Classical Variational Problems
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Hamilton’s Principle:
‘Lagrange Equation of Motion”
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Classical Variational Problems

[Arch with the shortest length connecting two points ]

Jy)= fx/1+(Y’)2 dx  y(x)=y; ¥0) =2,
" y(x)=?

ds - “arch length” ¢ (X5,¥5)

Min J(y)
-

Euler-Lagrange Equation:

V'=0=>y= bn = )(x_x1)+y1 Equation of a straight line!!
(x2 - xl)

[ Prof. Dr. Emilio C. Nelli Silva)

Classical Variational Problems *

[ Surface of revolution with the shortest area between two rings ]

W =27 WI+(y)dx  p@)=y; yb)=y, 1

Soap and
Min J(y) - water

Euler-Lagrange Equation:

y(y')? dy
W_Y\/W:C1=>—yzclmz>cl—zdx=>

______________________________

[ Prof. Dr. Emilio C. Nelli Silva)




Classical Variational Problems

“Brachistochrone” Problem — What curve between two points subjects aj
particle, under its own weight, to travel through the path with the
shortest time possible?

Time\T:jdt :>j ds :T mdx (X1,y1)
0 0 v v

y(x)=?
y(x) =y y(x,) =y, (X2,52)

Min T(y)
- "

From energy conservation:

1 1
Emv2 +mgy=§mv02 Tmgy, :>v=\/2g(y1 —y)Ev =

2
=2glk—y)k =y, +-
2g

[ Prof. Dr. Emilio C. Nelli Silva)

Classical Variational Problems

ThereforeT = J : 1+ dx

Vk-y
Euler-Lagrange Equatlon.
1+() ) )

- =C=k-y+0()|===C=
S>di=——""F"— “k(k)dy, k—y=Csin’a= dx=C(l-cos2a)da =
x(a) = —Cl (2a —sin 2a)+ C,; y(@)=k—-Csin’a

Change of variables: 2
X(0)=a+b(@—sin0) e y(6)=y, +~—b(1-cos)
— 2g _
——

“Cycloid” curve equation

[ Prof. Dr. Emilio C. Nelli Silva)




Classical Variational Problems

Ay

cQp

P .
“Cycloid”

= T =7,— | Therefore, the cycle is independent
' ' of the start point: “tautochronism”

“Cycloid pendulum”

[ Prof. Dr. Emilio C. Nelli Silva)

Classical Variational Problems

Isoperimetric problems

Dido’s — Find the curve with limited length the involves the
largest area;

Area I(y)= jydx y(=a)=0; y(a)=0

Curve ¢ ;
length )= j VI+ () dx

(0,-3)
Min- I(y) Min I(y)}+3.J
o - [y(g ) (y)]

subject to J(y)=na

[ Prof. Dr. Emilio C. Nelli Silva)




Classical Variational Problems

Euler-Lagrange Equation:

1+ﬂdi!%} :O:[)}—z]m:—%:xz +(y—C)2 :az
x 1 ’ 1 !
* (y ) N * (y l _ Circumference
Curvature = cte. equation!!
y
0,-a) (0p) X

[ Prof. Dr. Emilio C. Nelli Silva)
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Classical Variational Problems

[Hamilton’s Principle]

Dynamic equilibrium:

1(y)=det:f(T-V)dt:»51=5det=o
q t 4 t

Generalized coordinates

Euler-Lagrange Equation:

adfa) oy,
Oq; dt\ dq,

“Euler-Lagrange Equation of Motion”

[ Prof. Dr. Emilio C. Nelli Silva)




Optimization Using Variational Calculus

A Functional (J) is defined as:

J(y(x))= JF(X, y(X) ,y'(x))dx where: y'(x) =

a
and: y(a)=y,; y(b)=y, ™ kinematic boundary conditions
(problem of “fixed ends”)
Many physical laws are formulated as extremes of a functional.
Ex.: static equilibrium of a structure mmp minimal potential energy

dy(x)
dx

Problem: Find an appropriate function that minimizes (or
maximizes) the functional s objective of Variational Calculus

Applications of Variational Calculus: Optimization Theory, FEM
formulation, Analytical Mechanics, etc...

