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Preface

In the last few years of our time at university, we used to visit
several chemical plants. The chosen chemical plants were not
necessarily the modern fully automated ones, where the stu-
dents could only enter a room with control panels or look at
the towers from remote distances. Instead, we visited rather old
plants, where we were allowed to enter the area where we could
watch, smell, taste (if allowed), hear the noise, and feel the tem-
perature to understand the details of the chemical operation.

This book was written in the spirit of conventional chemical
engineering education. All problems can be solved not by using
sophisticated and ready-made computer software but by using
a simple handheld calculator or Excel program with mathemat-
ics at an early undergraduate student level. Thus the problems
are solved not by the black-box approach but by understanding
the details of the computational process.

As the authors also attempted to include as many membrane
separation processes as possible, this book consists of the fol-
lowing 12 chapters.

Solubility parameters are useful to understand the interac-
tion between the feed components and membrane as well as to
determine which components will preferentially permeate
through the membrane. Solubility parameters provide impor-
tant information about which solute in the feed solution is
adsorbed to or rejected from the membrane surface. Therefore,
in Chapter 1, Solubility Parameter, discussions take place on the
solubility parameter and some example calculations are shown.

In the wet phase inversion process, the polymer solution is
cast into a film, which is then immersed into a gelation media
that is nonsolvent for the polymer. While the film is in the gela-
tion media, solvent�nonsolvent exchange takes place and the
polymer solution composition crosses the phase boundary line,
at which point the solution is split into polymer-rich and
polymer-lean phases. In Chapter 2, Triangular Phase Diagram,
examples are given to guide readers in drawing phase boundary
lines on a triangular diagram.

When the aqueous solutions of two different salt concentra-
tions are separated by a semipermeable membrane, which
allows the permeation of water but does not allow salt perme-
ation, there is a natural tendency for water to flow from the
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solution of the lower concentration to the solution of the higher
concentration. The driving force for the water flow is the differ-
ence in osmotic pressure. Forward osmosis (FO), reverse osmo-
sis (RO), and pressure-retarded osmosis (PRO) processes are all
based on this underlying principle of osmosis. In Chapter 3,
Reverse Osmosis, Forward Osmosis, and Pressure-Retarded
Osmosis, the fundamental transport theory is presented for FO,
RO, and PRO. An attempt is made to predict the RO perfor-
mance, assuming the presence of pores.

The pore size of nanofiltration (NF) membranes is slightly
larger than RO membranes, ranging from 1 to 10 nm. Since the
membrane is often charged, the effect of the membrane charge
should be considered in the transport theory. Chapter 4,
Nanofiltration, shows how NF performance can be predicted
using the Nernst�Planck equation in which the steric effect and
the effect of the electrostatic interaction are combined.

In Chapter 5, Ultrafiltration and Microfiltration, the gel
model is introduced for ultrafiltration (UF) to explain the
leveling-off of the flux with an increase in pressure. The flux of
microfiltration (MF) membrane can be explained by Brownian
diffusion when the particle size is smaller than about 1 µm.
However, when the particle size is larger than 1 µm, the experi-
mental values become orders of magnitude higher than the the-
oretical ones, which is called the “flux paradox for colloidal
suspension.” In order to overcome this contradiction, shear-
induced diffusion and inertial lift are introduced. Some example
calculations are made for both UF and MF.

Chapter 6, Membrane Gas Separation, discusses membrane
gas separation. The solution�diffusion model, in which perme-
ability is given by the product of solubility and diffusivity, is
considered for the transport of gas in the nonporous mem-
brane. First, the time-lag method is introduced to evaluate the
solubility and diffusivity of the membrane separately. Then, the
resistance model is used to calculate the overall permeability
and selectivity for the multilayer gas separation membranes. As
for the porous membrane, gas transport is classified into (1)
Knudsen flow, (2) viscous flow, and (3) the combination of
Knudsen and viscous flow, depending on the Knudsen number.
The transport equations for mixed matrix membranes are also
shown.

Chapter 7, Pervaporation, discusses pervaporation, where
the feed liquid on the upstream side comes out from the down-
stream side as vaporous permeate. Transport through the perva-
poration membrane is also explained by the solution�diffusion
model, assuming that the pressure is constant, while solubility
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and diffusivity change considerably across the membrane since
the degree of polymer swelling changes from the wet upstream
side to the dry downstream side. Some example calculations are
made, together with a newly proposed model.

Chapter 8, Membrane Distillation, deals with membrane dis-
tillation (MD). The transport of vapor in the dry MD membrane
pore consists of (1) evaporation of water at the warm feed side,
(2) migration of vapor through the dry membrane pore, and (3)
condensation of vapor on the permeate side. Simultaneous heat
and mass transfer occur in MD for various applications by dif-
ferent MD configurations, such as direct contact MD (DCMD),
sweeping gas MD (SGMD), vacuum MD (VMD), and air gap
MD (AGMD). The MD transport mechanism is either Knudsen
diffusion or ordinary diffusion, or a combination thereof,
depending on the Knudsen number. An example calculation is
shown for DCMD.

Chapter 9, Membrane Contactor (Membrane Absorption)
and Membrane Adsorption, describes membrane contactors
and membrane adsorption. In a membrane contactor, the
membrane pore is kept dry even though one side of the pore is
in contact with liquid. The gas permeates through the pore until
it is absorbed by the absorbent liquid. Unlike MD, heat transfer
does not need to be considered. In membrane adsorption, the
membrane acts as an adsorbent with functional groups that
provide adsorption sites. Thus membrane adsorption combines
filtration and adsorption. The transport is explained by a com-
bination of the Kozeny�Carman equation and the first-order
adsorption kinetics.

Chapter 10, Membrane Module, discusses the membrane
module. Spiral wound and hollow fiber modules are used for
RO and gas separation, respectively, with some exceptions. In
the spiral wound module, the membrane envelope together
with spacers is wound around the central collection tube. In the
hollow fiber module, the bundle of hollow fibers is loaded in
the limited space of a module. The concentration, flow rate,
and pressure change as liquid or gas advances from the module
inlet to the module outlet, even after the steady state is reached.
Thus the simulation involves the solution of simultaneous dif-
ferential equations. In this chapter, examples are given for the
hollow fiber and spiral wound RO modules and the hollow fiber
modules for gas separation.

In Chapter 11, Membrane System, simulations are made for
the performance of the systems where permeate or retentate
from the module is recycled to the feed, or several modules are
connected in cascade. The modules for different membrane
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processes can also be combined to form a hybrid system. The
membrane module can even be used as a membrane bioreac-
tor. In this chapter, simulations are shown for RO-NF cascade,
RO recycle, gas separation cascade, and gas separation recycle.
As an example of the hybrid system, the combination of
FO and RO is presented. Also, a simulation is made of a bioreac-
tor where the yeast is immobilized between UF and RO
membranes.

The evaluation of energy consumption and analysis of the
product cost are the major concerns for the membrane process
design. In Chapter 12, Cost of Water, the cost evaluation of
water produced by a stand-alone RO plant is made according to
the Desalination Economic Evaluation Program (DEEP) of the
International Atomic Energy Agency (IAEA).

The book was written for undergraduate and graduate stu-
dents, professors, and also for researchers in universities,
research institutions, and industries who are learning about
membrane separation processes. It is, therefore, the authors’
wish to contribute to the further development of membrane sci-
ence and technology in the future.

March 6, 2021
Ahmad Fauzi Ismail and Takeshi Matsuura
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1
Solubility parameter

1.1 Why is the solubility parameter
necessary?

The solubility parameter is useful to find a solvent or solvent
mixture that can dissolve a polymer. It is also useful to know
the interaction force working between the feed components
and a membrane and to determine which component will pref-
erentially permeate through the membrane.

1.2 Theory
The mixing of two components, 1 and 2, is accompanied by

a free energy change

ΔG5ΔH 2TΔS ð1:1Þ
where ΔH (J/mol), T (K), and ΔS (J/mol K) are the heat of mix-
ing, absolute temperature, and entropy of mixing, respectively.
Since the mixing of two components involves a large change in
entropy, whether ΔG is positive or negative depends largely on
the magnitude of ΔH . Hence, several methods have been pro-
posed to evaluate ΔH . Among those, the following Hildebrand’s
equation (Hildebrand and Scott, 1950) is by far the most
popular:

ΔHM 5VM
ΔE1

V1

� �1=2

2
ΔE2

V2

� �1=2
" #2

ϕ1ϕ2 ð1:2Þ

where ΔHM is the total heat of mixing (J/mol), VM is the total
molar volume of the mixture (m3/mol), ΔE is the heat of
vaporization (J/mol), V is the molar volume (m3/mol), ϕ is the
volume fraction, and subscripts 1 and 2 represent components
1 and 2 of the mixture, respectively. ΔE is also called the cohe-
sive energy. A physical interpretation of ΔE is the degree of
attraction between molecules in a liquid. ΔE=V in Eq. (1.2) is
equal to the density of heat of vaporization and is called the

1
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“internal pressure” or “cohesive energy density” of the sub-
stance. Rearrangement of the above equation yields

ΔHM

VMϕ1ϕ2

5
ΔE1

V1

� �1=2

2
ΔE2

V2

� �1=2
" #2

ð1:3Þ

It is obvious from Eq. (1.3) that the heat of mixing ΔHM is
always positive and becomes smaller as the cohesive energy
densities of components 1 and 2 become closer, favoring the
mixing of components 1 and 2. The quantity

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔE=V

p
is called

the “solubility parameter” and can be obtained for many
organic compounds from their structural formula (Hildebrand
and Scott, 1950; Small, 1953). The same rule applies for poly-
mers. The solubility parameter of a polymer can be obtained
from the formula of the polymer repeat unit. If the solubility
parameters of a polymer and solvent are close to each other,
the polymer is readily miscible (soluble) in the solvent.

The heat of vaporization can be divided into three compo-
nents, with each component representing a molecular interac-
tion force of different kinds, that is,

ΔE

V
5

ΔEd

V
1

ΔEp

V
1

ΔEh

V
ð1:4Þ

where ΔEd is the London dispersion force, ΔEp is the dipole
force, and ΔEh is the hydrogen bonding force component. In
terms of solubility parameters

δ2sp 5 δ2d 1 δ2p 1 δ2h ð1:5Þ
where δd, δp and δh are given as

δd 5
ΔEd

V

� �1=2

ð1:6Þ

δp 5
ΔEp

V

� �1=2

ð1:7Þ

δh 5
ΔEh

V

� �1=2

ð1:8Þ

and they are the dispersion force, dipole, and hydrogen bonding
component of the overall solubility parameter, δsp, respectively
(Hansen and Beerbower, 1971). Furthermore, δsp; δd; δp; and δh
can be calculated by applying additivity rules to the struc-
tural components of the repeat unit of the macromolecules
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and those of solvents by the following equations (Van
Krevelan, 1976).

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
Ecoh;i

V

r
ð1:9Þ

δd 5
P

Fdi

V
ð1:10Þ

δp 5

ffiffiffiffiffiffiffiffiffiffiffiffiP
F2
pi

V

s
ð1:11Þ

δh 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiP
Ehi

V

r
ð1:12Þ

1.3 Examples of the solubility parameter
Numerical values assigned to each structural component of

organic compounds are listed in Tables 1.1 and 1.2. Using these
numerical values, the overall solubility parameter δsp and each
of its components can be calculated when the formula of the
polymer repeat unit is known.

Problem 1:

The structure of the repeat unit of cellulose acetate can be
written as

(CH2)4(CH)20(O)8(OH)2.19(OOCCH3)9.81 with four rings
Calculate the overall solubility parameter and its components.

Answer:X
Vi 3 106 5 43 16:1ð Þ1 203 21:0ð Þ1 83 3:8ð Þ1 2:193 10:0ð Þ

1 9:813 18:0ð Þ1 9:813 33:5ð Þ5 799:02X
Ecohi 5 43 4937ð Þ1 ð203 3431Þ1 83 3347ð Þ1 2:193 29;790ð Þ

1 9:813 17;991ð Þ1 9:813 4707ð Þ5 403;051

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
403051

799:023 1026

r
5 22:46

MJ

m3

� �1=2

X
Vgi 3 106 5 43 15:9ð Þ1 203 9:5ð Þ1 83 10:0ð Þ1 2:193 9:7ð Þ

1 9:813 23:0ð Þ1 9:813 23:9ð Þ5 814:93
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Table 1.1 Group contributions to Ecohi and Vi.

Structural group Ecohi J=mol Vi 3 106 m3=mol

aCH3 4707 33.5

aCH2a 4937 16.1

.CHa 3431 21.0

.C, 1464 219.2

H2CQ 4310 28.5

aCHQ 4310 13.5

.CQ 4310 25.5

HCR 3849 27.4

aCR 7071 6.5

Phenyl 31,924 71.4

Phenylene (o,m,p) 31,924 52.4

Phenyl (trisubstituted) 31,924 33.4

Phenyl (tetrasubstituted) 31,942 14.4

Phenyl (pentasubstituted) 31,942 24.6

Phenyl (hexasubstituted) 31,942 223.6

Conjugation in ring for each double bond 1674 22.2

Halogen attached to carbon atom with double bond 0:83 Ecohi for halogen 4.0

aF 4184 18.0

aF (disubstituted) 3556 20.0

aF (trisubstituted) 2301 22.0

aCF2a (for perfluoro compounds) 4268 23.0

aCF3a (for perfluoro compounds) 4268 57.5

aCl 11,548 24.0

aCl (disubstituted) 9623 26.0

aCl (trisubstituted) 7531 27.3

aBr 15,481 30.0

aBr (disubstituted) 12,343 31.0

aBr (trisubstituted) 10,669 32.4

aI 19,037 31.5

aI (disubstituted) 16,736 33.5

aI (trisubstituted) 16,318 37.0

aCN 25,522 24.0

aOH 27,790 10.0

aOH (disubstituted or on adjacent C atoms) 21,840 13.0

aOa 8347 3.8

aCHO (aldehyde) 21,338 22.3

aCOa 17,364 10.8

aCOOH 27,614 28.5

aCO2a 17,991 18.0

(Continued )

4 Chapter 1 Solubility parameter



Table 1.1 (Continued)

Structural group Ecohi J=mol Vi 3 106 m3=mol

aCO3a (carbonate) 17,573 22.0

aC2O3a (anhydride) 30,543 30.0

HCOOa (formate) 17,991 32.5

aCO2CO2a (oxalate) 26,778 37.3

aHCO3 12,552 18.0

aCOF 13,389 29.0

aCOCl 17,573 38.1

aCOBr 24,142 41.6

aCOI 29,288 48.7

aNH2 12,552 19.2

aNHa 8368 4.5

aN, 4184 29.0

aNQ 11,715 5.0

aNHNH2 21,966 �
aNNH2 16,736 16

aNHNHa 16,736 16

aN2 (diazo) 8368 23

aNQNa 4184 �
.CQNaNQC, 20,083 0

aNQCQNa 11,464 �
aNC 18,828 23.1

aNF2 7657 33.1

aNFa 5063 24.5

aCONH2 41,840 17.5

aCONHa 33,472 9.5

aCON, 29,497 27.7

HCON, 27,614 11.3

HCONHa 43,932 27.0

aNHCOOa 26,359 18.5

aNHCONHa 50,208 �
aCONHNHCOa 46,861 19.0

aNHCON, 41,840 �
.NCON, 20,920 214.5

NH2COOa 36,987 �
aNCO 28,451 35.0

aONH2 19,037 20.0

.CQNOH 25,104 11.3

aCHQNOH 25,104 24.0

aNO2 (aliphatic) 29,288 24.0

aNO2 (aromatic) 15,355 32.0

aNO3 20,920 33.5

(Continued )
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Table 1.1 (Continued)

Structural group Ecohi J=mol Vi 3 106 m3=mol

aNO2 (nitrite) 11,715 33.5

aNHNO2 39,478 28.7

aNNOa 27,196 10

aSH 14,435 28.0

aSa 14,142 12

aS2a 23,849 23.0

aS3a 13,389 47.2

aSO2a 39,120 23.6

.SO 39,120 �
SO3 18,828 27.6

SO4 28,451 31.6

aSO2Cl 37,028 43.5

aSCN 20,083 37.0

aNCS 25,104 40.0

P 9414 21.0

PO3 14,226 22.7

PO4 20,920 28.0

PO3(OH) 31,798 32.2

Si 3389 0

SiO4 21,757 20.0

B 13,807 22.0

BO3 0 20.4

Al 13,807 22.0

Ga 13,807 22.0

In 13,807 22.0

Tl 13,807 22.0

Ge 5146 21.5

Sn 11,297 1.5

Pb 17,154 2.5

As 12,970 7.0

Sb 16,318 8.9

Bi 21,338 9.5

Se 17,154 16.0

Te 20,083 17.4

Zn 14,477 2.5

Cd 17,782 6.5

Hg 22,803 7.5
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Table 1.2 Group contribution to solubility parameter component (Van Krevelen and te
Nijenhuis, 2009).

Structural group Fdi MJm3
� �1=2

=mol Fpi MJm3
� �1=2

=mol FhiJ=mol Vgi 3 106 m3=mol

aCH3 420 0 0 23.9

aCH2a 270 0 0 15.9

.CHa 80 0 0 9.5

.C, 270 0 0 4.6

QCH2 400 0 0 �
QCHa 200 0 0 13.1

QC, 70 0 0 �
Cyclohexyl 1620 0 0 90.7

Phenyl 1430 110 0 72.7

Phenylene (o,m,p) 1270 110 0 65.5

aF 220 � � 10.9

aCl 450 550 400 19.9

aBr 550 � � �
aCN 430 1100 2500 19.5

aOH 210 500 20,000 9.7

aOa 100 400 3000 10.0

aCHO 470 800 4500 �
aCOa 290 770 2000 13.4

aCOOH 530 420 10,000 23.1

aCOOa 390 490 7000 23.018.25 (acrylic)

aCOOH 530 � � �
aNH2 280 � 8400 �
aNHa 160 210 3100 12.5

aN, 20 800 5000 6.7

aCONHa (aliphatic) 450 � 19,485 24.9

aCONHa (aromatic) 450 980 32,476 24.9

aCONHNHCOa (aromatic) 900 � 44,472 49.8

aNO2 500 1070 1500 �
aSa 440 � � 17.8

aSO2a 591 � 13,489 31.8

QPO4a 740 1890 13,000 �
Ring 190 � � �
One plane of symmetry � 0.53

� 0.253 � �
More planes of symmetry � 03 03 �
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X
Fdi 5 43 270ð Þ1 203 80ð Þ1 83 100ð Þ1 2:193 210ð Þ

1 9:813 390ð Þ1 9:813 420ð Þ1 43 190ð Þ5 12;648

δd 5
12648

814:933 1026
5 15:52

MJ

m3

� �1=2

X
F2
pi 5 43 0ð Þ2 1 203 0ð Þ2 1 83 400ð Þ2 1 2:193 500ð Þ2

1 9:813 490ð Þ2 1 ð9:813 0Þ2 5 34;545;313

δp 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
34;545;313

p

814:933 1026
5 7:21

MJ

m3

� �1=2

X
Ehi 5 43 0ð Þ1 203 0ð Þ1 83 3000ð Þ1 2:193 20;000ð Þ

1 9:813 7000ð Þ1 9:813 0ð Þ5 136;470

δh 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
136;470

814:933 1026

r
5 12:94

MJ

m3

� �1=2

Problem 2:

Calculate the solubility parameters of (1) aromatic polyam-
ide, (2) aromatic polyhydrazide, and (3) aromatic polyamidehy-
drazide. The structures of the polymers are
1. NHϕmNHCOϕrCO [including 2(aromatic CONH and 2ϕ)]

(ϕ5phenylene)
2. NHNHCOϕmCONHNHCOϕrCO [including 2(aromatic

CONHNHCO) and 2ϕ]
3. NHϕrCONHNHCOϕrCO

Answer:

1. Aromatic polyamideX
Vi 3 106 5 23 52:4ð Þ1 23 9:5ð Þ5 123:8

X
Ecohi 5 23 31;924ð Þ1 23 33;472ð Þ5 130;792

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
130;792

123:83 1026

r
5 32:50

MJ

m3

� �1=2

X
Vgi 3 106 5 23 65:5ð Þ1 23 24:9ð Þ5 180:8
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X
Fdi 5 23 1270ð Þ1 23 450ð Þ5 3440

δd 5
3440

180:83 1026
5 19:03

MJ

m3

� �1=2

X
F2
pi 5 23 110ð Þ2 1 23 980ð Þ2 5 3;899;000

δp 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3;899;000

p

180:83 1026
5 10:91

MJ

m3

� �1=2

X
Ehi 5 23 0ð Þ1 23 32;476ð Þ5 64;952

δh 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64;952

180:83 1026

r
518:95

MJ

m3

� �1=2

2. Aromatic polyhydrazideX
Vi 3 106 5 23 52:4ð Þ1 23 19:0ð Þ5 142:8

X
Ecohi 5 23 31;924ð Þ1 23 46;861ð Þ5 157;570

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
157;570

142:83 1026

r
5 33:22

MJ

m3

� �1=2

X
Vgi 3 106 5 23 65:5ð Þ1 23 49:8ð Þ5 230:6

X
Fdi 5 23 1270ð Þ1 23 900ð Þ5 4340

δd 5
4340

230:63 1026
5 18:82

MJ

m3

� �1=2

X
F2
pi 5 23 110ð Þ2 1 232ð Þ2 . . .

δp 5 . . .X
Ehi 5 23 0ð Þ1 23 44;472ð Þ5 88;944

δh 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
88;944

230:63 1026

r
5 19:64

MJ

m3

� �1=2
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3. Aromatic polyamidehydrazide

δsp 5
32:501 33:22

2
5 32:86

MJ

m3

� �1=2

δd 5
19:031 18:82

2
5 18:93

MJ

m3

� �1=2

δp 5 ���

δh 5
18:951 19:64

2
5 19:30

MJ

m3

� �1=2

Problem 3:

The structure of the repeat unit of polyethylene terephthalate is
ϕpCOOCH2CH2COO [including 1(ϕ), 2(COO), and 2(CH2)]
Calculate the overall solubility parameter and its components.

Answer:X
Vi 3 106 5 13 52:4ð Þ1 23 18:0ð Þ1 ð23 16:1Þ5 120:6

X
Ecohi 5 13 31;924ð Þ1 23 17;991ð Þ1 23 4937ð Þ5 77;780

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
77; 780

120:63 1026

r
5 25:40

X
Vgi 3 106 5 13 65:5ð Þ1 23 23:0ð Þ1 23 15:9ð Þ5 143:3

X
Fdi 5 13 1270ð Þ1 23 390ð Þ1 23 270ð Þ5 2590

δd 5
2590

143:33 1026
5 18:07

MJ

m3

� �1=2

X
F2
pi 5 13 110ð Þ2 1 23 490ð Þ2 1 23 0ð Þ2 5 972;500

δp 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
972;500

p

143:33 1026
5 6:88

MJ

m3

� �1=2

X
Ehi 5 13 0ð Þ1 23 7000ð Þ1 ð23 0Þ5 14;000

δh 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
14; 000

143:33 1026

r
5 9:88

MJ

m3

� �1=2
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Problem 4:

Calculate the overall solubility parameters of (1) polyvinyl
alcohol and (2) polyvinyl acetal and their components.

Answer:

1. Polyvinyl alcohol
The repeat unit of polyvinyl alcohol includes 1 (CH2), 1 (CH),

and 1 (OH). ThereforeX
Vi 3 106 5 13 16:1ð Þ1 13 2 1:0ð Þ1 ð13 10:0Þ5 25:1

X
Ecohi 5 13 4937ð Þ1 13 3431ð Þ1 13 27;790ð Þ5 36;158

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36;158

25:13 1026

r
5 37:95

MJ

m3

� �1=2

X
Vgi 3 106 5 13 15:9ð Þ1 13 9:5ð Þ1 13 9:7ð Þ5 35:1

X
Fdi 5 13 270ð Þ1 13 80ð Þ1 13 210ð Þ5 560

δd 5
560

35:13 1026
5 16:0

MJ

m3

� �1=2

X
F2
pi 5 13 0ð Þ2 1 13 0ð Þ2 1 13 500ð Þ2 5 250;000

δp 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
250;000

p

35:13 1026
5 14:3

MJ

m3

� �1=2

X
Ehi 5 13 0ð Þ1 13 0ð Þ1 ð13 20;000Þ5 20;000

δh 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
20;000

35:13 1026

r
5 23:9

MJ

m3

� �1=2

2. Polyvinyl acetal
The repeat unit of polyvinyl acetal includes 1 (CH3), 2 (CH2),

3 (CH), 2 (O), and 1 ring. ThereforeX
Vi 3 106 5 13 33:5ð Þ1 23 16:1ð Þ1 33 2 1:0ð Þ1 ð23 3:8Þ5 70:3X
Ecohi 5 13 4707ð Þ1 23 4937ð Þ1 33 3431ð Þ1 ð23 8347Þ5 31;568

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
31;568

70:33 1026

r
5 21:19

MJ

m3

� �1
2
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X
Vgi 3 106 5 13 23:9ð Þ1 23 15:9ð Þ1 33 9:5ð Þ1 ð23 10:0Þ5 104:2X
Fdi 5 13 420ð Þ1 23 270ð Þ1 33 80ð Þ1 23 100ð Þ1 ð13 190Þ5 1590

δd 5
1590

104:23 1026
5 15:26

MJ

m3

� �1=2

X
F2
pi 5 13 0ð Þ2 1 23 0ð Þ2 1 33 0ð Þ2 1 ð23 400Þ2 5 640;000

δp 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
640;000

p

104:23 1026
5 7:68

MJ

m3

� �1=2

X
Ehi 5 13 0ð Þ1 23 0ð Þ1 33 0ð Þ1 ð23 3000Þ5 6000

δh 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6000

104:23 1026

r
5 7:59

MJ

m3

� �1=2

Problem 5:

Calculate the overall solubility parameter of polydimethyl
siloxane.

Answer:

The repeat unit includes 2 (CH3), 1 (O), and 1 (Si). Therefore

X
Vi 3 106 5 23 33:5ð Þ1 13 3:8ð Þ1 ð13 0Þ5 70:7

X
Ecohi 5 23 4707ð Þ1 13 8347ð Þ1 ð13 3389Þ5 21;150

δsp 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21;150

70:73 1026

r
5 17:30

MJ

m3

� �1
2

Problem 6:

PVA and PDMS membranes are considered for pervaporation
membrane to separate ethanol and water. Which one (ethanol
or water) permeates the membrane preferentially?

Answer:

PVA membrane

jδsp;water 2 δsp;PVAj5 10:05

jδsp;ethanol 2 δsp;PVAj5 11:75
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Interaction of PVA with water is stronger than with etha-
nol. Hence, water preferentially permeates through the
membrane.

PDMS membrane

jδsp;water 2 δsp;PDMSj5 31:3

jδsp;ethanol 2 δsp;PDMSj5 8:9

Interaction of PDMS with ethanol is stronger than with
water. Hence, ethanol preferentially permeates through the
PDMS membrane.

Solubility parameters for some chosen solvents and poly-
mers are shown in Tables 1.3 and 1.4, respectively.

Table 1.3 Solubility parameter of solvent (Solubility Parameters: Theory and Application, 1984).

Solvent Solubility parameter, δsp ; MJ=m3
� �1=2

n-Pentane 14.4

n-Hexane 14.9

n-Heptane 15.3

Diethylether 15.4

1,1,1-Trichloroethane 15.8

n-Dodecane 16.0

White spirit 16.1

Turpentine 16.6

Cyclohexane 16.8

Amyl acetate 17.1

Carbon tetrachloride 18.0

Xylene 18.2

Ethyl acetate 18.2

Toluene 18.3

Tetrahydrofuran 18.5

Benzene 18.7

Chloroform 18.7

Trichloroethylene 18.7

Cellosolve acetate 19.1

Methyl ethyl ketone 19.3

Acetone 19.7

Diacetone alcohol 20.0

Ethylene dichloride 20.2

Methylene chloride 20.2

Butyl cellosolve 20.2

(Continued )
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Table 1.3 (Continued)

Solvent Solubility parameter, δsp ; MJ=m3
� �1=2

Pyridine 21.7

Cellosolve 21.9

Morpholine 22.1

Dimethylformamide 24.7

n-Propyl alcohol 24.9

Ethyl alcohol 26.2

Dimethyl sulfoxide 26.4

n-Butyl alcohol 28.7

Methyl alcohol 29.7

Propylene glycol 30.7

Ethylene glycol 34.9

Glycerol 36.2

Water 48.0

Table 1.4 Solubility parameter of polymers in MJ=m3
� �1=2

.

Polymers Structural components δsp δd δp δh

Cellulose acetate (CH2)4(CH)20(O)8(OH)2.19(OOCCH3)9.81with four rings 22:46 15:52 7:21 12:94

Cellulose triacetate (CH2)4(CH)20(O)8(OH)(OOCCH3)11with four rings 24.61 15:55 6:84 11:87

Cellulose nitrate (CH2)4(CH)20(O)8((NO3)12with four rings 27:71 � � �
Cellulose (CH2)4(CH)20(O)8(OH)12with four rings 49:26 15:02 15.11 24:22

Nylon 6 (CH2)5(CONH, aliphatic) 25:42 17:24 � 13:66

Polyamide NHϕmNHCOϕrCO 32:50 19:03 10:91 18:95

Carboxylated polyamide (NHϕmNHCOϕm,p(COOH)CO)1.3(NHϕmNHCOϕpCO)0.7 33.73 19.15 � 19.27

Polyhydrazide NHNHCOϕmCONHNHCOϕrCO 33:22 18:82 � 19:64

Copolyamide hydrazide NHϕrCONHNHCOϕrCO 32:86 18.93 � 19:30

Polyalanine (CH3)(CH)(CONH) 31:48 16:30 � 18:28

Polyacryilic acid (CH2)(CH)(COOH) 28:73 18:14 8:66 14:46

Polymetacrylic acid (CH3)(CH2)(C)(COOH) 25:64 17:04 6:22 12:17

Polyvinyl alcohol (CH2)(CH)(OH) 37:95 16:0 14:3 23:9

Polyvinyl acetate (CH3)(CH2)(CH)(COO) 21:60 16:04 6:78 9:84

Polyvinyl formal (CH2)3(CH)2(O)2with one ring 22:94 15:69 9:23 8:32

Polyvinyl acetal (CH3)(CH2)2(CH)3(O)2with one ring 21.19 15:26 7:68 7:59

Polyvinyl butyral (CH3)(CH2)4(CH)3(O)2with one ring 20:11 15:66 5:88 6:64

Polyethylene (CH2)2 17.51 16:98 0 0

Polypropylene (CH3)(CH2)(CH) 16:40 15:62 0 0

Polystyrene (CH2)(CH) ϕ 21:58 18:14 0 0

(Continued )
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Nomenclature
Ecoh;i Structural group contribution to δsp (J/mol)

Eh;i Structural group contribution to δh (J/mol)

Fd;i Structural group contribution to δp ð MJm3
� �1=2

=molÞ
Ep;i Structural group contribution to δh ( MJm3

� �1=2
=mol)

T Temperature (K)

V Molar volume (m3/mol)

VM Total molar volume of mixture (m3/mol)

Greek letters

δsp Overall solubility parameter ((MJ/m3)1/2)

δd Solubility parameter, London dispersion force component

((MJ/m3)1/2)

Table 1.4 (Continued)

Polymers Structural components δsp δd δp δh

Polyvinyl chloride (CH2)(CH)Cl 22:57 17:66 12:14 2:97

Polymethyl methacrylate (CH3)2(CH2)(C)(COO) 20:32 16:52 5:66 8:99

Polyethyl acrylate (CH3)(CH2)2(CH)(COO) 20:86 17:14 5:87 9:16

Poly(2-

hydroxyethylmethacrylate)

(CH3)(CH2)3(C)(COO)(OH) 27:15 16:90 6:72 16:10

Polyethylene glycol (CH2)2O 19:16 15:31 9:57 8:47

Polypropylene glycol (CH3)(CH2)(CH)O 17:70 14:67 6:75 7:11

Polyacrylonitrile (CH2)(CH)(CN) 29:44 17:37 24:50 7:46

Polybutadiene (CH2)2(QCHa)2 17:67 16:2 0 0

Polyisobutylene (CH3)2(CH2)(C) 15:73 15:23 0 0

Polyacetylene (QCa)2 17:87 15:27 0 0

Polyvinylidene chloride (CH2)(C)(Cl)2 22:90 18:24 18:24 3:64

Polychlorotrifluoroethylene (C)(CF2 perfluoro compounds)(Cl)(F) 21:65 15:70 � �
Polytetrafluoroethylene (CF2 perfluoro compounds)2 13:62 14:02 � �
Polyvinylidene fluoride (CH2)(CF2 perfluoro compounds) 15:34 15:13 � �
Polyethyleneterephthalate (CH2)2ϕm(COO)2 25:40 18:07 6:88 6:99

Polybutyleneterephthalate (CH2)4(phenylene)(COO)2 23:95 17:88 5:63 6:32

Polycarbonate (CH3)2(C)(ϕm)2(COO)(O) 23:47 17:56 2:92 6:80

Polyethylacrylate (CH3)(CH2)2(CH)(COO) 20:86 17:14 5:87 9:16

Polysulfone (CH3)2(C) (ϕm)3(O)2(SO2) 25:41 17:86 � 8:05

Polyethersulfone (ϕm)2(O)(SO2) 28:36 18:70 � 9:77

Polyimide P84 (CH3)0.8(CH2)0.2(phenylene)0.4(phenyl,

trisubstituted)2.4(.Na)1.6(CO)4.0

32:63 � � �

Polyetherimide (CH3)2(C)(phenylene)3(phenyl,

trisubstituted)2(O)2(.Na)2(CO)4

28:93 � � �

Polyphenylene sulfide (phenylene)(S) 26:75 20:53 � �
Polyetheretherketone (phenylene)3(O)2(CO) 26:12 18:70 5:04 5:90

Polyphenylene oxide (CH3)2(phenyl trisubstituted)(O) 20:71 � � �
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δp Solubility parameter, dipole force component ((MJ/m3)1/2)

δh Solubility parameter, hydrogen bonding force component

((MJ/m3)1/2)

ΔE Heat of vaporization (J/mol)

ΔEd Heat of vaporization, London dispersion force component (J/mol)

ΔEp Heat of vaporization, dipole force component (J/mol)

ΔEh Heat of vaporization, hydrogen bonding force component (J/mol)

ΔG Free energy of mixing (J/mol)

ΔGM Total heat of mixing (J/mol)

ΔH Heat of mixing (J/mol)

ΔS Entropy of mixing (J/mol K)

ϕ Volume fraction (2)

Subscript

1,2 Components 1 and 2 of a mixture
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2
Triangular phase diagram

2.1 Principles

2.1.1 Thermodynamics of polymer solution
The phase-inversion technique developed by Loeb-Sourirajan

is by far the most popular method to prepare polymeric mem-
branes with asymmetric structure. Hence it is meaningful to dis-
cuss the formation mechanism of asymmetric structure during
the phase inversion process. In this process, the casting dope
that is a homogeneous polymeric solution is cast into a film. In
the dry phase inversion process, solvent gradually evaporates
from the film and the solution composition crosses the phase
boundary line, where the solution is split into two phases—the
polymer-rich and polymer-lean phases. The polymer-rich phase,
after further evaporation of solvent, becomes the polymer matrix
of the membrane and the polymer-lean phase turns into the
pores of the membrane.

