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The objective of this paper is to study the tidally locked 3:2 spin—orbit resonance of Mercury
around the Sun. In order to achieve this goal, the effective potential energy that determines the
spinning motion of an ellipsoidal planet around its axis is considered. By studying the rotational
potential energy of an ellipsoidal planet orbiting a spherical star on an elliptic orbit with fixed
eccentricity and semi-major axis, it is shown that the system presents an infinite number of
metastable equilibrium configurations. These states correspond to local minima of the rotational
potential energy averaged over an orbit, where the ratio between the rotational period of the planet
around its axis and the revolution period around the star is fixed. The configurations in which this
ratio is an integer or an half integer are of particular interest. Among these configurations, the
deepest minimum in the average potential energy corresponds to a situation where the rotational
and orbital motion of the planet are synchronous, and the system is tidally locked. The next-to-the
deepest minimum corresponds to the case in which the planet rotates three times around its axis
in the time that it needs to complete two orbits around the Sun. The latter is indeed the case that
describes Mercury’s motion. The method discussed in this work allows one to identify the integer
and half-integer ratios that correspond to spin-orbit resonances and to describe the motion of the
planet in the resonant orbit.
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I. INTRODUCTION

Tidal locking between two astronomical objects is a well known phenomenon that has fascinated physicists, philoso-
phers and astronomers throughout centuriest 3. In a tidally locked two-body system, the orbital angular velocity of
the objects around the common center of mass of the system is equal to the angular speed of one or both objects
spinning around their own axes. The most noticeable example is the case of the Moon orbiting around planet Earth.
In this case, the Moon rotates in an approximately circular orbit around the center-of-mass of the Earth-Moon system
in exactly the same time as it takes to revolve around its axis. Consequently, the near side of the Moon is always facing
the Earth, while the far side is always hidden from an Earthling’s view. If the Earth and the Moon are considered as
an isolated dynamical system, the tidal friction resulting from the bulges produced by gravitational force of the Moon
on Earth’s crust would eventually dissipate energy and slow down Earth’s rotation until the system is completely
tidally locked, i.e. both the Moon and the Earth would spin around their axes in the same time that it would take
them to orbit around the center of mass of the system.

While the conceptual and mathematical understanding of tidal interactions between astronomical objects dates back
to Johannes Kepler*¥, Sir Isaac Newton® and Immanuel Kant'%, it has been shown during the past fifty years that
the effect of tidal locking can be mathematically derived using an effective potential approach*22. In this framework,
tidal locking is obtained by minimizing the effective potential energy of the astronomical objects orbiting each other,
taking into account their rotational kinetic energies around their own axes, and assuming the total angular momentum
of the system remains constant. The local minimum of the effective potential of the two-body system corresponds
to a circular orbit configuration in which the two objects are completely tidally locked to each other. Moreover, this
approach is also useful to study the stability of the system. The existence of a local minimum in the effective potential,
i.e. a stable tidally-locked configuration, depends on a single dimensionless parameter, corresponding to the case of a
fold catastrophe in catastrophe theory23%25. This control parameter is a function of the objects’ masses and moments
of inertia and the total angular momentum of the system.

Despite the fact that tidal locking had already been studied in some detail, in 1964 the recently decommissioned
Arecibo Telescope revealed a surprising new manifestation of a closely related phenomenon. The rotation period of
Mercury around its own axis is only 59 days, as opposed to its 88-day orbital period2% - an approximate 3:2 spin-
orbit resonance. The reason for this anomalous behavior was soon identified as stemming from the ellipsoid shape of
Mercury and its high eccentricity orbit around the Sun. This spin-orbit resonance due to Mercury’s ellipsoidal shape
is stabilized by the tidal torque applied by the Sun on Mercury. In this paper, this result is obtained in a pedagogical
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FIG. 1. Schematic representation (not to scale) of the planet orbiting the star along an elliptic orbit. The planet also spins
around an axis perpendicular to the plane of the orbit and going through its center. The figure shows the relation between the
angle ¢ and the angle 0.

manner by considering the potential energy that regulates the rotational motion of the planet around its axis, where
the metastable equilibrium configurations appear as local minima if the ellipsoidal satellite orbits around a central
spherical object in an elliptic orbit.

