+rHuBN34qe4cdJm09YDFw7n3Af3+DFnSjvOt1Xa2t7Z3SvvVw4Oj46r9slpV0WJpNChEY9k3ycKOBPQ0Uxz6McSSOhz6Pmz+9zvPYNULBJPOo3BC8lEsIBRoo00sqvpKJMwYSHM8R1uOCO75tSdBfAmcQtSQwXaI/t3OI5oEoLQlBOlBq4Tay8jUjPKYV4ZJgpiQmdkAllI9FSqQK2oA0MFCUF52eKdOb40yhgHkTQlNF6oK3tIqFQa+qYz36jWvVz81wPFhF47roNbL2MiTjQIurwdJBzrCOdx4TGTQDVPDSFUMvMUplMiCdUm1IpJy13PZpN0G3X3ut58bNZazSK3MjpHF+gKuegGtdADaqMOoihBL+gNvVuv1of1aX0tW0tWMXOGVmD9/AF/a6PT</latexit>

yregime = 20
<latexit sha1_base64="IjznGPXxzs1icDQbDrgLgcpBYBE=">AAACHHicbVDLSsNAFJ3UV62vqks3g0WoICWppboRCm5cVrAPaEOZTCft0MkkzNwIIfQ3XKof407cCn6LGydtN209cOFwzn1wjxcJrsG2f6zcxubW9k5+t7C3f3B4VDw+aeswVpS1aChC1fWIZoJL1gIOgnUjxUjgCdbxJveZ33lmSvNQPkESMTcgI8l9TgkYqZ+U7Ut8h6u1q+v6oFiyK/YMeJ04C1JCCzQHxd/+MKRxwCRQQbTuOXYEbkoUcCrYtNCPNYsInZARSwMCY6V9vaT2DJUkYNpNZ59M8YVRhtgPlSkJeKYu7SGB1kngmc5so171MvFfj2kuYeU4+LduymUUA5N0ftuPBYYQZ0nhIVeMgkgMIVRx8xSmY6IIBZNnwaTlrGazTtrVilOv1B5rpUZtkVsenaFzVEYOukEN9ICaqIUoitALekPv1qv1YX1aX/PWnLWYOUVLsL7/AOwpoM4=</latexit>

y(0) = 24, 36

c) gráfico abaixo

d) t = 0,8 s

e) t = 1,42 s 
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Exercício # 4

<latexit sha1_base64="JNzUlpgdYjr0fnz0sjoADLqW98s="></latexit>

m = 0, 076 kg; c = 0, 495 Ns/m; k = 40N/m

Procedimento: A partir do gráfico obtém-se uma estimativa do período amortecido
e em seguida determina-se a frequência natural amortecida. Em seguida, também
pelo gráfico obtém-se estimativa da resposta de regime permanente e calcula-se 
a constante elástica k. Depois, com a definição da frequência natural amortecida
obtém-se estimativa da razão de amortecimento e então da frequência natural 
não amortecida, e com a definição desta o valor da massa m. Por fim, através da 
definição da razão de amortecimento determina-se o valor de c
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Exercício # 5

<latexit sha1_base64="8dQo1AguDTgxOPcrUbM2CA3NXwA=">AAACQ3icbVDLSsNAFJ34rPVVdelmsAiCUpJS1I1QcOOygn1AG8pkOmmHTiZh5kZaQr/Dr3GpfoPf4E7cieCkrYu0Xrhwzrkv7vEiwTXY9ru1srq2vrGZ28pv7+zu7RcODhs6jBVldRqKULU8opngktWBg2CtSDESeII1veFtWm8+MqV5KB9gHDE3IH3JfU4JGKlbcOwL28GdXi+EZDTB59jwsuF/dIRvMlKXdwtFu2RPAy8DZw6KaB61buHbzNI4YBKoIFq3HTsCNyEKOBVsku/EmkWEDkmfJQGBgdK+zqhtAyUJmHaT6cMTfGqUHvZDZVICnqqZPSTQehx4pjPdqBdrqfhvjWkuYeE4+NduwmUUA5N0dtuPBYYQp4biHleMghgbQKji5ilMB0QRCsb2vHHLWfRmGTTKJeeyVLmvFKuVuW85dIxO0Bly0BWqojtUQ3VE0RN6Rq/ozXqxPqxP62vWumLNZ45QJqyfX8J8rsg=</latexit>