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimization Using Variational Calculus

Solution: Let y*(x) be the function that minimizes the functional J and
satisfies y*(a)=y, and y*(b)=y,. We may write:

yx) =y (X)+en(x) =y (x) +&dy

where ¢ is smAall and: dy(a) =m(a) =0 and dy(b) =n(b) =0
y
Yo
|
| —
=y -y ®)
|
A i
| |
| |
l |
L | -
0 a b

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimization Using Variational Calculus

Therefore: b
Ie)=J(y(x,¢)) = jF(X, y +en,y + gn’)dx
" Hy_/ H,_J
y
The necessary condition for the extreme J, or for the occurrence of
minimal J in e= 0 1s

b ’
| _di) jaFg+ade i
=y o L 0yde oy de |
= _[ {GF dx=0
y —le=0
Variational operator 8 = Differential operator d
Property:
dx dx

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimization Using Variational Calculus

Integration by parts:

-l )|
U A

But since 0y is arbitrary:

6_F_i oF =0 Euler-Lagrange
oy dx\ oy L Equation

[ Prof. Dr. Emilio C. Nelli Silva)

0

dydx + a—F,Sy :
0y,

Null, because:

dy(b) = dy(a) =0
dydx =0

e=0




Optimization Using Variational Calculus

If 3y(b) =0 and Jy(a) # 0 then we shall have:

{a_Fl =0 and {8_17,} =(0 “Natural boundary conditions”
ay x=a x=b

More generic cases:

* Functional with Iéigher order derivatives:

J(y(0) = [ Flx, y(0. 50, Y00y (%) Jix

. a
V@) =y,;Y(@ =Y,y @=y.y" " (@=y,""
y(b) =y, Y(b)=y};y'(0) =y y" PV (0) =y, "

OF d(oF) d°(oF . d" [ OF
——— +— +..+(=1) =0
{6y dx (@’J dx’ (@"J dx" (8y(n)j }

[Euler—Lagrange Equations ]

and

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimization Using Variational Calculus

* Functional with many unknown functions: y(x)={y,(X),y,(X),...,y,(x)}T
b
Iy () = [ Fx, ¥(0).5' (), ¥"(0).0.. ¥ () x

and: y@)=y;yY@=y;y'@=y5;y" " @=y,""
YO) =y y (0 =yi;y' 0) =yl sy P (b) =y,

2 n
LVYF_i(vy,F)+%(vynF)+...+(—1)“ < v .F)- 0]

dx dx"

OF OF F ) [Euler—Lagrange Equations ]
0 R,
’ (ayl 0y, ame
* Functional with an unknown function with multiple variables:

Jwix,y) = [[Fly, wx,y) w, (x,y), w, (x, ) dxdy

where:

[ Prof. Dr. Emilio C. Nelli Silva)




Example

Beam equation: W P(x)

In equilibrium:

_______________________________ WO
I i e
iHizilIEI(x) d vzv dXHIp(X)W(X)dXE
et ) dx P :
Potential: _ 0 N/ 0
Energy ElasticLEnergy E{ternal work .
éH‘WzW* =0=dl= IEIW”5W”dX —Ipé‘wdx = I(EIW")H owdx +
. E | 0 0
- Ip&wdx+ EIW"5W"0 —(EIw") Sw = 0
0
AN B
Wheredw is arbitrary (but admissible): I(EIW ) = p(X)\ eqlf:tl:m

_ Elw’ =0 or dw' =0
and forx = O,L {(EIW")’ =0or dw=0

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimization Using Variational Calculus