In order to derive spin-orbit resonances in the aforementioned case, the total energy of the system is calculated in
Section [[T} taking into account the quadrupole correction to the gravitational potential energy of an ellipsoidal shaped
planet orbiting around a spherical central star. In Section [[I]] it is shown how for integer and half-integer values of
the ratio between the rotational and orbital periods of the planet, a certain angle v, that depends on the planet’s
rotational angle and on the mean anomaly of the orbital motion, satisfies an equation of the same type as the equation
of motion for a simple pendulum. It is then shown that in these conditions the rotational and orbital periods of the
planet can remain in a fixed (half-)integer ratio. In Section [[V]|the situation is reanalyzed by considering the shape of
the rotational potential energy averaged over the orbital period. This analysis shows that for integer and half-integer
ratios of the orbital period, the averaged rotational potential energy shows metastable minima for v =0 or v = 7/2.
Conclusions are drawn in Section [Vl

II. ENERGY OF THE SYSTEM

Consider a planet of mass m orbiting a star of mass M. The star is modeled as a perfectly spherical object, while
the planet is an ellipsoid of semi-axes of length a > b > ¢. The rotational velocity of the star around its axis does
not play a role in the argument exposed below, so it is taken equal to zero for simplicity. On the contrary, the planet
is assumed to be spinning about an axis perpendicular to the orbital plane. This axis of rotation is supposed to
coincide with the shortest axis of symmetry of the ellipsoid. The gravitational potential energy of this system can be
studied through a multipole expansion, as discussed for example in Sussman and Wisdom’s book?”. By truncating
the expansion after the quadrupole contribution, the gravitational potential can be written as
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where r is the distance between the star and the center of the planet. The angle ¢ is the angle that the line joining
the star to the planet makes with the z-axis of the frame of reference, which is taken as centered on the star, since
the star is assumed to be much more massive than the planet, m < M,. The semi-axes a and b of the planet lie on
the orbital plane, which is assumed to be the x —y plane. The angle that the longest axis a makes with the horizontal
direction is indicated with § in Eq. . In the case of an elliptic orbit, in which the x-axis can be conveniently chosen
along the line joining the aphelion and the perihelion, the situation is sketched in Figure [I} The quantities A, B and



C are the moments of inertia of the ellipsoid with respect to its principal axes

A:%(buc?), B:%(aZ—i—cQ), cz%@uzﬂ). 2)
Indeed, Eq. coincides with Eq. (2.74) in®", if one considers that in the latter equation one should set o = cos(¢—9),
B =sin(¢ — 9), and v = 0 to describe the configuration considered in Figure

For the purposes of this work it is possible to set ¢ = b, which implies C' = B. With this assumption 2B — A —C =
B — A so that the gravitational potential in Eq. has the simpler form

Uy = —CMsm _ 3GMs gy {cos? (6— ) — 1} +0 < ! ) . 3)
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The total mechanical energy of a system of two masses My and m orbiting each other under the potential in Eq. (3))
is the sum of the orbital kinetic energy, the rotational kinetic energy due to the spinning of the ellipsoid, and of the
gravitational potential energy; it can be expressed (in the c.o.m. frame) as

GMym _ 3G M,
r 2r3

1 . 1 . 1
E=m (ﬂ - 7‘2¢2) + 5362 - (B—A) [cos2 (p—6) — 3] . (4)
The planet’s angular velocity around its axis is 5. The angular velocity of the planet in its orbit around the star is
indicated by ¢. The angular momentum of the system at a given instant in time is

L=mr’p+ BS, (5)

where the first term in the r.h.s. of Eq. is the orbital angular momentum, while the second term is the angular
momentum associated to the rotation of the ellipsoidal planet around an axis of length 2b. If the planet follows an
elliptic orbit, the orbital angular momentum is conserved, so that it is convenient to set

l=mr?é. (6)

Consequently, by solving Eq. @ w.r.t. ng and by inserting the result in Eq. , the total mechanical energy of the
system can then be expressed as
1 Msm  3GM,
F=_ 2 Ie. s _ s
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III. SPIN-ORBIT GRAVITATIONAL LOCKING

