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1Classical Variational Problems

Shortest arch connecting 
two points

Surface of revolution with 
the lowest area between two 
rings                                      (x1,y1)

(x2,y2)

y(x)=?

x

y

Soap and 
water

ring

ring

y(x)=?

“Brachistochrone” Problem

y(x)=?

(x1,y1)

(x2,y2)

x

Dido’s problem – Find the equation 
that encloses the largest area;

Hamilton’s Principle:
“Lagrange Equation of Motion”
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Euler-Lagrange Equation

Special cases

Case 1:
If                   and   

then:

Case 2:
If                        

then:

Case 3:
If                        

then:

Case 4:
If                        

then:
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3Classical Variational Problems

Arch with the shortest length connecting two points

  2211

x

x

2 )(  ;)(     dxy1J(y)
2

1

yxyyxy  
ds  - “arch length”

Euler-Lagrange Equation:

  
  1

12

1120 y
xx

xxyy
yy 




 Equation of a straight line!!

(x1,y1)

(x2,y2)

y(x)=?

Min   J(y)
y(x) dJ(y)=0
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4Classical Variational Problems

Surface of revolution with the shortest area between two rings

  21

b

a

2 )(  ;)(     dxy12J(y) ybyyayy  

Euler-Lagrange Equation:

𝑦 𝑦

1 + 𝑦
− 𝑦 1 + 𝑦 = 𝐶 ⇒ −𝑦 = 𝐶 1 + 𝑦 ⇒ 𝐶

𝑑𝑦

𝑦 − 𝐶

= 𝑑𝑥 ⇒

⇒ 𝑦 = 𝐶 cosh
𝑥 − 𝐶

𝐶
;  where: coshx =

1

2
𝑒 + 𝑒

x

y

Soap and 
water

ring

ring

y(x)=?Min   J(y)
y(x) dJ(y)=0
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5Classical Variational Problems

“Brachistochrone” Problem – What curve between two points subjects a 
particle, under its own weight, to travel through the path with the 
shortest time possible?
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dt
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From energy conservation:
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y

y(x)=?

(x1,y1)

(x2,y2)

x

Time

Min   T(y)
y(x) dT(y)=0
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6Classical Variational Problems

Euler-Lagrange Equation:

   
 

    

   

  



2
121

1
2

1
1

12

2

2

22

sin)(   ;2sin2
2

1
)(

2cos1sin  ;

1
1

1

1

CkyCCx

dCdxCykdy
ykC

yk
dx

C
C

yykC
yyk

y

yk

y



















Change of variables:
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Therefore:

“Cycloid” curve equation



4

Prof. Dr. Emilio C. Nelli Silva

7Classical Variational Problems

“Cycloid”
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v

ds
dt

00

T

g

b
T
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ds
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0

22
0

2 Therefore, the cycle is independent 
of the start point: “tautochronism”

“Cycloid pendulum”
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8Classical Variational Problems

Dido’s – Find the curve with limited length the involves the 
largest area;

0)(  ;0)(      dxI(y)
a

a-

  ayayy

   dx1J(y)
a

a-

2  y

Min   I(y)
y(x)
subject to  J(y)=a

Min   I(y)+lJ(y)
y(x)

(0,-a) (0,a)

y(x)=?

y

x

Area

Curve 
length

Isoperimetric problems
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9Classical Variational Problems

Euler-Lagrange Equation:

    
222

2/322
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1

1
0

1
1 aCyx

y

y

y

y

dx

d
























l
l

Curvature = cte.
Circumference 
equation!!

(0,-a) (0,a)

y

x
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10Classical Variational Problems

Hamilton’s Principle

Dynamic equilibrium:

  0dtdtV-T  dtI(y)
2

1

2

1

2

1

t

t
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t

t

t

  LIL ddMin  I(y)
q

Euler-Lagrange Equation:

mj
q

L

dt

d

q

L

jj

,...,2,1   ,0 



















“Euler-Lagrange Equation of Motion”

Generalized coordinates
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1Optimization Using Variational Calculus

A Functional (J) is defined as:

where:                         

and:  y(a)=ya;   y(b)=yb              kinematic boundary conditions
(problem of “fixed ends”)

Many physical laws are formulated as extremes of a functional.       
Ex.: static equilibrium of a structure         minimal potential energy