Constraints ™= Lagrange Multipliers

*Integral Restriction:

b b

Ig[y(x)]dx =c=> L=J+ ZD gly(x)]dx - c}
* Pointwise constraint:

hi(xl,...,xn,yl,...,yp,%,...,gj =0, i=1,..m =
1

:L:I(ﬂili(x)hijdv

*Note: Y A4 (X)hAv, = J./%(X)hidV
i=1 v

n

[ Prof. Dr. Emilio C. Nelli Silva)




Exemple

-

——

£

b(x),,

—->

4

#

4
g
-]

L(AA) = ].A(x)dx + /1{

L W(X)

M(x)m(x) dx

We have: EIk)

L

J

0

So:

12 12

L(

12b
1

12b

3 2
bh’ _h*

n=1=1=

I(x) = a[AX)[" bh)’ =

(bn°)

n=2=1I=

n=3=1I=

Fheo

M(x)m(x)

Integral constraint

Min VvV =

L
[ AG)dx
A(x) 0

w(e)—=A=0

dx—A}

EI(x)

2
_h
12
LAZ

12b
_ 1

3
T 12b° A

[ Prof. Dr. Emilio C. Nelli Silva)

Example
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M(x)m(x)

L
Forn=1: oL :I GEAZ()

0

-

}§Adx + 52[

L

J

0

M(x)m(x) dx—A
EI(x)

|

Since OA is arbitrary amongst admissible functions:

1 MM o

aEA* (x)

[

1

Mm jZ
oE

1

> 1§ Mm)2
Replacing in:  w(e)-A=0= A2 =—J.(—) dx =
A\ aE

A"(x) = ——| [(M(pm(m))z dy

aEA

(M(m(p)dn

2

= Vi=——
aEA

S IR, By o

(MEm()): =

[ Prof. Dr. Emilio C. Nelli Silva)




Example

Pointwise constraint

p(x)

7 IR :

_____________ N Min w(x)dx (compliance)
e . heo T A()tc), v o

S.1.

!W(X) V= j A(x)dx =V,

A 0
Equilibrium equation: Equilibrium Equation

at x=0: w=0and w' =0

[sCOW™T =a() =09 35 = L: sw” =0 and s'w” +sw” =0 (sw") =0

x=L

where: s(x) = EI(x) = EeA"(x) n=1,2,0r3
The Lagrangian is: L L
L(w(x),5(x), 4, A, (x)) = j w(x)dx + 4, { j A(x)dx — VO} +
0

0

- _L[ A, (x)[sw"" +2s'W" +s"w" - q]dx
0

[ Prof. Dr. Emilio C. Nelli Silva)
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Example

So: éL=j.éwdx+/11ﬁ5Adx}+5/11ﬁAdx—Vo}+
L ' ! ’
_J-5/12 (X)[SWW _,’_zsfwm_,’_snwn_q}ix_"_
0

L
—_[/12 (X)[é'sww +SOW +258W" +25 0w" + & "W" +5"ow" [dx =0

Integrating boy parts and gathering terms that multiply the variational
quantities ow, &5, o4, e 4, theEuler-Lagrange Equations are obtained:

Sw: (A38)"'—1=0 (1) (adjoint equation)
dA
ds: A e Asw” =0 (2) (optimality condition)
L ds
Sy f AX)dx=V, =0 (3)

0
Sy (sw”)"'—q=0 (4) (equilibrium equation)

[ Prof. Dr. Emilio C. Nelli Silva)
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Example

and the boundary conditions at x=0 and x=L:

§s=0 or ALw"—2Aw"
=0
L 0s'=0or Aw’ =0 .
rSw=0 or Ays+A3s"' =0 |

6w’ =0 or 435=0 | Natural
POw” =0 or —Aps" + A5s boundary
=0

L Sw" = 0 or Ays =0 conditions

_______________________________________

Considering the boundary conditions of the problem:
Sw(L)#0, ow'(L)=0, s(0)=0, sw(0)=0, sw'(0)=0, Sw"(L)=0,

Sw"(L) =0, Sw"(0) % 0, 5w"(0) % 0
Thus, the above conditions collapse to:
2,00 =0 and 2,(0) =0
A5(L)s(L) =0 and A5 (L)s(L) + A53s'(L) = (/'l’z’s)’|X:L =0