The orbits of the planets of the solar system are described to an excellent accuracy by ellipses. For elliptic orbits,
there is a fixed relation between the distance between the Sun and the planet, r, and the true anomaly ¢:

os(1—-¢€?)
r_1+ecos¢>’ (8)

where € is the orbit eccentricity and s is the length of the semi-major axis of the orbit. In addition, the part of
the mechanical energy of the system associated to the orbital motion is fixed and it depends on the eccentricity and
semi-major axis of the orbit:

1 Mom 12 G*M?m?
Eop = —mi? — G—2 = s 21 9
orb = 9T r + 2mr?2 212 (6 ) ’ 9)

where, since 0 < € < 1 in an elliptic orbit, Fq1, < 0. The last equality in Eq. @ can be obtained by observing that
at the planet perihelion, ¢ = 0, so that r = s(1 — €); in addition at the perihelion the orbital energy of the planet
coincides with its effective orbital potential energy, since its radial velocity is zero. Therefore, the last equality in
Eq. @ can be verified by calculating the effective potential energy at the perihelion and by using the relation between
angular momentum, semi-major axis and eccentricity of the orbit“8. An expression for the orbital energy as a function
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FIG. 2. Relation between the elliptic anomaly £ and the true anomaly ¢.

of the semi-major axis rather than eccentricity can be found in??; such expression is equivalent to the r.h.s. of Eq. @
By using Eq. (7), one finds

3G M,
253

Erot =F - Eorb = %B(SQ - (B - A) [COS2 (¢ - 6) - ;):| ) (10)

where, since the orbit is elliptic, the rotational energy E\ot can be rewritten by using Eq. to replace r in Eq.

1_., 3GM, 1+ecosd\° [ 1
Erot = 535 — 233 (B — A) <1_€2 COS (gb — 5) — g . (11)
In addition, to simplify several of the equations that appear later on in this work, it is useful to introduce the quantity
3G M,
Q= 53 (B—A). (12)

Furthermore, following®, it is now convenient to introduce the angle

where M is the mean anomaly of the orbital motion®*32l and p is a generic dimensionless parameter. By taking the

time derivative of Eq. one finds 4 = 5— pn, where n = 27 /T is the mean motion and T the orbital period. If §
remains close to pn through every orbit, v is almost constant. In other words, in the case where the planet is spinning
with a constant angular speed that matches the product pn, then there is a constant phase shift between the angles
0 and pM. This behavior can be studied in detail by replacing

6=v+pM, (14)

in Eq. (10]), and further replacing ¢ with its expression in terms of € and M.

In order to find the relation between ¢, €, and M, it is useful to start by observing that simple geometric consid-
erations (see Figure [2) allow one to write a relation between the true anomaly ¢, the eccentricity e and the elliptic
anomaly &:

cos& — €

cos ¢ = 1—€ecos&’

(15)



The relation in Eq. can be solved w.r.t. the elliptic anomaly to find

cos¢ + €
= — . 1
& = arccos (1 n ecosgb) (16)

Subsequently, it is possible to relate the elliptic anomaly to the mean anomaly through Kepler’s equation=3
M =& —esin€. (17)

By combining Eq. with Eq. it is possible to write M as a function of ¢. This function can be written as a
power series in the eccentricity:

3 1 3 1 1
M =¢—2esing + (462 + §e4 + 6466) sin (2¢) — (363 + 8€5> sin (3¢)
5 4

+ <32€ + ;)266) sin (4¢) — %65 sin (5¢) + K7266 sin (6¢) + O (€7) . (18)

Consequently, the inverse relation between the true anomaly and mean anomaly can be written as a power series in
€ as well:

1 11 17 1 4
o=M+ (2e — -4 565) sin M + <5 2 —ett+ e6> sin (2M) + (363 - 365) sin (3M)

4° 796 1 721 T g2 12° 64
1 451 1 122
(906364 — 42066) sin (4M) + 90690765 sin (5M) + 5 60366 sin (6M) + O (€7) . (19)

As mentioned previously, for the purposes of this work it is sufficient to consider the case in which % is small. In
this approximation, after inserting Eq. in Eq. , it is then possible to integrate over the mean anomaly M in
order to average the rotational energy over a complete orbit while keeping v fixed. The integration with respect to
the mean anomaly is equivalent to an integration with respect to time, since the mean anomaly is a linear function
of time. In addition, averaging over the mean anomaly, an approach already followed by Goldreich and Peale3!, is
straightforward once the relation between the true anomaly and mean anomaly, Eq. , is known. One then finds