Problem: Find an appropriate function that minimizes (or 
maximizes) the functional           objective of Variational Calculus

Applications of Variational Calculus: Optimization Theory, FEM 
formulation, Analytical Mechanics, etc...

  
b

a

dx(x)yy(x),x,FJ(y(x))
dx

dy(x)
(x)y 
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Solution: Let y*(x) be the function that minimizes the functional J and 
satisfies y*(a)=ya and  y*(b)=yb. We may write:

where e is small and:                                         and

Optimization Using Variational Calculus

εδy(x)yεη(x)(x)yy(x) ** 

0η(a)δy(a)  0η(b)δy(b) 

x

y

a b

y(x)
y*(x)

o

ya

yb

(x)y(x)yy *
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Therefore:

The necessary condition for the extreme J, or for the occurrence of 
minimal J in e=0 is:

Variational operator  Differential operator d
Property:

Optimization Using Variational Calculus
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** dxy,yx,F))J(y(x,)J( eeee
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4Optimization Using Variational Calculus

Integration by parts:

So:

But since y is arbitrary:

Euler-Lagrange
Equation

0δy
y

F
δydx

y

F

dx

d

y

F
δJ

b

a 0ε

*yy
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Null, because:
0δy(a)δy(b) 

0δydx
y

F
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F
δJ

b

a 0ε

*yy
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If                    and                    then we shall have:

and                             “Natural boundary conditions”

More generic cases:
• Functional with higher order derivatives:

and:

Optimization Using Variational Calculus

0δy(b)  0δy(a) 

0
y

F
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(n) dx(x)y(x)...,y(x),yy(x),x,FJ(y(x))

1)(n
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Euler-Lagrange Equations
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6Optimization Using Variational Calculus
• Functional with many unknown functions: y(x)={y1(x),y2(x),…,yn(x)}T

and:

where: 

• Functional with an unknown function with multiple variables:

  
b

a

(n) dx(x)(x)...,(x),(x),x,F(x))J( yyyyy

1)(n
b

1)(n
bbb

1)(n
a

1)(n
aaa

(b);...;(b);(b);(b)

(a);...;(a);(a);(a)
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 dxdy y)(x,wy),(x,wy),w(x,y,x,Fy))J(w(x, yx




Euler-Lagrange Equations

      0F
dx

d
1)(...F

dx

d
F

dx

d
F (n)yn

n
n

y2

2

yy  



4

Prof. Dr. Emilio C. Nelli Silva

7Example

Beam equation:

In equilibrium:

Where      is arbitrary (but admissible):

 









L

0

L

0

2

2

2

p(x)w(x)dxdx
dx

wd
EI(x)

2

1

   

L

0

"
L

0

L

0
*ww

wdxwEIwdxpdxwwEI0 

and for x = 0,L  
EIw = 0      or   𝛿w = 0 

EIw = 0  or    𝛿w = 0
  

Elastic Energy External work
Potential 
Energy

p(x)

w(x)

  0wwEIwwEIwdxp
L

0

'L

0

L

0

  

w     p(x)wEI "  Beam 
equation
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8Optimization Using Variational Calculus

Constraints         Lagrange Multipliers
•Integral Restriction:

• Pointwise constraint:

• Note:

 c
b

a

g[y(x)]dx 
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c-g[y(x)]dxJL 
















   m1,...,i       ,0
x

y
,...,

x

y
,y,...,y,x,...,xh
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We have:                                    

Exemple
Integral constraint


L

0

dx
EI(x)

M(x)m(x)
)(w e
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A
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h
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L

0

L

0

-dx
EI(x)

M(x)m(x)
A(x)dx)L(A, 

p(x)

w(x)

x h(x)

b(x)

So:

Min
A(x)

s.t. 


L

0

A(x)dxV

0)(w e
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10Example
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Replacing in: 
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0
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M(x)m(x)
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For n=1:

Since A is arbitrary amongst admissible functions:
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11Example
Pointwise constraint

Equilibrium equation:

where:
The Lagrangian is:

s(x)w " − q(x) = 0
at   x = 0:    w = 0  and  w = 0

at x = L:  sw = 0   and  s w + sw = 0  sw = 0

s(x) = EI(x) = E𝛼A (x)     n = 1,2, or 3

 















L

0

''''
2

0

L

0

1

L

0

21

dxq-wsws2sw)x(

VA(x)dxw(x)dx(x)),s(x),L(w(x),





p(x)

w(x)

b(x)

h(x)
x Min                   (compliance)  

A(x), w(x)

s.t.