0, 01ẍ+ 0, 02ẋ+ x = 0, 02ẋia)
<latexit sha1_base64="MAMOZ28GXWSJ+c5e8jiwUc0Gwe8=">AAACNXicbVA9SwNBEN3z2/gVtbRZDIKFxDsJaiMINpYKJhFyIcxt5pLFvb1jd06IIT/AX2Op/hQLO7H1B9i4iWkSHVj28d6bGeZFmZKWfP/Nm5mdm19YXFourKyurW8UN7dqNs2NwKpIVWpuI7CopMYqSVJ4mxmEJFJYj+4uhnr9Ho2Vqb6hXobNBDpaxlIAOapVLIVpgh1oaX7GA5+H3ED70Lo/fEACR/oHgXP5ZX9U/C8IxqDExnXVKn6H7VTkCWoSCqxtBH5GzT4YkkLhoBDmFjMQd9DBfgLUNTa2E2zDQQ0J2mZ/dOKA7zmmzePUuKeJj9iJOZBY20si5xxOtNPakPxXQys1TS2n+LTZlzrLCbX43R3nilPKhxHytjQoSPUcAGGkO4qLLhgQ5IIuuLSC6Wz+gtpROTguV64rpfPKOLcltsN22T4L2Ak7Z5fsilWZYI/sib2wV+/Ze/c+vM9f64w37tlmE+V9/QB8Eqmu</latexit>

!n = 10 rad/s ⇣ = 0, 1b)

<latexit sha1_base64="qHXsXiL37cvaecKdKk3QlfprsWU="></latexit>

x(t) = 0, 201 e�t sen(9, 95 t)c)

d)
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Exercício # 6

a)
<latexit sha1_base64="/hwUytwoUCCQ/+qH8yhQkel1jB0=">AAACLXicbVDLSgMxFM3UV62vqstugkVwUcuklupGKLhxWcE+oB2GTJppQ5PMkGSEMnTh17hUP8aFIG79CDemj01bD1w4nHMf3BPEnGnjup9OZmNza3snu5vb2z84PMofn7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDkZ3U7/9RJVmkXw045h6Ag8kCxnBxkp+vqD9FJUqE3gLLxHsxQIy2INXqFRFNT9fdMvuDHCdoAUpggUafv63149IIqg0hGOtu8iNjZdiZRjhdJLrJZrGmIzwgKYCm6HSoV5Su5ZKLKj20tlrE3hulT4MI2VLGjhTl/ZgofVYBLZzulGvelPxX49qJs3KcRPeeCmTcWKoJPPbYcKhieA0OthnihLDx5Zgoph9CpIhVpgYG3DOpoVWs1knrUoZ1crVh2qxXl3klgUFcAYuAALXoA7uQQM0AQHP4AW8gXfn1flwvpzveWvGWcycgiU4P39S96YA</latexit>

s1,2 = �1± i 31, 416
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Exercício # 7

A - 1; D - 5 ; C - 7 ; F - 6
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Exercício # 8

Trata-se de um exercício de modelagem não possuindo, portanto, resposta única. 
Mas o estudante deve usar as informações do gráfico para conceber seu modelo
usando as equações teóricas de sistemas térmicos vistas nas aulas de modelagem.
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Exercício # 9



11 Prof. Paulo S. VarotoSEM0232 SEM0533

Exercício # 10

<latexit sha1_base64="r10wzyG/in57zhH7/9rVQkLf7lg="></latexit>

X

Y
(s) =

600

s2 + 10s+ 600

Use a expressão da F.T. abaixo com s = iw para determinar as expressões
solicitadas no exercicio
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Exercício # 11

<latexit sha1_base64="qkQw6kvevUoRDv4Obtm62zVluIE="></latexit>

⌦2

T1
(s) =

40

0, 4s2 + 2s+ 1

Para determinar a resposta inicialmente determinamos a Transformada de Laplace
da entrada 

<latexit sha1_base64="OUF0QyFLovejM5oysReTsdnCaqA="></latexit>

T1(s) =
4

s
+

3

s2 + 2, 25
+

1, 8

s2 + 4

Em seguida usamos W2(s) = T1(s)H(s) e calculamos W2(s) 
<latexit sha1_base64="1Z5Z8sHgDN0snmXZGt59V6Tu6nM="></latexit>

⌦2(s) =
4

s

✓
40

0, 4s2 + 2s+ 1

◆
+

3

s2 + 2, 25

✓
40

0, 4s2 + 2s+ 1

◆
+

1, 8

s2 + 4

✓
40

0, 4s2 + 2s+ 1

◆

e, na sequência tomamos a transformada inversa de Laplace de cada termo !
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Exercício # 2

SEM0533

Nome: Gabarito

Exame # 1

Nro USP:

26-04-2018

Nota:

Problema # 1

O modelo dinâmico mostrado abaixo possui duas entradas xi(t) e fi(t) e duas sáıdas xj(t), j = 1, 2. Todos

os elementos são puros e ideais. Estabeleça hipóteses adicionais que julgar necessárias.