In the wet phase inversion process, the cast film is immersed
into a gelation media that is nonsolvent for the polymer. While
the film is in the gelation media, solvent�nonsolvent exchange
takes place and the polymer composition crosses the phase
boundary line and the solution is split into the two, polymer-rich
and polymer-lean, phases. Hereafter, the formation of the porous
structure is the same as in the dry phase inversion process. The
dry and wet phase inversion process may also be combined in the
dry�wet phase inversion process. Fig. 2.1 shows the composition
path that takes place during the phase inversion process, where α
is the composition of the casting solution, β is the composition at
which phase separation takes place, γ is the composition at which
the polymeric film solidifies, and δ is the composition of the mem-
brane when finally fabricated (Matsuura, 1994).

Thus, it is very important to know the composition change
of the polymer solution from the cast film to the finally
obtained membrane.

Since the separation of polymer solution into two phases is a
thermodynamic process, the phase boundary line can be drawn
by considering the thermodynamic equilibrium.
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The thermodynamics of a polymer solution was discussed
thoroughly by Tompa in his book published in 1956 (Tompa,
1956), based on the Flory�Higgins equation for the free energy
of mixing.

Suppose the free energy of mixing, ΔGm, for a binary mixture
of solvent and polymer is given as a function of the mole frac-
tion of polymer Xp, as drawn in Fig. 2.2. In the figure the free
energy of mixing is Q, corresponding to the composition P. If
this solution is separated into two phases, whose compositions
are P0 and Pv (the free energies of mixing of these two phases are

Figure 2.1 Line α�β�γ�δ is
a schematic presentation of
the composition path during
the phase inversion process
(Matsuura, 1994).

Figure 2.2 Free energy of
mixing versus mole fraction of
polymer I (Matsuura, 1994).
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Q0 and Qv, respectively), the overall free energy of the separate
phases is given by Q1 by the lever rule, and Q1 is higher than Q
as far as the ΔGm curve is concave upward. This means that the
homogeneous polymer solution with a composition of P is
thermodynamically stable and phase separation does not occur.

Furthermore,

ΔGm 5 xsΔμs 1 xpΔμp ð2:1Þ
where xs and xp are the mole fractions of solvent and polymer,
respectively, at P (xs 1 xp 5 1) and Δμs and Δμp are, respectively,
chemical potential of solvent and polymer at point P.

Since

@ΔGm

@xp

� �
P;T

5Δμp 2Δμs ð2:2Þ

From the above two equations

Δμs 5ΔGm 2 xp
@ΔGm

@xp

� �
P;T

ð2:3Þ

Δμp 5ΔGm 1 xs
@ΔGm

@xp

� �
P;T

ð2:4Þ

Eqs. (2.3) and (2.4) mean that the intercepts of the tangent
of ΔGm line at xp 5 0 and 1 (AsBs and ApBp), respectively, corre-
spond to Δμs and Δμp.

When the free energy of mixing is given by a curve as illustrated
in Fig. 2.3, and the mixture P is very close to P0 (or Pv) the solution
is stable since the curve is concave upward. But when P is away
from P0 (or Pv), P goes into a region where the free energy curve
becomes concave downward and Q1 becomes lower than Q. Then
the solution P tends to separate into two phases whose composi-
tions are P0 and Pv. Note that P moves from concave upward to
concave downward region at the inflection point of the curve.
Hence the region from P0 to the first inflection point is called the
meta stable region, from the first to the second inflection point it
is called unstable region, and the second inflection point to Pv is
again called the meta stable region.

Furthermore, since the intercepts of tangent at xp 5 0 and 1
are the same for the two coexisting phases P0 and Pv,

Δμs
0 5Δμsv ð2:5Þ

and

Δμp
0 5Δμpv ð2:6Þ
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The boundary between metastable and unstable regions is
given from the second derivative of ΔGm equal to zero. Then
differentiating Eq. (2.2) once more,

@Δμs

@xp
5

@Δμp

@xp
ð2:7Þ

In conjunction with the Gibbs�Duhem relation,

xsdμs 1 xpdμp 5 0 ð2:8Þ

@Δμs

@xp
5

@Δμp

@xp
5 0 ð2:9Þ

When the temperature is increased, the two minima
appearing on the free energy curve at Q0 and Qv get closer
and eventually meet with each other. At this point, the third
derivative of ΔGm becomes zero. Again in conjunction with
the Gibbs�Duhem relation,

@2Δμs

@x2p
5

@2Δμp

@x2p
5 0 ð2:10Þ

Such a point is called the plait point.
Using the equations derived above the phase diagram of the

binary system can be drawn.
At a given temperature, two mole fractions xp

0 and xpv that
can satisfy Eqs. (2.5) and (2.6) are searched for. Then, a similar

Inflec�on 
point

Figure 2.3 Free energy of
mixing versus mole fraction of
polymer II (Matsuura, 1994).
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search is made for another temperature and this process is con-
tinued. By plotting the mole fractions so obtained versus tem-
perature, a solid line on Fig. 2.4 can be drawn. Next, mole
fractions are searched for to satisfy Eq. (2.9), and by plotting the
mole fraction so obtained versus temperature, a broken line on
Fig. 2.4 can be drawn. Finally, the solid and broken lines merge
at the plait point, where Eq. (2.10) is satisfied.

Fig. 2.4 is the phase diagram for a binary system and its mean-
ing is as follows. At a given temperature T, the binary mixture is
homogeneous and stable in the range from the As axis to the solid
line (or xp 5 0 to xp 5 xp

0Þ: The mixture from the solid line to the
broken line is metastable. The mixture remains against the spon-
taneous separation into two phases. When the local solution com-
position crosses the broken line by perturbation and goes into the
region between the two broken lines, the solution becomes
unstable and tends to separate spontaneously into two phases
whose compositions are on the solid line (xp

0 and xpv in Fig. 2.4).
As the composition moves toward the right, it goes into another
metastable region between the broken and solid lines and
becomes homogeneous and stable again from a solid line to the
Ap axis (from xp 5 xpv to xp 5 1Þ. With an increase in T, the homo-
geneous and stable region becomes broader, and at T 5Tc a plait
point appears, where the solid and broken lines merge at xp 5 xpc.
At a temperature above Tc the mixture is homogeneous and
stable in the entire range from xp 5 0 to 1:

As for a ternary system including nonsolvent (n), solvent (s),
and polymer (p), the following equations can be used.

Corresponding to Eqs. (2.5) and (2.6) of the binary system to
draw the solid line,

Δμn
0 5Δμnv ð2:11aÞ

Figure 2.4 Phase diagram of a
binary mixture (Matsuura, 1994).
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Δμs
0 5Δμsv ð2:11bÞ

Δμp
0 5Δμpv ð2:11cÞ

Corresponding to Eq. (2.9) of the binary system to draw the
broken line,

GssGpp 5G2
sp ð2:12Þ

And corresponding to Eq. (2.10) to obtain the plait point,

Gsss 2 3gGssp 1 3g2Gspp 2 g3Gppp 5 0 ð2:13Þ
where Gij is the partial derivative of ΔGm with respect to
xi and xj: Gijk is the partial derivative of ΔGm with respect to xi,
xj and xk. g is Gss=Gsp.

A typical example of the solutions to Eqs. (2.11)�(2.13) is
illustrated in Fig. 2.5. Eqs. (2.11a)�(2.11c) produce a solid line in
Fig. 2.5. This line is called the binodial line. A pair of composi-
tions is obtained as those of coexisting phases, and the straight
line connecting these compositions is called the tie line. The
solution to Eq. (2.12) produces a broken line in Fig. 2.5. This line
is called the spinodial line. The binodial and spinodial lines
merge at the plait point whose composition is obtained by solv-
ing Eq. (2.13). The meaning of the binodial and spinodial lines
and the tie line becomes clear in analogy to the binary system
shown in Fig. 2.4. A ternary mixture whose composition lies in
the region surrounded by the NS and SP axes and the solid line
is homogeneous and stable. A mixture whose composition is in
the region surrounded by the solid (binodial) and broken (spino-
dial) lines is metastable. A mixture whose composition is inside

Figure 2.5 Phase diagram of a
ternary system (Matsuura, 1994).
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the region surrounded by the broken (spinodial) line is
unstable and tends to separate spontaneously into two phases,
whose compositions are at the ends of the tie line.

2.1.2 Solutions for the ternary system using
Flory�Huggins equations

The solutions for the ternary system are now attempted using
the Flory�Huggins equations for the free energy of mixing.

ΔGm

RT
5nnlnϕn 1nsϕs 1npϕp 1 ðχnsϕnϕs 1χspϕsϕp 1χpnϕpϕnÞ

3 ðmnnn 1msns 1mpnpÞ
ð2:14Þ

where ni is the number of moles of the component i, ϕi is the vol-
ume fraction of the component i, mi is the ratio of the molar vol-
ume of the component i to that of the solvent (in other words
ms 5 1), and χij is the interaction constant between the components
i and j. Rearranging Eq. (2.14), the free energy can be written as

ΔGm

RT
5

X ϕi

mi
lnϕi 1

X
χijϕiϕj

� �
3

X
mini ð2:15Þ

where the summation over i and j is to be taken over all differ-
ent pairs of i and j.

Since

Δμn

RT
5

@ΔGm=RT

@nn
ð2:16Þ

Δμn

RT
5 lnϕn 1 12mn

X ϕi

mi
1mn

X
χniϕi 2mn

X
χijϕiϕj

ð2:17Þ
Further rearrangement yields

Δμn

RT
5 lnϕn 1 12

mn

ms

� �
ϕs 1 12

mn

mp

� �
ϕp

1mn χn ϕs1ϕp

� �2
1χsϕ

2
sχpϕ

2
p

� � ð2:18Þ

Similarly,

Δμs

RT
5 lnϕs 1 12

ms

mp

� �
ϕp 1 12

ms

mn

� �
ϕn

1ms χs ϕp1ϕn

� �2

1χpϕ
2
pχnϕ

2
n

� � ð2:19Þ
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Δμp

RT
5 lnϕp 1 12

mp

mn

� �
ϕn 1 12

mp

ms

� �
ϕs

1mp χp ϕn1ϕs

� 	2
1χnϕ

2
nχsϕ

2
s

n o ð2:20Þ

where χn;χs and χp are given as

2χn 5χns 1χpn 2χsp ð2:21Þ

2χs 5χsp 1χns 2χpn ð2:22Þ

2χp 5χpn 1χsp 2χns ð2:23Þ
The equations for the spinodial and the plait point are,

respectively,X
miϕi 2 2

X
mimjðχi 1χjÞϕiϕj 1 4mnmsmp

X
χiχjϕnϕsϕp 5 0

ð2:24Þ
and X m2

i ϕi

122χimiϕi

� 	3 5 0 ð2:25Þ

For the coexisting two phases equations, Eq. (2.11) and the
following two equations should be satisfied.

ϕn
0 1ϕs

0 1ϕp
0 5 1 ð2:26Þ

ϕnv1ϕsv1ϕpv5 1 ð2:27Þ
Considering Eqs. (2.11), (2.26), and (2.27) there are five equations

and six unknowns ðϕn
0;ϕs

0;ϕp
0;ϕnv;ϕsv and ϕpvÞ. Therefore, for a given

ϕn
0, the other five unknowns can be found. The straight line con-

necting two compositions (ϕn
0;ϕs

0;ϕp
0) and ðϕnv;ϕsv and ϕpvÞ is the tie

line. The binodial line can be drawn by changing the value of ϕn
0.

As for the spinodial line, there are two equations, Eq. (2.24)
and

ϕn 1ϕs 1ϕp 5 1 ð2:28Þ
while there are three unknown, ϕn; ϕs and ϕp. Therefore a dot-
ted line can be drawn by changing ϕn.

A point exists on this curve that satisfies Eq. (2.25) and this
is the plait point.

Problem 1:

Draw a binodial line when

mn 5ms 5 1 and mp 5 100
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and

χns 5χpn 5χ5 1:5 and χsp 5 0

This means the polymer (P)’s molar volume is much larger
than the nonsolvent (N) and solvent (S). The N/S and P/N inter-
actions are weak, while the S/P interaction is strong. (Note that
the interaction becomes stronger as the interaction constant ðχÞ
decreases.)

For χns 5χpn 5χ and χsp 5 0, Tompa derived the following
simplified equations for the chemical potential of the three
components.

Δμn

RT
5 lnϕn 1 12

1

mp

� �
ϕp 1χ 12ϕn

� 	2 ð2:29Þ

Δμs

RT
5 lnϕs 1 12

1

mp

� �
ϕp 1χϕ2

n ð2:30Þ

Δμp

RT
5 lnϕp 2 mp 2 1

� 	
12ϕp

� �
1mpχϕ2

n ð2:31Þ

Answer:

Using the given numerical values,

lnϕn
0 1 12

1

100

� �
ϕp

0 1 1:5 12ϕn
0� 	2

5 lnϕnv1 12
1

100

� �
ϕpv1 1:5 12ϕnv

� 	2 ð2:32Þ

lnϕs
0 1 12

1

100

� �
ϕp

0 1 1:5 ϕn
0� 	2

5 lnϕnv1 12
1

100

� �
ϕpv1 1:5 ϕnv

� 	2
ð2:33Þ

lnϕp
0 2 1002 1ð Þ 12ϕp

0
� �

1 150 ϕn
0� 	2

5 lnϕpv2 1002 1ð Þ 12ϕpv
� �

1 150 ϕnv
� 	2 ð2:34Þ

Furthermore,

ϕn
0 1ϕs

0 1ϕp
0 5 1 ð2:26Þ

ϕnv1ϕsv1ϕpv5 1 ð2:27Þ
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Rearranging Eq. (2.33)

ln
ϕsv
ϕs

0 52 12
1

100

� �
ϕpv2ϕp

0
� �

2 1:5 ϕnv
� 	2

2 ϕn
0� 	2� �

ð2:35Þ

Therefore

2ln
ϕs

0

ϕsv
5 0:99ðϕp

0 2ϕpvÞ1 1:5 ϕn
0� 	2

2 ϕnv
� 	2� �

ð2:36Þ

From Eq. (2.34)

1

100
lnϕp

0 1 12
1

100

� �
ϕp

0 1 1:5 ϕn
0� 	2

5
1

100
lnϕpv1 12

1

100

� �
ϕpv1 1:5 ϕnv

� 	2 ð2:37Þ

Eq (2.37)�eq. (2.33) yields

1

100
lnϕp

0 2ϕs
0 5

1

100
lnϕpv2ϕsv ð2:38Þ

Therefore

2ln
ϕs

0

ϕsv
52

1

100
ln

ϕp
0

ϕpv
ð2:39Þ

Finally, Eq. (2.32)�eq. (2.33) yields

lnϕn
0 2ϕs

0 1 1:5 12ϕn
0� 	2

2 ϕn
0� 	2n o

5 lnϕnv2ϕsv1 1:5 12ϕnv
� 	2

2 ϕnv
� 	2n o ð2:40Þ

Rearranging,

2ln
ϕs

0

ϕsv
5 3 ϕn

0 2ϕnv
� 	

2 ln
ϕn

0

ϕnv
ð2:41Þ

From Eqs. (2.36) and (2.41)

ϕp
0 2ϕpv

� �
5

3 ϕn
0 2ϕnv

� 	
2 ln

ϕn
0

ϕnv
2 1:5 ϕn

0� 	2
2 ϕnv
� 	2� �

0:99
ð2:42Þ

From Eqs. (2.39) and (2.41)

ln
ϕp

0

ϕpv
52 1003 3 ϕn

0 2ϕnv
� 	

2 ln
ϕn

0

ϕnv

� �
ð2:43Þ

From Eq. (2.41)

ln
ϕs

0

ϕsv
52 3 ϕn

0 2ϕnv
� 	

2 ln
ϕn

0

ϕnv

� �
ð2:44Þ
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From Eqs. (2.26), (2.27), (2.42)�(2.44), ϕs
0;ϕp

0;ϕnv;ϕsv and ϕpv can
be obtained for a given value of ϕn

0 by the following steps.
1. Guess ϕnv.
2. Calculate ðϕp

0 2ϕpvÞ and
ϕp

0

ϕpv
by Eqs. (2.42) and (2.43) and solve

ϕp
0 and ϕpv.

3. Obtain ϕs
0 and ϕsv from Eqs. (2.26) and (2.27) and calculate ln

ϕs
0

ϕsv
.

4. Calculate ln
ϕs
0

ϕsv
from Eq. (2.44).

5. Repeat the process until ln
ϕs
0

ϕsv
values calculated by steps (3)

and (4) agree.
The calculation algorithm is given in Scheme 2.1.

Scheme 2.1 Calculation
algorithm used for problem 1.
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The results of the calculation are summarized in Table 2.1
and the binodial line is shown in Fig. 2.6.

Problem 2:

Yilmaz and McHugh derived Eqs. (2.45) and (2.46) to know
the composition path on the triangular diagram during the
phase inversion process (Yilmaz and McHugh, 1986).

ϕn 5
ρ02 2 ρ

�
i

ρ02 2 k0ρ01
2

ρ02
ρ02 2 k0ρ01

ϕp ð2:45Þ

ρ
�
i 5 11 kω1ið Þρi ð2:46Þ

The definition of the symbols used in the equations is as
follows:

ϕ: volume fraction in the ternary mixture;

Table 2.1 The results of the calculation.

ϕn
0 ϕs

0 ϕp
0 ϕnv ϕsv ϕpv

0.38 0.60 0.02 0.38 0.6 0.02

0.4 0.590 0.010 0.350 0.600 0.050

0.5 0.50 0.00 0.290 0.545 0.165

0.7 0.30 0.00 0.223 0.4000 0.377

0.9 0.10 0.00 0.167 0.168 0.665

Figure 2.6 Answer to problem
1.
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ρ: density defined as the weight of nonsolvent�solvent mix-
ture (free from polymer) in a unit volume of cast film;

k
0
: ratio of solvent and nonsolvent flux;

k:5 k
0
2 1;

ω: mass fraction in nonsolvent�solvent (free from polymer
mixture).

Subscripts:

i: initial, when solvent and nonsolvent exchange starts to occur;
n: nonsolvent in ternary mixture;
p: polymer in ternary mixture;
1: nonsolvent in nonsolvent�solvent (free from polymer)

mixture;
2: solvent in nonsolvent�solvent (free from polymer) mixture.

Superscript:

0: quantity of pure liquid.
Draw the composition path on Fig. 2.6 when
Initial composition of the casting solution is

ϕsi 5 0:9 and ϕpi 5 0:1.
The ratio of solvent and nonsolvent flux k

0
5 1:5:

The nonsolvent (water) density ρ01 and solvent density ρ02
are 1.0 and 0.79 3 1023 kg/m3, respectively.

Answer:

At the start of solvent/nonsolvent exchange, there is only sol-
vent in the cast film. Therefore ω1i 5 0 and ω2i 5 1:0:

The mass of solvent in unit volume of the cast polymer solu-
tion is ρiω2i at the start of solvent/nonsolvent exchange, which
is equal to ϕsiρ

0
2. Therefore

ρi 5
ϕsiρ

0
2

ω2i
5

0:93 0:79

1; 0
5 0:711

Then, from Eq. (2.46)

ρ
�
i 5 11 1:52 1ð Þ3 0


 �
3 0:7115 0:711

Applying Eq. (2.45)

ϕn 5
0:792 0:711

0:792 1:53 1:0
2

0:79

0:792 1:53 1:0
ϕp 52 0:111271 1:1127ϕp

This is a straight line on the triangular diagram with
(ϕni 5 0;ϕsi 5 0:9 and ϕpi 5 0:1Þ on the P�S axis at one end and
(ϕne 5 0:474;ϕse 5 0 and ϕpe 5 0:526) at the other end.
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Nomenclature
Symbols [definition dimension (in SI units)]

mi Ratio of molar volume of component i and

solvent

ni Number of moles of component i

R Gas constant (J/mol K)

T Temperature (K)

x Mole fraction

Greek letters

ΔGm Free energy of mixing (J/mol)

Δμ Change in chemical potential accompanying

mixing (J/mol)

ϕ Volume fraction

χ Interaction constant

Superscripts
0 Phase 1

v Phase 2

Subscripts

n Nonsolvent

p Polymer

s Solvent

References
Matsuura, T., 1994. Synthetic Membranes and Membrane Separation Processes.

CRC Press, Florida, Chapter 3).

Tompa, H., 1956. Polymer Solutions. Butterworths, London.

Yilmaz, L., McHugh, A.J., 1986. Development of a diffusion equation formalism

for the quench period. J. Membr. Sci. 28, 287�310.

30 Chapter 2 Triangular phase diagram

http://refhub.elsevier.com/B978-0-12-819626-7.00005-3/sbref1
http://refhub.elsevier.com/B978-0-12-819626-7.00005-3/sbref1
http://refhub.elsevier.com/B978-0-12-819626-7.00005-3/sbref2
http://refhub.elsevier.com/B978-0-12-819626-7.00005-3/sbref3
http://refhub.elsevier.com/B978-0-12-819626-7.00005-3/sbref3
http://refhub.elsevier.com/B978-0-12-819626-7.00005-3/sbref3


3
Reverse osmosis, forward
osmosis, and pressure-retarded
osmosis

3.1 Reverse osmosis

3.1.1 Reverse osmosis performance
When the aqueous solutions of two different salt concentrations

are separated by a semipermeable membrane, which allows the
transport of solvent but does not allow the transport of salt, there is
a natural tendency for water to flow from the solution of the lower
concentration to the solution of the higher concentration. The driv-
ing force for the solvent flow is the difference in osmotic pressure.
This phenomenon is called osmosis (Fig. 3.1A).

However, when a hydraulic pressure that is higher than the
osmotic pressure is applied on the solution of the higher salt
concentration, the direction of the flow is reversed. This phe-
nomenon is called reverse osmosis (RO) (Fig. 3.1C).

The semipermeable membrane is often not perfect and a
small amount of salt diffuses from the higher salt concentration
to the lower salt concentration.

According to the solution-diffusion model, the RO transport
is given by

JA 5AðΔp2ΔπÞ ð3:1Þ
where JA is solvent (mostly water) flux, Δp and Δπ are the
difference in hydraulic and osmotic pressure, respectively,
between both sides of the semipermeable membrane, and
the difference, Δ, is defined as (right side�left side in
Fig. 3.1). In Eq. (3.1) Δp2Δπ is, therefore, considered as the
driving force for the water flow from the right to left side. A
is a proportionality constant called the water permeation
coefficient.

As for solute,

JB 5BΔcB ð3:2Þ
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where JB is the solute flux and Δc is the difference in con-
centration between both sides of the membrane. Again the
difference Δ is defined as (from right side to left side).
Therefore Δc is always positive and the solute flux is also
from right to left. B is a constant called the solute perme-
ation constant.

Furthermore, Lonsdale et al. have shown that

JA 5
cAmDAmνA

RTδ
ðΔp2ΔπÞ ð3:3Þ

where cAm is the concentration of water in the membrane, DAm

is the diffusion coefficient of water in the membrane, νA is the
molar volume of water, and δ is the membrane thickness
(Lonsdale, 1966).

Also,

B5
DBmKB

δ
ð3:4Þ

where DBm is the diffusion coefficient of solute in the mem-
brane, and KB is the distribution constant of solute between
water and membrane.

In RO the important performance parameters are the solvent
flux, which is given by Eq. (3.3), and the solute separation, f 0,
defined as

f 0 5 12
cB3
cB2

ð3:5Þ

where cB2 and cB3 are the solute concentration at the high pres-
sure side (i.e., the right side in Fig. 3.1C) and the low pressure
side (i.e., the left side in Fig. 3.1C).

Figure 3.1 (A) Forward
osmosis, (B) pressure-retarded
osmosis, and (C) reverse
osmosis.
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The solute separation can be further given by

f 0 5
1

11 DBmKBRTcA3
DAmcAmνAðp2 2p3 2π2 1π3Þ

ð3:6Þ

Problem 3.1:

The following data were given by Lonsdale (1966).
DAmcAm 5 2.73 1028 kg/m s and DBmKB 5 4.23 10214 m2/s.
Calculate the water flux and the solute separation of sodium

chloride based on molality, when the feed sodium chloride molality
is 0.1 and the operating pressure, Δp5p22p3, is 4.1343 106 Pa.

The thickness of the membrane is 1027 m.
Use the following numerical values: RT5 2.4793 03 J/mol at

25�C, and νA 5 18.023 1026 m3/mol. The coefficient for the
osmotic pressure5 2.56453 108 Pa per mole fraction.

Answer:

The molality of sodium chloride is 0.1, which means that
0.1 mol of NaCl is dissolved in 1 kg of water. Hence, the mole
fraction of NaCl is

0:1

0:11 1000
18:02

� � 5 1:7993 1023

The osmotic pressure (Pa) is

2:56453 108
� �

3 1:7993 1023
� �

5 0:4613 106

Iteration is necessary to calculate the solute separation and flux.
First, solute concentration in the permeate is assumed to be zero.
Therefore π2 2π3 5 0:4613 106 Pa
From Eq. (3.6)

f 0 5 11
4:23 10214
� �

2:4793 103
� �

103
� �

2:73 1028
� �

18:023 1026
� �

4:1343 10620:4613 106
� �

" #21

5 0:954

Then the solute molality in the permeate becomes

0:13 12 0:945ð Þ5 0:0055

(It should be noted that the concentration in Eq. (3.6) is
kmol/m3. However, molality is used here because molality is
nearly equal to kmol/m3 in this concentration range.)

The mole fraction of the permeate is

0:0055

0:00551 1000
18:02

5 9:9103 1025
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The osmotic pressure (Pa) of the permeate is

2:56453 108
� �

3 9:9103 1025
� �

5 0:02543 106

π2 2π3 5 0:4612 0:0254ð Þ3 106 5 0:43563 106

Using the osmotic pressure newly obtained

f 0 5 11
4:23 10214
� �

2:4793 103
� �

103
� �

2:73 1028
� �

18:023 1026
� �

4:1343 10620:43563 106
� �

" #21

5 0:945

f 0 5 0:945 is therefore accurate enough.
The water flux (kg/m2 s) is from Eq. (3.3)

JA 5
ð2:73 1028Þð18:023 1026Þ 4:1343 106 2 0:43563 106

� �
2:4793 103
� �

1027
� � 5 72:563 1024

When there is no solute in the feed, there is no osmotic pres-
sure effect. Therefore

JA 5
ð2:73 1028Þð18:023 1026Þ 4:1343 106

� �
2:4793 103
� �

1027
� � 5 81:143 1024

The calculation algorithm is given in Scheme 3.1.

Scheme 3.1 Calculation algorithm for Problem 3.1.
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3.2 Concentration polarization
When water permeates through the membrane preferentially

from the feed to the permeate, the salt is left behind near the
membrane on the feed side unless salt diffuses back to the
main body of the feed solution. This phenomenon is called con-
centration polarization, which causes negative effects on mem-
brane performance such as flux and selectivity reduction.
According to the boundary layer theory, concentration polariza-
tion is described as follows (Matsuura, 1994).

First, the presence of the boundary layer of thickness, δbl, is
assumed so that the salt diffusion from the membrane to the
main body of the feed stream occurs in the boundary layer (see
Fig. 3.2; note that the water flow is reversed in Fig. 3.2, that is,
water flows from left to right). When the mass balance between
the plane at a distance y and the membrane wall at the perme-
ate side is considered,

2DBA
dcB
dy

1 vcB 5 vcB3 ð3:7Þ

where DBA is the diffusion coefficient (m2/s) of solute B in sol-
vent A (mostly water) in the boundary layer, cB is the solute
concentration, and v is the solution velocity.

The first and second terms of the left-hand side of the equa-
tion are the diffusive and convective flow of the solute into a
plane at the distance y and the right-hand side is the solute
flow from the permeate side of the membrane. They should be
equal at the steady state.

Figure 3.2 Concentration polarization.
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Rearranging Eq. (3.7)

dcB
dy

5
v

DBA
cB 2 cB3ð Þ ð3:8Þ

Then,

dcB
cB 2 cB3

5
v

DBA
dy ð3:9Þ

Integrating

ln cB 2 cB3ð Þ5 v

DBA
y1C ð3:10Þ

where C is the integral constant.
Since cB 5 cB1 at y5 0 (see Fig. 3.2)

ln cB1 2 cB3ð Þ5C ð3:11Þ
Substituting in Eq. (3.11) for Eq. (3.10)

ln
cB 2 cB3
cB1 2 cB3

5
v

DBA
y ð3:12Þ

Since cB 5 cB2 at y5 δbl (see Fig. 3.2)

ln
cB2 2 cB3
cB1 2 cB3

5
v

DBA
δbl ð3:13Þ

Defining the mass transfer coefficient as

k5
DBA

δbl
ð3:14Þ

Eq. (3.13) becomes

ln
cB2 2 cB3
cB1 2 cB3

5
v

k
ð3:15Þ

The boundary concentration, cB2, cannot be obtained experi-
mentally but can be calculated using

Eq. (3.15) by knowing cB1, cB3, v, and k. cB1, cB3, and v are
known experimentally and k is often evaluated by dimension
analysis.

It should be remembered that the solute separation, f 0, was
defined as

f 0 5 12
cB3
cB2

ð3:5Þ

It is impossible to obtain f 0 experimentally, since cB2 cannot
be known by experiment. f 0 can be obtained only by using
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Eq. (3.15) through which cB2 can be calculated. Another solute
separation

f 5 12
cB3
cB1

ð3:16Þ

is used more often. In Eq. (3.16) cB1 is known experimentally
when the feed solution is prepared. It should be noted however,
that f and f 0 are not equal.