Equilibrium Equation


L

0

w(x)dx

0

L

0

VA(x)dxV  
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12Example

 

  0dxwswsws2ws2wssw)x(

dxq-wsws2sw)x(

VAdxAdxwdxL

L

0

''''''''
2

L

0

''''
2

0

L

0

1

L

0

1

L

0




































Integrating by parts and gathering terms that multiply the variational 
quantities                               theEuler-Lagrange Equations are obtained:

21  e , s, w, 
𝛿w:   𝜆 s − 1 = 0         (1)    (adjoint equation)  

𝛿s:   𝜆
dA

ds
− 𝜆 w = 0    (2)   (optimality condition)

𝛿𝜆 : A(x)dx−V = 0     (3)

𝛿𝜆 : sw − q = 0         (4)    (equilibrium equation)

So:
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and the boundary conditions at x=0 and  x=L:

𝛿s = 0     or   𝜆 w − 𝜆 w
= 0
𝛿s = 0    or   𝜆 w = 0
𝛿w = 0    or  𝜆 s + 𝜆 s = 0
𝛿w = 0   or  𝜆 s = 0
𝛿w = 0   or  −𝜆 s + 𝜆 s
= 0
𝛿w = 0  or  𝜆 s = 0

Natural 
boundary 
conditions

Considering the boundary conditions of the problem:

Thus, the above conditions collapse to:
0(0)w 0,(0)w  0,(L)w

  0,(L)w  0,(0)w  0,w(0)  0,s(0)   0,(L)w    0,w(L)







𝜆 (0) = 0    and   𝜆 (0) = 0

𝜆 (L)s(L) = 0   and   𝜆 (L)s(L) + 𝜆 s (L) = 𝜆 s = 0

Example
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Integrating (1) and (4) twi: 

Hence: 

Replacing in (2): 

Solving this equation, we find         . Replacing into the volume constraint
we find          , and therefore         .

If q(x)=q0 and n=1:

Example

  p(x)ws  e   L-x
2

1
s 2

2 

 
2

2

2
2

2s(x)

p(x)L-x
wp(x)s(x)ws(x)  

 
1

2
2

2

p(x)L-x

ds

dA
s(x)




)(A 1
)x(A)x(1

 
9

5

w(x)dx

w(x)dx

L

Lx3V
(x)A

L

0

L

0
3

2
0* 
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15Optimization Using Variational Calculus
• Inequality constraints

Transforming into an equality:

where ti is an auxiliary function. Thus:
Stationary condition of L:

Contribution from ti in the variation of the functional:

Since      is arbitrary (admissible):

Thus:

m1,...,i       ,0
x

y
,...,

x

y
,y,...,y,x,...,xg

n

p

1

1
p1n1i 















m1,...,i       ,0)(t
x

y
,...,g 2

i
n

p
i 











xx

dv)t(gfL
m

1i

2
iii 

 









 

0)g0(t   0g0t iiiiii  

     0dvtt2dvydvL
n

1i
iiiiyy *   




 

 se g ≠ 0 ⇒ 𝜆 = 0  (constraint is not critical)

 se g = 0 ⇒ 𝜆 ≠ 0  (constraint is critical)

“Complementarity condition”

dvtt2 iii


 

it
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16Example

00AW 
 

L

0

01

L

0

321 P)dx-(AA(x)dx),,P(x),L(A(x), 

x

L
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0

3

L

0

3

L

0

2

L

0

01

L

0

L

0

3

L

0

02

dxAPA)dxP(dxA

P)dx-A(AdxLA)dxP(dxA-A





Min      
A(x)

s.t.  