1 2

), dME, = %B (4 +pn)* + Q[S(€) + R(p, €) cos (2(p + 7)) sin (2p7)] . (20)

The functions S and R have the expansions
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The first term in Eq. (20) can be interpreted as the kinetic energy for the rotation of the planet around its axis, while

the second term can be read as the potential energy for the same variable.
One can then build the Lagrangian for ~

+0 (") . (21)

L= %B ¥+ pn)2 — Q[S(€) + R(p,€) cos (2(pm + v)) sin (2p7)] . (22)

The equation of motion for v is therefore

% [B (% + pn)] — 2QR(p, €) sin (2pm) sin (2(pm + 7)) = BY — 2QR(p, €) sin (2pm) sin (2(pm + 7)) =0. (23)

By using a standard trigonometric identity, Eq. can be rewritten as

B4 — 2QR(p, €) sin (2pr) [sin (2pm) cos(27) + cos (2p7) sin(27y)] = 0. (24)
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FIG. 3. The function F versus ~ for fixed values of p = k/2, for € = 0.206.

Since the function R(p,€) has at most single poles for p = k/2 with k € N, the product R(p,€)sin(2pr) has a finite
limit for p — k/2. One can then observe that in the square bracket in Eq. the factor sin(2pm) vanishes for
p = k/2, while cos(2pm) = £1 for p = k/2. Consequently, for integer and half-integer values of the parameter p the
term proportional to cos(2y) in Eq. (24) vanishes, while the term proportional to sin(2y) survives. Therefore, for
p = k/2 the equation of motion for v becomes

B4 — 2QR (p, €) sin (2p7) cos (2pm) sin (2v) = 0. (25)

Eq. is the same type of equation of motion that is satisfied by the angle between the vertical direction and the
thread supporting a simple pendulum. This is indeed the result outlined at the beginning of*Y, and the function
H(p,€) defined in®" is related to the function R(p,€) defined above through the equation

H (p,e) = —2R (p, €) sin (2pm) cos (2p7) . (26)

The expansion of H with respect to € can be easily obtained starting from the expansion in Eq. .
Consequently, the equation of motion for v can be further rewritten as

By + QH (p,e)sin (2y) = 0. (27)

It is important to stress once more that Eq. was obtained under the assumption that ¥ is small and that
p=k/2. If H in Eq. is positive, the equation describes the oscillations of v about v = 0 and the amplitude
of the oscillation depends on the initial value of ~, since Eq. is of the same type as the pendulum equation for
an arbitrary swinging angle. In addition, if both the initial value of v and 4 are small and H > 0, one can replace
sin(2y) = 2y in Eq. that reduces to the equation of a motion of a harmonic oscillator. In that case, Eq.
implies that v will remain = 0 all the time and, consequently, § ~ pM with p = k/2, so that the periods of the spin
and orbital motions are locked in an integer or half-integer ratio. Therefore, if the longest semiaxis of the planet
(denoted by a) points toward the sun at perihelion, it is again pointing toward the sun after two orbital periods. In
these two orbital periods the planet will have completed 2p = k revolutions around its axis. The frequency of small
oscillations of v around the value v =0 is

2QH (p.¢)
w=\——". 28
- (28)
If H < 0 instead, it is possible to see that v oscillates around the value v = 7/2. In this case, if the shortest semiaxis
of the planet (denoted by b) is pointing toward the sun at perihelion, this axis will return to point toward the sun after
two orbital periods. Also in this case, in these two orbital periods, the planet will have completed 2p = k revolutions
around its axis.

IV. RESONANT ORBITS

It is interesting to analyze the dependency of the potential energy term in Eq. with respect to the variable v
and the parameter p. This dependence is encompassed in the function

F(p,e,v) = R (p,€)sin (2pm) cos (2 (pm + 7)) . (29)
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FIG. 4. Schematic representation of the orbit of Mercury in a 3:2 spin-orbit resonance. The left panel refers to the the first
orbit of the planet around the star, the right panel shows the second orbit of the planet around the star. A semi-major axis of
the planet is drawn in red in order to show the angle of rotation of of the planet around its axis.