3.3 Prediction of RO performance considering
concentration polarization

Prediction of RO performance considering the concentration
polarization was attempted by Kimura and Sourirajan (1967).
Unlike Lonsdale’s derivation that is based on weight-based
concentration (kg/m3) and flux (kg/m2 s), Kimura�Sourirajna’s
equations are based on molar concentration (mol/m3) and
molar flux (mol/m2 s). However, other than those differences,
the equations similar to Eqs. (3.1) and (3.2) are used.

From Section 3.2 it is now clear that the solute concentration
at the feed solution/membrane interface, called the boundary
concentration (cB2), is different from that of the main body of
the feed, called the bulk feed concentration, cB1. Hence, from
now on, the subscripts 1, 2, and 3 are used for the bulk feed,
the boundary, and the permeate throughout the whole book.
Since in Eq. (3.1) Δ means the difference between feed solu-
tion/membrane interface, 2, and permeate solution/membrane
interface, 3, the equation can now be rewritten as

JA 5Aðp2 2p3 2 π2 1π3Þ ð3:17Þ
(Note that pressure does not change from the bulk feed to

the feed solution/membrane interface, hence p1 5p2.)
Similarly, the solute flux is written as

JB 5BðcB2 2 cB3Þ ð3:18Þ
Furthermore,

cB1 5 c1XB1 ð3:19Þ

cB2 5 c2XB2 ð3:20Þ

cB3 5 c3XB3 ð3:21Þ
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where c is the total molar concentration including solvent and
solute and XB is the mole fraction of the solute.

Substituting Eqs. (3.20) and (3.21) for cB2 and cB3 in
Eq. (3.18),

JB 5Bðc2XB2 2 c3XB3Þ ð3:22Þ
Also using the relation

JB
JA 1 JB

5XB3 ð3:23Þ

JA 5B
12XB3

XB3

� �
c2XB2 2 c3XB3ð Þ ð3:24Þ

Using Eq. (3.15) for concentration polarization, and
assuming

c1 5 c2 5 c3 5 c ð3:25Þ
since the molar concentration of water is much greater than the
salt molar concentration in the aqueous solution, and also with
the relation

v5
JA 1 JB

c
ð3:26Þ

Eq. (3.15) is rearranged to

JA 5 ck 12XB3ð ÞlnXB2 2XB3

XB1 2XB3
ð3:27Þ

Problem 3.2:

Under the following RO experimental conditions,
Feed: Aqueous NaCl solution;
Feed molality: 0.6;
Operating pressure: 10,335 kPa gage;
Effective membrane area: 13:23 1024 m2.
The following data were obtained:
Pure water permeation rate: 159.83 1023 kg/h;
Permeation rate for the feed NaCl solution: 122.93 1023 kg/h;
Solute separation based on molality: 81.2%.
Calculate parameters A, B, and k, using the following numer-

ical values,

c1 5 c2 5 c3 5 c5 55:3 kmol=m3 ð3:28Þ
Molecular weight of NaCl5 58.45 kg/kmol.
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Answer:

The flux of pure water is

JA 5
159:83 1023
� �

18:02ð Þ 13:23 1024
� �

3600ð Þ 5 1:8673 1023 kmol=m2 s

In Eq. (3.17), π2 and π3 are equal to zero, therefore

A5 1:8673 1023=10; 3555 1:8063 1027 kmol=m2 skPa

As for the flux for the NaCl feed solution,
The permeate molality is

0:6ð Þ 1� 0:812ð Þ5 0:1128molal

(It should be noted that the solute separation is based on molal-
ity instead of kg/m3 or molarity used for the definition of solute
separation by Eq. (3.5) or (3.16). However, the difference between
the numerical values of molality and molarity is very small.)

0.1128 mol of NaCl (0.11283 0233 58.455 6.5933 1023 kg) is in
1 kg of water, then in 122.93 023 kg of the permeate, the amount
of water is 122:93 ð1=ð11 6:5933 1023ÞÞ5 122:13 1023 kg.

Therefore water flux is

JA 5
122:13 1023
� �

18:02ð Þ 13:23 1024
� �

3600ð Þ 5 1:4263 1023 kmol=m2s

From Table 3.1 the osmotic pressure that corresponds to the
permeate molality of 0.1128 molal is 520 kPa.

Table 3.1 Osmotic pressure data pertinent to different electrolyte solutions (at 25˚C, kPa).

Molality NaCl LiCl KNO3 MgCl2 CuSO4

0 0 0 0 0 0

0.1 462 462 448 641 276

0.2 917 931 862 1303 510

0.3 1372 1407 1262 1999 731

0.4 1820 1889 1648 2737 945

0.5 2282 2386 2020 3523 1165

0.6 2744 2889 2379 4357 1379

0.7 3213 3413 2737 5233 1593

0.8 3682 3944 3082 6178 1813

0.9 4158 4482 3427 7191 2055

1.0 4640 5040 3750 8266 2302

1.2 5612 6191 4385 10611 2834
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From Eq. (3.17),

π2 5p2 2p3 1π3 2
JA
A

ð3:29Þ
Inserting numerical values,

π2 5 10; 3551 5202
1:4263 1023

1:8063 1027
5 2957 kPa

From Table 3.1 the molality at the feed solution�membrane
interface is 0.6459.

Therefore the mole fractions are

XB1 5
0:6

0:61 1000
18:02

5 0:01070

XB2 5
0:6459

0:64571 1000
18:02

5 0:01150

XB3 5
0:1128

0:11281 1000
18:02

5 0:002029

Rearranging with Eq. (3.24) with the approximation, Eq. (3.28),

B5
JA

c 12XB3ð Þ=XB3

� �
XB2 2XB3ð Þ ð3:30Þ

Inserting numerical values,

B5
1:4263 1023
� �

55:3ð Þðð12 0:002029Þ=ð0:002029ÞÞ 0:011502 0:002029ð Þ
5 5:5363 1026 m=s

Rearranging Eq. (3.27)

k5
JA

c 12XB3ð Þln XB2 2XB3

XB1 2XB3

ð3:31Þ

Inserting numerical values,

k5
1:4263 1023
� �

55:3ð Þ 12 0:002029ð Þ ln 0:011502 0:002029ð Þ
0:010702 0:002029ð Þ

h i 5 292:83 1026 m=s

Problem 3.3:
For a given set of parameters,

A5 3:043 1027 kmol=m2 skPa

B5 8:033 1027 m=s

k5 223 1026 m=s
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calculate the solute separation, f, pure water flux, and perme-
ate flux when the feed is 0.6 molal NaCl solution and the
operating pressure is 6895 kPa (gage). Assume that Eq. (3.25)
is valid and the osmotic pressure is proportional to NaCl
mole fraction.

Answer:

From Eqs. (3.17) and (3.24) under the assumption (Eq. 3.25)

A p2 2p3

� �
2Aπo XB2 2XB3ð Þ5Bc 12XB3ð Þ=XB3

� �
XB2 2XB3ð Þ

ð3:32Þ
where πo is the proportional constant between π and XB.

Rearranging,

XB2 2XB3 5
A p2 2p3

� �
Aπo 1Bc 12XB3ð Þ=XB3

� � ð3:33Þ

From Eqs. (3.17) and (3.27)

A p2 2p3

� �
2Aπo XB2 2XB3ð Þ5 ck 12XB3ð Þ lnXB2 2XB3

XB1 2XB3
ð3:34Þ

Inserting the numerical values,

Aðp2 2p3Þ5 ð3:043 1027Þð68952 0Þ5 20; 9613 1027 kmol=m2 s

which is the pure water permeation flux.
Since the osmotic pressure of 0.6 molal NaCl solution

(XB15 0.0107) is 2744 kPa (see Table 3.1)

πo 5
2744ð Þ
0:0107ð Þ 5 256; 449 kPa

Therefore

Aπo 5 3:043 1027
� �

256; 449ð Þ5 779; 6003 1027 kmol=m2 s

Furthermore,

Bc5 8:033 1027
� �

55:3ð Þ5 444:063 1027 kmol=m2 s

kc5 223 1026
� �

55:3ð Þ5 12; 1663 1027 kmol=m2 s

Inserting the above numerical values in Eq. (3.33)

XB2 2XB3 5
20; 9613 1027
� �

779; 6003 1027
� �

1 444:063 1027
� �

12XB3ð Þ=XB3

� � ð3:35Þ
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Also, inserting the above numerical values in Eq. (3.34)

20; 9613 1027 2 779; 6003 1027 XB2 2XB3ð Þ

5 12; 1663 1027
� �

12XB3ð ÞlnXB2 2XB3

XB1 2XB3

ð3:36Þ

Solving Eqs. (3.35) and (3.36) for two unknowns XB3 and
XB2�XB3, XB35 0.00107 and XB2�XB35 0.01755

Then, f 5 0:01072 0:00107
0:0107 5 0:90

JA 5A p2 2p3

� �
2Aπo XB2 2XB3ð Þ

5 20; 9613 1027
� �

2 779; 6003 1027
� �

0:01755ð Þ
5 72803 1027 kmol=m2 s

3.4 Pore models

3.4.1 Preferential sorption-capillary flow model
According to Sourirajan’s book, the following fundamental

equation called the Gibbs adsorption isotherm was the basis for
the earliest development of RO membrane at the University of
California Los Angeles (UCLA) (Sourirajan, 1970).

In Fig. 3.3 an interface is shown between two phases, one
the shaded phase, representing air, and the other the unshaded
phase, representing the NaCl solution. High up and distant
from the interface the solution becomes the bulk solution,
whose concentration is cBb. However, near the interface the
concentration cB is below cBb. Such an abrupt change of NaCl

Figure 3.3 Solute
concentration profile at the
interface showing negative
adsorption.
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concentration at the interface is predicted by the Gibbs Adsorption
Isotherm,

Γ52
1

RT

@σ
@ lna

ð3:37Þ

where R is the universal gas constant, T is absolute temperature,
σ is surface tension, and a is activity.

Γ is the surface excess given by

Γ5

ðN
0

cB 2 cBbð Þdx ð3:38Þ

where x is the distance from the interface.
These equations predict the presence of a very thin pure

water layer at the surface of NaCl.

Problem 3.4:

Activity coefficient, density, and interfacial tension of aque-
ous NaCl solutions at 20�C are given for different molalities in
Table 3.2. Calculate the interfacial pure water thickness using
the data in Table 3.2.

Answer:

Modification of Eq. (3.37) is necessary for the electrolyte solution.
For the solution of symmetric electrolytes,

a6 5a1=2 ð3:39Þ
Combining Eqs. (3.37) and (3.39)

Γ5 2
1

2RT

@σ
@a6

� �
T ;A

5 2
1

2RT

@σ
@ ln αm6ð Þð Þ

� �
T ; A

5 2
αm6

2RT

@σ
@ αm6ð Þ

� �
T ; A

ð3:40Þ
Since

cBb 5
1000m

10001 58:45m
ρ ð3:41Þ

where cBb is the bulk molar concentration of sodium chloride
(mol/L).

Then,

2
Γ
cBb

5
α 10001 58:54mð Þ

2RTρ3 1000

@σ
@ αmð Þ

� �
T ; A

ð3:42Þ

Assuming a stepwise concentration profile at the interface,
as illustrated in Fig. 3.4, and considering that 2Γ is equal to the
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shadowed area in the figure, 2Γ=cBb is the thickness of the layer
where sodium chloride concentration is equal to zero. Hence,

ti 52
Γ
cBb

ð3:43Þ

Table 3.2 was used for the calculation of the pure water
thickness, and the results are given in Table 3.3.

According to Sourirajan’s preferential sorption-capillary flow
model, the pure water layer formed at the salt water�membrane
interface is driven by the pressure applied on the feed salty water
through subnanometer-sized pores (Fig. 3.5).

Figure 3.4 Assumption of a stepwise function for the solute concentration profile at the interface.

Table 3.2 Some physicochemical data pertinent to sodium chloride solution.

Molality (m) Activity coefficient, α Density,
ρ (31023 kg/m3)

Surface tension,
γ (3103 J/m2)

0.0000 � � 72.80

0.2010 0.751 1.00675 73.17

0.5030 0.688 1.01876 73.71

1.0204 0.650 1.0385 74.515

2.0988 0.614 1.06984 76.27

3.1920 0.714 1.1125 78.08

4.3628 0.790 1.1507 80.02

4.9730 0.848 1.1679 81.09

5.5410 0.874 1.1947 82.17
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3.4.2 Glückauf model
There are also a number of papers where the RO transport is

discussed assuming the presence of pores. One of those is the
Glückauf model (Glückauf, 1965).

Suppose the water phase of dielectric constant D (dimension-
less) and the polymer phase of dielectric constant D 0 are in contact
with each other and there is a pore of radius r in the polymer
phase. When an ion enters the pore, the potential of the ion
steadily increases and it reaches a maximum value at the mean dis-
tance of the ionic cloud, 1/K, according to the Debye�Hückel

Table 3.3 Physicochemical data of sodium chloride solution based on the data given in Table 3.1.

αm (mol/kg) γ3 103 (J/m2) dγ
d αmð Þ 3 103 α ρ3 1023 (kg/m3) m (mol/kg) t i 3 1010 (m)

0 72.80 2.49a 1.0 1.0 0 5.62

0.5 74.16 2.70 0.669 1.024 0.747 3.78

1.0 75.50 2.52 0.624 1.056 1.603 3.35

1.5 76.68 2.15 0.616 1.081 2.435 2.87

2.0 77.65 1.82 0.640 1.103 3.125 2.57

2.5 78.50 1.67 0.685 1.122 3.650 2.54

3.0 79.32 1.62 0.745 1.139 4.027 2.68

3.5 80.12 1.58 0.795 1.152 4.403 2.82

4.0 80.90 1.49 0.833 1.164 4.802 2.79

4.5 81.61 1.35b 0.861 1.179 5.226 2.64

aCalculated by �33 72.801 43 74.162 75.50.
bCalculated by 80.122 43 80.91 33 81.61.

Figure 3.5 Preferential sorption-capillary flow model.
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model (Fig. 3.6). When this distance is exceeded, an ion of the
opposite charge will enter the pore, reducing the potential of the
first ion due to the ion-pair formation. The work required to bring
the ionic particle to a distance of 1/K from the pore entrance,
ΔW v, was approximated by the work required to bring the ion into
the cavity of spherical shape shown in Fig. 3.7 and was given by

ΔW v5
NZ2E2

8πDð8:8543 10212Þ
12αð ÞQ
r1αbQ

ð3:44Þ

Figure 3.6 Ion is at the distance 1/K from the pore entrance.

Figure 3.7 Glückauf model.
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where Q is D/D0, α is the fraction of solid angles over the whole
sphere, as shown in Fig. 3.7, which can be given by

α5 12 11κ2r2
� �21=2 ð3:45Þ

and b is the ionic radius.
The probability of finding the ion at this energy level

is expð2ΔW v=RT Þ. Thus the concentration in the pore is
cB2expð2ΔW v=RT Þ. (cB2 is the salt concentration near the
feed solution�membrane interface.) Assuming the concen-
tration in the pore is equal to the permeate concentration,
cB3,

cB3 5 cB2exp 2
NZ2E2

8πDð8:8543 10212ÞRT
12αð ÞQ
r1αbQ

� �
ð3:46Þ

Problem 3.5:

1. Given the following numerical values, calculate the solute
separation for pore sizes 0.3, 0.5, 0.7, and 1.0 nm using the
Glückauf model for the feed NaCl solution of 1 mol/L.

2. Calculate the solute separation of NaCl for the pore size of
0.5 nm when the feed NaCl concentration is 0.5 mol/L.

3. Calculate the solute separation of MgSO4 for the pore size of
0.5 nm when the MgSO4 concentration is 1.0 mol/L.
Avogadro number N 5 6:0233 1023 mol21

Valence for Na1 and Cl25 1, for Mg21 and SO4
225 2

Electric charge ε5 1:6023 10219 C
Dielectric constant of water D5 78:54 at 25oC
An average of dielectric constant of cellulose acetate D

0
5 3:7

Gas constant R5 8:314 J=K mol
Absolute temperature T 5 298:2K
Average of ionic radii of Na1 and Cl2 b5 0:142 nm
Average of ionic radii of Mg11 and SO422 b5 0:1525 nm
1=K is given as

1

K
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DkBT

2ρ0Nε2

s
I21=2 ð3:47Þ

where kB is the Boltzmann constant and ρ0 is density of water.
I is the ionic strength given as

I 5
1

2

X
i

ciZ
2
i ð3:48Þ

Chapter 3 Reverse osmosis, forward osmosis, and pressure-retarded osmosis 47



where ci and Zi are ionic concentration and ionic valence,
respectively.

1

K
5 3:053 10210I21=2 ð3:49Þ

can be used instead of Eq. (3.47).
Answer:

(1) For NaCl 1 mol/L solution

I 5
1

2
13 12 1 13 12
� �

5 1 mol=L

From Eq. (3.49)

1

K
5 3:053 10210 3 121=2 5 3:053 10210 m

When the pore radius is 0.3 nm 5 33 10210 m
� �

α5 12 11
3

3:05

� �2
 !21=2

5 0:2871

Inserting all numerical values in Eq. (3.46)

cB3
cB2

5 exp 2
6:0233 1023
� �

12
� �

1:6023 10219
� �2

8ð Þ 3:1416ð Þ 78:54ð Þ 8:8543 10212
� �

8:314ð Þ 298:2ð Þ

 !

3
12 0:2871ð Þ 78:54

3:7

� �
33 10210
� �

1 0:2871ð Þ 1:423 10210
� �

78:54
3:7

� �
 !

5 0:00972

f 0 5 12
cB3
cB2

5 0:99023

The remaining answers for problem (1), problem (2), and
problem (3) are listed in Table 3.4.

The answers show the following trend.
1. When pore size increases, solute separation decreases.
2. When the solute concentration decreases, solute separation

increases.
3. When the ionic valence increases, the solute separation

increases.
All the above trends are experimentally observed. However,

the increase of solute separation through the decrease of solute
concentration seems too large.
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Thus the Glückauf model allows prediction of the solute sep-
aration when the ionic size, ionic valence, pore size, and dielec-
tric constant of the membrane material are known.

3.5 Forward osmosis and pressure-retarded
osmosis

3.5.1 Principles of forward osmosis, reverse
osmosis, and pressure-retarded osmosis

The principles of forward osmosis (FO), RO, and pressure-
retarded osmosis (PRO) are shown in Fig. 3.1, where the solu-
tion of the lower solute concentration and the higher solute
concentration are placed on the left- and right-hand sides,
respectively, of a semipermeable membrane. Thus the osmotic
pressure of the solution is higher on the right than the left.

The equation that describes the relationship between water
flux and hydraulic and osmotic pressures is given for all the
above processes by

JA 5AðΔp2ΔπÞ ð3:50Þ
where JA is water flux, Δp and Δπ are the differences in hydrau-
lic and osmotic pressure, respectively, between both sides of the
semipermeable membrane. It should be remembered that the
difference, Δ, is defined as (right side�left side), hence Δπ is
always positive. In Eq. (3.1), Δp2Δπ is considered as the driv-
ing force for the water flux from the right to left side. A is a pro-
portionality constant called the water permeation coefficient.

In FO, there is no hydraulic pressure difference on both
sides, therefore Δp5 0: Thus, according to Eq. (3.50), the driv-
ing force Δp2Δπ is negative and the direction of water flow is

Table 3.4 Solute separation calculated for different salts, salt concentrations, and pore sizes.

Solute Solute concentration (mol/L) Pore radius 3 1010 (m) f 0

NaCl 1 3 0.9902

NaCl 1 5 0.8684

NaCl 1 7 0.6994

NaCl 1 10 0.5058

NaCl 0.5 5 0.9593

MgSO4 1 5 0.9391
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from left to right. Since the solution of higher salt concentration
placed on the right side draws water from the left, it is often
called the draw solution (DS). In RO, pressure is applied on the
right side so that Δp2Δπ becomes positive. Therefore the flow
direction is reversed as from right to left (Fig. 3.8C) in contrast
to FO. Because the flow direction is reversed from the natural
osmotic flow, it is called RO. In PRO, pressure is applied on the
right side but Δp2Δπ is maintained as negative, hence the
flow direction is from left to right (Fig. 3.8B). Then, the hydrau-
lic energy (flow rate3pressure) is converted into mechanical or
electrical energy by a turbine.

As for the solute flux, JB, it is given by

JB 5BΔc ð3:51Þ
where Δc is the difference in concentration between both
sides of the membrane. Again the difference Δ is defined as
(right2 left). Therefore Δc is always positive. B is a constant
called the solute permeation constant.

3.5.2 Applications of forward osmosis
Some examples of FO applications are as follows.
Emergency bag: The solution of ingestible solute, for example,

solution of high sugar concentration, is loaded in a bag made of
semipermeable membrane. When the bag is placed in a surface
water (pond, lake, etc.) a sufficient amount of potable water perme-
ates into the bag in a sufficient amount of time, leaving undesirable
constituents of the surface water. Thus the diluted sugar solution in
the bag can be drunk.

Figure 3.8 Schematic presentation of the salt concentration profile in FO: (A) active layer facing feed water
(support layer facing draw solution) and (B) support layer facing feed water (active layer facing draw solution).
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Desalination: Desalination of seawater or brackish water is pos-
sible using a solution of high osmotic pressure as DS. The advan-
tage of this process is that high feed pressure is not required and
membrane fouling is less than RO. However, another process is
required to separate the permeated water from the DS, which can
be achieved by other membrane separation processes, thermal
processes, physical processes, and a combination of these with
additional energy requirement.

Evaporative cooling water make-up: Water evaporated during
the cooling process is supplied by FO from water sources such as
seawater, brackish water, sewage effluent, or industrial wastewater.

FO/RO hybrid process: Water is drawn from landfill leachate or
municipal wastewater into saline water as DS. Then, the diluted
saline water is subjected to RO to produce potable water as the
permeate. The concentrate is reused in FO.

3.5.3 Concentration polarization in forward osmosis
Similar to RO, concentration polarization takes place in FO.

There are two kinds of concentration polarization in FO, external
and internal. The external concentration polarization is the same
as the concentration polarization in RO. It occurs outside the
membrane. On the other hand, the internal concentration polari-
zation occurs inside the membrane when a dense selective mem-
brane is supported by a porous substrate membrane (Fig. 3.8).

Fig. 3.8A shows the profile of the salt concentration across the
membrane when the dense active layer (AL) is facing the feed solu-
tion while the porous support layer (SL) is facing DS, which is called
AL-facing-FW (AL�facing-feed water). The feed concentration is
lower than the concentration in DS, hence water flows from left to
right, as explained earlier. However, because of the external concen-
tration polarization, the salt concentration at the feed�membrane
interface is higher than the bulk feed concentration. Also, due to the
internal concentration polarization occurring in the SL, the salt con-
centration at the active (rejection) layer/SL boundary is lower than
the concentration in bulk DS. Hence the concentration difference
across the AL is much lower than the concentration difference
between the bulk feed solution and the bulk DS. This means that the
driving force for the FO flux is greatly reduced since the osmotic pres-
sure difference is nearly proportional to the concentration difference.

Fig. 3.8B shows the profile of the salt concentration across
the membrane when the dense active (rejection) layer is facing
DS while the porous SL is facing the feed solution, which is
called AL-facing-DS. Similar to Fig. 3.8A, both internal and
external concentration polarization occur to reduce the FO flux.
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Comparing Figs. 3.8A and B, the internal concentration is
more severe in Fig. 3.8B as the porous SL is facing the DS with a
much higher salt concentration.

3.5.4 Forward osmosis transport
The following FO transport theory is based on the work by

Tang et al. (2010).
From the RO experiment the water A and solute permeation

constant B, respectively, are obtained by the following equations.

A5
Jwater

ΔP
ð3:52Þ

12 f 0

f 0
5

B

A ΔP2Δπð Þ ð3:53Þ

where f 0 is the salt rejection.
First, AL-facing-DS (Fig. 3.8B) is discussed.
Applying Eq. (3.50) for the dense AL

JA 5A πDS 2 πAL=SL

� � ð3:54Þ

JB 5B cDS 2 cAL=SL
� � ð3:55Þ

where JA (m3/m2/s) is the flux of A (water) from feed water to
DS, πDS(kPa) and πAL=SL (kPa) are the osmotic pressure of DS and
the osmotic pressure of the solution at the AL/SL interface,
respectively. [It should be noted that contrary to Eq. (3.50) the
driving force is defined as Δπ instead of 2Δπ, and, accordingly,
the flux of water from FS side to DS side (from left to right) is
defined positive in Eq. (3.54). The flux of solute from DS to FS is
defined positive in Eq. (3.55), which is the same as in Eq. (3.51).]

c (mol/m3) is the solute concentration and the subscript DS
and AL/SL indicate the DS and the solution at the AL/SL inter-
face, respectively.

From the mass balance of the solute in the SL

2Deff
dc

dx
2 JAc5 JB ð3:56Þ

where Deff (m2/s) is the diffusion coefficient of solute in the porous
SL, and x is the distance from the AL/SL interface toward FS.

The first term 2Deff ðdc=dxÞ represents the diffusive flow of
salt toward the bulk feed and the second term 2JAc is the con-
vective flow of salt toward the AL, and JB on the right-hand side
is the solute transport through the AL.
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Rearranging Eq. (3.56)

2Deff
dc

dx
5 JAc1 JB ð3:57Þ

2dc

c1 JB
JA

5
JAdx

Deff
ð3:58Þ

Integrating

2ln c1
JB
JA

� �
5

JAx

Deff
1Const ð3:59Þ

Since

c5 cAL=SL at x5 0 ð3:60Þ

Const5 2 ln cAL=SL 1
JB
JA

� �
ð3:61Þ

From Eqs. (3.59) and (3.61)

2 ln
c1 JB

JA

cAL=SL 1
JB
JA

 !
5

JAx

Deff
ð3:62Þ

Since

c5 cFS at x5 leff 5 τl ð3:63Þ

2 ln
cFS 1

JB
JA

cAL=SL 1
JB
JA

 !
5

JAτl
Deff

ð3:64Þ

Rearranging

ln
cAL=SL 1

JB
JA

cFS 1
JB
JA

 !
5

JAτl
Deff

ð3:65Þ

Inserting Eqs. (3.54) and (3.55)

ln
cAL=SL 1B cDS 2 cAL=SL

� �
=A πDS 2πAL=SL

� �
cFS 1B cDS 2 cAL=SL

� �
=A πDS 2πAL=SL

� �
 !

5
JA
km

ð3:66Þ

where

km 5
Def f

lef f
5

D

τl=ε
5

D

S
ð3:67Þ

and ε is the porosity.
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The structural parameter, S, analogous to the thickness of
the external boundary layer, is defined as

S5
τl
ε

ð3:68Þ

Assuming that osmotic pressure is proportional to the solute
concentration, Eq. (3.66) is simplified as

ln
πAL=SL 1B=A

πFS 1B=A

� �
5

JA
km

ð3:69Þ

From Eqs. (3.54) and (3.69)

JA 5 kmln
AπDS 2 JA 1B

AπFS 1B

� �
ð3:70Þ

for AL-facing-DS modes.
Similarly, for AL-facing-FW

ln
cDS 1B cAL=SL 2 cFS

� �
=A πAL=SL 2πFS

� �
cAL=SL 1B cAL=SL 2 cFS

� �
=A πAL=SL 2πFS

� �
 !

5
JA
km

ð3:71Þ

and

JA 5 km ln
AπDS 1B

AπFS 1 JA 1B

� �
ð3:72Þ

Problem 3.6:

From the RO experiments with a thin-film nanocompo-
site membrane (TFN0.25), the following data were obtained
(Emadzadeh et al., 2014).

What are A and B?
The water flux was 5.475 L/m2 h and solute separation was

93.7%, at the feed sodium chloride concentration of 1000 ppm
and operating pressure of 2.5 bar (250 kPa) gage.

Assume that the osmotic pressure is proportional to the
sodium chloride mole fraction with a proportionality constant
256,449 kPa/mole fraction.

Answer:

From Eq. (3.52)

A5

5:4753 1023

3600

	 

250

5 6:0833 1029 m3=m2 skPa

54 Chapter 3 Reverse osmosis, forward osmosis, and pressure-retarded osmosis



The mole fraction of NaCl in the 1000 ppm NaCl (c. 1 kg/m3)
solution is

1000
58:45

� �
1000
58:45

� �
1 1;000;0002 1000

18:02

� �� � 5 0:0003085

Feed osmotic pressure is 0:00030853 256; 4495 79:11 kPa
Permeate osmotic pressure is 0:00030853 1� 0:937ð Þ3 256;

4495 4:98 kPa
Hence, Δπ5 79.112 4.985 74.13 kPa
From Eq. (3.53)

B5
12 f 0

f 0
AðΔP2ΔπÞ5 ð12 0:937Þ

0:937
ð6:0833 1029Þð2502 74:13Þ

5 71:933 10ð29Þ m3=m2 s

Problem 3.7:

Using the same membrane, fluxes of 36 and 22 L/m2 h were
obtained for AL-facing-DS and AL-facing-FS, respectively, by the FO
experiments with pure water feed and DS of 2 M NaCl concentra-
tion. Calculate km, assuming that the osmotic pressure is propor-
tional to mole fraction and the density of 2 M solution is 1.08 kg/L.
What then is the mole fraction of NaCl at the AL/SL interface?

Answer:

The mole fraction of 2 M sodium chloride in DS is

2ð Þ
10003 1:08�23 58:45ð Þ

18:02ð Þ 1 2
	 
 5 0:03607

The osmotic pressure is 0.036073 256,4495 9250 kPa
From Eq. (3.70)

JA
km

5 ln
6:0833 1029
� �

9250ð Þ2 363 1023

3600

	 

1 71:933 1029
� �

ð71:933 1029Þ

0
@

1
A5 6:468

Therefore km 5
363 1023

3600

� �
6:468 5 1:5463 1026 m/s

From Eq. (3.54)

πAL=SL 5πDS 2
JA
A

5 9250ð Þ2
363 1023

3600

	 

6:0833 1029
� � 5 7606 kPa

The mole fraction at the support is then,

7606ð Þ
256; 449ð Þ 5 0:0297

which is equal to 1.669 M.
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For AL-facing-FS, from Eq. (3.72),

JA
km

5 ln
6:0833 1029
� �

9250ð Þ1 ð71:933 1029Þ
223 1023

3600

	 

1 71:933 1029
� �

0
@

1
A5 2:210

km 5
223 1023

3600

	 

2:210

5 2:7653 1026 m=s

kms of AL-facing-DS and AL-facing-FS are supposed to be the
same, but they do not agree. Why?

In AL-facing-FS, FS (in this case pure water) is facing the AL
instead of DS, therefore

πAL=SL 5πFS 1
JA
A

5
223 1023

3600

	 

6:0833 1029
� � 5 1005 kPa

The mole fraction at the AL/porous support interface is then,

1005ð Þ
256; 449ð Þ 5 0:0039

Which corresponds to 0.232 M.

Problem 3.8:

Using the same membrane in AL-facing-DS mode, what is
the flux when the NaCl concentration in DS is 1, 3, and 4 mol/L
and the feed is pure water? Use densities of 1.05, 1.12, and
1.15 kg/L, respectively, for 1, 3, and 4 mol/L.

Answer:

For AL-facing-DS:
When the DS concentration is 1 mol/L, the mole fraction is

1ð Þ
10003 1:05�13 58:45ð Þ

18:02ð Þ 1 1
	 
 5 0:01785

Osmotic pressure of DS, πdraw is

0:017853 256; 4495 4578 kPa

Solving Eq. (3.70) by iteration

JA5 8.643 1026 m3/m2 s

When DS is 3 mol/L, the mole fraction is

3ð Þ
10003 1:12�33 58:45ð Þ

18:02ð Þ 1 3
	 
 5 0:05413
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Osmotic pressure of DS, πdraw is

0:054133 256; 4495 13; 881kPa

JA5 10.723 1026 m3/m2 s

When DS is 4 M, the mole fraction is

4ð Þ
10003 1:15�43 58:45ð Þ

18:02ð Þ 1 4
	 
 5 0:07293

Osmotic pressure of DS, πdraw is

0:072933 256; 4495 18; 702 kPa

JA 5 11:233 1026 m3=m2 s

The flux versus DS concentration is given in Fig. 3.9.

Problem 3.9:

Calculate the power that can be generated by PRO as a func-
tion of the pressure applied on DS under the following conditions.

Membrane: TFN 0.25
Membrane area: 1 m2

FS: pure water
NaCl concentration of DS: 3 mol/L
AL-facing-DS

Figure 3.9 Flux versus
concentration (AL-facing-DS).
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Answer:

Instead of Eq. (3.54), the following equation should be used.