W)       P(L0AP

0A-A

0P(x)A(x)

0

0










 
L

0

0VA(x)dx
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17Example
Integrating by parts to convert        into      , and the isolating terms
in       and      , one finds:

Together with the complementary conditions

Solution: Close to x=0:                            .   Replacing 1 of (2) in (1):

In the inferior extremity A=A0 e from equilibrium equation:

P P
PA

(2)    0)P(L) :(pois   0(0)     0  :P

(1)                                 01  :A

331

3201







 
 






0A-A

0PA

02

01




0AA 20  

1 − 𝜆 𝜎 + 𝜌𝜆 = 0  and  𝜆 (0) = 0 ⇒ 𝜆 =
𝑒 − 1

𝜌
⇒ 𝜆 = −

𝑒

𝜎
⇒ 𝜆 ≠ 0

⇒ P(x) = A(x)𝜎 ⇒ A 𝜎 + 𝜌A = 0   e  A(x ) = A ⇒ A(x) = A e    

 
0

00
t0 A

WA
LxAxLWP


 



for x<xt
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18Example

A(x) = A e      for x < x
A(x) = A                 for x > x

A0

W

xt

Other possible formulation:

Min   Max    
A(x)

Subject to  

(x)
Lx0 

0AP

VA(x)dx

0AA
L

0

0

0
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19MinMax Problem

 2
2

21
1

22
1 x

A

W
    e    x

A

LAW





A2

A1

W

L2

L1

Discontinuity in 
the derivative

21,
1

2

2A

Min  Max 
A(x)

(x)
Lx0 

x1

We have:

x2
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Where b is the unknown limit that we wish as small as possible

MinMax Problem
Min Max    
A(x)

Subject to  

Lx0 
(x)

0VV(x) 

Min V(x)
A(x)

Subject to  0(x)  


Should       be properly chosen
But we often do not have V(x) beforehand. Ex.: reduce stress 
concentration in an infinite sheet with a hole.
Thus, alternative formulation (Taylor): Min  b

A(x), b

Subject to  Lx0     ,(x)  b

Min Max    
A(x)

Subject to  

(x)
Lx0 

0AP

VA(x)dx

0AA
L

0

0

0










Min  b
A(x), b

Subject to  

0AP

VA(x)dx

0A-A

0P(x)A(x)

L

0

0

0











b

0 0
* VV 

May be removed
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21Problema MinMax

Other Min Max 
problem examples:

Ex.:

Min Max  w(x)
A(x)

Min Max
A(x)

Lx0 

kw(x)
Lx0 

Min   b
A1, A2, b

Subject to   

  0)LL(EA       0pEA

RLA

EA       

210
'

2

1
ii












b

i

EA𝜂 + p = 0 ⇒ EA𝜂 = p L + L − p ⇒
at x = 0 ⇒ 𝜎(0) = EA 𝜂 (0) = p L + L ⇒

at x = L ⇒ 𝜎(L ) = EA 𝜂 (L ) = p L ⇒

⇒ A =
p L + L

E𝛽

⇒ A =
p L

E𝛽

⇒ A L + A L = R ⇒ 𝛽 =
p L + L L + L

ER

(displacement)

(elastic foundation)

A2A1

L2

L1

x
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22Optimization Using Variational Calculus
Reformulation of the Objective Function and Constraints

Pointwise constraints       Dificult treatment       Integral constraints
To avoid Min Max problems       Integral formulation
Examples:
• displacement of a point:

• may be replaced by:                       (compliance)

or by:

•Resonance
frequency:

max

L

0

0max0 y)y(x)dxx-(xy)y(x  

  max
L0,x

yy(x)  max 
 

L

0

p(x)y(x)dx

 EIy " + 𝜔 A𝜌y = 0               (differential form)

 𝜔 = min
( ) admissible

∫ EI y dx

∫ 𝜌Ay dx
    (integral form)

where:   𝛿(x−x ) =
∞   if x = x
0   if x ≠ x

  and: 𝛿(x−x )dx = 1

1

L
y (x) dx ≤ ymax   for 

y(x) ≥ 0  x ∈ 0,L
p sufficiently large

  

(Dirac Delta)
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23Optimality Conditions in Classical Problems

Project: Minimization of Compliance (or Maximization
of Stiffness)

Min       
A(x), u(x)

Subject to  




p(x)u(x)dx

EAu v − pv dx = 0  ∀v ∈ V  

    or EAu − p = 0  and boundary conditions
A(x) − A

Adx − R ≤ 0

 

 











0dxp-vEA

0dxvp-vvEA0pvdxdxvEA
2

1 2





Weak formulation

In equilibrium:                                                     


 0dxp-uEAuv 
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24Optimality Conditions in Classical Problems

Since  is arbitrary amongst admissible functions:

 

equil.