B1
M1

M2

B2

K

xi x1 x2
fi

a) Determine as F.T. Xj(s)/Xi(s), j = 1, 2. (1,0 ponto)
b) Considere agora que a força que a mola k exerce sobre a massa M2 seja f0. Determine a F.T. F0(s)/Fi(s).

(1,5 pontos)

Solução:

Inicialmente procedemos à dedução das equações de movimento para o modelo através da aplicação da

segunda lei do movimento de Newton para as massas M1 e M2:

NX

j=1

~Fj = Mi~̈xi

e as equações de movimento para as massas, considerando-se as duas entradas do modelo são dadas respec-

tivamente por:

B1 (ẋi � ẋ1)�K (x1 � x2) = M1ẍ1 (1)

fi +K (x1 � x2)�B2ẋ2 = M2ẍ2 (2)

rearranjando vem

M1ẍ1 +B1ẋ1 +Kx1 �Kx2 = B2ẋi

M2ẍ2 +B2ẋ2 +Kx2 �Kx1 = fi

que na forma matricial assumem a seguinte forma


M1 0

0 M2

�⇢
ẍ1

ẍ2

�
+


B1 0

0 B2

�⇢
ẋ1

ẋ2

�
+


K �K

�K K

�⇢
x1

x2

�
=

⇢
B1ẋi

fi

�
(3)

a) Neste caso consideramos xi 6= 0 e fi = 0 e aplicamos a transformada de Laplace na Eq. 3 considerando

nulas todas as condições iniciais do problema. Assim obtemos


M1s

2
+B1s+K �K

�K M2s
2
+B2s+K

�⇢
X1 (s)

X2 (s)

�
=

⇢
B1sXi (s)

0

�
(4)

e então as variáveis de sáıda X1(s) e X2(s) podem ser calculadas a partir da Eq. 4 pela Regra de Crammer,

resultando

X1 (s) =

����
B1sXi(s) �K

0 M2s
2
+B2s+K

����
����
M1s

2
+B1s+K �K

�K M2s
2
+B2s+K

����
(5)

resultando na F.T.

X1 (s)

Xi (s)
=

B1M2s
2
+B1B2s+B1K

M1M2s
3 + (M1B2 +M2B1) s

2 + (B1B2 +M1K +M2K) s+B1K +B2K
resp.(a) (6)
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Solução:

Inicialmente procedemos à dedução das equações de movimento para o modelo através da aplicação da

segunda lei do movimento de Newton para as massas M1 e M2:

NX

j=1

~Fj = Mi~̈xi

e as equações de movimento para as massas, considerando-se as duas entradas do modelo são dadas respec-

tivamente por:

B1 (ẋi � ẋ1)�K (x1 � x2) = M1ẍ1 (1)

fi +K (x1 � x2)�B2ẋ2 = M2ẍ2 (2)

rearranjando vem

M1ẍ1 +B1ẋ1 +Kx1 �Kx2 = B2ẋi

M2ẍ2 +B2ẋ2 +Kx2 �Kx1 = fi

que na forma matricial assumem a seguinte forma


M1 0

0 M2

�⇢
ẍ1

ẍ2

�
+


B1 0

0 B2

�⇢
ẋ1

ẋ2

�
+


K �K

�K K

�⇢
x1

x2

�
=

⇢
B1ẋi

fi

�
(3)

a) Neste caso consideramos xi 6= 0 e fi = 0 e aplicamos a transformada de Laplace na Eq. 3 considerando

nulas todas as condições iniciais do problema. Assim obtemos


M1s

2
+B1s+K �K

�K M2s
2
+B2s+K

�⇢
X1 (s)

X2 (s)

�
=

⇢
B1sXi (s)

0

�
(4)

e então as variáveis de sáıda X1(s) e X2(s) podem ser calculadas a partir da Eq. 4 pela Regra de Crammer,

resultando

X1 (s) =

����
B1sXi(s) �K

0 M2s
2
+B2s+K

����
����
M1s

2
+B1s+K �K

�K M2s
2
+B2s+K

����
(5)

resultando na F.T.