JA 5A πDS 2πAL=SL 2Δp
� � ð3:73Þ

where Δp5pDS 2pFS

Then, from Eq. (3.66)

ln
CAL=SL 1B CDS 2CAL=SL

� �
=A πDS 2πAL=SL 2Δp
� �

CFS 1B CDS 2CAL=SL

� �
=A πDS 2πAL=SL 2Δp
� �

 !
5

JA
km

ð3:74Þ

Assuming osmotic pressure is proportional to NaCl
concentration,

ln
πAL=SL 1B πDS 2πAL=SL

� �
=A πDS 2πAL=SL 2Δp
� �

πFS 1B πDS 2πAL=SL

� �
=A πDS 2πAL=SL 2Δp
� �

 !
5

JA
km

ð3:75Þ

Using Eq. (3.73)

ln
AπDS 2AΔp2 JA 1B JA 1AΔp

JA

	 

AπFS 1B JA 1AΔp

JA

	 

0
@

1
A5

JA
km

ð3:76Þ

JA can be solved from Eq. (3.76) by iteration.
Then, the power E can be given by

E5ΔpJA 5Δpkmln
AπDS2AΔp2JA 1B JA 1AΔp

JA

	 

AπFS 1B JA 1AΔp

JA

	 

0
@

1
A ð3:77Þ

The osmotic pressure of 3 mol/L sodium chloride solution is
13,881 kPa. JA can be solved from Eq. (3.76) by iteration and E is
given by Eq. (3.77). The results are listed in Table 3.5 for differ-
ent Δp values.

Table 3.5 JA and E for different Δp values.

P (kPa) JA 3 106 (m3/m2 s) E (W/m2)

4631 7.70 35.65

9303 5.10 47.45

11,000 3.74 41.14

13,000 0.69 8.97
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Nomenclature
Symbol [definition, dimension (SI units)]

a Activity (molality)

b Ionic radius (m)

A Water permeation coefficient (kg/m2 s Pa in Eq. 3.1, kmol/m2 s Pa

in Eq. 3.17)

B Solute permeation constant (m/s)

c Total molar concentration including solute and solvent (water)

(kmol/m3)

cB Concentration of solute (kg/m3 in Eq. 3.2, kmol/m3, in Eq. 3.18)

cBb Bulk molar concentration (kmol/m3)

ci Ionic concentration (kmol/m3)

cAm Concentration of water in the membrane (kg/m3)

D Water phase dielectric constant

D0 Polymer phase dielectric constant

DAm Diffusion coefficient of water in the membrane (m2/s)

DBm Diffusion coefficient of solute in the membrane (m2/s)

DBA Diffusion coefficient of solute A in solvent B (m2/s)

f Solute separation based on bulk feed concentration

f 0 Solute separation based on boundary feed concentration

I Ionic strength (kmol/m3)

JA Solvent (mostly water) flux (kg/m2 s in Eq. 3.1, kmol/m2 s in Eq. 3.17)

JB Solute flux (kg/m2 s in Eq. 3.2, kmol/m2 s in Eq. 3.18)

k Mass transfer coefficient (m/s)

KB Distribution constant of solute between water and membrane

m Molarity (kmol/kg of solvent)

N Avogadro number (1/mol)

p Pressure (Pa)

r Pore radius (m)

R Gas constant (J/mol K)

T Temperature (K)

v Solution velocity (m/s)

XB Mole fraction of solute

Z Ionic valence

Zi Valence for ith ion

Greek letters

α Activity coefficient in Eq. (3.40), fraction of solid angle in Eq. (3.45)

Γ Surface excess (kmol/m2)

δ Membrane thickness (m)

ΔW
0 0

Work required to bring the ionic particle to distance of κ21 from

pore entrance (J/mol)

δb Boundary layer thickness (m)

ε Electric charge (C)

κ21 Mean distance of ionic cloud (m)

νA Molar volume of water (m3/mol)

π Osmotic pressure (Pa)

ρ Density (kg/m3)

σ Surface tension (J/m2)

Subscripts

1 Feed, bulk solution

2 Feed, boundary layer

3 Permeate
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A Water permeation coefficient (m3/m2 s Pa)

B Solute permeation constant (m/s)

c Solute concentration (kg/m3)

cAL=SL Solute concentration at the active layer/support layer interface

(kg/m3)

cDS Solute concentration of draw solution (kg/m3)

Def f Diffusion coefficient of solute in the porous support (m2/s)

JA Volumetric flux of water (m3/m2 s)

JB Solute flux (kg/m2 s)

f 0 Salt rejection

km Mass transfer coefficient (m/s)

l Membrane thickness (m)

leff Effective membrane thickness (m)

p Pressure (Pa)

S Structural parameter (m)

Greek letters

ε Membrane porosity

π Osmotic pressure (Pa)

πAL=SL Osmotic pressure at the active layer/support layer interface (Pa)

πDS Osmotic pressure of draw solution (Pa)

τ Tortuosity factor
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4
Nanofiltration

4.1 Solution in general
Nanofiltration (NF) is another pressure-driven membrane sepa-

ration process which is often used for water softening (i.e., separa-
tion of divalent and monovalent cations). The pore size of NF
membranes is slightly larger than that of reverse osmosis (RO)
membranes, ranging from 1 to 10 nm. Since the membrane is
often charged, the effect of the membrane charge should be con-
sidered in the transport theory. Dresner applied the extended
Nernst�Planck equation to calculate the ionic rejections by RO
(he called it hyperfiltration) for multicomponent systems (Dresner,
1972). Later Tsuru et al. also used the extended Nernst�Planck
equation to calculate the ionic rejection for single- and multicom-
ponent systems (Tsuru et al., 1991). Bowen and Mukhtar further
applied the extended Nernst�Planck equation to predict NF per-
formances. In particular, they introduced the hindrance factor for
the convective flow to consider the effect of pore size on the
membrane performance (Bowen and Mukhtar, 1996; Bowen and
Mohammad, 1998).

According to Bowen and Mukhtar, the separation of ions by
charged porous membranes can be predicted by knowing the
membrane thickness, Δx, membrane charge density, X, and
membrane pore size, rp. Their pore model is schematically illus-
trated in Fig. 4.1.

The model is written as:

Ji 52Di;p
dci;p

dx
2

zici;p

RT
F
dψ
dx

1Ki;cci:pJA ð4:1Þ

where Ji is the flux of i-th ion, Di;p is the diffusivity of the ion in
the pore, ci;p is the concentration of ions in the pore, R is the gas
constant, T is absolute temperature, F is Faraday constant, ψ is
electric potential, and Ki;c is the hindrance factor for the convec-
tive flow. The first, second, and the third terms of the right-hand
side of Eq. (4.1) represent the electrical transport due to diffusion,
electric field gradient, and convection, respectively.
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The concentration gradient can be obtained by rearranging
Eq. (4.1) as

dci;p

dx
5

JA
Di;p

ðKi;cci:p 2 ci;3Þ2
zici;p

RT
F
dψ
dx

ð4:2Þ

and the ion flux is written as

Ji 5 JAci;3 ð4:3Þ
where ci;3 is the ion concentration in the permeate. (Later, it is
called ccat;B3 and cani;B3, for cation and anion, respectively.)

With an assumption that the effective charge density, X, is
constant from the pore inlet to the pore outlet, that is,

Xn
i51

zici;p 5 2X 0# x#Δxð Þ ð4:4Þ

where Δx is the pore length.
Multiplying Eq. (4.3) by zi and adding all ions and applying,

d
Pn

i51
zici;p

dx 5 0, the potential gradient becomes

dψ
dx

5

Pn
i51

ziJA
Di;p

ðKi;cci:p 2 ci;3Þ
F
RT

Pn
i51 zi

2ci;p
ð4:5Þ

There is also a requirement of electroneutrality in the solu-
tion outside the pore,

Xn
i51

zici;B 5 0 ð4:6Þ

where the subscript B means external solution (solution outside
the pore), either at the pore entrance or pore outlet.

And there is no electric current

Δx

ci,B2

ci,B3

Pore

Membrane charged 

with X

ci, p2
ci, p3

Figure 4.1 Pore model for
nanofiltration.

I 5
Xn
i51

FziJi 5 0 ð4:7Þ
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Furthermore, Donnan equilibrium is applied both at the
pore entrance and pore exit:

ci;p

ci;B
5 exp 2

ziF

RT
ΔψD

� �
at x5 0 and Δx ð4:8Þ

4.2 Solution for mono-monovalent
electrolytes

The differential Eqs. (4.2) and (4.5) can then be solved
numerically, for a mono-monovalent electrolyte, as follows.

In the feed solution from Eq. (4.6),

ccat;B2 5 cani;B2 5 cB2 ð4:9Þ
where the subscript 2 means “at the pore entrance.”

In the pore from Eq. (4.4),

ccat;p2 � cani;p2 1X 5 0 ð4:10Þ
From Eq. (4.8),

ccat;p2

ccat;B2
5 exp 2

F

RT
ΔψD

� �
ð4:11Þ

and

cani;p2

cani;B2
5 exp 1

F

RT
ΔψD

� �
at x5 0 ð4:12Þ

Thus, ccat,p2, cani,p2, and ΔψD can be solved from Eqs. (4.10),
(4.11), and (4.12) for a given X.

4.3 Solution method
The initial guess of cB3 is made. Eq. (4.6) is now written as

ccat;B3 5 cani;B3 5 cB3 ð4:13Þ
and the differential equations

dccat;p

dx
5

JA
Dcat;p

ðKcat;cccat;p 2 ccat;B3Þ2
ccat;p

RT
F
dψ
dx

ð4:14Þ

dψ
dx

5

JA
Dcat p

ðKcat;c ccat:p 2 ccat;B3Þ2 JA
Dani;p

ðKani;c cani;p 2 cani;B3Þ
F
RT ðccat;p 1 cani;pÞ

ð4:15Þ
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Starting from the ionic concentration at the pore entrance
[Eq. (4.9)], Eqs. (4.14) and (4.15) are carried out until ccat,p3 is
reached at x5Δx. Then, ccat,B35 cB3 is calculated by

ccat;B3
ccat;p3

5 exp
F

RT
ΔψD

� �
ð4:16Þ

It is then used for the second guess of ccat;B3. The iteration is
continued until the last two guesses are in agreement.

The rejection is then given by

f
0
i 5 12

cB3
cB2

ð4:17Þ

Tsuru et al. have given a numerical solution for the differen-
tial equations when the solute is mono-monovalent electrolyte
and when Ki,c’ s are equal to unity.

The results are as follows.

JAΔx

E
52Ds

1

2
ln

Z cB3ð Þ2 2 2cB3Z cB3ð Þ2A

Z cB2ð Þ2 2 2cB3Z cB2ð Þ2A

�

1
cB3
2B

ln
Z cB3ð Þ2 cB3 2B

Z cB3ð Þ2 cB3 1B

� �
Z cB2ð Þ2 cB3 1B

Z cB2ð Þ2 cB3 2B

� ��
ð4:18Þ

where

A5 ð2X Þ2 1 2 2α2 1ð Þð2X ÞcB3 ð4:19Þ

B5 ð 2X Þ2cB3ð Þ214αð2XÞcB3
� �1=2 ð4:20Þ

Z cBið Þ5 4c2Bi1ð2X Þ2� �1=2
i5 2 or 3 ð4:21Þ

Eq. (4.18) is rewritten as

JAΔx

E
52Ds

1

2
lnP1R ln Q

� �
ð4:22Þ

where

P5
Z cB3ð Þ2 2 2cB3Z cB3ð Þ2A

Z cB2ð Þ2 2 2cB3Z cB2ð Þ2A
ð4:23Þ

Q5
Z cB3ð Þ2 cB3 2B

Z cB3ð Þ2 cB3 1B

� �
3

Z cB2ð Þ2 cB3 1B

Z cB2ð Þ2 cB3 2B

� �
ð4:24Þ

R5
cB3
2B

ð4:25Þ
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By using cB3 5 γcB2 and 2X 5 ξcB2, Eqs. (4.23) to (4.25) are
further written as

P5
4γ2 2 2γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4γ2 1 ξ2

q
2 2α 2α2 1ð Þξγ

42 2γ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
41 ξ2

p
2 2α 2α2 1ð Þξγ

ð4:26Þ

Q5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4γ2 1 ξ2

q
2 γ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2γð Þ2 1 4αξγ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4γ2 1 ξ2

q
2 γ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2γð Þ2 1 4αξγ

q 3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
41 ξ2

p
2 γ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2γð Þ2 1 4αξγ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
41 ξ2

p
2 γ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2γð Þ2 1 4αξγ

q

ð4:27Þ

R5
γ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2γð Þ2 1 4αξγ

q ð4:28Þ

Using the equations developed by Tsuru et al. the solute sepa-
ration can be calculated by the following algorithm (Scheme 4.1).

Scheme 4.1 Calculation
algorithm for the nanofiltration
of mono-monovalent
electrolyte.
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Problem 4.1:
Calculate the separation of sodium chloride by a NF mem-

brane with a pore radius of 1 nm, porosity 6.9%, thickness 2 μm,
and flux of 360 L/m2 h, for the ratios of membrane charge to
the NaCl concentration at the solution�membrane interface
(�X/cB2) are 0.1, 0.2, . . ., 1. Use the diffusivity of sodium chloride
in water5 1.61 3 1029 m2/s.

Answer:
(Tsuru et al.’s equation for mono-monovalent salt is used

assuming that the diffusivity of the Na1 and Cl2 ions are gov-
erned by those in the pore, and the partition coefficient, Ki,c, is
equal to unity.)

JA 5 360L=m2h5 360ð1 m3=1000LÞ=m2ð3600 s=1 hÞ5 1024m=s

JAΔx

E
5

1024 3 23 1026

0:069
5 2:903 1029m2=s

The diffusion of ions is hindered considerably in the mem-
brane pore and the ratio of the diffusivity in the pore to the dif-
fusivity without hindrance is given by

Kid 5
Di;p

Di;N
ð4:29Þ

where Di;p is the diffusivity of ions in the pore and Di;N is the
diffusivity of ions without hindrance.

Furthermore, Kid is given as the function of the ratio of ionic
radius to the pore radius as

Kid 521:705λ1 0:946 ð4:30Þ
where

λ5
ri
rp

ð4:31Þ

The results of the calculations are listed in Table 4.1.

α5
Dcat; p

Dcat;p 1Dani;p
5

0:844

0:8441 1:503
5 0:360 ð4:32Þ

Table 4.1 Properties of sodium and chloride ions.

Ions Di ;N 3 109;m2=s ri 3 109;m λ Kid Di ;p 3 109;m2=s

Na1 1.333 0.1840 0.1840 0.633 0.844

Cl2 2.031 0.1207 0.1207 0.740 1.503
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The diffusivity of NaCl in the pore is obtained as the geomet-
ric average of the cation and anion as

Dp 5
2Dcat;pDani;p

Dcat;p 1Dani;p
5 1:0813 1029m2=s

Then, γ is obtained from Eqs. (4.18)�(4.28) by iteration for
different values of ξ, and solute separation f ’ is equal to 1�γ.

γ and f 0 are listed for different ξs in Table 4.2.

Nomenclature
Symbols [definition dimension (SI unit)]

c Concentration (mol/m3)

D Diffusivity (m2/s)

Di;N Diffusivity of ion without hindrance (m2/s)

Ds Diffusivity of salt in the pore (m2/s)

f 0 Solute separation

F Faraday constant (C/mol)

I Electric current (A)

J Flux (mol/m2 s)

Ki;c Hindrance factor for convective flow

Kid Hindrance factor for diffusion

n Total number of ions

ri Ionic radius (m)

rp Pore radius (m)

R Gas constant (J/mol K)

T Absolute temperature (K)

x Distance from the pore entrance (m)

X Membrane charge (mol/m3)

z Valence

Greek letters

α Quantity defined by Eq. (4.32)

γ Ratio of permeate concentration to feed

concentration

Table 4.2 f 0 for different ξ values.

ξ γ f 0

0.1 0.85 0.15

0.2 0.746 0.254

0.3 0.69 0.31

0.4 0.672 0.328

0.5 0.679 0.321

0.6 0.703 0.297

1.0 0.885 0.115
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Δx Pore length (m)

ΔψD Donnan potential difference (V)

ε Porosity

λ Ratio of ionic radius to pore radius

ξ Ratio of membrane charge density to feed

concentration

ψ Electric potential (V)

Subscripts

ani Anion

A Water

B Solution outside of pore

cat Cation

i i-th ion

p Inside the pore

2 Feed

3 Permeate
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5
Ultrafiltration and
microfiltration

5.1 Ultrafiltration: gel model
In ultrafiltration (UF) of macromolecular or colloidal solutes,

the flux increases initially in a linear fashion as the feed pres-
sure increases, but the flux levels off at high feed pressures as
shown in Fig. 5.1 (Jonsson, 1984), Blatt et al. attempted to
explain this phenomenon by the gel mode (Blatt et al., 1970).

Similar to the concentration polarization in RO

ln
cB2 2 cB3
cB1 2 cB3

5
v

k
ð5:1Þ

When the solute rejection is almost equal to 100%, cB3 � 0,
then

ln
cB2
cB1

5
v

k
ð5:2Þ

Suppose the feed pressure is gradually increased while main-
taining the feed concentration cB1 and the mass transfer coeffi-
cient k constant, then the permeation velocity v increases due to
the driving force increase, and, according to Eq. (5.2), cB2 also
increases. When cB2 reaches a critical value, called the gel con-
centration, cgel, a gel layer is formed at the membrane surface
and cB2 can no longer surpass this value. Then, Eq. (5.2) becomes

ln
cgel

cB1
5

v

k
ð5:3Þ

According to Eq. (5.3) v remains constant, even when pres-
sure is further increased. The flux versus pressure plot then
becomes as illustrated in Fig. 5.1. Note that the flux increases
linearly when the pressure is low, but gradually deviates from
the linear line and eventually levels off at high pressures. From
the figure, it is also seen that the flux after the gel formation
decreases as cB1 increases.

The gel concentration cgel can be evaluated in the following
way.
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Rearrangement of Eq. (5.3) yields,

v5 k lncgel 2 k lncB1 ð5:4Þ
Hence, when a linear plot v versus lncB1 is made, k is

obtained from the slope and v 5 0 when cB1 5 cgel.

Problem 5.1:

Obtain the gel concentration using the data given in Fig. 5.1.

Answer:

From Fig. 5.1, a set of data given in Table 5.1 is obtained.
By applying the least square analysis for the plot y

(flux 3 102) and x (ln cB1), we obtain

y52 0:0004x1 0:001466

Then, x 5 3.665 for y 5 0 and the gel concentration is
e3:665 5 39.06 wt.%.

The data in Table 5.1 are plotted in Fig. 5.2, together with
(x 5 3.665, y 5 0).
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Figure 5.1 Typical flux and
pressure relationship of
ultrafiltration.
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5.2 Microfiltration: Brownian diffusion, shear-
induced diffusion, inertia lift

Microfiltration (MF) is a pressure-driven process by which
suspended colloids and particles with sizes of 0.1�20 µm are
separated from the filtrate under pressures below 0.35 MPa.
Very high fluxes ranging from 1024 to 1022 m3/m2 s can be
achieved by MF (Belfort et al., 1994).

5.2.1 Brownian diffusion
During the MF operation, a thin cake layer of colloids and a

boundary layer above the cake layer are built at the membrane
surface. Both the thickness of the cake layer and that of the

y = –0.0004x + 0.0015
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2 , m
3 /m

2 s

Ln cB1
Figure 5.2 Linear plot of flux
versus ln cB1.

Table 5.1 Experimental data for flux versus whey protein concentration, and ln cgel obtained
from the linear plot.

Feed protein concentration, cB1, (wt.%) x: ln cB1 y: Flux 3 102 (m3/m2 s)

1.0 0 0.00145

1.96 0.672 0.0012

4.76 1.560 0.0009

9.09 2.207 0.00015
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boundary layer increase with the distance from the edge of the
membrane, as shown in Fig. 5.3.

When the steady state is reached in the boundary layer, the
convective particle flow toward the membrane surface is bal-
anced by the diffusive flow away from the membrane surface,
and, similar to the gel model given in UF, the permeation veloc-
ity becomes,

v5K ln
φB2

φB1

ð5:5Þ

where K is the mass transfer coefficient, and φB1 and φB2 are the
particle volume fraction in the bulk suspension and in the cake
layer formed at the membrane surface.

The length-averaged mass transfer coefficient is given by solv-
ing the Leveque equation for the boundary layer, which yields

K 5 0:81
_γ0D

2

L

� �1=3

ð5:6Þ

where _γ0 is the shear rate, D is the diffusivity of the particle,
and L is the channel length.

The Brownian diffusion coefficient for the isolated particles
in the fluid of viscosity η0 is given by

DB0 5
kT

6πη0a
ð5:7Þ

by the Stokes�Einstein relationship, where a is the particle size.
Then, combining Eqs. (5.5)�(5.7), we obtain (Belfort et al., 1994)

Figure 5.3 Cake layer and
boundary layer formation from
the edge of a flat sheet
membrane.

v5 0:114 _γ0k
2T 2=η0

2a2L
� �1=3

ln
φB2

φB1

ð5:8Þ
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According to Eq. (5.8), the permeation velocity v decreases
as a increases and becomes very small when the particle size is
more than 1 µm. Experimentally observed values were, however,
one or more orders of magnitude higher than the value pre-
dicted by the Brownian diffusion coefficient. Hence, this was
called the “flux paradox for colloidal suspension.”

5.2.2 Shear-induced diffusion
To resolve the flux paradox, Zydney and Colton proposed a

concentration polarization model in which the Brownian diffu-
sion coefficient was replaced by the shear-induced diffusivity
(Zydney and Colton, 1986). Shear-induced diffusion of particles
occurs when individual particles undergo random displacement
from the stream lines in a shear flow as they interact with and
tumble over other particles. Approximate shear-induced diffu-
sivity, Ds, for 0.2,φB1 , 0.45 is

Ds 5 0:03 _γ0a
2 ð5:9Þ

Replacing the Brownian diffusion coefficient of Eq. (5.7) with
the shear-induced diffusivity

v5 0:078 _γ0 a4=L
� �1=3

ln
φB2

φB1

ð5:10Þ

It should be noted that, according to Eq. (5.10), the perme-
ation velocity is a to the power of 4/3 and increases as a
increases.

5.2.3 Inertial lift
Belfort and coworkers further attempted to solve the paradox

by inertial lift working on the colloidal particles (Green and
Belfort, 1980). Inertial lift arises from the nonlinear interactions
of a particle with the surrounding flow field under conditions
where the Reynolds numbers based on the particle size are no
longer negligible and the noninertia terms in the Navier�Stokes
equation play the role. The inertial lift velocity of spherical par-
ticles under the laminar flow conditions in dilute suspensions,
where particle�particle interactions are negligible, is given by

vL0 5
bρ0a

3 _γ0
2

16η0
ð5:11Þ

where b 5 0.577 for fast laminar flow and ρ0 is the density of
the liquid.
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Then, the permeation velocity becomes

v5 vL0 5 0:036ρ0a
3 _γ0

2=η0 ð5:12Þ
It should be noted that v is proportional to the third power of a.

Problem 5.2:

Calculate the permeation velocity for the particles with radii of
1, 10, and 50 µm, using the Brownian diffusion, shear-induced
diffusion, and inertia lift, respectively. Use the following values:

_γ0 5 2500 s21; k5 1:38 3 10223J K21;T 5 293 K ;

η0 5 0:001 kg=m s; ρ0 5 1000 kg=m3; φB1 5 0:01;

φB2 5 0:6 and L5 0:3 m:

Answer:

For a 5 1026 m,
Brownian diffusion: v5 0:1143 25003 ð1:383 10223Þ2 3 2932

0:0012 3 ð1026Þ2 3 0:3

� �1=3
3

ln 0:6
0:01 5 2:3953 1027m=s;
Shear-induced diffusion: v5 0:0783 2500ð Þ3 ð1026Þ4

0:3

� �1=3
3

ln 0:6
0:01 5 1:1913 1025m=s;

Inertia lift: v5 0:0363
10003 1026ð Þ3 3 2500ð Þ2

0:001 5 2:253 1027m=s.
Similarly, the flux is calculated for 10 and 50 µm. The results

are summarized in Table 5.2.

Nomenclature
Symbol [definition dimension (SI unit)]

cB Concentration of solute (kg/m3)

cgel Gel concentration (kg/m3)

k Mass transfer coefficient (m/s)

v Solution velocity (m/s)

Table 5.2 Flux obtained by the equations for Brownian diffusion, shear-induced diffusion, and
inertia lift.

a;μm Brownian diffusion
JA; m/s
Shear induced diffusion Inertia lift

1 2:3953 1027 1:1913 1025 2:253 1027

10 0:5173 1027 2:5643 1024 2:253 1024

50 0:1763 1027 2:1913 1023 2:813 1022
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Subscripts

1 Feed, bulk solution

2 Feed, boundary layer

3 Permeate

Symbol [definition dimension (SI unit)]

a Particle size (m)

D Diffusivity of particle (m2/s)

DB0 Brownian diffusion coefficient (m2/s)

Ds Shear induced diffusivity (m2/s)

k Boltzmann constant (J/K)

K Mass transfer coefficient (m/s)

L Channel length (m)

T Temperature (K)

v Permeate velocity (m/s)

vL0 Inertial lift velocity of spherical particles under the

laminar flow conditions in dilute suspensions (m/s)

Greek letters

_γ0 Shear rate (1/s)

η0 Fluid viscosity (Pa s)

ρ0 Fluid density (kg/m3)

φB Particle volume fraction
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6
Membrane gas separation

6.1 Solution-diffusion model

6.1.1 Steady-state transport
The solution-diffusion model is most widely used for the gas

transport of nonporous membrane. According to the model, gas is
dissolved into the membrane on the feed side, diffuses across the
membrane and is disengaged from the membrane on the perme-
ate side (see Fig. 6.1).

The flux is given according to Fick’s first law as

J 52D
dc

dx
ð6:1Þ

where J is gas flux, c is the concentration of gas in the membrane,
and x is the distance from the feed side toward the permeate side
of the membrane.

Assuming diffusivity, D, is constant throughout the mem-
brane, integration of Eq. (6.1) yields,

J 5D
ðc2 2 c3Þ

δ
ð6:2Þ

where subscripts 2 and 3 indicate the feed and the permeate
side of the membrane, respectively.

The concentration in the membrane is given by Henry’s
law as

c5 Sp ð6:3Þ
where S is solubility coefficient and p is pressure.

Then, from Eqs. (6.2) and (6.3)

J 5DS
ðp2 2p3Þ

δ
ð6:4Þ

or

J 5P
ðp2 2p3Þ

δ
ð6:5Þ
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and P is the permeability. Its dimension is mol m/m2 s Pa in the
SI system. In the membrane literature, Barrer is often used,
where 1 Barrer is equal to 10210 cm3(STP) cm/cm2 s cmHg.

For the integrally asymmetric membrane, it is difficult to
know the thickness of the selective layer precisely. In this
case, P/δ, called permeance, is used instead of permeability. Its
dimension is mol/m2 s Pa in the SI system but gas permeation
unit [1 GPU5 1026 cm3 (STP)/cm2 s cmHg] is often used.

The temperature dependence of D follows the Arrhenius
relationship,

D5D0exp 2
ED

RT

� �
ð6:6Þ

where D0 and ED are the pre-exponential factor and the activation
energy of diffusion, respectively. The activation energy is consid-
ered as the energy required to create a gap between polymer
segments through which the gas molecule can diffuse.

The solubility coefficient, S, also changes with temperature
exponentially as

S5 S0exp 2
ΔHs

RT

� �
ð6:7Þ

where S0 and ΔHs are the pre-exponential factor and enthalpy
of solution, respectively.

Combining Eqs. (6.6) and (6.7)

P5D0S0exp 2
ED 1ΔHs

RT

� �
ð6:8Þ

5P0exp 2
Ep

RT

� �
ð6:9Þ

where

Ep 5ED 1ΔHs ð6:10Þ
It should be noted that Ep is the sum of ED and ΔHs. While

ED is always positive, ΔHs may be positive or negative depend-
ing on whether the sorption is exothermic or endothermic.

Figure 6.1 Solution-diffusion of
gas transport across the
membrane.
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Therefore, depending on their magnitude, Ep may be either pos-
itive or negative (Vieth, 1991).

The S-D model is a simple and general description of the gas
transport. The manifestation of the fundamental principles of
the transport depends on whether the membrane polymer is in
a rubbery or glassy state. All polymers undergo transition from
a rubbery to glassy state when the temperature is lowered below
the glass transition temperature, Tg, which is characteristic to
the polymer.

Problem 6.1:
Kurczek made a gas permeation experiment with a membrane

made of sulfonated polyphenylene oxide (SPPO) (sulfonation
degree 1.01 meq/g in hydrogen form) with a constant pressure
system (Kruczek, 1999). The permeation rate of 0.471 cm3/min was
obtained at the temperature of 25�C and pressure of 763 cmHg.

The membrane area was 10.2 cm2 and the transmembrane
pressure difference was 517 cmHg. Calculate the permeance.

Answer:
The permeation rate at standard temperature and pressure

(STP) is

0:4713
273:15

273:151 25ð Þ 3
763

760
3

1

60
5 7:223 1023 cm3ðSTPÞ=s

Hence the permeance is

7:223 1023

10:23 517ð Þ 3 106 5 1:369 GPU

The volume of 1 mole of ideal gas is 22.43 103 cm3 (STP).
Hence, the permeance in SI system is

1:3693 1026cm3ðSTPÞ3 ðmol=22:43 103cm3ðSTPÞÞ=ðcm2=ðcm2=1024m2Þs
ðcmHg=ðcmHg=1333:22PaÞÞ

5
1:3693 1026

22:43 1024 3 1333:22
� � 5 4:5843 10210mol=m2s Pa

6.1.2 Unsteady-state evaluation of S and D by the
time-lag method

According to Fick’s second law, gas diffusion in the mem-
brane is given by

dc

dt
52D

d2c

dx2
ð6:11Þ
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The differential Eq. (6.11) is solved under the following initial
(IC) and boundary (BC) conditions,

IC:c x; 0ð Þ5 0 ð6:12Þ
BC1:c 0; tð Þ5 Sp2 ð6:13Þ
BC2:c δ; tð Þ5 0 ð6:14Þ

To satisfy the initial and boundary conditions, the experi-
ments are carried out by the device illustrated in Fig. 6.2 with
the following protocol.

Step 1: The feed chamber, membrane, and permeate cham-
ber are evacuated to satisfy IC.

Step 2: The pressure of the feed chamber is elevated to p2 at
t5 0.

Step 3: The pressure of the feed chamber is kept constant at
p2 throughout the experiment (BC1).

The pressure in the permeate chamber is kept at close to
zero all the time (BC2), but it increases gradually in the closed
permeate chamber (Flaconnèche et al., 2001).

Then, the gas concentration profile changes with time, as
shown in Fig. 6.3, until the steady state is reached.

Figure 6.2 Device for the time lag method (Flaconnèche et al., 2001 modified).
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By solving the differential Eq. (6.11) under the initial and
boundary conditions [Eqs. (6.12)�(6.14)], the concentration of
gas in the membrane is given as a function of x and t by

c x; tð Þ5 Sp2 12
x

δ

� �
2

2Sp2

π
3
XN
n51

1

n
sin

nπx
δ

� �
exp 2

Dn2π2t

δ2

� �
ð6:15Þ

Applying Fick’s first law Eq. (6.1) at x5 δ

J 5 J δ; tð Þ5 DSp2

δ
1

2DSp2

δ
3
XN
n51

cos nπð Þexp 2
Dn2π2t

δ2

� �
ð6:16Þ

Further by applying the ideal gas law, the pressure in the
permeate chamber, p3; is given as a function of t.

p3 tð Þ5p3 δ; tð Þ52
ART

V

ðt
0

J δ; tð Þdt

5
ARTPp2

V δ
t2

δ2

6D
1

2δ2

π2D
3
XN
n51

21ð Þn11

n2
exp 2

Dn2π2t

δ2

� �( )

ð6:17Þ
where A is the membrane area and V is the volume of the per-
meate chamber. R and T are the gas constant and absolute tem-
perature, respectively.

Figure 6.3 A typical example of concentration profile change in the membrane with time (Wu, 2020).
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For a long time t tD
δ2

. 0:2
� �

; the exponential terms can be
ignored and Eq. (6.17) can be approximated by a linear function

p3 tð ÞD ARTPp2

V δ
t2

δ2

6D

� �
ð6:18Þ

The typical permeate chamber pressure, p3 tð Þ versus t is
illustrated in Fig. 6.4, where the t axis intercept of the linear
portion of the curve is the time lag θ.