22

2

equil.

2

2dxuEApudxdxuEA
2

1
-

pudx
2

1
-pudx-dxuEA

2

1
0dxpu-uEAu







  



  



Thus, the problem of minimization of compliance is equivalent to:                                                    
Min       
A(x)

s.t.  




 dxuEA 2








0RAdx

0AA(x) min

∴ L(A(x), 𝜆 , Λ) = EAu dx + 𝜆 Amin − A dx + Λ Adx − R ⇒

⇒ 𝛿A: Eu =
Λ − 𝜆   in Ω  𝜆 ≠ 0 ⇒ A = Amin

Λ          in Ω   𝜆 = 0 ⇒ A > Amin
   and  Ω = Ω + Ω

Elastic energy is constant
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Project: Maximization of Resonance Frequency (w)
Rayleigh Coefficient (QR):

Resonance frequency (w):
So:
So the problem:

 







 





 L

0

2

L

0

2n

L

0

2

L

0

2

cinética

elástica

dxA(x)w

dxwA(x)E

dxA(x)w

dxwEI(x)

E

E
QR







 QRMin 
w(x)

2 w
𝛿 QR = 0 ⇒ EIw " − 𝜔 𝜌Aw = 0  and boundary conditions

Max       
A(x)

Subject to   

0AA(x)

VAdx

  contorno) de condições (e  0AwwEI

min

L

0

0

2"









w

 QRMin 
w(x)

2 w

redundant
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26Optimality Conditions in Classical Problems

 

     

 
0AdxAdxw

dxAw

dxwAE

dxAw

AdxwAnE

wdxAw

dxAw

dxwAE2

dxAw

dxwwAE2

0LVAdx

dxAw

dxwAE

),A(x)L(w(x),

L

0

L

0

2
2L

0

2

L

0

2n

L

0

2

L

0

21-n

L

0
2L

0

2

L

0

2n

L

0

2

L

0

n

0

L

0
L

0

2

2
L

0

n
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27Optimality Conditions in Classical Problems

Integrating by parts and collecting terms in A e w:

Equation of motion: E𝛼A w " − 𝜔 𝜌Aw = 0  

Boundary conditions:   
𝛿w = 0   ou  E𝛼A w = 0

𝛿w = 0   ou   E𝛼A w = 0
 

Optimality condition:  nE𝛼An−1w − 𝜔 𝜌w = cte.

Verifying the sufficient condition for n=1. Let: 
A and    , solutions that satisfy the volume constraint, and                       the 
corresponding resonance frequencies and respective vibration modes.
Thus:

w e  w,, ,wwA

𝜔 =
∫ E𝛼Aw dx

∫ 𝜌Aw dx
  and   �̄� =

∫ E𝛼Aw̄ dx

∫ 𝜌Aw̄ dx
⇒ �̄� =

∫ E𝛼Aw dx

∫ 𝜌Aw dx

≥ �̄� ⇒

 




  QRMin 

w(x)

2w
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28Optimality Conditions in Classical Problems

⇒ �̄� 𝜌Aw dx = E𝛼Aw dx    and   𝜔 𝜌Aw dx = E𝛼Aw dx ⇒

Subtracting::   �̄� 𝜌Aw dx − 𝜔 𝜌Aw dx = E𝛼 A−A w dx

But:   E𝛼w − 𝜔 𝜌w = c ⇒ E𝛼w = c + 𝜔 𝜌w ⇒

E𝛼 A−A w dx = A−A c + 𝜔 𝜌w dx = A−A 𝜔 𝜌w dx ;    

A−A dx = 0 ⇒ �̄� 𝜌Aw dx − 𝜔 𝜌Aw dx = A−A 𝜔 𝜌w dx ⇒

⇒ �̄� − 𝜔 = 0 ⇒ 𝜔 ≥ �̄�
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29Optimality Conditions in Classical Problems

Mode inversion during the optimization. Ex.: 

A solution: Bimodal Formulation

  
L

0

2n dxwA(x)EMax       
A(x)