X1 (s)

Xi (s)
=

B1M2s
2
+B1B2s+B1K

M1M2s
3 + (M1B2 +M2B1) s

2 + (B1B2 +M1K +M2K) s+B1K +B2K
resp.(a) (6)

1

SEM0533

Nome: Gabarito

Exame # 1

Nro USP:

26-04-2018

Nota:

e também

X2 (s) =

����
M1s

2
+B1s+K B1sXi(s)

�K 0

����
����
M1s

2
+B1s+K �K

�K M2s
2
+B2s+K

����
(7)

resultando na F.T.

X2 (s)

Xi (s)
=

B1K

M1M2s
3 + (M1B2 +M2B1) s

2 + (B1B2 +M1K +M2K) s+B1K +B2K
resp.(a) (8)

c) Neste caso consideramos xi = 0 e fi 6= 0. Assim, as equações de movimento para o modelo no domı́nio do

tempo assumem a seguinte forma

M1ẍ1 +Kx1 �Kx2 = 0

M2ẍ2 +B2ẋ2 +Kx2 �Kx1 = fi

ou então na forma matricial


M1 0

0 M2

�⇢
ẍ1

ẍ2

�
+


0 0

0 B2

�⇢
ẋ1

ẋ2

�
+


K �K

�K K

�⇢
x1

x2

�
=

⇢
0

fi

�

Seguindo procedimento similar ao caso anterior, inicialmente aplicamos a T.L. à Eq. ?? considerando nulas

todas as condições iniciais do problema, obtendo assim


M1s

2
+K �K

�K M2s
2
+B2s+K

�⇢
X1 (s)

X2 (s)

�
=

⇢
0

Fi (s)

�
(9)

e a partir da Eq. 9 calculamos as variáveis de sáıda que são dadas por

X1 (s) =
KFi (s)

M1M2s
4 +M1B2s

3 + (M1K +M2K) s2 +B2Ks
(10)

X2 (s) =

�
M1s

2
+K

�
Fi (s)

M1M2s
4 +M1B2s

3 + (M1K +M2K) s2 +B2Ks
(11)

Agora, a força f0 que a mola K exerce sobre M2 pode ser expressa como

f0 = K (x2 � x1) (12)

sendo sua T.L. dada por

F0 (s) = K (X2 (s)�X1 (s)) (13)

e então substituindo-se os valores apurados nas Eqs. 11 e 11 determinamos assim a F.T. procurada, que é

dado por

F0 (s)

Fi (s)
=

M1Ks

M1M2s
3 +M1B2s

2 + (M1K +M2K) s+B2K
resp.(b) (14)
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����
M1s

2
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����
����
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2
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=
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M1 0

0 M2

�⇢
ẍ1

ẍ2

�
+


0 0

0 B2

�⇢
ẋ1

ẋ2

�
+


K �K

�K K

�⇢
x1

x2

�
=

⇢
0

fi

�

Seguindo procedimento similar ao caso anterior, inicialmente aplicamos a T.L. à Eq. ?? considerando nulas

todas as condições iniciais do problema, obtendo assim


M1s

2
+K �K

�K M2s
2
+B2s+K

�⇢
X1 (s)

X2 (s)

�
=

⇢
0

Fi (s)

�
(9)

e a partir da Eq. 9 calculamos as variáveis de sáıda que são dadas por

X1 (s) =
KFi (s)

M1M2s
4 +M1B2s

3 + (M1K +M2K) s2 +B2Ks
(10)

X2 (s) =

�
M1s

2
+K

�
Fi (s)

M1M2s
4 +M1B2s

3 + (M1K +M2K) s2 +B2Ks
(11)

Agora, a força f0 que a mola K exerce sobre M2 pode ser expressa como

f0 = K (x2 � x1) (12)

sendo sua T.L. dada por

F0 (s) = K (X2 (s)�X1 (s)) (13)

e então substituindo-se os valores apurados nas Eqs. 11 e 11 determinamos assim a F.T. procurada, que é

dado por

F0 (s)

Fi (s)
=

M1Ks

M1M2s
3 +M1B2s

2 + (M1K +M2K) s+B2K
resp.(b) (14)