Then, from Eq. (6.18), the following gas transport parameters
can be obtained (Crank and Park, 1968):

D5
δ2

6θ
ð6:19Þ

P5 Slope3
V δ

ARTp2
ð6:20Þ

and

S5
P

D
ð6:21Þ

Problem 6.2:
The gas permeation experiment was carried out using the

device illustrated in Fig. 6.2 under the following conditions.
Membrane area A5 233 1023 m2

Permeate chamber V 5 1:663 1024 m3
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Figure 6.4 Rise of the pressure in the permeate chamber with time.
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Membrane thickness δ5 1803 1026 m
Pressure of feed chamber p2 5 1:0133 105 Pa
Temperature T 5 25�C and

the data given in Table 6.1 were obtained.
Calculate diffusivity, D, permeability, P, and solubility coeffi-

cient, S.
Answer:
From the above data the t axis intercept of the linear portion

of the curve, θ; is 14 s (see Fig. 6.4).
Then, from Eq. (6.19)

D5
1803 1026
� �2

63 14
5 3:863 10210m2=s

The slope is

285:7

602 14ð Þ 5 6:21 Pa=s

Then, from Eq. (6.20)

P5 6:213
1:663 1025 3 1803 1026

233 1024 3 8:3143 298:23 1:0133 105

5 3:213 10214 mol m

m2s Pa
5 95:8 Barrer

Further, from Eq. (6.21)

S5
P

D
5

3:213 10214

3:863 10210
5 0:8323 1024 mol=m3

Pa

Table 6.1 Increase of pressure in the permeate chamber with time.

Time, t, s Pressure in the permeate
chamber, p3 tð Þ; Pa

0 0

10 14.2

14 23.9

20 47.6

25 66.7

30 99.0

40 160.9

60 285.7
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6.1.3 Separation of binary gas mixture
For a mixture of gas a and b, Eq. (6.5) is written as

Ji 5Pi

p2;i 2p3;i

� �
δ

i5a or b ð6:22Þ

where Ji; Pi=δ; p2;i, and p3;i, are flux, permeance, and partial
pressure in the feed chamber, and partial pressure in the per-
meate chamber of i-th gas, respectively.

The ratio of the permeances,

Pa

Pb
5

Da

Db
3

Sa
Sb

ð6:23Þ

is called selectivity of gas a over gas b. The ratios of diffusivity,
Da=Db, and solubility coefficient, Sa=Sb, are called diffusivity
selectivity and solubility selectivity, respectively.

Therefore; selectivity5diffusivity selectivity3solubility selectivity

ð6:24Þ
When the total pressure in the feed gas chamber is p2 and

the mole fractions of gas a and gas b are xa and xb; respectively,
the mole fractions ya and yb in the permeate chamber of total
pressure p3 can be calculated as follows.

Ja 5Pa p2xa 2p3ya
� � ð6:25Þ

Jb 5Pb p2xb 2p3yb
� � ð6:26Þ

ya 5
Ja

Ja 1 Jb
5

Pa p2xa 2p3ya
� �

Pa p2xa 2p3ya
� �

1Pb p2xb 2p3yb
� � ð6:27Þ

ya Pa p2xa 2p3ya
� �

1Pb p2xb 2p3yb
� �� 	

5Pa p2xa 2p3ya
� � ð6:28Þ

ya Pa p2xa 2p3ya
� �

1Pb p2xb 2p3 12 ya
� �� �� 	

5Pa p2xa 2p3ya
� �

ð6:29Þ

ðPbp3 2Pap3Þy2a 1 Pap2xa 1Pbp2xb 1Pap3 2Pbp3

� �
ya 2Pap2xa 5 0

ð6:30Þ
Solving the quadratic equation,

ya 5
2 Pap2xa 1Pbp2xb 1Pap3 2Pbp3

� �
1X

2ðPbp3 2Pap3Þ
ð6:31Þ
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where

X5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pap2xa1Pbp2xb1Pap32Pbp3

� �2
1 43 ðPbp3 2Pap3Þ3Pap2xa

q
ð6:32Þ

yb 5 12 ya 5 12
2 Pap2xa 1Pbp2xb 1Pap3 2Pbp3

� �
1X

2ðPbp3 2Pap3Þ

5
2ðPbp3 2Pap3Þ1 Pap2xa 1Pbp2xb 1Pap3 2Pbp3

� �
2X

2ðPbp3 2Pap3Þ

5
2 2Pap2xa 2Pbp2xb 1Pap3 2Pbp3

� �
2X

2ðPbp3 2Pap3Þ
ð6:33Þ

Then,

α5
ya=yb
xa=xb

5
2 Pap2xa 1Pbp2xb 1Pap3 2Pbp3

� �
1X

2 2Pap2xa 2Pbp2xb 1Pap3 2Pbp3

� �
2X

3
xb
xa

ð6:34Þ
α is called separation factor.

Especially when p3 5 0; from Eq. (6.27)

ya 5
Pap2xa

Pap2xa 1Pbp2xb
ð6:35Þ

yb 5
Pbp2xb

Pap2xa 1Pbp2xb
ð6:36Þ

α5
ya=yb
xa=xb

5
ðPap2xaÞ=ðPbp2xbÞ

xa=xb
5Pa=Pb ð6:37Þ

Thus the separation factor is the same as selectivity when
p3 5 0: For p3 . 0;

α,Pa=Pb; as will be shown by the example.
Problem 6.3:
Kruczek et al. fabricated a membrane from SPPO in hydro-

gen form with an ionic content of 1.37 meq/g. Using a constant
pressure gas permeation setup, they reported that the perme-
ability of the membrane for CO2 (PCO2

) and methane (PCH4
) was

16.86 Barrer and 0.41 Barrer, respectively. When the membrane
is used for the separation of CO2/CH4 (0.5/0.5 mole fraction)
mixture at the total feed pressure of 593 cmHg (absolute) and
total permeate pressure of 76 cmHg (absolute, atmospheric
pressure), what will be the separation factor?
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Answer:
Inserting in Eq. (6.32)
Pa5PCO25 16.86 Barrer
Pb5PCH45 0.41 Barrer
P25 593 cmHg
P35 76 cmHg

X 5 16:863 5933 0:510:413 5933 0:5116:863 7620:413 76ð Þ2�
143 0:413 76216:813 76ð Þ3 16:863 5933 0:5Þ12 5 3957:7

From Eq. (6.34),

α5
2 16:863 5933 0:51 0:413 5933 0:51 16:863 762 0:413 76ð Þ1 3957:7

2 216:863 5933 0:52 0:413 5933 0:51 16:863 762 0:413 76ð Þ2 3957:7

3
0:5

0:5
5 27:6

On the other hand,

Pa

Pb
5

16:86

0:41
5 41:12

Thus, the separation factor is much smaller than selectivity.

6.1.4 Resistance model
The multilayered membrane is defined as a membrane that

consists of several barrier layers of distinct nature stacked
together. There is a clear discontinuity at the boundary of two
neighboring barrier layers, either in the chemical structure or in
the morphology.

Henis and Tripodi derived an equation to evaluate the per-
formance of the multilayered membrane based on the law of
electrical circuit (Henis & Tripodi, 1977).

The permeation rate for a component i through a membrane
can be written as

Qi 5
PiAΔpi

δ
ð6:38Þ

where Qi is the permeation rate of the component i, Pi is the per-
meability coefficient of the membrane, A is the surface area of the
membrane, and δ is the thickness of the membrane. Considering
an electric circuit, the following Ohm’s law describes the current I,
flowing through a resistance, R, driven by an electrical potential
difference, E.

I 5
E

R
ð6:39Þ

86 Chapter 6 Membrane gas separation



Further considering Qi 5 I and Δpi 5E;

Ri 5
δ

PiA
ð6:40Þ

Accordingly, Eq. (6.38) can be written as

Qi 5
Δpi

Ri
ð6:41Þ

The resistance model allows calculation of the overall resis-
tance of a composite membrane as follows.

Case 1: Two resistances connected in series
When the barrier layers of resistances R1 and R2, respectively,

are combined in series [see Fig. 6.5 (Matsuura, 1994)], layer 1
on top of layer 2, and two different gases, a and b, flow through
the membrane, overall resistance for each permeant is given by

Rð Þa 5 R1ð Þa 1 R2ð Þa ð6:42Þ
Rð Þb 5 R1ð Þb 1 R2ð Þb ð6:43Þ

Defining the ratio of the resistances for the permeant a and b as

αi 5
Rið Þb
Rið Þa

5
Pið Þa
Pið Þb

ð6:44Þ

where i5 1 and 2,
the ratio of the overall resistance for permeants a and b desig-
nated as α then becomes,

α5
Rð Þb
Rð Þa

ð6:45Þ

5
α1 R1ð Þa 1α2 R2ð Þa

R1ð Þa 1 R2ð Þa

5
α1 1α2 R2ð Þa= R1ð Þa

� �
11 R2ð Þa= R1ð Þa

� �

Figure 6.5 Active layer on top of a porous sublayer (Matsuura, 1994).
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When R2ð Þa= R1ð Þa
� � � 0

α5α1 ð6:46Þ
The above equation indicates that the selectivity of the com-

posite membrane is controlled by the barrier layer whose resis-
tance is much higher than the other. This is the principle
underlying the design of the composite membrane where a
selective layer is supported by a porous substrate layer. The
resistance of the former layer is much higher than the latter
because of its nonporous characteristics.

Case 2: Two resistances connected in parallel
When barrier layers of resistance R2 and R3 are combined in

parallel (see Fig. 6.6), the overall resistances for gases a and b
are given by

Ra 5
R2ð Þa 3 R3ð Þa
R2ð Þa 1 R3ð Þa

ð6:47Þ

Rb 5αRa 5
α2 R2ð Þa 3α3 R3ð Þa
α2 R2ð Þa 1α3 R3ð Þa

ð6:48Þ

Division of Eq. (6.48) by Eq. (6.47) yields

α5α2α3
R2ð Þa 3 R3ð Þa

α2 R2ð Þa 1α3 R3ð Þa
5α2α3

11 R3ð Þa
R2ð Þa

α2 1α3
R3ð Þa
R2ð Þa

ð6:49Þ

When R3 is much smaller than R2, R3=R2 D 0.
Then,

αDα3 ð6:50Þ

Figure 6.6 Network pore and aggregate pore (Matsuura, 1994).
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Therefore the overall selectivity is controlled by the compo-
nent with a smaller resistance.

According to the bimodal pore size distribution, there are
two kinds of pores; one is the network pore whose size is smal-
ler, and the other is the aggregate pore whose size is much
larger than the network pore. Since the resistance of the aggre-
gate pore is much smaller, the overall selectivity is controlled by
the aggregate pore of lower selectivity. However, as the number
of aggregate pores becomes smaller, the total area of the aggre-
gate pores becomes smaller and the network pores start to con-
trol the selectivity. Therefore, the aggregate pores have to be
removed as much as possible to improve the overall selectivity.

Case 3: Two series resistances connected in parallel
When two arms of resistance, R11R2 and R1

0 1R3 are con-
nected in parallel (see Fig. 6.7), the overall resistances for gas
a and b are

Ra 5
R1ð Þa 1 R2ð Þa
� �

3 R
0
1

� �
a
1 R3ð Þa

h i
R1ð Þa 1 R2ð Þa 1 R

0
1

� �
a
1 R3ð Þa

h i ð6:51Þ

and

Rb 5αRa 5
α1 R1ð Þa 1α2 R2ð Þa
� �

3 α1
0 R

0
1

� �
a
1α3 R3ð Þa

h i
α1 R1ð Þa 1α2 R2ð Þa 1α1

0 R0
1

� �
a
1α3 R3ð Þa

h i ð6:52Þ

Figure 6.7 Homogeneous membrane laminated on top of a porous substrate membrane (Matsuura, 1994).
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When

R1 1R2{R
0
1 1R3

And also

R2cR1

R2 governs the overall resistance.
Case 4: Wheatstone bridge model
When the two arms of resistance, R1

0 1R2 and R11R3 are
connected in parallel, and also by a cross-flow resistance Rx

(see Fig. 6.8), a Wheatstone bridge is formed. Then the overall
resistance becomes

R5
Rx 3 R1 1R2ð Þ R

0
1 1R3

� �
1R1R

0
1 R2 1R3ð Þ1R2R3 R1 1R

0
1

� �
Rx 3 R1 1R2 1R

0
1 1R3

� �
1 R1 1R

0
1

� �
R2 1R3ð Þ

ð6:53Þ
When Rx 5N
Eq. (6.53) for gas a becomes the same as Eq. (6.51).
When Rx 5 0

R5
R1 3R

0
1

R1 1R
0
1

� � 1 R2 3R3

R2 1R3ð Þ ð6:54Þ

In the first term of the left-hand side, if R
0
1cR1 (e.g., area of

resistance R
0
1 is much smaller than R1)

Eq. (6.54) becomes

R5R1 1
R2 3R3

R2 1R3ð Þ ð6:55Þ

Figure 6.8 Wheatstone bridge model (Matsuura, 1994).

90 Chapter 6 Membrane gas separation



Eq. (6.55) is Henis-Tripodi’s model. In their prism membrane
(see Fig. 6.9), a polysulfone membrane with defective pores is
coated with a layer of silicone rubber by dip coating and during
the dip coating process the pores are filled with silicone rubber.

Then, R1; R2 and R3; respectively, represent the resistance of
the top silicone rubber layer, the polysulfone matrix, and the
pores filled with silicone rubber.

Since the area of silicone rubber-filled pores is much smaller
than that of the polysulfone matrix,

R3cR2

Figure 6.9 Henis�Tripodi
model (Matsuura, 1994).
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And since permeability of silicone rubber is much larger
than that of polysulfone,

R2cR1

Then, from Eq. (6.55), R � R2.
Problem 6.4:
There is a polysulfone porous substrate with an area ratio

(pore/polymer matrix) A3=A2 5 1.9 3 1026 and the effective film
thickness 1027 m (100 nm). The permeability of H2 and CO for
polysulfone is 4.0193 10213 mol m/m2 s Pa (12003 10210 cc
[STP] cm/cm2 s cmHg) and 10.0473 10215 mol m/m2 s Pa (303
10210 cc[STP] cm/cm2 s cmHg), respectively. The substrate is
coated with silicone rubber with permeabilities of 17.4153
10212 mol m/m2 s Pa (520 3 1028 cc[STP] cm/cm2 s cmHg)
and 8.3733 10212 mol m/m2 s Pa (2503 1028 cc[STP] cm/cm2 s
cmHg) for H2 and CO, respectively. The coating thickness is
1026 m (1 μm). What is the overall resistance of the composite
membrane for H2 and CO?

Answer:

R1ð ÞH2
5

ð1026Þ
ð17:4153 10�12ÞA1

5
0:057423 106

A1

R1ð ÞCO 5
ð1026Þ

ð8:3733 10�12ÞA1

5
0:11943 106

A1

R2ð ÞH2
5

ð1027Þ
ð4:0193 10�13ÞA2

5
0:24883 106

A2

R2ð ÞCO 5
ð1027Þ

ð10:0473 10�15ÞA2

5
0:099533 108

A2
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R3ð ÞH2
5

ð1027Þ
ð17:4153 10�12ÞA3

5
0:057423 105

A3

R3ð ÞCO 5
ð1027Þ

ð8:3733 10�12ÞA3

5
0:11943 105

A3

From Eq. (6.55)

Rð ÞH2
5 0:057423 106=A1 1

0:24883 106=A2

� �
3 0:057423 105=A3

� �
0:24883 106=A2

� �
1 0:057423 105=A3

� �

Rð ÞCO 5 0:11943 106=A1 1
0:099533 108=A2

� �
3 0:11943 105=A3

� �
0:099533 108=A2

� �
1 0:11943 105=A3

� �
Assuming A1 5A2; since A3 5 1:93 1026A2; the permeability

ratio α5 (permeability of H2/permeability of CO) becomes

1

α
5

0:057423 106 1
0:24883 106ð Þ3 0:057423 105=1:93 1026ð Þ
0:24883 106ð Þ1 0:057423 105=1:93 1026ð Þ

0:11943 106=A1 1
0:099533 108ð Þ3 0:11943 105=1:93 1026ð Þ
0:099533 108ð Þ1 0:11943 105=1:93 1026ð Þ

5 0:03041

α5 33

The H2/CO permeability ratio of polysulfone is 4.0193 10213/
10.0473 102155 40. Thus, the selectivity of the layered membrane
is only less than 20% lower than that of polysulfone.

Applying the two parallel resistance models, the resistance of
the substrate membrane, whose pores are filled with silicone
rubber without the top silicone rubber coating, is

Rsubð ÞH2
5

0:24883 106=A2

� �
3 0:057423 105=A3

� �
0:24883 106=A2

� �
1 0:057423 105=A3

� �
The ratio of the flux of the coated membrane to that of the

substrate membrane is

Rsubð ÞH2

Rð ÞH2

5 0:8125

About 20% of the flux was sacrificed by the silicone coating.
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Problem 6.5:
A multilayered membrane was made by laminating a silicone

rubber film on top of a porous polysulfone substrate mem-
brane. The following data were obtained by experiments for the
silicone rubber film, porous substrate, and the multilayered
membrane.

P1=δ
� �

H2
: Hydrogen permeance of silicon rubber film,

80.183 10210 mol/m2 sPa
Psub=δ
� �

H2
: Hydrogen permeance of substrate membrane,

112.23 10210 mol/m2 s Pa
P=δ
� �

H2
: Hydrogen permeance of the multilayered mem-

brane, 29.93 10210 mol/m2 s Pa
α1: H2/N2 permeability ratio of silicone rubber film, 2.2
αsub: H2/N2 permeability ratio of the substrate membrane, 6.29
α: H2/N2 permeability ratio of the multilayered membrane, 36.9
It is known that the H2/N2 permeability ratio of polysulfone

polymer matrix, α2; is 66.67
The total membrane area is 10.183 1024 m2. Calculate the

resistance of each component.
Answer:
Using Eq. (6.40)

R1ð ÞH2
5

1

80:183 10210
� �

3 10:183 1024
� � 5 12:193 1010s Pa=mol

Rsubð ÞH2
5

1

112:23 10210
� �

3 10:183 1024
� � 5 8:7553 1010s Pa=mol

Rð ÞH2
5

1

29:23 10210
� �

3 10:183 1024
� � 5 33:643 1010s Pa=mol

In case 3 (two series resistances connected in parallel) the
following symbols for the unknown resistances x5 R2ð ÞH2

,
y5 R3ð ÞH2

, and z5 R
0
1

� �
H2

are used.
First, applying Eqs. (6.47) and (6.48) of case 2 (two resis-

tances connected in parallel) for the substrate membrane,

8:7553 1010 5
xy

x1 y
ð6:56Þ

6:293 8:7553 1010 5
66:67xð Þ3 ðα3yÞ
66:67xð Þ1 ðα3yÞ

ð6:57Þ
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Then, applying Eqs. (6.51) and (6.52) of case 3 (two series
resistances connected in parallel),

33:643 1010 5
12:193 1010
� �

1 x
� �

3 ðz1 yÞ
12:193 1010
� �

1 x1 ðz1 yÞ ð6:58Þ

36:93 33:643 1010 5
2:23 12:193 1010
� �

1 66:67x
� �

1 2:2z1α3y
� �

2:23 12:193 1010
� �

1 66:67x1 2:2z1α3y
� �

ð6:59Þ
Division of Eqs. (6.57) by (6.56) yields

6:295 66:67α3
x1 y

66:67xð Þ1 α3y
� � ð6:60Þ

For Eqs. (6.56) and (6.58)�(6.60), there are four unknowns, x,
y, z, and α3; which can be solved by using the algorithm given
in Scheme 6.1.

The results are:

x5 21:7831010; y5 14:6431010; z5 3448:231010 and α3 5 3:91:

No 

Assume 3 

Solve x and y by equa�ons 
(6.55) and (6.59) 

Solve z by 
equa�on (6.57) 

Insert x, y, z in the right hand side 
of equa�on (6.58) and check if 
the result agrees with the le� 
hand side 

Calculate other Rs 

Yes 

Scheme 6.1 Algorithm used to solve problem 6.5.
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and, the resistances are:

R2ð ÞH2
5 21:783 1010s Pa=mol

R3ð ÞH2
5 14:643 1010s Pa=mol

R
0
1

� �
H2

5 3448:23 1010s Pa=mol

R2ð ÞN2
5 14523 1010s Pa=mol

R3ð ÞN2
5 57:243 1010s Pa=mol

R
0
1

� �
N2

5 75863 1010s Pa=mol

6.2 Gas transport in porous membrane

6.2.1 Transport mechanism
Transport of gas can also take place through the porous mem-

brane, even though the separation of gas mixtures is not as effec-
tive as by transport through nonporous membranes. Transport
equations of porous membranes are often used to analyze the data
obtained from membrane distillation experiments or to character-
ize membranes by pore size and pore size distribution.

As shown by Eq. (6.61) the flux of i-th species in the mem-
brane is given by

Ji 5Pi
ðp2;i 2p3;iÞ

δ
i5a or b ð6:61Þ

which is also applicable for the porous membrane.
Gas transport through the porous membrane is classified

into (1) Knudsen flow, (2) viscous flow, and (3) the combination
of Knudsen and viscous flow, depending on the gas pressure
and the membrane pore size (Khayet and Matsuura, 2011). The
governing quantity that provides a guideline in determining
which mechanism is dominant is the Knudsen number, Kn,
which is given by

Kn5
λ
dp

ð6:62Þ

where λ is the mean free path of the gas molecules and dp is
the pore diameter. λ is further given by

λ5
kTffiffiffi
2

p
πσ2p

ð6:63Þ

where k is the Boltzmann constant, T is absolute temperature, σ
is the collision diameter of the gas molecule, and p is pressure.
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Knudsen flow
When the mean free path of the molecule is far greater

than the membrane pore size, for example, Kn. 10; the
molecule�pore wall collisions occur more frequently than
the molecule�molecule collisions, as schematically illustrated
in Fig. 6.10A and the Knudsen type flow becomes dominant.
The gas permeance is given by the following equation.

Pi

δ
5

2ε
3

1

RT

8RT

πMi

� �1=2 r

τδ
ð6:64Þ

where ε is membrane porosity, R is the universal gas constant,
M is the molecular weight of gas, r is pore radius, τ is tortuosity
factor, and δ is the membrane thickness.

Molecular diffusion
When the mean free path of the molecule is far smaller than

the membrane pore size, say for example, Kn, 0:01; the
molecule�molecule collisions occur more frequently than the
molecule�pore wall collisions, as schematically illustrated in
Fig. 6.10B and the molecular diffusion becomes dominant. The
gas permeability is given by the following equation.

Pi

δ
5

εr2

8ηi

p

RT

1

τδ
ð6:65Þ

where ηi is the viscosity of gas and p is the average pressure in
the pore.

Intermediate region
When 0:01,Kn, 100 both molecule�pore collisions and

molecule�molecule collisions should be taken into consideration,
and the gas permeability is given by the following equation.

Pi

δ
5

ε
RTτδ

2

3

8RT

πMi

� �1=2

r1
r2

8ηi
p

" #
ð6:66Þ

Figure 6.10 (A) Knudsen
diffusion and (B) molecular
diffusion (Khayet and
Matsuura, 2011).
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For pure gas transport, the application of the above equa-
tions is straightforward. For the gas mixture, the viscosity of the
gas mixture is used for ηi in Eqs. (6.65) and (6.66).

6.2.2 Separation of gas mixture by the porous
membrane

Knudsen flow
From Eqs. (6.56) and (6.64)

Ja 5
2ε
3

1

RT

8RT

πMa

� �1
2 r

τδ
p2;a 2p3;a

� �
5

2ε
3

1

RT

8RT

πMa

� �1
2 r

τδ
ðp2X2;a 2p3X3;aÞ

ð6:67Þ
where X is mole fraction.

Similarly,

Jb 5
2ε
3

1

RT

8RT

πMb

� �1
2 r

τδ
ðp2X2;b 2p3X3;bÞ ð6:68Þ

Hence,

X3;a 5
Ja

Ja 1 Jb

5
2ε
3

1
RT

�
8RT
πMa

�1
2 r
τδ ðp2X2;a 2p3X3;aÞ

2ε
3

1
RT

�
8RT
πMa

�1
2 r
τδ p2X2;a 2p3X3;a

� �
1 2ε

3
1
RT

�
8RT
πMb

�1
2 r
τδ ðp2X2;b 2p3X3;bÞ

ð6:69Þ
When p3 5 0

X3;a 5

�
1
Ma

�1
2X2;a�

1
Ma

�1
2X2;a 1

�
1
Mb

�1
2X2;b

ð6:70Þ

Similarly,

X3;b 5

�
1
Mb

�1
2X2;b�

1
Ma

�1
2X2;a 1

�
1
Mb

�1
2X2;b

ð6:71Þ

Hence, the selectivity (ideal separation factor)

α5
X3;a=X3;b

X2;a=X2;b
5

Mb

Ma

� �1=2

ð6:72Þ

The selectivity is reciprocal to the square root of molecular
weight ratio.
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Viscous flow
From Eqs. (6.61) and (6.65)

Ja 5
εr2

8ηmixt

p

RT

1

τδ
p2;a 2p3;a

� �
5

εr2

8ηmixt

p

RT

1

τδ
p2X2;a 2p3X3;a

� �
ð6:73Þ

Similarly,

Jb 5
εr2

8ηmixt

p

RT

1

τδ
ðp2X2;b 2p3X3;bÞ ð6:74Þ

X3;a 5
Ja

Ja 1 Jb
5

ðp2X2;a 2p3X3;aÞ
p2X2;a2p3X3;a

� �
1 ðp2X2;b 2p3X3;bÞ

5
ðp2X2;a 2p3X3;aÞ

ðp2 2p3Þ

Hence

X3;a p2 2p3

� �
5 ðp2X2;a 2p3X3;aÞ

X3;a 5X2;a ð6:75Þ

No separation takes place for any p3.
Problem 6.6:
The collision diameter of nitrogen gas is 0.364 nm. Calculate

the mean free path at the temperature of 25�C and pressures of
0.1, 0.5, and 1.0 bar. The Boltzmann constant is 1:3813 10223J=K.

Answer:
According to Eq. (6.63)

λ5
1:3813 10223 3 298:2

1:4143 3:14163 0:3643 1029
� �2

3 104
5 0:73 1026m at 0:1 bar

5 0:143 1026m at 0:5 bar

5 0:073 1026m at 1:0 bar

Problem 6.7:
Calculate the Knudsen number and the permeance of nitrogen

gas for a membrane of porosity 0.5, pore radii 10, 100, and
1000 nm, and pore length 1 μm. The average pressure in the pore
and the temperature are 0.1 bar and 25�C, respectively. Use nitro-
gen gas viscosity of 1.773 1025 Pa s and assume τ5 1.

Answer:
Kn5 0:73 1026

203 1029
5 35 for the pore of 10 nm
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The gas transport is in the Knudsen region. According to
Eq. (6.64)

PN2

δ
5

23 0:5

3

1

8:3143 298:2

83 8:3143 298:2

3:14163 28:023 1023

� �1=2 103 1029

1026

5 0:6403 1023mol=m2s Pa

Kn5 0:73 1026

2003 1029
5 3:5 for the pore of 100 nm

The gas transport is in the intermediate region. According to
Eq. (6.66)

PN2

δ
5

0:5

8:3143 298:23 1026

2

3

83 8:3143 298:2

3:14163 28:023 1023

� �1
2

3 1003 1029

"

1
1003 1029
� �2
83 1:773 1025

3 104

#
5 0:6533 1022mol=m2s Pa

Kn5 0:73 1026

20003 1029 5 0:35 for the pore of 1000 nm

The gas transport is in the intermediate region. According to
Eq. (6.66)

PN2

δ
5

0:5

8:3143 298:23 1026

2

3

83 8:3143 298:2

3:14163 28:023 1023

� �1
2

3 10003 1029

"

1
10003 1029
� �2
83 1:773 1025

3 104

#
5 0:7803 1021mol=m2s Pa

What about when the pressure is 1 bar?
Kn5 0:073 1026

203 1029
5 3:5 for the pore of 10 nm

The gas transport is in the intermediate region. According to
Eq. (6.66)

PN2

δ
5

0:5

8:3143 298:23 1026

2

3

83 8:3143 298:2

3:14163 28:023 1023

� �1
2

3 103 1029

"

1
103 1029
� �2

83 1:773 1025
3 105

#
5 0:6533 1023mol=m2s Pa

Kn5 0:073 1026

2003 1029
5 0:35 for the pore of 100 nm
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The gas transport is in the intermediate region. According to
Eq. (6.66)

PN2

δ
5

0:5

8:3143 298:23 1026

2

3

83 8:3143 298:2

3:14163 28:023 1023

� �1
2

3 1003 1029

"

1
1003 1029
� �2
83 1:773 1025

3 105

#
5 0:7803 1022mol=m2s Pa

Kn5 0:073 1026

20003 1029
5 0:035 for the pore of 1000 nm

The gas transport is in the intermediate region. According to
Eq. (6.66)

PN2

δ
5

0:5

8:3143 298:23 1026

2

3

83 8:3143 298:2

3:14163 28:023 1023

� �1
2

3 10003 1029

"

1
10003 1029
� �2
83 1:773 1025

3 105

#
5 2:0633 1021mol=m2s Pa

Problem 6.8:
Calculate the flux and separation factor of air by a porous

membrane with a porosity of 0.5, pore radius of 100 nm, and
length of 1 μm at 25�C. The feed pressure is 5 bar (absolute) and
the permeate is 1 bar (absolute). Viscosity of air at 25�C is equal
to 1.863 1025 Pa s. Use τ5 1, and the oxygen mole fraction of
0.21 and nitrogen mole fraction of 0.79 for approximation.

Answer:
The collision diameters of nitrogen and oxygen are 0.364 and

0.3463 1029 m, respectively, which are close to each other.
Therefore the average of 0.3553 1029 m is used in Eq. (6.63).

λ5
kTffiffiffi
2

p
πσ2p

5
1:3813 10223 3 298:2

1:4143 3:14163 0:3553 1029
� �2

3 ð3:03 105Þ

5 0:02453 1026m

Kn5
0:02453 1026

2003 1029
5 0:123

This is an intermediate region.
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Setting a is oxygen and b is nitrogen,

Ja 5
ε

RTτδ
2
3

8RT
πMa

� �1=2
r1 r2

8ηmixt
p


 �
p2X2;a 2p3X3;a

� �
5

0:5

8:3143 298:23 1026

2

3

83 8:3143 298:2

3:14163 32:003 1023

� �1
2

3 1003 1029

" 

1
1003 1029
� �2
83 1:863 1025

3 3:03 105

#!
53 105 3 0:212 13 105 3X3;a

� �
5 0:8473 103 ð6:76Þ

Jb 5
ε

RTτδ
2

3

8RT

πMb

� �1=2

r1
r2

8ηmixt

p

" #
p2X2;b 2p3X3;b

� �

5
0:5

8:3143 298:23 1026

2

3

83 8:3143 298:2

3:14163 28:023 1023

� �1
2

" 

3 1003 1029 1
1003 1029
� �2
83 1:863 1025

3 3:03 105

#!

53 105 3 0:792 13 105 3 ð12X3;aÞ
� �

5 3:3103 103 ð6:77Þ

X3;b 5
Ja

Ja 1 Jb
ð6:78Þ

X3;a 5 0:204 and X3;b 5 0:796 satisfies Eqs. (6.76)�(6.78).
There is barely any separation.

The total gas flux is

Ja 1 Jb 5 0:8473 103 1 3:3103 103 5 4:1573 103 mol=m2 s

6.2.3 Measurement of pore size and pore size
distribution

Measurement of pore size by the gas permeation method is
described in K. Li’s book (Li, 2007) in detail.

This is one of the simplest methods for measuring the mem-
brane pore size. By measuring gas flow rates of a membrane at
different pressures, the average pore size and effective surface
porosity can be obtained.
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According to Tan et al. (2001), and also as shown in
Section 6.2.2, the flux through the membrane is written as the
sum of the Poiseuille (viscous) and Knudsen flow as follows

J 5 Jv 1 Jk ð6:79Þ
Assuming that the pore is round and cylindrical with radius

rp and the number of the pore at the membrane surface is n per
unit area of the membrane, porosity ε is

ε5nπrp2 ð6:80Þ
Then, the fluxes due to the Poiseuille and Knudsen flow are

written, respectively (Present, 1958), as

Jv 5
εrp2

8ηRT
p
Δp

δ
ð6:81Þ

Jk 5
2ε
3

8RT

πM

� �1=2 rp

RT

Δp

δ
ð6:82Þ

where η is the viscosity of the gas, R is the gas constant, T is the
absolute temperature, p is the average pressure in the pore
ð5 p2 1p3

2 Þ, δ is the length of the pore, and M is the molecular
weight of the gas.