Subject to     

min

L

0

0

L

0

2
2

L

0

2
1

L

0

2
2

n
L

0

2
1

n

AA ;VAdx ;1dxw   ;1dxw

dxwA(x)EdxwA(x)E







 

iterations

Qcr
3° Qcr

1° Qcr

2° Qcr
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30

Min       
A(x)

Subject to  


L

0

Adx

EIw " − 𝜔 𝜌Aw = 0  
(and boundary 
conditions)  
or    𝜔 = Min

( )
  QR

A(x) − A

Optimality Conditions in Classical Problems

Equivalent problems:

𝜔 ≥ 𝛽
EIw " − 𝜔 𝜌Aw = 0 

(and boundary 
conditions)  

Adx = V

A(x) − A

Max  b
A(x)

Subject to  

Max  
A(x)

Subject to  

  
L

0

2p dw e

𝛼 w d𝜀 = 1  (kinetic energy)

𝛼d𝜀 = 1         (volume)

0

22

0 ECV

L
 ;

L

x
 ;

V

AL we 

Normalized problem:

or
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Project: Maximization of Buckling Load (Q)
Rayleigh’s Coefficient (QR):

Buckling load (Qcr):
Thus:
Consider the problem:

 


















 L

0

2

L

0

2n

L

0

2

L

0

2

dxw

dxwA(x)E

dxw

dxwEI(x)

QR



 QRMin Q
w(x)

cr 
𝛿 QR = 0 ⇒ EIw " − Qcrw = 0  and boundary conditions

Max       
A(x)

Subject to  EIw " − Qcrw = 0  (and boundary conditions)  

Adx = V

A(x) − A

 QRMin Q
w(x)

cr 

redundant
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32

 

     

0Adx

dxw

AdxwAnE

dxww

dxw

dxwAE2

dxw

dxwwAE2

0LVAdx

dxw

dxwAE

),A(x)L(w(x),

L

0

L

0

2

L

0

21-n

L

0
2L

0

2

L

0

2n

L

0

2

L

0

n

0

L

0
L

0

2

2
L

0

n



























































































Optimality Conditions in Classical Problems

Integrating by parts and gathering terms in A e w:
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33Optimality Conditions in Classical Problems

Eq. of Motion: E𝛼A w " − Qcrw = 0  

Boundary conditions:   
𝛿w = 0   or  E𝛼A w + Qcrw = 0

𝛿w = 0   or   E𝛼A w = 0
 

Optimality condition:  nE𝛼An−1w − 𝜆 w dx = cte.

Min       
A(x)

Subject to  


L

0

Adx

EIw " − Qcrw = 0  
(and boundary 
conditions)  
or    Qcr = Min

( )
  QR

A(x) − A

Equivalent problems:

Qcr ≥ 𝛽

EIw " − Qcrw = 0 
(and boundary 
conditions)  

Adx = V

A(x) − A

Max  b
A(x)

Subject to  
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34Saddle Point
A function F(x,y) contains 
a saddle point if:

F(𝐱∗, 𝐲) ≤ F(𝐱∗, 𝐲∗) ≤ F(𝐱, 𝐲∗)

F(𝐱∗, 𝐲∗)
minimal in 𝐱
maximal in 𝐲

In the case of the 
Lagrangian: ),L( ** x

Furthermore:
∇ L(𝐱∗, 𝜆∗) = 0

∇ L(𝐱∗, 𝜆∗) = 0
   and   

∇ L(𝐱∗, 𝜆) ≤ 0

∇ L(𝐱, 𝜆∗) ≥ 0

Solution of the saddle point       Min Max problem:
 
 







,Lmax min )L( min) ,L( max)L(

,L min max)L( max) ,L( min)L(

xxxx

xx

xx

xx





   


,Lmax min,L min max xx
xx



or:
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35Example
Ex.:

Min      
x

s.t.  
0x

01x




x

1

 0
x

1
0),L(x

2x 

1x11
1

)L( **  




The Lagrangian of the problem is given by:

 1x
x

1
),L(x  

Calculating the mininimum in x:

Calculating the maximum in :

   1,1y,x ** Saddle point:

The gradients must be continuous in x and , otherwise another 
approach to the Min Max problem must be employed.















 21

1
)L( 

1
x 0) x(mas 

1
x
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36Example

Plot of the Lagrangian function:

x

x 



L L

L