[ Prof. Dr. Emilio C. Nelli Silva)
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Example

" l 14
Integrating (1) and (4) twi: sAy = E(X L) e sw’=p(x)

Hence:  s(x)’w"=p(x)s(x)= Aw" = w
2s(x)

»dA _ (x-L)'p(x)
ds 24

Solving this equation, we find A(4), Replacing into the volume constrain
we find 4,(x), and therefore A(x). ”
7/

Replacing in (2): s(x)

If q(x)=q, and n=1:

s Iw(x)dx A
A*(X):3VO(X—L) % 5

U t 9
j w(x)dx
0

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimization Using Variational Calculus

* Inequality constraints

0y .
g(xla ] n,Y1, syp gyl, 9axp 20, 1:1,”"m

n

Transforming into an equality:

g [X’ b ayp j 2 i = 17 *9 m
ox
where t; is an aux111ary function. Thus: L = I (f + Zl (g, —t )Jd
Stationary condition of L:

ol =] (- 5ydv+z[[ (- )ordv -2 ,uatdv] 0

Contribution from t; in the Varlatlon of the functional: —?2 I t. /1 ot. dv

Since ¢, is arbitrary (admissible): t 4, = 0 =(4g, = 0] (t; =0 <> g, =0)
(“Complementarity condition” |

se gi # 0 > A; = 0 (constraint is not critical)

se gi = 0= A; # 0 (constraint is critical) (prof. br. Emilio C. Nelli Silva)

Thus: {

Example 16
A

Min [A()dx=V,
Ax) ° X
s.t. Ax)o,—P(x)20 .

A-A,>0

P+pA=0 PL)=W

V‘?S Ao,

L(A(X), P(X), A, Ay, A;) = jA(x)dx + j/il (Ao, -P)dx +

L L L L
+ [ (A=A X+ [ 4,(P+ pA)dx = OL = [ SAdx + [ 4,(5A 5, - OP)dx +
0 0 0 0

L L L
+ [ 1,0AdX + [ A, (8P + pSA)dx + [ 54, (P + pA )dx
0 0 0

[ Prof. Dr. Emilio C. Nelli Silva)
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Example

Integrating by parts to convert &P’ into OP, and the isolating terms
in A and OP, one finds:

OA: 1+ Ao,+ A4, +pA, =0 (1)

OP: A +A4; =0 A,(00=0 (pois:oP(L)=0) (2)

A(Ac,~P)=0
L(A-A,)=0
Solution: Close to x=0: A > A, = 4, =.0 Replacing A, of (2) in (1):

pX pX

Together with the complementary conditions {

oo —1 e%
1—230)+pA; =0 and A3(0) =0=> 13 = =>11=_U_=>11¢0
0
p(Xt—x)
= PX) =AX)gy 2> Aoy +pA=0 e A(Xp) = Ay = A(xX) = Age %
for x<xt

In the inferior extremity A=A, e from equilibrium equation:

P=W+p(L—x)A, = x, = L— 0% =W
PA, [ Prof. Dr. Emilio C. Nelli Silval
Example *
IIIIL
7 PpxX¢—Xx)
A(X) = Ape 9o for x < X
AX) = A, for x > X
Xy
Other possible formulation:
A, Min Max o(x)
- AX) 0<x<L
1 A-A,20
W Subject to 02

.L[A(x)dx =V,

P'+pA=0

[ Prof. Dr. Emilio C. Nelli Silva)




MinMax Problem ?

(Min Max a(x)]

A(x) 0<x<L
We have:
W+A,L,p \W%
o =—""—"—+X,p € O0,=—+X,p
Al A2
0,,0,4

Discontinuity in
the derivative

[ Prof. Dr. Emilio C. Nelli Silva)

MinMax Problem »
Min Max o(x) Min V(x)
AX) 0<x<L E AX)
Subject to V(x) <V, Subject to o(x) < o,

Should o, be properly chosen =V =V,
But we often do not have V(x) beforehand. Ex.: reduce stress
concentration in an infinite sheet with a hole.