From Eqs. (6.79), (6.81), and (6.82)

J 5
εrp2

8ηRT
p
Δp

δ
1

2ε
3

8RT

πM

� �1=2 rp

RT

Δp

δ
ð6:83Þ

Since δ is difficult to know, especially for asymmetric mem-
branes, the flux is also given by the following equation

J 5
P

δ
Δp ð6:84Þ

where P
δ is permeance.

Then,

P

δ
5

εrp2

8ηRTδ
p1

2ε
3

8RT

πM

� �1=2 rp

RTδ
ð6:85Þ

When Eq. (6.85) is written as

P

δ
5P0p1K0 ð6:86Þ

P0 5
εrp2

8ηRTδ
ð6:87Þ

K0 5
2ε
3

8RT

πM

� �1=2 rp

RTδ
ð6:88Þ
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Hence,

rp 5
16η
3

8RT

πM

� �1=2 P0

K0
ð6:89Þ

ε
δ
5

8ηRTP0

rp2
ð6:90Þ

Based on Eqs. (6.86), (6.89), and (6.90), ε=δ; called effective
porosity, and rp, can be obtained as follows.
1. Obtain experimentally permeance P=δ at various average

pressure p.
2. Draw the straight line P=δ versus p and obtain the slope P0

and the intercept with the y axis K0.
3. Calculate rp using Eq. (6.89)
4. Calculate ε=δ using Eq. (6.90).

Problem 6.9:
Bakeri et al. (2011) obtained the permeance data of helium

gas for his polyetherimide hollow fiber membrane as shown in
Table 6.2. Calculate the pore radius and the effective porosity of
the membrane.

Answer:
P=δ versus p is shown also in Fig. 6.11.
Applying linear regression analysis in Fig. 6.11,
Slope Po 5 0:71413 10212

Intersection K0 5 2:72863 1027

Using η5 1:983 1025 Pa s for helium at 25�C and
M 5 4:0023 1023 kg=mol for helium

rp 5
163 1:983 1025

3
3

83 8:3143 298:2

3:14163 4:0023 1023

� �1=2

3
0:71413 1025

2:7286
5 3:4713 1027m

ε
δ
5

8ηRTP0

rp2
5

83 1:983 1025 3 8:3143 298:23 0:71413 10212

3:4713 1027
� �2

5 2:33 m�1

Table 6.2 Experimental permeance data obtained by Bakeri et al. (2011).

Feed pressure, bar (gauge) 1 1.5 2 2.5 3 3.5 4

Average pressure p ; bara 1.5 1.75 2 2.25 2.5 2.75 3

Permeance, 3 107 mol/m2 s Pa 3.8 3.95 4.2 4.3 4.6 4.6 4.9

aCalculated considering the permeate pressure p3 5 1bar, for example, when feed is 1 barg, p5 11 1ð Þ1 1
� 	

=25 1:5bar.

104 Chapter 6 Membrane gas separation



6.3 Mixed matrix membrane
Despite the success of the application of polymeric membranes

for gas separation processes, there is a severe trade-off relationship
between permeability and selectivity, as shown by the well known
Robeson’s plot (Fig. 6.12; Robeson, 2008). After many years of
attempts, the boundary line could be shifted only slightly toward

y = 0.7143x + 2.7286
R² = 0.9773

0

1

2

3

4

5

6

0 0.5 1 1.5 2 2.5 3 3.5

Pe
rm

ea
nc

e 
x1

0^
-7

,m
ol

/m
2 

s P
a

Average pressure x10^-5 Pa

Chart Title

Figure 6.11 Permeance versus average pressure plot.

Figure 6.12 Upper bound correlation of O2/N2 and CO2/CH4. Source: Reproduced with permission from Robeson, L.M.,

2008. Upper bound revisited. J. Membr. Sci. 320, 390�400.
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the desired right-upward direction. On the other hand, the perfor-
mance of inorganic membranes has been found to considerably
surpass the boundary line of polymeric membranes. Unfortunately,
inorganic membranes suffer from poor processability and high
cost, which prevent their large-scale applications. Hence, the com-
bination of economical benefit of the processability of the poly-
meric material and excellent selectivity of the inorganic material
was attempted by incorporating inorganic fillers in the host poly-
meric membrane, which is often called mixed matrix membranes
(MMMs). Currently, the most typical filler materials are zeolites,
metal oxides, activated carbon, carbon nanotubes, graphene, gra-
phene oxide, clay minerals, metal organic frameworks, etc.

In order to assess the performance improvement of MMMs,
many model equations have been derived. Among these, the
earliest and most popular is the Maxwell model that is based on
the Maxwell equation developed as early as 1873 to evaluate the
dielectric properties of the composite material (Maxwell, 1873).
The model is written as,

Peff 5Pc
11 2ϕd α2 1ð Þ= α1 2ð Þ
12ϕd α2 1ð Þ= α1 2ð Þ ð6:91Þ

where Peff and Pc are permeabilities of the MMM and continu-
ous phase (polymer), respectively, ϕd is the volume fraction of
the dispersed phase (inorganic fillers), and α is the ratio of the
permeability of the dispersed phase (Pd) and the permeability
of the continuous phase (Pc).

It should be remembered that the Maxwell model is applica-
ble only for the low filler loading of ϕd , 0:2. At higher ϕd

values, the model cannot predict. As ϕd approaches ϕm; the
maximum filler packing density, the deviation becomes more
pronounced, especially when α-N.

It should also be remembered that the equation holds only
for the ideal case, where polymer tightly adheres to the filler
surface without forming any gap between the filler and poly-
mer, while the filler does not change the morphology of the sur-
rounding polymer.

In reality, however, such an ideal case is difficult to achieve.
Poor interaction between the filler particle and polymer causes
the formation of defects at the filler�polymer interface. The
most typical ones are the formation of interfacial void, rigidifi-
cation of polymer chains, and blockage of the particle pores, as
depicted in Fig. 6.13 (Aroon et al., 2010).

In a nonideal case, Eq. (6.91) is no longer applicable.
Mahajan (2000) and Vu et al. (2003a,b) assumed the presence of
a pseudo-dispersed phase in which the filler is encapsulated in
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an defective interphase. Then the pseudo-dispersed phase is
dispersed in the continuous polymer phase. In this way, the
three-phase (filler particle, defective interphase, and polymer
matrix) system is split into two two-phase systems [pseudo-dis-
perse phase (filler particle1defective interphase) and (pseudo-
dispersed phase1polymer matrix)] and the Maxwell equation
is applied at each phase Fig. 6.14.

Problem 6.10:
Vu made an MMM membrane which consists of carbon

molecular sieve 800-2 (CMS 800-2) and polyimide Matrimid
5218. The following parameters are known.

Interface void around the particles

Polymer matrix

Rigidified polymer layer around the particles

Inorganic filler

(b)

(a)

Figure 6.13 Schematic
illustration of various MMM
morphologies. (a) Interface
void and (b) rigidified polymer
layer. Source: Reproduced with

permission from Aroon, M.A.,

Ismail, A.F., Matsuura, T.,

Montazer-Rahmati, M.M., 2010.

Performance studies of mixed

matrix membranes for gas

separation: review. Sep. Purif.

Technol. 75, 229�242.

+ +

+

+

+

+ +

...... .... ++
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+
+ +

Polymer matrix

Defective inter phase

Filler particle

+
+ +

+
++

+..... ....
+

+

+
+

+

+

Pseudo dispersed phase

Figure 6.14 Schematic
representation of a three-
phase model.
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CO2 permeability of CMS 800-2, 44.0 Barrer
CO2 permeability of Matrimid 5218, 10.0 Barrer
CMS 800-2 particle radius, rCMS, 0.5 μm
Thickness of the interphase, tint, 0.075 μm
In the interphase, Matrimid 5218 is rigidified and the perme-

ability becomes 3.33 Barrer.
Calculate the CO2 permeability of CMS 800-2/Matrimid 5218

MMM when the volume fraction of CMS 800-2 is 33%,
1. For an ideal case
2. For a nonideal case.

Answer:
1. Ideal case

In Eq. (6.91)

ϕd 5 0:33

α5
44:0

10:0
5 4:40

Then,

Peff 5 10:03
11 23 0:333 4:402 1ð Þ= 4:401 2ð Þ
12 0:333 4:402 1ð Þ= 4:401 2ð Þ 5 16:4 Barrer

2. Nonideal case
First the permeability of the pseudo-phase is calculated.
In Eq. (6.91),

ϕd 5
rCMS

rCMS1tint

� �3

5
0:5

0:510:075

� �3

5 0:658

α5
44:0

3:33
5 13:21

Then,

Peff 5 3:333
11 23 0:6583 13:212 1ð Þ= 13:211 2ð Þ
12 0:6583 13:212 1ð Þ= 13:211 2ð Þ 5 14:51 Barrer

Next, the permeability of MMM is calculated
In Eq. (6.91)

ϕd 5
0:33

0:658
5 0:502

α5
14:51

10:0
5 1:451
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Then,

Peff 5 10:03
11 23 0:5023 1:4512 1ð Þ= 1:4511 2ð Þ
12 0:5023 1:4512 1ð Þ= 1:4511 2ð Þ 5 12:1 Barrer

Experimental MMM permeability was 11.5 Barrer. Therefore
the nonideal case model is much better than the ideal case
model.

Nomenclature
Symbol Definition [dimension (SI unit)]

A Membrane area (m2)

c Concentration (mol/m3)

dp Pore diameter (m)

D Diffusivity (m2/s)

D0 Pre-exponential factor (m2/s)

E Potential difference (V)

ED Activation energy of diffusion (J/mol)

Ep Activation energy of permeation (J/mol)

I Current (A)

J Flux (mol/m2 s)

Jk Flux by Knudsen flow (mol/m2 s)

Jv Flux by viscous flow (mol/m2 s)

k Boltzmann constant (J/K)

Kn Knudsen number

M Molecular weight (kg/mol)

n Number of pores in unit area of membrane (1 m�2)

p Pressure (Pa)

p Average pressure (Pa)

P Permeability (mol m/m2 s Pa)

Peff Permeability of MMM (mol m/m2 s Pa)

Pc Permeability of continuous phase (mol m/m2 s Pa)

P/ δ Permeance (mol/m2 s Pa)

Q Permeation rate (mol/s)

r Pore radius (m)

rCMS CMS 800-2 particle radius (m)

rp Pore radius (m)

R Gas constant (J/mol K)

R Resistance in Eq. (6.40) (Ω)
S Solubility coefficient [(mol/m3)/Pa]

S0 Pre-exponential factor [(mol/m3)/Pa]

t Time (s)

tint Thickness of the interphase (m)

T Temperature (K)

Tg Glass transition temperature (K)

V Volume of permeate chamber (m3)

x Distance from feed side (m)

x 5 R2ð ÞH2
in Subsection 6.1.4

x with subscript a or b Mole fraction in feed

X Mole fraction
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y 5 R3ð ÞH2
in Subsection 6.1.4

y with subscript a or b Mole fraction in permeate

z 5 R
0
1

� �
H2

in Subsection 6.1.4

Greek letters

α Separation factor

α Ratio of resistances in Subsection 6.1.4

α Pd=Pc (2 )

δ Membrane thickness (m)

ΔHs Enthalpy of solution (J/mol)

ε Porosity

θ Time lag (s)

η Viscosity (Pa s)

λ Mean free path (m)

σ Collision diameter (m)

τ Tortuosity factor

ϕ Volume fraction of dispersed phase

Subscripts

1, 2, 3 Resistance 1, 2, 3 in Subsection 6.1.4

2 Feed

3 Permeate

a Gas a

b Gas b

i Gas species i

sub Substrate
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7
Pervaporation

7.1 Pervaporation transport
Pervaporation is a membrane separation process in which the

upstream side of the membrane is in contact with feed liquid,
while a vacuum is applied on the downstream side of the mem-
brane. The permeant vaporizes somewhere between the upstream
and downstream sides of the membrane and the permeate is
obtained as vapor. The potential of pervaporation was first men-
tioned by Binning and coworkers (Binning and James, 1958;
Binning et al., 1961). Lee attempted to compare the transport of
pervaporation with those of reverse osmosis and gas separation
based on the solution-diffusion model under isothermal condi-
tions (Lee, 1975). In his approach, the gradient of the chemical
potential across the membrane is considered as the driving force
for mass transfer. The chemical potential gradient for species A
and B is written as

rμA 5RTr ln aAm 1 νArp ð7:1Þ

rμB 5RTr ln aBm 1 νBrp ð7:2Þ
It is assumed that the pressure, p, remains the same as that of

the feed solution throughout the membrane cross-section and
falls abruptly at the downstream side from the feed pressure to
the permeate pressure, as illustrated in Fig. 7.1 (Matsuura, 1994).

Therefore the second term in Eqs. (7.1) and (7.2) is ignored,
which leads to the following flux equations (Lee, 1975).

JA 5DAm
cAm2 2 cAm3

δ
ð7:3Þ

JB 5DBm
cBm2 2 cBm3

δ
ð7:4Þ

Thermodynamic equilibrium should be maintained at both
sides of the membrane, therefore

μA2 5μAm2 ð7:5Þ
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μA3 5μAm3 ð7:6Þ

μB2 5μBm2 ð7:7Þ

μB3 5μBm3 ð7:8Þ
The subscripts 2 and 3 in the above equations represent the

upstream side of the membrane, facing the feed liquid, and the
downstream side of the membrane facing the permeate vapor,
respectively.

Since

μ5μ0 1RT ln a1

ðp
pref

νdp ð7:9Þ

where μ0 is the chemical potential of pure permeant at p5pref .
Thermodynamic equilibrium at both sides of the membrane

for species A and B can be written as

aAm2 5aA2exp

�
2 νAðpm2 2p2Þ

RT

�
ð7:10Þ

aAm3 5aA3exp

�
2 νAðpm3 2p3Þ

RT

�
ð7:11Þ

aBm2 5aB2exp

�
2 νBðpm2 2p2Þ

RT

�
ð7:12Þ

Figure 7.1 Pressure profile in
pervaporation (Matsuura, 1994).

aBm3 5aB3exp

�
2 νBðpm3 2p3Þ

RT

�
ð7:13Þ
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with the assumption illustrated in Fig. 7.1.

aAm2 5aA2 ð7:14Þ

aAm3 5aA3exp

�
2 νAðp2 2p3Þ

RT

�
ð7:15Þ

aBm2 5aB2 ð7:16Þ

aBm3 5aB3exp

�
2 νBðp2 2p3Þ

RT

�
ð7:17Þ

Activity is equal to the product of activity coefficient and
concentration, hence

cAm2 5
γA2
γAm2

cA2 ð7:18Þ

cAm3 5
γA3
γAm3

cA3exp

�
2 νAðp2 2p3Þ

RT

�
ð7:19Þ

cBm2 5
γB2
γBm2

cB2 ð7:20Þ

cBm3 5
γB3
γBm3

cB3exp

�
2 νBðp2 2p3Þ

RT

�
ð7:21Þ

Defining the partition coefficient, K, as the ratio of the activ-
ity coefficients, the above equations become

cAm2 5KA2cA2 ð7:22Þ

cAm3 5KA3cA3exp

�
2 νAðp2 2p3Þ

RT

�
ð7:23Þ

cBm2 5KB2cB2 ð7:24Þ

cBm3 5KB3cB3exp

�
2 νBðp2 2p3Þ

RT

�
ð7:25Þ
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Insertion of Eqs. (7.23)�(7.25) into Eqs. (7.3) and (7.4), then
yields,

JA 5
DAm

δ

�
KA2cA2 2KA3cA3exp

�
2 νAðp2 2p3Þ

RT

��
ð7:26Þ

JB 5
DBm

δ

�
KB2cB2 2KB3cB3exp

�
2 νBðp2 2p3Þ

RT

��
ð7:27Þ

Further,

JA 5
PA

δ

�
cA2 2αAcA3exp

�
2 νAðp2 2p3Þ

RT

��
ð7:28Þ

JB 5
PB

δ

�
cB2 2αBcB3exp

�
2 νBðp2 2p3Þ

RT

��
ð7:29Þ

where

PA 5DAMKA2 ð7:30Þ

PB 5DBMKB2 ð7:31Þ
and

αA 5
KA3

KA2
ð7:32Þ

αB 5
KB3

KB2
ð7:33Þ

Assuming the activity coefficient in the membrane is constant,

αA 5
γA3
γA2

ð7:34Þ

αB 5
γB3
γB2

ð7:35Þ

Rearranging Eqs. (7.28) and (7.29),

JA 5
PAcA2
δ

�
12

γA3cA3
γA2cA2

exp

�
2 νAðp2 2p3Þ

RT

��
ð7:36Þ

JB 5
PBcB2
δ

�
12

γB3cB3
γB2cB2

exp

�
2 νBðp2 2p3Þ

RT

��
ð7:37Þ
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while

γAcA 5
pA

pAT
ð7:38Þ

γBcB 5
pB

pBT
ð7:39Þ

where pA;pB;pAT and pBT are partial vapor pressure of compo-
nents A and B, and saturation vapor pressure of components A
and B, respectively, and since Eqs. (7.38) and (7.39) should be
valid at both sides of the membrane, Eqs. (7.36) and (7.37) can
be written as

JA 5
PAcA2
δ

12
pA3

pA2
exp

2 νAðp2 2p3Þ
RT

� �� �
ð7:40Þ

JB 5
PBcB2
δ

12
pB3

pB2
exp

2 νBðp2 2p3Þ
RT

� �� �
ð7:41Þ

A note regarding the partial vapor pressure is in order. In
Eq. (7.40), pA3 is the real partial vapor pressure of component A
on the permeate side of the membrane since the permeant is in
the vapor phase. On the other hand, pA2 is the partial vapor pres-
sure of A which is in equilibrium with the feed solution in the
liquid phase; that is, pA2 the imaginary partial vapor pressure that
satisfies Eq. (7.38). The molar volume νA is close to that of a
liquid, assuming that the permeant is in the liquid phase in the
membrane. Then, 2νB p2 2p3

� �
=RT in Eqs. (7.40) and (7.41)

becomes very small due to the small molar volume of liquid and
the exponential term becomes almost equal to unity.

Hence, Eqs. (7.40) and (7.41) can be approximated by

JA 5
PAcA2
δ

12
pA3

pA2

� �
ð7:42Þ

and

JB 5
PBcB2
δ

12
pB3

pB2

� �
ð7:43Þ

When the separation factor is defined

β5
XA3=XA2

XB3=XB2
ð7:44Þ
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And since

XA3 5
JA

JA 1 JB
ð7:45Þ

XB3 5
JB

JA 1 JB
ð7:46Þ

Eq. (7.44) can be written as

β5
JA=cA2
JB=cB2

ð7:47Þ

Inserting Eqs. (7.42) and (7.43)

β5
PA

PB

12 pA3=pA2

� �� �
12 pB3=pB2

� �� � ð7:48Þ

Furthermore, when the pressure on the permeate side is
nearly equal to zero,

JA 5
PAcA2
δ

ð7:49Þ

JB 5
PBcB2
δ

ð7:50Þ

then,

β5
PA

PB
ð7:51Þ

Problem 7.1:

Often permeability P is based on the transmembrane pressure
difference (see Eq. 6.5), instead of the concentration difference.
The unit is Barrer, and the pressure based permeability is P0.

Eqs. (7.42) and (7.43) are written as

JA 5
P

0
ApA2

δ
12

pA3

pA2

� �
ð7:52Þ

JB 5
P

0
BpB2

δ
12

pB3

pB2

� �
ð7:53Þ
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Also, the activity coefficient, γ0, is defined based on the mole
fraction, X,

γ
0
AXA 5

pA

pA�
ð7:54Þ

γ
0
BXB 5

pB

pB�
ð7:55Þ

Baker et al. (2010) obtained the following data for the perva-
poration of an ethanol/water mixture. Calculate the permeabil-
ity in Barrer for both ethanol and water.

Permeation rate of ethanol, 4.2 kg/m2 h;
Permeation rate of water, 8.0 kg/m2 h;
Separation factor, 5.0.
The operational conditions are:
Feed ethanol concentration, 9.2 wt.%;
Feed temperature, 75�C;
Permeate pressure 5 Torr (50.5 cmHg).

Answer:
Designate ethanol and water as A and B, respectively.
In 100 g of feed solution ethanol is 9.2 g (9.2/46.075 0.200 mol),

and water is 90.8 g (90.8/18.025 5.039 mol).
Hence,

XA2 is
0:200

ð0:2001 5:039Þ 5 0:0382

XB2 is
5:039

ð0:2001 5:039Þ 5 0:9618

Activity coefficients of the ethanol/water mixture are given
using an UNIFAC calculator as

At XA2 5 0; γA2 5 7:0009 and γB2 5 1:0000

At XA2 5 0:05; γA2 5 4:6464 and γB2 5 1:0102

By interpolation,

At XA2 5 0:0382; γA2 5 5:202 and γB2 5 1:008

The saturation vapor pressure of ethanol at 75�C (348.15K) is
given by the Dortmund data bank as 88.858 kPa (566.65 cmHg).

The saturation vapor pressure of water at 75�C (348.15K) is
given by ENDMEMO as 28.85 cmHg.
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From Eqs. (7.54) and (7.55)

pA2 5 ð5:202Þð0:0382Þð66:65Þ5 13:24 cmHg

pB2 5 ð1:008Þð0:9618Þð28:85Þ5 27:97 cmHg

From Eq. (7.44)

β5
XA3=XB3

XA2=XB2
5

XA3=XB3

0:0382=0:9618
5 5

Since XA31XB35 1

XA3 5 0:2733 and XB3 5 0:7267

The partial vapor pressures in the permeate are therefore

pA3 5 0:53 0:27335 0:1367 cmHg

pB3 5 0:53 0:72675 0:3634 cmHg

Applying Eqs. (7.52) and (7.53),

P0
A 5 ½4:2 kg=m2 h3 ð103 g=1 kgÞ3 ð1 mol=46:02 gÞ

3 ð22; 400 cm3ðSTPÞ=molÞ=fð104 cm2=1 m2Þ
3 ð3600 s=1 hÞg3 2:5 μm3 ð1024 cm=μmÞ�=ð13:242 0:1368ÞcmHg

5 1:0833 1026 cm3ðSTPÞ cm=cm2 s cmHg5 1:0833 104 Barrer

P0
B 5 ½8:0 kg=m2 h3 ð103 g=1 kgÞ3 ð1 mol=18:02 gÞ

3 ð22; 400 cm3ðSTPÞ=molÞ=fð104 cm2=1 m2Þ
3 ð3600 s=1 hÞg3 2:5 μm3 ð1024 cm=μmÞ�=ð28:032 0:42Þ cmHg

5 2:5003 1026 cm3ðSTPÞ cm=cm2 s cmHg5 2:5003 104 Barrer

The ratio of the permeabilities, SFA
B ; is defined as the selectivity.

Therefore

SFA
B 5

PA

PB
5

1:0833 104

2:5003 104
5 0:433

It is interesting to know that the experimental separation factor
is more than unity, which means that ethanol is concentrated in
the permeate, although the selectivity is less than unity, meaning
that the membrane is intrinsically more water selective. This indi-
cates that the increased ethanol concentration in the permeate is
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largely due to the higher volatility (higher activity coefficient and
saturation vapor pressure) of ethanol.

7.2 Pervaporation transport model by
Greenlaw and coworkers

Greenlaw et al. discussed pervaporation of a single solvent
(Greenlaw et al., 1977). In Lee’s derivation, Eqs. (7.3) and (7.4)
were obtained by integrating Eqs. (7.1) and (7.2), with the assump-
tion that the pressure and diffusivity are constant across the mem-
brane. It is however known that the diffusivity is highly dependent
on the concentration of the permeant in the membrane. Hence,
Eqs. (7.3) and (7.4) are written in a differential form, dropping the
subscript since only a single solvent is considered.

Jdx52Dmdcm ð7:56Þ
where x is the distance in the permeant flow direction from the
upstream side of the membrane. [Note that Eqs. (7.3) and (7.4)
are obtained by integrating Eq. (7.56) from x5 0 to x5 δ.]

The diffusivity, Dm (m2/s), is given by Rogers et al. (1960) as

Dm 5Dm0ð11αcnmÞ ð7:57Þ
where Dm0, α, and n are constants. The equilibrium sorption is
given by the same author as

cm 5σ
p

p�

� 	
1 τ

p

p�

� 	m
ð7:58Þ

where σ, τ, and m are constants and p and p� are the vapor
pressure (Pa) of the permeant (Pa) and the saturation vapor
pressure (Pa), respectively. Since the ratio, p=p� , is equal to the
activity of the vapor, Eq. (7.58) may be written as

cm 5σa1 τam ð7:59Þ
Substituting Eq. (7.57) for Dm of Eq. (7.56) and integrating,

we obtain

ðδ
0

Jdx52

ðc3m
c2m

Dm0 11αcnm
� �

dcm ð7:60Þ

Integration of the above equation yields

Jδ5Dm0 c2m 2 c3mð Þ1Dm0
α

n1 1
cn11
2m 2 cn11

3m

� � ð7:61Þ
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The concentrations c2m and c3m are given as the function of
upstream and downstream pressures as follows:

1. For the pure liquid stream at pressure p2, assuming constant
molar volume v, the chemical potential becomes

μ25μ� 1 v p2 2p�
� � ð7:62Þ

where μ
�
is the chemical potential of the pure liquid at the

saturation vapor pressure.
2. For the permeant dissolved in the membrane at the

upstream face,

μ25μ� 1 v p2 2p�
� �

1RT lna2 ð7:63Þ

assuming that the molar volume of the permeant in the
membrane is the same as that of liquid.

3. For the dissolved permeant at the downstream face,

μ35μ� 1 v p2 2p�
� �

1RT ln a3 ð7:64Þ
since the assumption was made that the pressure remains
constant and is p2 across the membrane.

4. For pure liquid in contact with the downstream face,

μ35μ� 1 v p3 2p�
� � ð7:65Þ

5. For pure vapor in contact with the downstream face, assum-
ing ideal gas behavior,

μ3 5μ� 1RT ln
p3

p�

� 	
ð7:66Þ

From Eqs. (7.62) and (7.63)

a2 5 1 ð7:67Þ
From Eqs. (7.64) and (7.65)

a3 5 exp 2
v

RT
p2 2p3

� �h i
ð7:68Þ

when p3 .p* and the permeate in liquid phase.
From Eqs. (7.64) and (7.66)

a3 5
p3

p�
exp 2

v

RT
p2 2p�
� �h i

ð7:69Þ

when p3 ,p� and the permeate is vapor.
Using Eqs. (7.59), (7.61), (7.67) and (7.68) or (7.69), we can

calculate permeate flux J.
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Problem 7.2:
For the permeation of hexane through a polyethylene film

the following parameters are known.

Dm0 5 24:23 10213 m2=s

α5 0:001788

n5 1:33

m5 3:4

τ5 545:3 mol=m3

σ5 137:9 mol=m3

p� 5 24;918 Pa

v5 130:583 1026 m3=mol

Calculate the permeation flux of hexane when the film thick-
ness is 2:543 1025 m. The upstream pressure is 101,325 Pa (atmo-
spheric pressure), and the downstream pressure is 40,000 Pa.

Answer:
From Eq. (7.67), a2 5 1; therefore from Eq. (7.59)

c2m 5 137:93 11 545:33 15 683:2 mol=m3

From Eq. (7.68),

a3 5 exp 2
130:583 1026

2:4793 103
1:013253 105 2 0:43 105
� �� �

5 0:9968

c3m 5 137:93 0:99681 545:33 0:99683:4 5 676:9

Then, from Eq. (7.61)

J 5
24:23 10213
� �

683:22 676:9ð Þ1 24:23 10213ð Þ 0:001788ð Þ
2:33 683:22:33 2 676:92:33

� �n o
2:543 1025

5 6:3223 1026 mol=m2 s

Problem 7.3:

Calculate the flux (mol/m2 s) when the downstream pressure
is 0 and 13,332 Pa.
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Answer:
At the downstream pressure of 0 Pa, a3 5 0andc3 5 0; therefore

J 5
24:23 10213
� �

683:2ð Þ1 24:23 10213ð Þ 0:001788ð Þ
2:33 683:22:33

� �n o
2:543 1025

5 35:923 1025

At the downstream pressure of 13,332 Pa, using Eq. (7.69)

a3 5
13; 332

24; 918
exp 2

130:583 1026

2:4793 103
101;3252 24;918ð Þ

� 	
5 0:5329

c3m 5 137:93 0:53291 545:33 0:53293:4 5 137:6

Therefore

J 5
24:23 10213ð Þ 683:22 137:6ð Þ1 24:23 10213ð Þ 0:001788ð Þ

2:33 683:22:33 2 137:62:33ð Þ
n o

2:543 1025

5 33:913 1025

Problem 7.4:

Calculate the pervaporation flux, mol/m2 s, when the upstream
pressure is 1,206,000 Pa and the downstream pressure is 40,000, 0,
and 13,332 Pa.

Answer:
At the downstream pressure of 40,000 Pa,

a3 5 exp 2
130:583 1026

2:4793 103
1;205;7682 40;000ð Þ

� �
5 0:9404

c3m 5 137:93 0:94041 545:33 0:94043:4 5 572:2

Therefore

J 5
24:23 10213
� �

683:22 572:2ð Þ1 24:23 10213ð Þ 0:001788ð Þ
2:33 683:22:33 2 572:22:33

� �n o
2:543 1025

5 11:013 1025

At the downstream pressure of 0 Pa,

J 5 35:923 1025

At the downstream pressure of 13,332 Pa,

a3 5
13;332

24;918
exp 2

130:583 1026

2:4793 103
1;205;8002 24;918ð Þ

� 	
5 0:5028

c3m 5 137:93 0:50281 545:33 0:50283:4 5 122:0
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Therefore

J 5
24:23 10213
� �

683:22 122:0ð Þ1 24:23 10213ð Þ 0:001788ð Þ
2:33 683:22:33 2 122:02:33

� �n o
2:543 1025

5 34:233 1025

The results of the calculation are summarized in Fig. 7.2.

7.3 A new model for pervaporation transport
A new transport model was developed for the pervaporation

of a single component. According to the model, the chemical
potential of the permeant is equal to the feed liquid, which is a
real liquid phase, at the upstream face of the membrane.
Similarly, the chemical potential of the permeant is equal to the
permeate vapor, which is a real vapor phase, at the downstream
face of the membrane. In between, the presence of an imagi-
nary phase, which turns from liquid to vapor somewhere in the
middle of the membrane as the pressure decreases from the
upstream to the downstream side of the membrane, is assumed.
Note that the assumption of a constant pressure across the
membrane is removed in this approach (Fig. 7.3).

Then, at the upstream of the membrane the permeate is in
equilibrium with the feed liquid that is under the upstream
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Figure 7.2 Pervaporation flux versus downstream pressure by Greenlaw et al.’s model (series 1, for upstream
pressure of 101,325 Pa; series 2, for upstream pressure of 1,206,000 Pa).

Chapter 7 Pervaporation 125



pressure p2. The chemical potential of the feed liquid can be
written as

μ5μ� 1 ν p2 2p�
� � ð7:70Þ

where μ� is the chemical potential of liquid at the saturation
vapor pressure p� . As you move toward the downstream face,
with an increase in x in Fig. 7.2, the pressure of the imaginary
liquid phase decreases. The change of the chemical potential,
dμ, in a distance segment dx is then given by

dμ5 νdp ð7:71Þ
where the molar volume of liquid, ν; is a constant for incom-
pressible liquid and dp is the pressure change in the imaginary
liquid phase. Eventually, the pressure in the imaginary phase
becomes the saturation pressure p� at x5 δa (see Fig. 7.2), and
thereafter the imaginary phase becomes vapor.

Applying

J 52
cm
fm

dμ
dx

52
cm
fm

νdp
dx

ð7:72Þ

where cm and fm are the permeant concentration in the mem-
brane and the friction to the movement of the permeant in the
membrane, respectively. [The explanation of Eq. (7.72) is in

Figure 7.3 Imaginary liquid or
vapor phase in equilibrium
with permeant in the
membrane (Matsuura, 1994).
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order. cm
fm

in the equation is equal to the phenomenological coef-
ficient of the irreversible thermodynamics. Lonsdale used this
equation to derive Eq. (3.3) of Chapter 3: Reverse Osmosis,
Forward Osmosis, and Pressure-Retarded Osmosis, with an
assumption that cm

fm
is constant.]