2

(a)

(b)

(c)
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<latexit sha1_base64="cRh2G02BquAjNy6dKUvpN+3INVI="></latexit>

keq =
k2k3k4k5 + 2k1k3k4k5 + k1k2k4K5 + 2k1k2k3k5

k2k3k4 + k2k3k5 + 2k1k3k4 + 2k1k3k5 + k1k2k4 + k1k2k5 + 2k1k2k3

Exercício # 3

(1)

(2)
<latexit sha1_base64="ykmOInpcrmgg2BTAxVQWs6qeCOc="></latexit>

keq = kt1 + kt2 + k1l
2
1 + k2l

2
1 + k3`

2
2

(3)

<latexit sha1_base64="R21mowPXbt2FOpUeXjQE0gfs6nU="></latexit>

keq = k4 +

✓
k1k2k3

k1k2 + k2k3 + k1k3

◆
+R2 (k5 + k6)

(4)
<latexit sha1_base64="pTUZgBiaomgfgWR2VKWW2mOnqRE="></latexit>

keq =
(l1 + l2)

2 k1k2
l21k1 + l22k2
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Exercício # 3

(5)
<latexit sha1_base64="neSkcqD1kR137W0+C0a8peTaJ8A="></latexit>

keq = k

✓
4a2 � b2

b2

◆

<latexit sha1_base64="FrLmFXw3WT8PHMO6nBG+Yr3xeLE=">AAACQnicbVDLSsNAFJ3UV62vVpduBqvgqiRFqhuh4MZlBfuAtpTJ9KYOmcykMxOhhPyEW/0cf8JfcCduXZi03aTtgYHDOfee4R435Ewb2/6yClvbO7t7xf3SweHR8Um5ctrRMlIU2lRyqXou0cCZgLZhhkMvVEACl0PX9R8yv/sKSjMpns0shGFAJoJ5jBKTSj1/FMM0ufdH5apds+fA68RZkipaojWqWJeDsaRRAMJQTrTuO3ZohjFRhlEOSWkQaQgJ9ckE4oCYF6U9nVP7KRUkAD2M52ck+CpVxtiTKn3C4LmayyGB1rPATSezRL3qZeJGDzQTJtlguAqmIlnNcfUsjXElH+OJAvBxtoiznyXX+ROMdzeMmQgjA4IuLvAijo3EWdm4lPbqrLa4Tjr1mtOo1Z9uqs3GsuEiOkcX6Bo56BY10SNqoTaiiKM39I4+rE/r2/qxfhejBWu5c4ZysP7+AYgvsOM=</latexit>

keq = k
(6)

<latexit sha1_base64="MXw6zbne8d8OcLmdCNg7GDWqYiA="></latexit>

(1 + ✓)1/2 ' 1 +
✓

2

usando a aproximação:

<latexit sha1_base64="Dg9JKujKlDU33R1XLEaq+zamhSI="></latexit>

keq =
mgl

2
� k1l2

16
� k2l

2

(7)

(8)

<latexit sha1_base64="mvqZl+dCzhc8pn/hQ7yB9jLNchk=">AAACVnicbVHLTgIxFO2MDxBfoDvdNKKJKzJDDLoxwbhxiYk8EkDSKXewodMObceETMb4NW71c/RnjDPABuQmTU7OuffcnFsv5Ewbx/mx7I3Nre1cfqewu7d/cFgsHbW0jBSFJpVcqo5HNHAmoGmY4dAJFZDA49D2xveZ3n4FpZkUT2YaQj8gI8F8RolJqUHxZDyIYZLcVrF6jqsJ7gXEvKggfrtLBsWyU3Fmhf8DdwHKaFGNQck67w0ljQIQhnKiddd1QtOPiTKMckgKvUhDSOiYjCCe7dG+XmK7KRQkAN2PZ9ESfJEyQ+xLlT5h8Ixd8iGB1tPASzszR72qZeRaDTQTJlkjeAomIln18fQ0tfEkH+KRAhjjbBBnmyXXyxGMf9OPmQgjA4LOE/gRx0bi7ANwIb2ru3rF/6BVrbi1SvXxqlyvLS6cR6foDF0iF12jOnpADdREFL2jD/SJvqxv69fesnPzVttazByjpbKLf/7DtWg=</latexit>

keq = 2r2 A



16 Prof. Paulo S. VarotoSEM0232 SEM0533