By plotting the function F' with respect to 7, while keeping p and e fixed, it is possible to observe that for p = k/2
with k£ € N (with the exception of p = 1/2), there is a minimum of the function located at v = 0. The location of the
minimum of F' as a function of v is shown in the left panel of Figure [3] The depth of the minima of F' at p = k/2
depends on the order in € at which the corresponding pole enters in the function R (p,€), as well as on the residue of
the pole. In particular, the function F' has a minimum at v = 0 if the sign of the residue at a given p = k/2 in the
function R is negative. As expected, the deepest minimum corresponds to p = 1, since the function R has a simple
pole in p = 1 already at zeroth order in € (see Eq. ) The second deepest minimum in the function F is the one
that corresponds to the Mercury spin-orbit resonance, p = 3/2. The simple pole at p = 3/2 appears at order € in the
expansion of the function R in Eq. . As the function R has a simple pole at p = 2 whose residue is proportional
to €2, the third deepest minimum appears for p = 2. The poles of other integer and half-integer values of p in the
function R(p, €), that are proportional to higher orders of ¢, lead to shallower minima in F'(p,€,~y) at v = 0.

If 4 = 0, the parameter p is simply the ratio between the rotational angular velocity 5 and the mean motion
n = 2n/T. Since the average rotational velocity is inversely proportional to the time that it takes the planet to
complete a rotation around its axis, p is the ratio of the orbital period over the rotational period. Therefore, for
p = 3/2, the orbital period is longer than the rotation period of the planet around its axis; in particular, the planet
completes a revolution around its axis in a time that corresponds to 2/3 of its year. This is equivalent to saying that
the planet completes three revolutions around its axis every two of its years. Figure [] shows a stroboscopic view of
two orbits of the planet around the star at the configuration that corresponds to the minimum of the potential for the
p = 3/2 spin-orbit resonance. In the view shown in the figure, the planet orbits the star and rotates around its axis
in a counterclockwise direction. Since the minimum of the potential occurs at v = 0, if the planet is at perihelion,
where ¢ = M = 0, also the angle § should be zero; this particular instant in time is labeled by (I) in the left panel of
Figure[d The red line drawn on the ellipse representing the planet shows the semi-major axis that is used to measure
the angle of rotation of the planet around its axis: The angle of rotation § is the angle between the red line and a line
parallel to the major axis of the orbit. In the first year, the planet must complete one and a half revolutions around
its axis, i.e. it must rotate by an angle § = 3/27 every half a year. For this reason, at aphelion the red line drawn
on the planet in Figure |4] is perpendicular to the line (not shown in the figure) that joins the planet to the star, as
shown at the point labeled (@) in the left panel. After one year, when the planet returns to perihelion, the red line lies
along the line joining the planet to the star, but it is pointing toward the star, as shown by the point labeled by (7)
in the right panel of the figure, rather than away from the star as at point (I). At the end of the second year instead,
at perihelion the planet returns to the same configuration that it had at the beginning of the period shown in the left
figure, with the red line parallel to the line joining the planet to the star but pointing away from the star.

The other simple pole that appears at order € in Eq. , p = 1/2 does not correspond to a minimum, but to a
maximum of the function F' in v = 0. This is due to the fact that the pole at p = 1/2 is the only pole among the ones
explicitly written down in Eq. whose coeflicient at the lowest order in € is positive rather than negative. Indeed,
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FIG. 5. Schematic representation of the orbit of a planet around the star in a 1:2 spin-orbit resonance. The left panel refers
to the the first orbit of the planet around the star, the right panel shows the second orbit of the planet around the star. A
semi-major axis of the planet is drawn in red in order to show the angle of rotation of of the planet around its axis.

by expanding the trigonometric functions in Eq. for p — k/2 with k € N, one finds

sin (2pm) cos (2 (pmr + 7)) = 27 < - g) cos (27) + O (( - ];)2) ) (30)

By multiplying this expansion by R and then setting p = k/2, one finds that the function F is proportional to