Integrating Eq. (7.72), from x5 0 to x5 δa, where imaginary
phase is liquid,

J

ðδa
0

dx52
cm
fm

ν
ðp�

p2

dp ð7:73Þ

and

J 52
cm
fm

ν p� 2p2

� �
δa

ð7:74Þ

Further using the relationship,

fm 5
RT

Dm
ð7:75Þ

where Dm is the diffusivity in the membrane.
The flux, J, becomes,

J 5
Dmcm
RT

ν p2 2p�
� �

δa
ð7:76Þ

Since the vapor pressure of the imaginary liquid phase is the
same as the saturation vapor pressure p� , cm, which is in equi-
librium with the imaginary phase, is according to Eq. (7.58)

cm 5σ1 τ ð7:77Þ
Further from Eq. (7.57)

Dm 5Dm0 11α σ1τð Þn
 � ð7:78Þ
Insertion of Eqs. (7.77) and (7.78) into Eq. (7.76) yields

J 5
Dm0

RT

� �
σ1 τð Þ 11α σ1τð Þn
 �

ν
δa

p2 2p�
� � ð7:79Þ

From δa to δ the imaginary phase is vapor.
Applying the ideal gas law, ν5 RT

p , the change in chemical
potential in the imaginary phase can be written as

dμ5
RT

p
dp ð7:80Þ

Then,

J 52
cm
fm

dμ
dx

52
cm
fm

RT

p

dp

dx
ð7:81Þ
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Rearranging,

Jdx52
cmRT

fm

dp

p
ð7:82Þ

Using Eqs. (7.57) and (7.58)

Jdx52
σ p=p�
� �

1 τ p=p�
� �m
 �

RT

RT=Dm0 11α σ p=p�
� �

1τ p=p�
� �m� �nn oh id p=p�

� �
p=p�
� � ð7:83Þ

Rearranging,

Jdx52
Dm0 σ p=p�

� �
1 τ p=p�

� �m
 �
11α σ p=p�

� �
1τ p=p�

� �m� �nn o
p=p�
� � d p=p�

� �

ð7:84Þ
Setting ζ5p=p� ,

Jdx52
Dm0 σζ1 τζm


 �
11α σζ1τζmð Þn
 �
ζ

dζ ð7:85Þ

Integrating from x5 δa to δ,

J

ðδ
δa
dx52

ðp3=p�

p�=p�

Dm0 σζ1 τζm

 �

11α σζ1τζmð Þn
 �
ζ

dζ ð7:86Þ

And

J 5

Ð 1
p3=p�

Dm0 σζ1 τζmf g 11α σζ1τζmð Þnf g
ζ dζ

δb
ð7:87Þ

where

δb 5 δ2 δa ð7:88Þ
Furthermore, from Eq. (7.79)

δa 5
Dm0

RT

� �
σ1 τð Þ 11α σ1τð Þn
 �

ν
J

p2 2p�
� � ð7:89Þ

From Eq. (7.87)

δb 5

Ð 1
p3=p�

Dm0 σζ1 τζmf g 11α σζ1τζmð Þnf g
ζ dζ

J
ð7:90Þ

Since δa1δb 5 δ

δ5
Dm0

RT

� �
σ1 τð Þ 11α σ1τð Þn
 �

ν
J

p2 2p�
� �

1

Ð 1
p3=p�

Dm0 σζ1 τζmf g 11α σζ1τζmð Þnf g
ζ dζ

J
ð7:91Þ
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Therefore

J 5
Dm0

RT

� �
σ1 τð Þ 11α σ1τð Þn
 �

ν
δ

p2 2p�
� �

1

Ð 1
p3=p�

Dm0 σζ1 τζmf g 11α σζ1τζmð Þnf g
ζ dζ

δ
ð7:92Þ

Eq. (7.92) is valid when p3 ,p� . When p3 .p�

The flux will be

J 5
Dm0

RT

� �
σ1 τð Þ 11α σ1τð Þn
 �

ν
δ

p2 2p3

� � ð7:93Þ

Problem 7.5:

Use the same numerical values as those given in Problem 7.2
and calculate the pervaporation flux when the upstream pres-
sure is 101,325 Pa and the downstream pressure is 0, 12,466,
19,934, and 40,000 Pa.

Answer:
For the downstream pressure of 0 Pa, Eq. (7.92) is used, since

0, 24,918. The flux, J, is as follows.

J 5

24:23 10213

2:4793 103

� 

3 137:91 545:3ð Þ3 11 0:0017883 137:91545:3ð Þ1:33
 �

3 130:583 1026
� �

3 101; 3252 24; 918ð Þ
2:543 1025

1
24:23 10213

2:543 1025

� 	ðζ
0

137:9ζ1 545:3ζ3:4
� �

3 11 0:0017883 137:9ζ1545:3ζ3:4
� �1:33n o

ζ
dζ

5 13:8433 1025 mol=m2 s

Similarly, for the downstream pressures of 12,466 and
19,934 Pa, the pervaporation fluxes are 12,7533 1025 and
9.2953 1025 mol/m2 s, respectively.

When the downstream pressure is 40,000 Pa, 40,000. 24,918.
Therefore from Eq. (7.93)

J 5

24:23 10213

2:4793 103

� 

3 137:91 545:3ð Þ3 11 0:0017883 137:91545:3ð Þ1:33
 �

3 130:583 1026
� �

3 101; 3252 40; 000ð Þ
2:543 1025

5 0:2433 1025 mol=m2s
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Problem 7.6:

Calculate pervaporation fluxes when the upstream pressure
is 1.2063 106 Pa for the downstream pressures of 0, 12,466,
19,934, and 40,000 Pa.

The answers are as follows:

Downstream
pressure, Pa

Pervaporation flux
3 105, mol/m2 s

0 18.226

12,466 17.136

19,934 13.678

40,000 4.626

The results of the calculation by the new model are summa-
rized in Fig. 7.4.

Note that the pervaporation flux at zero downstream pres-
sure increases with an increase in the upstream pressure
according to the new model, whereas by using the model of
Greenlaw et al., the upstream pressure has no effect on the per-
vaporation flux. Also, fluxes calculated by the new model are
lower than those calculated by Greenlaw et al.’s model.
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Figure 7.4 Pervaporation flux versus downstream pressure by the new model (series 1, for upstream pressure of
101,325 Pa; series 2, for upstream pressure of 1,206,000 Pa).
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Nomenclature
Symbol

a Activity (mol/m3)

c Concentration (mol/m3)

D Diffusivity (m2/s)

Dm0 Constant defined in Eq. (7.57) (m2/s)

fm Friction against the movement of permeant [(J/mol)/(m2/s)]

J Flux (mol/m2 s)

K Partition coefficient

m Constant defined in Eq. (7.58)

n Constant defined in Eq. (7.57)

p Pressure (Pa)

pref Reference pressure (Pa)

p� Saturation vapor pressure (Pa)

P Permeability (mol m/m2 s Pa)

R Gas constant (J/mol K)

SFA
B Selectivity

T Absolute temperature (K)

x Distance from the upstream side (m)

X Mole fraction

Greek letters

α Ratio of partition coefficient

α Constant defined in Eq. (7.57) [(mol/m3)2n]

β Separation factor

γ Activity coefficient

δ Membrane thickness (m)

δa Length of imaginary liquid phase (m)

δb Length of imaginary vapor phase (m)

ζ 5p=p�

μ Chemical potential (J/mol)

μ0 Chemical potential of pure permeant (J/mol)

μ
�

Chemical potential of pure liquid at the saturation vapor

pressure (J/mol)

ν Molar volume (m3/mol)

σ Constant defined in Eq. (7.58) (mol/m3)

τ Constant defined in Eq. (7.58) (mol/m3)

Subscripts

2 Upstream side

3 Downstream side

A Species A

B Species B

m In the membrane
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8
Membrane distillation

8.1 About membrane distillation

8.1.1 Process principles
Membrane distillation (MD) is a process mainly suited for

applications in which water is the major component of the feed
solution. MD is a thermally driven process in which only vapor
molecules are transported through porous hydrophobic mem-
branes from the hot feed side to the cold permeate side. The liq-
uid feed to be treated by MD is maintained in direct contact with
one side of the membrane (feed side) without penetrating into
the dry pores. The hydrophobic property of the membrane pre-
vents liquid feed from entering its pores due to the surface ten-
sion forces. Thus, the transport mechanism of MD consists of:
• Evaporation of water at the warm feed side of the

membrane;
• Migration of water vapor through the nonwetted pores;
• Condensation of water vapor transported at the permeate

side (Fig. 8.1).
Simultaneous heat and mass transfer occur in MD and vari-

ous applications (desalination, environmental/waste cleanup,
water reuse, food, medical, etc.) by different MD configurations,
such as direct contact MD (DCMD), sweeping gas MD, vacuum
MD, and air gap membrane MD (AGMD).

Since MD is a thermally driven process, it requires the sup-
ply of heat. However, unlike the conventional distillation pro-
cess, heat of lower quality (i.e., lower temperature) can be used
in MD, which enables MD to be operated with waste heat and/
or alternative energy sources such as solar and geothermal
energy. Furthermore, the requirement for lower hydrostatic
pressures than in pressure-driven processes such as reverse
osmosis (RO), nanofiltration (NF), ultrafiltration (UF), and
microfiltration (MF), the less demanding mechanical properties
of the membrane, and high solute rejection achievable espe-
cially during the treatment of water that contains nonvolatile
solutes make MD more attractive than any other membrane
separation processes (Qtaishat, 2008).
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8.1.2 Different membrane distillation
configurations

There are typically four different MD configurations,
depending on the method by which vapor is removed once it
has migrated through the pores (Qtaishat, 2008).

8.1.2.1 Direct contact membrane distillation

In DCMD, liquid is in direct contact with the membrane at
both the feed and permeate sides. The feed temperature is
maintained higher than that of the permeate. Vapor migrates
through the dry pore from the feed to the permeate side due to
the vapor pressure difference.

The vapor diffusion path is limited by the thickness of
the membrane, thereby reducing mass and heat transfer resis-
tances. Condensation within the pores is avoided by selecting
appropriate temperature differences across the membrane.

8.1.2.2 Air gap membrane distillation

In AGMD, there is a stagnant air gap between the permeate
side of the membrane and the condenser surface where the
vapor condenses to liquid. Vapor should travel through the mem-
brane pores and air gap before it reaches the condenser, which
increases heat and mass transfer resistances. Although heat loss
by conduction is reduced, flux is reduced also. Larger tempera-
ture differences can be applied across the membrane, which can
compensate in part for the greater transfer resistances.

8.1.2.3 Vacuum membrane distillation

Vapor on the feed side is transported through the pores by
applying a vacuum on the permeate side. The permeate side

Membrane

Membrane pores

Feed side
(Hot)

Permeate side
(Cold)

Figure 8.1 Principle of MD
(Qtaishat, 2008). MD,
Membrane distillation.
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pressure is maintained at lower than the saturation vapor pres-
sure of the permeant and the condensation of the vapor takes
place outside the membrane module.

8.1.2.4 Sweep gas membrane distillation

The permeating vapor is removed using an inert gas stream
which passes on the permeate side of the membrane. The vapor
is condensed outside the membrane module. This configuration
involves large volumes of the sweep gas and vapor stream.

Fig. 8.2 shows the different configurations of MD.

8.2 Transport in direct contact membrane
distillation

Herein the MD transport theory is described for DCMD in
detail. The transport equations for other MD configurations can
be derived with some modifications (Qtaishat, 2008).

8.2.1 Heat transfer
In DCMD, the heat transfer occurs in three steps, as

described in Fig. 8.3:
1. Heat transfer through the feed boundary layer;
2. Heat transfer through the membrane;

Feed in Liquid 

Permeate out
Membrane

Feed out
Liquid 

Permeate in
DCMD

Feed in

Sweep gas outMembrane

Feed out Sweep gas in

Product

Condenser

SGMD

Feed in

Vacuum pump

Membrane

Feed out

Permeate
Condenser

VMD

Feed in Coolant out 

Membrane

Feed out Coolant in

Air gap

Condensing 

Plate

Product
AGMD

Figure 8.2 Four configurations
of membrane distillation
(Qtaishat, 2008).
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3. Heat transfer through the permeate boundary layer.
The heat transfer through the feed boundary, Qf (J/m2 s), is

given by

Qf 5hf Tb;f 2Tm;f

� � ð8:1Þ
where Tb;f (K) and Tm;f (K) are the temperature of bulk liquid
and at the membrane surface on the feed side, respectively (see
Fig. 8.3), and hf (J/m2 s K) is the heat transfer coefficient of the
feed boundary layer.

The heat transfer through the membrane, Qm (J/m2 s), is
given as the sum of the heat conduction, Qc (J/m2 s), through
the membrane and the latent heat, Qv (J/m2 s), carried by the
vapor when it travels through the membrane pore.

Hence,

Qm 5QC 1Qv ð8:2Þ
QC is given by

QC 5
km
δ

Tm;f 2Tm;p

� � ð8:3Þ

where km (J/m s K) is the thermal conductivity of the mem-
brane, δ (m) is the thickness of the membrane, and Tm;p (K) is
the temperature at the membrane surface on the permeate side
(see Fig. 8.3).

Further, km is calculated by the following equation.

km 5 εkg 1 12 εð Þkp ð8:4Þ
where ε is the porosity of the membrane, and kg (J/m s K) and
kp (J/m s K) are the thermal conductivity of the gas filling the

Figure 8.3 Heat and mass
transfer in MD (Qtaishat, 2008).
MD, Membrane distillation.
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membrane pore and the thermal conductivity of the membrane
material (usually polymer), respectively.

QV in Eq. (8.2) is given by

QV 5 JwΔHv;w ð8:5Þ
where Jw (kg/m2 s) is the flux of vapor (in most cases water)
and ΔHv;w (J/kg) is the heat of vaporization of the liquid (in
most cases water).

The heat transfer through the permeate boundary layer, Qp

(J/m2 s), is given by

Qp 5hp Tm;p 2Tb;p

� � ð8:6Þ
Tb;p (K) and Tm;p (K) are the temperatures of bulk liquid and at
the membrane surface on the permeate side, respectively (see
Fig. 8.3), and hp (J/m2 s K) is the heat transfer coefficient of the
permeate boundary layer.

Since

Qf 5Qm 5Qp ð8:7Þ

hf Tb;f 2Tm;f

� �
5

km
δ

Tm;f 2Tm;p

� �
1 JwΔHv;w 5hp Tm;p 2Tb;p

� � ð8:8Þ

Setting

Q5Qf 5Qm 5Qp ð8:9Þ
and written as

Q5H Tb;f 2Tb;p

� �
5HΔT ð8:10Þ

where H is the overall heat transfer coefficient,

Q5
1

hf
1

1
km
δ 1

JwΔHv;w

ðTm;f2Tm;pÞ
1

1

hp

2
4

3
5
21

Tb;f 2Tb;p

� � ð8:11Þ

and

H 5
1

hf
1

1
km
δ 1

JwΔHv;w

ðTm;f2Tm;pÞ
1

1

hp

2
4

3
5
21

ð8:12Þ

The temperature polarization coefficient defined as

θ5
Tm;f 2Tm;p

Tb;f 2Tb;p
ð8:13Þ

is the ratio of the temperature difference across the membrane,
which actually causes the vapor pressure difference across the
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membrane, to the temperature difference between the bulk
feed and permeate stream. In the ideal case, θ is equal to unity
but in reality it is less than unity.

When θ is less than 0.2, DCMD is heat transfer limited due
to poor module design. When θ is higher than 0.6, DCMD is
mass transfer limited with low membrane permeability.

8.2.2 Mass transfer
The mass transfer in DCMD is in most cases the transfer of

water vapor, and the mass flux is proportional to the water
vapor pressure difference between two ends (feed and permeate
side) of the pore, that is, it is given by (Qtaishat, 2008),

Jw 5Bm pm;f 2pm;p

� � ð8:14Þ
where Jw is water flux, Bm is permeance, pm;f and pm;p are the
partial pressures of water at the feed and permeate sides evalu-
ated by using Antoine equation at the temperatures Tm;f and
Tm;p, respectively, such that

pv 5 exp 23:3282
3841

T 2 45

� �
ð8:15Þ

where pv is the water vapor pressure in Pa and T is the corre-
sponding temperature in K (Qtaishat, 2004).

Various types of mechanisms have been proposed for trans-
port of gases or vapors through porous membranes, such as the
Knudsen model, viscous model, ordinary-diffusion model, and
sometimes these flow resumes are combined. Which mechanism
is operative under a given experimental condition depends on
the Knudsen number, Kn, defined as the ratio of the mean free
path (λ) of the transported molecules to the pore size (diameter,
dp) of the membrane; that is, Kn 5 λ/dp. Since in the DCMD pro-
cess both the hot feed and the cold permeate water are brought
into contact with the membrane under atmospheric pressure, the
total pressure is constant at � 1 atm and viscous flow becomes
negligible (Phattaranawik et al., 2003; Khayet et al., 2004).

Therefore, mass transport across the membrane occurs in
DCMD in three regions depending on the pore size and mean
free path of the transferring species (Phattaranawik et al., 2003):
Knudsen region, continuum region (or ordinary-diffusion
region), and transition region (or combined Knudsen/ordinary-
diffusion region).

If the mean free path of transporting water molecules is large
compared to the membrane pore size (i.e., Kn. 1 or r, 0.5λ,
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where r is pore radius), the molecule�pore wall collisions are
dominant over the molecule�molecule collisions (see Fig. 6.10)
and the mass transfer occurs in the Knudsen region.

In this case the permeance is given by (Qtaishat, 2008)

BK
m 5

2εr
3τδ

8M

πRT

� �1=2

ð8:16Þ

where ε, τ, r, and δ are the porosity, pore tortuosity factor, pore
radius, and thickness of the hydrophobic membrane, respec-
tively; M is the molecular weight of water, R is the gas constant,
and T is the absolute temperature.

If the mean free path of transporting water molecules is
smaller than the pore size (i.e., Kn, 0.01 or r. 50λ), molecular
diffusion is used to describe the mass transport in the contin-
uum region caused by the virtually stagnant air trapped within
each membrane pore due to the low solubility of air in water.
Then, the following relationship can be used for the net DCMD
membrane permeability (Khayet et al., 2004).

BD
M 5

εpD
τδpaRT

ð8:17Þ

where pa is the air pressure, p is the total pressure inside the
pore assumed to be constant and equal to the sum of the partial
pressures of air and water vapor, and D is the water diffusivity,
wherein pD (Pa m2/s) for water�air is calculated from the fol-
lowing expression (Phattaranawik et al., 2003).

pD5 1:895 1025T 2:072 ð8:18Þ
In the transition region (0.01,Kn, 1 or 0.5λ, r, 50λ), water

molecules collide with each other and diffuse in air. The mass
transport occurs via the combined Knudsen/ordinary-diffusion
mechanism and the following equation can be used to calculate
the water permeance (Phattaranawik et al., 2003; Khayet et al.,
2004).

BC
m 5

3τδ
2εr

πRT
8M

� �1=2

1
τδPaRT

εPDM

" #21

ð8:19Þ

Problem 8.1:
A DCMD experiment was conducted with feed pure water at

the feed and permeate side temperature (Tb;f and Tb;p) of 50�C
and 20�C, respectively. A water vapor flux, Jw, of 2.0 3 1023 kg/m2

s was obtained. Calculate the feed and permeate temperatures
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(Tm;f and Tm;p) at the membrane surfaces and the temperature
polarization factor, θ, using the following parameters:

Heat of vaporization of water (ΔHv;w) 5 2405.55 kJ/kg;
Heat transfer coefficient on the feed side (hf ) 5 2000 W/m2 K;
Heat transfer coefficient on the permeate side (hp) 5

2000 W/m2 K;
Thermal conductivity of gas-filled membrane (km) 5

0.02 W/m K;
Membrane thickness (δ) 5 50 μm.
Answer:
Using the given data

Jw ΔHv;w 5 2:03 1023
� �

3 2405:553 103
� �

5 4811:1 J=m2 s

From Eqs. (8.7)�(8.9), it is obvious that

Q5
km
δ

Tm;f 2Tm;p

� �
1 JwΔHv;w ð8:20Þ

Then, from Eq. (8.11)

Q5
1

hf
1

Tm;f 2Tm;p

Q
1

1

hp

� �21

3 Tb;f 2Tb;p

� � ð8:21Þ

Q3
1

hf
1

Tm;f 2Tm;p

Q
1

1

hp

� �
5 Tb;f 2Tb;p

� �

Q3
1

hf
1

1

hp

� �
1 ðTm;f 2Tm;pÞ5 Tb;f 2Tb;p

� �
Inserting Eq. (8.20)

km
δ

Tm;f 2Tm;p

� �
1 JwΔHv;w

� �

3
1

hf
1

1

hp

� �
1 ðTm;f 2Tm;pÞ5 Tb;f 2Tb;p

� �

ðTm;f 2Tm;pÞ3 km
δ

3
1

hf
1

1

hp

� �
1 1

� 	

5 Tb;f 2Tb;p

� �
2 JwΔHv;w 3

1

hf
1

1

hp

� �

ðTm;f 2Tm;pÞ5
Tb;f 2Tb;p

� �
2 JwΔHv;w 3 1

hf
1 1

hp


 �
km
δ 3 1

hf
1 1

hp


 �
1 1
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Inserting the given parameters

ðTm;f 2Tm;pÞ

5
323:22 293:2ð Þ2 2:03 1023

� �
3 2405:553 103
� �� �

3 1
2000 1

1
2000

� �
0:02

503 1026
3 1

2000 1
1

2000

� �
1 1

5 18:00 ð8:22Þ
From Eq. (8.8)

hf Tb;f 2Tm;f

� �
5hp Tm;p 2Tb;p

� �
Inserting the numerical values,

20003 323:22Tm;f

� �
5 20003 Tm;p 2 293:2

� �
Rearranging

ðTm;f 1Tm;pÞ5 614:4 ð8:23Þ
Solving Eqs. (8.22) and (8.23) simultaneously,
Tm;f and Tm;p are 317.2K and 299.2K, respectively.
Then,

θ5
317:22 299:2

323:22 293:2
5 0:6

Problem 8.2:
DCMD experiments were carried out with feed pure water at

the feed and permeate side temperatures (Tb;f and Tb;p) of 50
�C

and 20�C, respectively, using a membrane with the following
specifications:

Membrane porosity (ε) 5 0.1921;
Membrane pore radius (r) 5 11.43 3 1029 m;
Membrane thickness (δ) 5 50.92 3 1026 m;
Thermal conductivity of gas-filled membrane (km):

0.02 W/m K.
Calculate the flux (Jw ), the feed and permeate temperatures

(Tm;f and Tm;p) at the membrane surface and the temperature
polarization factor, θ.

Heat transfer coefficient on the feed side (hf ) 5
2000 W/m2 K.

Heat transfer coefficient on the permeate side (hp) 5
2000 W/m2 K.

Answer:
First, the mean free path (λ) is calculated by

λ5
RTffiffiffi

2
p

πσ2NAp
ð8:24Þ

Chapter 8 Membrane distillation 141



where R is the gas constant (8.314 J/K mol), σ is the collision
diameter (2.641 3 10210 m for water vapor) and NA is the
Avogadro number (6.022 3 1023 1/mol). T and p are the tem-
perature (K) and pressure (Pa) in the pore, respectively. Using
the average temperature [(50 1 20)/2 5 35�C] and the atmo-
spheric pressure (1.01325 3 105 Pa),

λ5
8:3143 308:2

1:41423 3:14163 2:6413 10210
� �2

3 6:0223 1023
� �

3 1:013253 105
� �

5 1:3553 1027m

Hence,

Kn 5
λ
dp

5
1:3553 1027

23 11:433 1029
5 5:93. 1

Therefore, the mass transport occurs in the Knudsen region.
Then, according to Eq. (8.16), permeability (BK

m) is given by,

BK
m 5

23 0:19213 11:433 1029
� �

33 13 50:923 1026
� � 3

83 18:023 1023
� �

3:14163 8:3143 308:2

( )1=2

5 1:2173 1027s=m

From Eqs. (8.14) and (8.15)

Jw 5Bm exp 23:3282
3841

Tm;f 2 45

� �
2 exp 23:3282

3841

Tm;p 2 45

� �� �

Eq. (8.23) is also applicable for this case, hence

Tm;p 5 614:42Tm;f

And

Jw 5Bm exp 23:3282
3841

Tm;f 2 45

� �
2 exp 23:3282

3841

569:42Tmf

� �� �
ð8:25Þ

Also, from Eqs. (8.19) and (8.20)

km
δ

Tm;f 2Tm;p

� �
1 JwΔHv;w

5
1

hf
1

Tm;f 2Tm;p

km
δ Tm;f 2Tm;p

� �
1JwΔHv;w

1
1

hp

" #21

3 Tb;f 2Tb;p

� �
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Again applying Eq. (8.23)

km
δ

2Tm;f 2 614:4
� �

1 JwΔHv;w

5
1

hf
1

2Tm;f 2614:4
km
δ 2Tm;f 2614:4
� �

1JwΔHv;w

1
1

hp

" #21

3 Tb;f 2Tb;p

� � ð8:26Þ
Inserting all known parameters in Eqs. (8.25) and (8.26)

Jw 5 1:2173 1027
� �

3 exp 23:3282
3841

Tm;f 2 45

� ��

2 exp 23:3282
3841

569:42Tmf

� ��
ð8:27Þ

0:02

50:923 1026
2Tm;f 2 614:4
� �

1 Jw 3 2405:553 103
� �

5
1

2000
1

2Tm;f 2614:4
0:02

50:923 1026
2Tm;f 2614:4
� �

1Jw 3 2405:553 103
� �1 1

2000

" #21

3 323:22 293:2ð Þ ð8:28Þ
From Eqs. (8.27) and (8.28), two unknowns, Jw and Tm;f , can

be obtained.
The answers are

Jw 5 8:293 1024 kg=m2 s

and Tm;f 5 317.3 K and Tm;p 5 297.1 K.

θ5
317:32 297:1

323:22 293:2
5 0:673

Problem 8.3:
The vapor pressure of aqueous sodium chloride is given,

instead of Eq. (8.15), as

pv 5 exp 23:3282
3841

T 2 45

� �
3 γw 3Xw ð8:29Þ

where γwandXw are, respectively, the activity coefficient and
mole fraction of water.
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Furthermore, γw can be obtained by

γw 5 12 0:5XNaCl 2 10XNaCl
2 ð8:30Þ

where XNaCl is the mole fraction of NaCl.
What will the flux be when the feed is 3.5 wt.% NaCl solution

under the same experimental conditions as in Problem 8.2?
Answer:
The mole fraction of NaCl in the feed aqueous solution is

XNaCl 5
3:5=58:45ð Þ

3:5
58:45ð Þ1 1002 3:5

18:02ð Þ 5 0:0111:

From Eq. (8.30)

γw 5 12 0:53 0:01112 103 0:01112 5 0:9932

From Eq. (8.29) the vapor pressure of the feed aqueous solu-
tion is

pv 5 exp 23:3282
3841

T 2 45

� �
3 0:99323 0:9889

5 0:98223 exp 23:3282
3841

T 2 45

� �

Eq. (8.15) can be used for the permeate side, since the
permeate is pure water.

Then, Eq. (8.27) becomes

Jw 5 1:2173 1027
� �

3 0:98223 exp 23:3282
3841

Tm;f 2 45

� ��

2 exp 23:3282
3841

569:42Tmf

� ��
ð8:31Þ

And Eqs. (8.27) and (8.31) are solved simultaneously for Jw
and Tm;f .

There is practically no change in Tm;f and Jw 5 8:093
1024 m3/m2 s.

Nomenclature
Symbol Definition [dimension (SI unit)]

Bm Permeance (kg/m2 s Pa)

BK
m Permeance of Knudsen diffusion (kg/m2 s Pa)

BD
M Permeance of ordinary diffusion (kg/m2 s Pa)

BC
M Permeance of combined Knudsen and ordinary diffusion (kg/

m2 s Pa)

D Diffusivity (m2/s)

h Heat transfer coefficient (J/m2s K)
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H Overall heat transfer coefficient (J/m2 s K)

Jw Flux of water (kg/m2 s)

kg Thermal conductivity of the gas filling the membrane pore (J/

m s K)

km Thermal conductivity of membrane (J/m s K)

kp Thermal conductivity of membrane material (J/m s K)

M Molecular weight (kg/mol)

NA Avogadro number (1/mol)

p Vapor pressure (Pa)

p Total pressure inside the pore in Eq. (8.17) (Pa)

pv Saturation vapor pressure (Pa)

Q Heat flux (J/m2 s)

Qc Heat flux by conduction (J/m2 s)

Qm Heat flux through membrane (J/m2 s)

Qv Heat flux by latent heat (J/m2 s)

R Gas constant (J/mol K)

T Temperature (K)

Greek letters

δ Membrane thickness (m)

ΔHv;w Heat of vaporization of water (J/kg)

ΔT Temperature difference between bulk feed and bulk permeate

(K)

XNaCl Mole fraction of NaCl

Xw Mole fraction of water

Greek letters

γw Activity coefficient of water

ε Membrane porosity

θ Temperature polarization coefficient

σ Collision diameter (m)

τ Tortuosity factor

Subscripts

b Bulk liquid

f Feed side

m Membrane surface

p Permeate side
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9
Membrane contactor
(membrane absorption) and
membrane adsorption

9.1 Membrane contactor
The development of industries worldwide increases the emis-

sion of hazardous materials to the environment, which causes cli-
matic changes (Bakeri et al., 2010, 2012). It is believed that the
emission of greenhouse gases such as CO2 increases the global
temperature, which can cause disasters such as flooding and
drought. On the other hand, the emission of dangerous materials
from industries can also have an effect on human health; for
example, in petrochemical industries, the production of polycar-
bonate resin requires use of phosgene which may be harmful at
concentration levels as low as below 1 ppm. Therefore emissions
of this gas in the plant exit gas should be low, necessitating its
removal, for example, by absorption with a caustic (NaOH) solu-
tion. Also, in ammonia plants, the emission of ammonia to the
atmosphere is reduced by absorption with water. In some cases,
the component that should be removed is not a hazardous mate-
rial but one that can cause some operational problems, for exam-
ple, water should be separated from natural gas because it may
condense or freeze in pipelines and damage them.

In the conventional absorption process, absorption towers are
used for such separations in which an absorbent flows counter-
currently in a packed or tray tower. However, these towers have
some operational disadvantages such as:

1. Low contact area;
2. Weeping, entrainment, and flooding;
3. Dependency of liquid and gas flow rates;
4. High liquid loss because of solvent evaporation.

An alternative to separation towers is a membrane contactor in
which gas and liquid flow in opposite sides of a porous mem-
brane; the solute gas diffuses from the bulk of gas to the entrance
of a pore and by diffusion through the pore of the membrane to
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the other end of the pore, and is absorbed by the liquid. A mem-
brane contactor can provide a high and well-defined contact area
per unit volume of equipment, and is reported to be 4�30 times
more effective than conventional separation columns. Also, a
membrane contactor can reduce the capital investment and oper-
ating costs of absorption processes, as reported elsewhere.

Compared to gas separation membranes, a membrane contac-
tor has some advantages and disadvantages. In the gas separation
membrane, the process is a single step, but in the membrane con-
tactor, the absorbed component(s) should be separated from
absorbent in a stripping process; resulting in a two-step process.
On the other hand, the transmembrane pressure difference in the
gas separation membrane is much higher than that in the mem-
brane contactor, and more complicated design and module fabri-
cation are required for gas separation. Furthermore, the flux per
unit area in the membrane contactor is much higher than in the
gas separation membrane due to the difference in diffusion mech-
anism. In the gas separation membrane, the gas should dissolve
in the dense skin layer of the membrane and diffuse through it.
The gas should further diffuse through the gas-filled pores of the
sublayer. On the other hand, in the membrane contactor, the gas
should diffuse through the gas-filled pores of the membrane. As
the diffusivity in the gas phase is much higher than in the solid
phase, the membrane contactor has a much higher flux compared
to the gas separation membrane.

The selectivity of the membrane contactor is governed by
the type of absorbent and the relative solubility of the gas com-
ponents in the absorbent. Therefore, the selectivity of the mem-
brane contactor is much higher than in the gas separation
membrane, for example, the solubility of CO2 and CH4 in water,
the simplest absorbent for separation of CO2, at 25

�C and 1 bar
are 1.7 g/kg water and 0.023 g/kg water, respectively. In other
words, the selectivity of the absorption process is almost 74.