Thus, alternative formulation (Taylor): Min f
Ax), B
Subjectto c(x)< B, 0<x<L

Where £ is the unknown limit that we wish as small as possible

Min Max o (x) /Min B N\
A 0=xEb A, B
Subject to A-A,20 - Subject to A(x)B-P(x)20
L A-A, >0
JA(X)d" =V LT i | May be removed
0 ! j A(X)dx =V, T
P'+pA=0 e
\ P'+ pA=0 /[ Prof. Dr. Emilio C. Neli Silva)
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Problema MinMax 2

Min f
AL Ay B
Subjectto 7' <8 (0=EA7n)
2
DAL =R
i=l

(EA7) +p,=0  EA7(L,+L,)=0

NNN\\N\\\\#%
>
e

X

AY — r_ _ atx=0= U(O) = EAlnI(O) = pO(LZ + Ll) =
(EAn') +po = 0= EAn' = po(Lz +L1) —po = { atx = Ly = o(Ly) = EAyn'(Ly) = poly =

S A _ po(Lz +Ly) ) )
1= L2+ LiL, + L
EB :>A1L1+A2L2=R=>ﬁ=p0(1+12+ 2)
Dol ER
=> A, =
EB .
Min Max w(x)  (displacement)
AX) 0<x<L
Other Min Max .
problem examples: Min Max |kW(X)| (elastic foundation)
A(X) 0<x<L
L [ Prof. Dr. Emilio C. Nelli Silva)

Optimization Using Variational Calculus ~

Reformulation of the Objective Function and Constraints
Pointwise constraints ™ Dificult treatment == Integral constraints
To avoid Min Max problemsmm Integral formulation
Examples: L
« displacement of a point: Y(X0) < Yy = J.5 (X-Xo)y(X)dX <y,

+oo 0

where: §(x—xg) = {o; ilff;::)):o and: f S(x—xp)dx =1
(Dirac Delta) 0

—00

xel0,

L
* max y(X) < y,.. may be replaced by: '[p(x)y(x)dx (compliance)
0

L
orby: L[, 1 y(x) = 0 x € [0,L]
L f (yP(x))Pdx < ymax for p sufficiently large

(Ely")" + w?Apy = 0 (differential form)
| Jy Bl(y")?dx
min T

y(x) admissible fo pAy2dx

*Resonance

frequency: w = (integral form)

Prof. Dr. Emilio C. Nelli Silva]
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Optimality Conditions in Classical Problems =

Project: Minimization of Compliance (or Maximization
of Stiffness)

/ Min [ Peoux)dx N

A(x), u(x) ,ﬂ __________________________________________ :

Sub] ect to! J- (EAU'V' —pv)dx =0 Vv € \ : Weak formulation

'"(E)'r' (EAUY =p=0"and H()U'r'l'dé‘r'y conditions)
A(X) Amln

\ lAdx—RSO /

:—IEAV’ZdX Ipvdx:él_[ 0:>_[ EAV’5V -pov)dx = 0=

IEAV?] pn)dx 0
Q

In equilibrium: v=u= j(EAu'U' -py)dx =0

[ Prof. Dr. Emilio C. Nelli Silva)

Optimality Conditions in Classical Problems 24

Since 7 is arbitrary amongst admissible functions:
1 1
=u= [(EAu” -pujdx =0=T1I| = =—|EAu”dx- |pudx =-—|pudx =

equil.

= —%J.EAu’de = J.pudx = J.EAu’zdx =-2I1
Q Q Q

equil.

Thus, the problem of minimization of compliance is equivalent to:
Min I EAu"dx
ARx) @
S.t.