2nResR (p, e)|p:% cos (27) .
Consequently, for p = k/2, the function F' shows a minimum at v = 0 if the coefficient of the single pole at p = k/2
is negative, and a maximum if the coefficient is positive. For the value p = 1/2 the function F' has a minimum at
~v = 7/2 as shown in the right panel of Figure

As discussed above, this situation corresponds to the case in which the orbital mean anomaly is out of phase with
respect to the rotation angle § by /2, i.e. the shortest axis of the planet b points toward the Sun at perihelion. In
this configuration, the planet completes a full revolution around its axis every two years, as shown in Figure 5| Since
in this configuration v = 7/2, the value of the rotation angle ¢ at perihelion , i.e. ¢ = M = 0, should also be equal
to 7/2, as shown at the position labeled by (1) in the left panel of Figure [5] The red line is therefore perpendicular
to the line joining the star to the planet at that point. The planet rotates by an angle § = 7/2 every half a year. For
this reason the red line is parallel to the line joining the star to the planet at aphelion (points (3) and (7) in Figure[5)).
After completing the first orbit (point (5) in the right panel) the red line is again perpendicular to the line joining
the planet to the star, but pointing in the opposite direction with respect the initial position. Also in this case, the
planet returns to the initial configuration after two orbits.

V. CONCLUSIONS

This work revisits the spin-orbit resonances of a planet orbiting a star in an elliptic orbit. A pedagogical approach
is employed to show that for an ellipsoidal planet, the quadrupole correction to the two body gravitational potential
implies that several stable configurations in which the planet rotates around its axis an integer number of times
for every two revolutions around the star are possible. Among these situations, the most energetically favored is
the one in which the planet spins around its axis exactly once for every revolution around the star. This situation
corresponds to the well known tidal-locking phenomenon and applies not only to a star-planet system but to any
two-body gravitationally bound system. Indeed this tidal locking occurs in the Moon-Earth system and it is the
reason why the Moon has a far side always hidden from Earth. A planet can be tidally locked to the star in a 1:1
spin-orbit resonance even if the planet is a perfect sphere. Spin-orbit resonances characterized by other ratios can



manifest themselves only if the orbit of the planet has a non-negligible eccentricity and the planet has a non-perfectly
spherical shape.

An analysis of an appropriately defined effective potential for the rotation of the ellipsoidal planet around its axis
reveals that the second energetically most favored spin-orbit resonance is the one in which the planet spins three times
around its axis for every two orbits around the star. In this configuration, the longest semi-axis of the ellipsoidal
planet is always aligned with the major axis of the elliptic orbit at perihelion and perpendicular to it at aphelion.
Also this situation is observed in nature and indeed it describes the orbit of Mercury around the Sun, which is in fact
locked in a 3:2 spin-orbit resonance. The large eccentricity of Mercury’s orbit in comparison to the other planets of
the solar system and Mercury’s ellipsoidal shape make this resonance more stable for Mercury than for other planets.
Similar, but energetically less favored, resonances are possible for other integer or half-integer ratios between the
rotational and orbital period of the planet, such as 2:1, 5:2, etc. A spin-orbit resonance characterized by a 1:2 ratio
is instead possible when the longest semi-axis of the ellipsoidal planet is perpendicular to the line joining the planet
to the star at perihelion, and parallel to it at aphelion.

In this paper, the spin-orbit resonances are investigated both by means of the equation of motion for a suitably
defined angle 7, as well as through the study of the shape of a potential energy term for the same angle v. The presence
of the spin-orbit resonances emerges in a straightforward way from the study of the potential. This study could be
easily incorporated in a Classical Mechanics class for physics-major undergraduate students, and it would allow the
instructor to provide the students with an application of the multipole expansion of the gravitational potential. The
present study is complementary to the Exercise 2.19 found in Sussman and Wisdom’s book, where, for the case of
Mercury, the reader is asked to solve numerically the equations of motion satisfied by ¢ and §, and to verify a posteriori
that, with an appropriate choice of the initial conditions, the quantity 6 — 3/2¢ oscillates.

A separate and more complicated question is how likely it is for a planet like Mercury to be captured in such a
resonance. No attempt is made to study or answer this question in this work. For the Mercury-Sun system, this
aspect was studied in detail in3#3%: These studies require one to take into account the fact that Mercury is not a
perfectly rigid body, an approach that goes beyond the scope of this work.
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