A(X)—A,, >0
jAdx-Rso

5 LAX), Ap, A) = fEAu’zdx + fAA(Amm — A)dx +A<f Adx — ) >

Q

A— AA inQa (Aa #0=A = Apin)
A lin® (Aa=02A>Anp)
bereomoooo ot 'Elastic energy is constant [ Prof. Dr. Emilio C. Nelli Silva)

and Q=Q, +Q

12



Optimality Conditions in Classical Problems =

Project: Maximization of Resonance Frequency (o)

Rayleigh Coefficient (QR): ¢ L
j EI(x)w"*dx j Ea[Ax)]' w"dx
R — elastica _ 0 0
Q E

L L
cinética I pA(X)WZdX I pA(X)WZdX
0 0

Resonance frequency (o): = Min (QR)
So: 5(QR) = 0 = [EIw"] — w?pAw = 0 and boundary conditions
So the problem:

Max ®* =Min (QR)
A®) "0

[Adx=V,
0
AX)-A,, >0
[ Prof. Dr. Emilio C. Nelli Silva)
Optimality Conditions in Classical Problems 2

L
an[A]nw"zdx L
- L(W(X), A(X), A) = "L—ﬂ[JAdx—VOJ —oL=0=
Ipszdx 0
0

L

L L
2IEa[A]nw"5\V"dx 2‘([Ea[A]"w"2dx L } ‘([nEa[A]“'lw"zéAdx
+

=2 - 5 ijwé‘wdx

L

IPAWde ﬁ pszdx}
0

0

L +

I PAW dx
0

L

an[A]“w”zdx L L
I | pw25Adx}+/1{ 5Adx}=0
0

ﬁ PAW dx
0

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimality Conditions in Classical Problems 7

Integrating by parts and collecting terms in A e ow:

Equation of motion: [EdA™W"]" — w?pAw = 0

6w =0 ou [EaA"W"]' =0
6w’ =0 ou [EaA"W"] =0
Optimality condition: nEeA? ™ 1w”2 — w2pw? = cte.

Boundary conditions:

Verifying the sufficient condition for n=1. Let:
A and A, solutions that satisfy the volume constraint, and @,®,w,ew the
corresponding resonance frequencies and respective vibration modes.

Thus: L L - L. =
J, EaAw"?dx Jy EaAw"?dx [ EaAw"?dx
w? = - and @* = =—F——— — =0 = -
J, PAWZdx J, pPAWZdx J, PAWZdx
> 0% =
(a)z =Min (QR))
W) [ Prof. Dr. Emilio C. Nelli Silva)
Optimality Conditions in Classical Problems 2
L L L L
= (f)zprwzdx = fEaAw”de and a)zprwzdx = fEaAw”zdx >
0 0 0 0
L L L
Subtracting:: (f)zprwzdx—wZJ-pszdx = fEa(A—A)w”de
0 0 0

But: Eaw”? — w?pw? = ¢ = Eaw"? = c + w?pw? =
L L

L
f Ea(A—A)w"?dx = I(A—A)(c + w?pw?)dx = | (A—A)w?pw?dx;
0 0

0
L L L

L
f(A—A)dX =0|=> o2 f pAw?dx — w? f pAw?dx = f(A—A)prwzdx =
0 0 0

0

= 0% — w? =0 w? > o?

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimality Conditions in Classical Problems »

Mode inversion during the optimization. Ex.:

ch ‘ 30 ch
1°Q,

2°Q

iteraﬁons
A solution: Bimodal Formulation

L
@ax 0= IEa[A(X)]nW”de
A(x) 0p L

\

Subject to [ Ea[A()] wi'dx = [Ea[A0)] w} dx
0 0

L L L
J-w;zdx =1; J.W'zzdx=1;J-Adx=\/0;A2Amin
0 0 0

~

N
| Prof. Dr. Emilio C. Nelli Silva]

Optimality Conditions in Classical Problems 30
Equivalent problems:
/ L \ max p \
Min I Adx AK)
A Subjectto w*=p
i . EIw"]" — w?pAw = 0
Subject to [Elw"]" — w?pAw = 0 o Eanv(\il b]ounz)a rp; w
(and boundary conditions)

conditions). ..., L

St ¢ AN [ adx=v,
K A(X) — Amin /

Normalized problem:

Z(X) — Amin /

L
Max jap [w'de
A 0
Subject to

ade =1 (volume)

o — L ——

\

\

aPw?de = 1 (kinetic energy) a=—:;¢

/

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimality Conditions in Classical Problems 3

Project: Maximization of Buckling Load (Q)
Rayleigh’s Coefficient (QR): L
IEI(X)W"de _[ Ea[Ax)]" w"dx
QR ) - ) -

Iw'zdx Iw'zdx
0

Buckling load (Q,,): Q Mlgl(QR)
Thus: S8(QR) = 0 = [EIW"]" — Q¢rw” = 0 and boundary conditions

Consider the problem:

Max Q. =Min (QR) N

A(X) e

Subject to ! [EIW"] — Qcrw” = 0 (and boundary condltlons) — redundant
f Adx =V,
0

K A(X) - Amm /

[ Prof. Dr. Emilio C. Nelli Silva)

Optimality Conditions in Classical Problems 32

.L[Ea[A]“w”zdx L
S LW(X), A(X), ) = (

- _[Adx—VOJ:éL:O:

0

jw'zdx
0

J.W'ﬁw’dx}r - +

0 0
= - -
Iw’zdx
0

Jw/ZdX |:.TW/2dX:|2
0 0
L
—z{ | 5Adx} =0
0

Integrating by parts and gathering terms in A e dw:

0

L L L
2[BafAT' w'sw'dx  2[Ea[A]'w"dx r [nEa[A]" W sAdx
0

[ Prof. Dr. Emilio C. Nelli Silva)
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Optimality Conditions in Classical Problems 3

@q. of Motion: [EaA™w"]" — Qcrw” = 0 \
dw =0 or [EaA"W"]" + Qcrw’' =0

Boundary conditions: Sw' =0 or [EaA"w"] =0
L

Optimality condition: nEaAR~1w"2 — AJW’ZdX = cte.
0

- /

Equivalent problems:
e L N Max B I
Min I Adx Ax) ([QECIF %]ﬁ "= o
A(X). 0 Subject to (anvc\il bounggll:;//v B
Subject to [EIw"]" = Qerw” =0 conditions)

(and boundary L

_conditions) __________ f Adx =V,

ior Qcr = Min (QR)

W(X

: ~ : 0
@A) N AQ A

[ Prof. Dr. Emilio C. Nelli Silva)

Saddle Point *

F(X. V)

A function F(x,y) contains
a saddle point if:
Fx"y) s F(x",y") < F(x,y")

+ x| minimal in x
F&y ){maximal iny

In the case of the
Lagrangian: L(x', 1)

VL&) =0 (GLE,) <0
V,Lx5A) =0 " vLx ) >0

Furthermore:

Solution of the saddle point=s Min Max problem:
L(A)=min L(x, 1) = max L(A) = max min L(x, /1)
or: x x

L(x) = max L(x, ) = min L(x) = min max L(x, /1)

[ max min L(x, )= min max L(x, 1) I

[ Prof. Dr. Emilio C. Nelli Silva)

17



35

Example

The Lagrangian of the problem is given by:
L(x,4) = 1, Ax-1)
X

1
Calculating the mininimum in x: V,L(x,4)=0=>-—+4=0=
1 1 1
>x=t—masx20)=>x=—=>L(A)=vA+ 4 —-1|=24A1 -1
= ) 7= L=V - ] J

1 * *
Calculating the maximum in A:V,L(1) = ﬁ_l =4 =l=x =1

Saddle point: { (x*,y*)= (L1) ]

The gradients must be continuous in x and A, otherwise another
approach to the Min Max problem must be employed.

[ Prof. Dr. Emilio C. Nelli Silva)
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Example

Plot of the Lagrangian function:

[ Prof. Dr. Emilio C. Nelli Silva)

18