The pores of the membrane in contactor applications should
be gas filled, as the diffusivity in the gas phase is 104 times higher
than diffusivity in the liquid phase. The penetration of liquid
into the membrane pores should be prevented as pore wetting
reduces the mass transfer in the contactor significantly and makes
it less competitive compared to the conventional column. One
cause of pore wetting is capillary condensation, but, more impor-
tantly, the pressure of the feed liquid should surpass a critical
value for the liquid to enter into the liquid pores. This critical
value, called the liquid entry pressure of water, depends on some
properties of the membrane such as pore size, hydrophobicity,
surface roughness, and chemical resistance to solvent and also, on
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the surface tension of the solvent and operating conditions of the
absorption process. Thus, it is possible to reduce the wettability of
membranes by decreasing the pore size and using membranes
with a highly hydrophobic surface.

9.1.1 Transport in membrane contactor
With their large surface area to volume ratio, hollow fibers

are most suitable for the membrane contactor. In the hollow
fiber gas flows on the shell side and liquid flows on the lumen
side (or vice versa) and the gas (called solute gas, CO2 for exam-
ple) diffuses through the gas-filled pores of the membrane from
the shell side and is absorbed by liquid at the mouth of the
pores on the lumen side. Therefore, the following three resis-
tances are connected in series in the membrane contactor:
(1) resistance in the concentration boundary layer on the gas
side, (2) membrane resistance, and (3) resistance in the concen-
tration boundary layer on the liquid side. Although membrane
creates extra resistance in the membrane contactor, a large con-
tact area that the membrane provides for mass transfer com-
pensates for this extra resistance. The mass transfer path in a
membrane contactor is shown in Fig. 9.1.

Among those, the resistance at the gas boundary layer is
usually ignored because the gas diffusivity is very high.

Figure 9.1 Mass transfer resistances in series for the nonwetted gas�liquid membrane contactor (Bakeri et al., 2010).
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Regarding the solute gas transport through the membrane pores,
it is either by the Knudsen diffusion mechanism, the bulk diffusion
mechanism, or a combination of both, depending on the pore size.
If the pore diameter (dp) , 100 nm, Knudsen diffusion is predomi-
nant, if dp. 10 μm bulk diffusion is predominant, and between
these two ranges, both mechanisms exist (Kumar et al., 2003; Li and
Chen, 2005). Although the diffusion regime is primarily governed by
the pore size at the skin layer, the mass transfer rate through a mem-
brane is not dependent solely on the skin layer. The pore diameter in
the sublayer of asymmetric membranes is much larger than that in
the skin layer and bulk diffusion is predominant in the sublayer.
Also, the thickness of the sublayer is much greater than the thickness
of the skin layer, and so the sublayer may also have resistance to
mass transfer. After diffusing through the pore and when the gas
comes into contact with liquid at the pore mouth on the permeate
(lumen) side, the absorbent liquid is assumed to be saturated
instantly with CO2 gas. Also, unlike gas phase resistance, the resis-
tance in the liquid phase boundary layer cannot be ignored.

The overall mass transfer coefficient (KOL) is then given by:

1

KOL
5

1

kL
1

Hdi

kmdlm
1

Hdi

kgdo
ð9:1Þ

where kL is liquid side mass transfer coefficient, H is Henry’s
constant, km is membrane mass transfer coefficient, kg is gas
side mass transfer coefficient, and di, do, and dlm are inner
diameter, outer diameter, and log mean diameter of hollow fiber
membrane, respectively. The last term disappears by ignoring
the gas side resistance.

The overall mass transfer coefficient (KOL) can be calculated by

KOL 5
QL Cout

l 2Cin
l

� �
AΔCav

l

ð9:2Þ

where KOL is overall mass transfer coefficient (m/s), QL is liquid flow
rate (m3/s), Cl is solute gas (CO2) concentration in liquid (mol/m3),
where the superscripts out and in indicate hollow fiber outlet and
inlet, respectively, and ΔCav

l is logarithmic mean of transmembrane
concentration difference of solute gas in terms of liquid (mol/m3),
which can be calculated by Eq. (9.3). A is the contact area (m2)
which is calculated based on the inner diameter of hollow fiber
membrane as liquid flows in the lumen side (see Fig. 9.2).

ΔCav
l 5

HCin
g 2Cout

l

� �
2 HCout

g 2Cin
l

� �
ln

HCin
g 2Cout

l

HCout
g 2Cin

l

� � ð9:3Þ
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Note that the solute gas concentration in the gas phase Cg is
converted to HCg, the concentration of solute gas in the liquid,
which is in equilibrium with the gas. Thus, ΔCav

l expresses the
driving force for the solute gas transport.

Dindore et al. (2004), on the other hand, presented Eq. (9.4)
to calculate the overall mass transfer coefficient (KOL):

Jav 5
QLmCg 12 exp 2KOLπdiL

QL

� �� �
πdiL

ð9:4Þ

where Jav is average absorption flux, m is distribution factor which
is 0.85 at 25�C, and L is length of hollow fiber membrane (m).
Hence, KOL can be calculated either by Eqs. (9.3) or (9.4) using the
experimental data.

In Eq. (9.1), the liquid side mass transfer coefficient, kL,
can be obtained from the Sherwood number, Sh, which is cor-
related to the Reynolds, Re, and Schmidt number, Sc, for a
tube by

Sh5 1:62 Re3 Sc3
di

L

� �0:33

for laminar flow ð9:5Þ

Sh5 0:04Re
0:75 3 Sc0:33 for turbulent flow ð9:6Þ

Figure 9.2 Membrane contactor device.
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and

Sh5
kL

D=di
ð9:7Þ

Re5
divLρ
μ

ð9:8Þ

Sc5
μ
ρD

ð9:9Þ

where D is the diffusivity of gas in the liquid, vL is the liquid
velocity in the lumen side of the tube, and ρ and μ are the den-
sity and viscosity of the liquid, respectively.

Kumar et al. (2003) proposed to calculate Sh using the
Graetz number, Gr, in the following equations.

Sh5 3:67 for Gz, 10 ð9:10Þ

Sh5 1:62Gz1=3 for Gz. 20 ð9:11Þ
Or, for the entire range of Gz, the following equations can be

used (Kreulen et al., 1993):

Sh5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3:673 1 1:623Gr

3
p

ð9:12Þ

Gz5
vLdi

2

DL
ð9:13Þ

9.1.2 Wilson plot
This is a method to evaluate kL and km from a simple plot of

1=KOL versus v2m
L .

In Eq. (9.1), ignoring the third term of the right hand side
(gas boundary layer resistance),

1

KOL
5

1

kL
1

Hdi

kmdim
ð9:14Þ

Combining Eqs. (9.5), (9.7)�(9.9), and (9.14)

1

KOL
5

1

1:62di
20:34D0:67L20:33

vL
20:33 1

Hdi

kmdim
for laminar flow region

ð9:15Þ
And combining Eqs. (9.6)�(9.9), and (9.14)

1

KOL
5

1

0:04di
20:25ρ0:42μ20:42D0:67

vL
20:75 1

Hdi

kmdim
for turbulent flow region

ð9:16Þ
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In both cases,

1

KOL
5a v2m

L 1b ð9:17Þ

Therefore plotting a straight line, 1=KOL versus vL
2m, the

intercept with the y-axis, C, is Hdi=kmdim

Then, the membrane mass transfer coefficient km 5Hdi=dimC
Thus, Wilson’s method is useful to separate liquid boundary

resistance and membrane resistance.

Problem 9.1:

Bakeri et al. fabricated polyetherimide hollow fiber mem-
brane (inner diameter 0.45 mm, length 19 cm) and used it in
a membrane contactor for the absorption of feed CO2 gas by
water (Bakeri et al., 2010). CO2 gas was supplied to the shell
side of the membrane at 1 bar gauge, while the water flowed
in the lumen side at 1.5 bar gauge, to prevent the formation
of CO2 bubbles in the lumen side, at a flow velocity of
0.54 m/s.

They observed the CO2 permeation rate of 2.0253 1023 mol/m2 s.
Calculate the overall mass transfer coefficient.

Answer:

In Eq. (9.4)

Jav 5
QLmCg 12 exp 2KOLπdiL

QL

� �� �
πdiL

di 5 0:453 1023 m

L5 0:19 m

QL 5
0:543 3:14163 0:453 1023

� �2
4

5 0:08593 1026m3=s

Cg 5
23 105

8:3143 298:2
5 80:67 mol=m3
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From Eq. (9.4)

KOL 5
2QL

πdiL
ln 12

JavπdiL

QLmCg

� �
5

2 0:08593 1026

3:14163 0:453 1023
� �

3 0:19

ln 12
2:0253 1023
� �

3 3:14163 ð0:453 1023Þ3 0:19ð Þ
0:08593 1026 3 0:853 80:67

( )

5 3:0993 1025m=s

Problem 9.2:

Bakeri et al. obtained KOL for different vL values. The data
are summarized in Table 9.1 (Bakeri et al., 2010). Obtain the
resistance of the membrane by applying the Wilson plot.

Answer:

1

KOL
vs v20:75

L plot is tried:

Table 9.2 shows vL
20:75 and 1=KOL. A 1=KOL versus vL

20:0:75

plot is shown in Fig. 9.3.
The plot shows a good linear relationship with R2 5 0.9789.

From the intercept at the y axis, 0.15863 105 s/m is obtained as
the resistance of the membrane.

Table 9.1 KOL for different vL values.

vL;m=s KOL 3 105;m=s

0.14 1.75

0.17 1.85

0.32 2.50

0.54 3.00

0.76 3.95

Table 9.2 1=KOL versus vL
20:75:

vL
20:75 1=KOL 3 1025

4.369 0.571

3.777 0.541

2.350 0.400

1.587 0.333

1.228 0.255
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9.2 Membrane adsorption

9.2.1 Membrane adsorption process outline
Membrane adsorption is a process in which adsorption and

membrane filtration are integrated.
Adsorption is a very economic, convenient, and easy opera-

tion technique. It is effective especially for heavy metal removal
and is applied as a method for all types of wastewater treat-
ments. The special functional groups on the surface of the
adsorbents provide significant interactions with heavy metals,
resulting in the adsorptive separation of heavy metals from
water.

In a membrane adsorbent, functional groups are at the sur-
face and pore wall of polymer membranes and the target pollu-
tants are selectively adsorbed to these functional groups. Thus,
the membrane adsorbent effectively combines the filtration and
adsorption performance of the membrane. When the contami-
nated water flows through the membrane, the functional active
binding sites will combine with the target contaminants to
remove them from drinking water with a high adsorption rate
and capacity because of the very short submicron-scale dis-
tance from the target pollutants to the active adsorption sites
(Fig. 9.4; Khulbe and Matsuura, 2018).

The membrane adsorption experiments are carried out using
a continuous filtration setup (Fig. 9.5) with a large reservoir
which is connected to a cross-flow permeation cell via a feed
supply pump. With the large feed reservoir volume compared to
the permeate volume, the feed volume as well as the feed solute

y = 0.0981x + 0.1586
R² = 0.9789

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 1 2 3 4 5

1/
KO

Lx
10

^-
5,

 s/
m

v^-0.75 x 
Figure 9.3 Wilson plot with
m 5 0.75.
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Figure 9.4 The principle of membrane adsorption (Khulbe and Matsuura, 2018).

Figure 9.5 Equipment used for membrane adsorption (Efome et al., 2018).
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concentration can be assumed to be constant. Permeate is col-
lected from time to time and the permeate flux and solute con-
centration in the permeate are given as a function of time.

The mathematical model is developed for a nanofibrous
membrane adsorbent because of its high throughput compared
with the conventional asymmetric flat sheet membrane.

The model consists of two parts. In the first, the
Carman�Kozeny (C-K) equation is employed to evaluate the
permeate flux of the nanofibrous membrane. The model calcu-
lation is made under the condition that the heavy metal con-
centration is in the ppb range, so that the permeate flux is
nearly equal to that of pure water. In the second part, the model
is made to reproduce the breakthrough curve of the permeate
concentration based on the mass balance equations (Efome
et al., 2018).

9.2.2 Carman�Kozeny equation for flux
calculation

The membrane flux, J (m3/m2 s), is calculated according to
Darcy’s law using Eq. (9.18).

J 5
K

μδ
Δp ð9:18Þ

where μ is the viscosity of water (Pa s), δ is the membrane thick-
ness (m), and Δp is the transmembrane pressure difference
(Pa). K is the permeability coefficient (m2), which can be calcu-
lated by the following C-K equation

K 5
d2
f ε

3

16kCK ð12εÞ2 ð9:19Þ

where ε is the membrane porosity, df is the fiber diameter (m).
kCK is the C-K constant, a parameter dependent on the struc-
ture of the membrane material. For this study, a kCK value of
4.5 is used based on the work of Tomadakis and Robertson
(Tomadakis and Robertson, 2005), where they provided kCK for
different fiber alignments ranging from randomly oriented
fibers to fully aligned fibers.

9.2.3 Mass balance in membrane adsorption
In mass balance, the rate of heavy metal ion outflow from

the membrane is the rate of heavy metal ion inflow into the
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membrane minus the rate of heavy metal adsorption (see
Fig. 9.6.) as shown in Eq. (9.20).

JAcp 5 JAcf 2w
dqt

dt
ð9:20Þ

where J is water flux (m3/m2 s), A is effective membrane area
(m2), cp and cf are permeate and feed heavy metal ion concentra-
tion (kg/m3), respectively, w is the mass of the adsorbent embed-
ded membrane (kg), and qt is the amount of the heavy metal ions
adsorbed by the unit mass of the membrane (kg/kg) at time t (s).

As for adsorption, using the first-order kinetics,

dqt
dt

5 k1ðqmax 2qtÞ ð9:21Þ

where qmax is the maximum adsorption capacity of the membrane
(kg/kg) and k1 is the pseudo-first-order kinetic constant (s21).

Integrating,

qt 5qmaxð12 e2k1tÞ ð9:22Þ
From Eqs. (9.21) and (9.22)

dqt

dt
5 k1qmaxe

2k1t ð9:23Þ

From Eqs. (9.20) and (9.23)

JAcp 5 JAcf 2wk1qmaxe
2k1t ð9:24Þ

In order to use Eq. (9.24), the following two cases should be
considered.

ðIÞ JAcf ,wk1qmaxe
2k1t ð9:25Þ

In this case, the rate of heavy metal ion inflow is less than
the rate of adsorption. Then, cp is zero.

ðIIÞ JAcf $wk1qmaxe
2k1t ð9:26Þ

Jcf

Membrane 

Jcp

Wqt

Adsorbent

Figure 9.6 Mass balance in membrane adsorption.
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In this case, the rate of heavy metal ion influx is more than
the rate of adsorption and the heavy metal ion appears in the
permeate, making Eq. (9.24) relevant.

Rearranging Eq. (9.24)

ln 12
cp

cf

� �
5 ln

wk1qmax

JAcf

� �
2 k1t ð9:27Þ

According to Eq. (9.27), k1 and ln
� wk1qmax

JAcf

�
can be obtained

from the slope and the intercept with the y axis of the linear

plot, ln 12
cp
cf

� �
versus t, respectively.

When adsorption and solute rejection by the sieving effect
occur simultaneously, representing the sieving effect by the
rejection R [defined as (12 cp/cf) when there is no adsorption],
Eqs. (9.24) and (9.27) become

JAcp 5 JAð12RÞcf 2wk1qmaxe
2k1t ð9:28Þ

and

ln 12
cp

ð12RÞcf

� �
5 ln

wk1qmax

JAð12RÞcf

� �
2 k1t ð9:29Þ

respectively.
Using the model developed above for solute flux in the per-

meate, cp, can be calculated according to Scheme 9.1.

Calculate J by the Carman-
Kozeny equationby 

Calculate

− (1 − ) −

= 0
= (1 − ) −

If nega�ve If posi�ve

Scheme 9.1 Calculation
algorithm for section 9.2.3.
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Problem 9.3:

Calculate the membrane flux when the transmembrane pres-
sure difference is 104 Pa by using the following parameters:

ε5 0:49

df 5 2:0273 1027m

kCK 5 4:5

δ5 3:03 1025m

and

μ5 8:93 1024 Pa s

Answer:

From Eqs. (9.18) and (9.19),

J 5
d2
f ε

3Δp

16kCK 12εð Þ2μδ

5
2:0273 1027
� �2

3 0:493 3 104

163 4:53 120:49ð Þ2 3 8:93 1024 3 3:03 1025

5 9:6673 1025m3=m2s

Problem 9.4:

Draw the permeate concentration, cp, versus time, t, using
the following parameters

cf 5 253 1026 kg

m3
5 25 mg=L

w5 1024kg5 100 mg

k1 5 0:38333 1023 1

s
5 1:38 1=h

qmax 5 23:983 1023 kg

kg
5 23:98 mg=g

J 5 9:6673 1025 m3=m2s

A5 0:0038 m2

and R5 0 and 0.3
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Answer:

For example, for R5 0 and t5 1.23 104 s
JAcf 5 9:6673 1025 3 0:00383 253 1026 5 9:1843 10212

wk1qmaxe
2k1t 5 1024 3 0:38333 1023 3 23:98

3 1023e20:38333 1023 3 1:23 104 5 9:2433 10212

JAcf ,wk1qmaxe
2k1t

Therefore, cp 5 0
For R5 0 and t5 1.53 104 s
JAcf 5 9:6673 1025 3 0:00383 253 1026 5 9:1843 10212

wk1qmaxe
2k1t 5 1024 3 0:38333 1023 3 23:98

3 1023e20:38333 1023 3 1:5x104 5 2:9273 10212

JAcf .wk1qmaxe
2k1t

Then,

JAcp 5 JAcf 2wk1qmaxe
2k1t

cp 5 cf 2
wk1qmax

JA
e2k1t

5 253 1026 2
1024 3 0:38333 1023 3 23:983 1023

9:6673 1025 3 0:0038

3 e20:38333 1023 3 1:53 104 5 17:03 1026

All results are summarized in Table 9.3 and Fig. 9.7.

Table 9.3 The results of the calculation.

t 3 1024; S cp 3 106; kg=m3

R 5 0 R 5 0:3

1.2 0 0

1.3 7.85 0.35

1.5 17.0 9.53

1.7 21.3 13.8

2.0 23.8 16.3

2.2 24.5 17.0

2.5 24.8 17.3

3.0 25.0 17.5
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Nomenclature
Symbol Definition [unit (SI system)]

For section 9.1
A Contact area (m2)

Cin
g CO2 pressure at hollow fiber inlet (Pa)

Cout
g CO2 pressure at hollow fiber outlet (Pa)

Cin
l CO2 concentration in liquid at hollow fiber inlet (mol/m3)

COut
l CO2 concentration in liquid at hollow fiber outlet (mol/m3)

di Inner diameter of hollow fiber (m)

dm Log mean diameter of hollow fiber (m)

do Outer diameter of hollow fiber (m)

D Diffusivity of gas in the liquid (m2/s)

Gz Graetz number

H Henry’s constant (mol/m3 Pa)

Jav Average gas flux (mol/m2 s)

kg Gas side mass transfer coefficient (m/s)

kL Liquid side mass transfer coefficient (m/s)

km Membrane mass transfer coefficient (m/s)

KOL Overall mass transfer coefficient (m/s)

L Length of hollow fiber (m)

m Distribution factor, 0.85 in Eq. (9.4)

m Quantity defined by Eq. (9.18)

QL Liquid flow rate (m3/s)

Re Reynolds number

Sc Schmidt number

Sh Sherwood number

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5 3 3.5

×1
0^

6,
 k

g/
m

^3

t × 10^-4, s

R=0 R=0.3

Figure 9.7 cp versus t.
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vL Liquid velocity (m/s)

Greek letters

ΔCav
l Logarithmic mean of transmembrane concentration difference

(mol/m3)

ρ Density of liquid (kg/m3)

µ Viscosity of liquid (Pa s)

For section 9.2

A Effective membrane area (m2)

cf Solute concentration in feed (kg/m3)

cp Solute concentration in permeate (kg/m3)

df Fiber diameter (m)

J Membrane flux (m3/m2 s)

k1 Pseudo-first-order kinetic constant (1/s)

kCK Carman�Kozeny constant (54.5)

K Permeability coefficient (m2)

P Pressure (Pa)

qmax Maximum adsorption capacity of membrane (kg/kg)

qt Amount of solute adsorbed by the unit mass of membrane (kg/kg)

R Solute rejection

t Time (s)

W Mass of adsorbent embedded membrane (kg)

Greek letters

δ Membrane thickness (m)

ε Porosity

μ Viscosity (Pa s)
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10
Membrane module

10.1 Reverse osmosis

10.1.1 Reverse osmosis hollow fiber module
There are several equations that have been developed for the

design of reverse osmosis (RO) hollow fiber modules. Among
those, the equations developed by Gill and Bansal (1973),
Dandavati et al. (1975), and Gill et al. (1988) are the most rigor-
ous but complicated, while those developed by Ohya and
Sourirajan (1969, 1971), Ohya and Taniguchi (1975), and Ohya
et al. (1977) are simple but do not allow the calculation of pres-
sure change in the hollow fiber. Taniguchi (1978), Darwish et al.
(1989), and Abdel-Jawad and Darwish (1989) basically followed
Ohya’s approach. Rautenbach’s approach includes all three
important aspects of hollow fiber modules (velocity, solute con-
centration, and pressure) and the equations involved are rela-
tively simple (Rautenbach and Dahm, 1987). Therefore his
approach is adopted in this section.

Rautenbach considered a bundle of hollow fibers as a uni-
form body, although it consists of a number of individual fibers.
A distribution tube is at the center of the cylinder and the feed
solution is distributed evenly in the fiber bundle in the radial
direction (see Fig. 10.1; Matsuura, 1994). Each hollow fiber is a

Figure 10.1 Schematic diagram of hollow fiber module (Matsuura, 1994).
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U-tube; thus one hollow fiber bent in the middle is regarded as
two fibers with a closed end. Permeate flows in the lumen side
to the longitudinal direction and comes out from the other
open end (see Fig. 10.2).

In the model the transport equations in the hollow fiber and
those in the hollow fiber bundle were derived separately
(Rautenbach and Dahm, 1987). Herein, only the model for a
single hollow fiber is given.

Referring to Fig. 10.3, the permeate flow rates into and away
from a small segment between the distance x from the dead

Figure 10.2 Schematic diagram of a single hollow fiber (Matsuura, 1994).

Figure 10.3 Mass balance in a hollow fiber tube (Matsuura, 1994).

166 Chapter 10 Membrane module



end of the hollow fiber (see Fig. 10.2) and x1dx are given,
respectively, by

Inlet flow rate5
π
4
di

2u3 1πdedxvw

Outlet flow rate5
π
4
di

2 u3 1
du3

dx
dx

� �

At the steady state, the inlet and the outlet flow rates are bal-
anced, therefore

π
4
di

2u3 1πdedxvw 5
π
4
di

2 u3 1
du3

dx
dx

� �
ð10:1Þ

where di and de are the inside diameter and effective diameter
of a hollow fiber tube (m), u3 is the permeate flow velocity, to
the longitudinal direction, in the bore of the hollow fiber tube
(m), and vw is the permeation velocity (m/s) of solvent (water
in most cases) based on the effective diameter.

Rearranging,

π
4
di

2 du3

dx
5πdevw ð10:2Þ

Therefore

du3

dx
5 4

de

di
2
vw ð10:3Þ

On the other hand,

The inlet mass flow rate of the solute5
π
4
di

2 u3cB3ð Þ1πdedxJB

where cB3 (mol/m3) is the solute concentration on the bore side of
the hollow fiber at the longitudinal distance x and JB (mol/m2 s) is
the solute flux through the hollow fiber membrane.

The outlet mass flow rate of the solute5
π
4
di

2 u3cB3ð Þ1 d u3cB3ð Þ
dx

dx

� �

At the steady state

π
4
di

2 u3cB3ð Þ1πdedxJB 5
π
4
di

2 u3cB3ð Þ1 d u3cB3ð Þ
dx

dx

� �
ð10:4Þ

Rearranging,

π
4
di

2 d u3cB3ð Þ
dx

5πdeJB ð10:5Þ

Chapter 10 Membrane module 167



Therefore

d u3cB3ð Þ
dx

5 4
de

di
2
JB ð10:6Þ

and

du3

dx
cB3 1u3

dcB3
dx

5 4
de

di
2
JB ð10:7Þ

Combining Eqs. (10.3) and (10.7)

4
de

di
2
vwcB3 1u3

dcB3
dx

5 4
de

di
2
JB ð10:8Þ

Rearranging,

dcB3
dx

5 4
de

u3di
2
JB 2 vwcB3ð Þ ð10:9Þ

The pressure drop that occurs while the solution passes
through the distance segment dx is given by

dp3

dx
5 2

32

di
2
ηu3 ð10:10Þ

The molar solvent flux, JA (mol/m2 s), molar solute flux (mol/
m2 s), and the concentration polarization occurring at the feed
boundary layer can be written (see Eqs. 3.17, 3.18, and 3.15) as

JA 5A p2 2p3

� �
2b cB2 2 cB3ð Þ� � ð10:11Þ

JB 5B cB2 2 cB3ð Þ ð10:12Þ

cB2 2 cB3
cB1 2 cB3

5 exp
vw
k

� 	
ð10:13Þ

Furthermore,

vw 5
JA
c

ð10:14Þ

and

cB3 5
JB
vw

ð10:15Þ

where c is the total molar concentration (mol/m3) of the perme-
ate solution, which is nearly equal to that of solvent (water),
particularly in the desalination process. It is assumed in
Eq. (10.11) that the osmotic pressure is proportional to the
molar concentration of the solution.
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Some explanation is in order for the difference between cB3
and cB3. cB3 is the concentration of the permeate through the
hollow fiber wall of the small segment whose length is dx. This
permeate joins the flow coming from the preceding segment of
the hollow fiber, and flows into the next segment as the solution
whose concentration is cB3. cB3 and cB3 are therefore different.

The differential Eqs. (10.3), (10.9), and (10.10) together with
the membrane transport Eqs. (10.11)�(10.13) can be solved
when a set of data for the feed solution which is on the shell
side of the hollow fiber, that is, cB1 and p2 (p2 5p1 since, unlike
concentration, there is no pressure polarization), are given
under the following boundary conditions:

u3 x5 0ð Þ5 0 ð10:16Þ
cB3 x5 0ð Þ5 cB3 0ð Þ ð10:17Þ

and

p3ðLÞ5 101:325 kPað5atmospheric pressureÞ ð10:18Þ
Note that cB3 and cB3 are equal at x5 0, since there is no pre-

ceding segment.
The steps to solve the equations are as follows.

Step 1: The first guess of p3(0) is made [(0) means (x5 0)
hereafter].

Step 2: u3 Δxð Þ, cB3 Δxð Þ; and p3 Δxð Þ are obtained. [(ΔxÞ
means (x5Δx)].

Step 2.1: JA 0ð Þ; JB 0ð Þ; vw 0ð Þ; cB2 0ð Þ; cB3 0ð Þ are obtained by solv-
ing Eqs. (10.11)�(10.15) simultaneously.

Step 2.2: The derivatives ðdu3

dx Þx50, ðdcB3dx Þx50, and ðdp3

dx Þx50 are
obtained.

From Eq. (10.3),

du3

dx

� �
x50

5 4
de

di
2
vw 0ð Þ ð10:19Þ

From Eqs. (10.10) and (10.16),

dp3

dx

� �
x50

5 0 ð10:20Þ

As for ðdcB3dx Þx50, Eqs. (10.16) and (10.17) as the boundary con-
ditions make the right side of Eq. (10.9) indeterminate at x5 0,
since both the numerator and denominator are zero. Hence, the
following L’Hopital’s rule is applied.

dcB3
dx

� �
x50

5 4
de

di
2

dðJB2vwcB3Þ=dx
� �

x50

du3=dx
� �

x50

ð10:21Þ
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Combining Eqs. (10.19) and (10.21),

dcB3
dx

� �
x50

5
1

vw 0ð Þ dðJB2vwcB3Þ=dx
� �

x50
ð10:22Þ

and

dcB3ð Þx50 5
1

vw 0ð Þ dðJB2vwcB3Þ
� �

x50
ð10:23Þ

Then,

cB3 dxð Þ2 cB3 0ð Þ5 1

vw 0ð Þ JB dxð Þ2 vw dxð ÞcB3 dxð Þ� �
2 JB 0ð Þ2 vw 0ð ÞcB3 0ð Þ� �
 �

ð10:24Þ
From Eqs. (10.15) and (10.17)

JB 0ð Þ2 vw 0ð ÞcB3 0ð Þ5 0

Therefore from Eq. (10.24)

cB3 dxð Þ5 cB3 0ð Þ1 1

vw 0ð Þ JB dxð Þ2 vw dxð ÞcB3 dxð Þ� � ð10:25Þ

Rearranging

cB3 dxð Þ 11
vw dxð Þ
vw 0ð Þ

� 

5 cB3 0ð Þ1 JB dxð Þ

vw 0ð Þ ð10:26Þ

and

cB3 dxð Þ5
cB3 0ð Þ1 JB dxð Þ

vw 0ð Þ
11 vw dxð Þ

vw 0ð Þ
ð10:27Þ

For a small increment Δx

cB3 Δxð Þ5
cB3 0ð Þ1 JB Δxð Þ

vw 0ð Þ
11 vw Δxð Þ

vw 0ð Þ
ð10:28Þ

Eq. (10.28) will be used in the next step to know cB3 Δxð Þ.
Step 2.3: u3 Δxð Þ; cB3 Δxð Þ; and p3ðΔxÞ are obtained for a pre-

set size of the increment Δx.

u3 Δxð Þ5u3 0ð Þ1 du3

dx

� �
x50

Δx ð10:29Þ

where Eq. (10.19) can be used.

p3 Δxð Þ5p3 0ð Þ1 dp3

dx

� �
x50

Δx5p3 0ð Þ ð10:30Þ

170 Chapter 10 Membrane module



Eq. (10.30) was derived from Eq. (10.20).
When Eqs. (10.11)�(10.15) are solved for x5Δx, the answers

will be the same as at x5 0, since

p3 Δxð Þ5p3 0ð Þ:
Then, again using Eqs. (10.15) and (10.17)

JB Δxð Þ
vw 0ð Þ 5

JB 0ð Þ
vw 0ð Þ 5 cB3 0ð Þ5 cB3 0ð Þ

vw Δxð Þ
vw 0ð Þ 5

vw 0ð Þ
vw 0ð Þ 5 1

Therefore from Eq. (10.28)

cB3 Δxð Þ5 cB3 0ð Þ ð10:31Þ
Step 3: u3 2Δxð Þ, cB3 2Δxð Þ; and p 2Δxð Þ are obtained.
Step 3.1: JA Δxð Þ; JB Δxð Þ; vw Δxð Þ; cB2 Δxð Þ, and cB3 Δxð Þ have

already been obtained in Step 2.3, when Eqs. (10.11)�(10.15)
were solved at x5Δx.

Step 3.2: Using those values, ðdu3

dx Þx5Δx, ðdcB3dx Þx5Δx, and ðdp3

dx Þx5Δx

are calculated.
Step 3.3: u3 2Δxð Þ, cB3 2Δxð Þ, and p3 2Δxð Þ are then obtained by

u3 2Δxð Þ5u3 Δxð Þ1 du3

dx

� �
x5Δx

Δx ð10:32Þ

cB3 2Δxð Þ5 cB3 Δxð Þ1 dcB3
dx

� �
x5Δx

Δx ð10:33Þ

p3 2Δxð Þ5p3 Δxð Þ1 dp3

dx

� �
x5Δx

Δx ð10:34Þ

Step 4: The above steps are repeated until x5 L is reached. It
is checked if p3 Lð Þ is 101.325 kPa. If it is, then the computation
is stopped. Otherwise, we go back to Step 1 and a new p3(0) is
guessed.

[The method to solve Eqs. (10.11)�(10.15) for a given set of
parameters, A;B;b;p2;p3; cB2; k, and c, is as follows.

1. Assume cB2 2 cB3:
2. Calculate JA and JB from Eqs. (10.11) and (10.12).
3. Calculate vw from Eq. (10.14).
4. Calculate cB3 from Eq. (10.15)
5. Check if cB2 2 cB3; cB3, and vw can satisfy Eq. (10.14).
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If satisfied, they are the answers. If not, go back to (1) and
continue until Eq. (10.14) is satisfied.]

The simulation algorithm is shown in Scheme 10.1.

Scheme 10.1 Calculation algorithm for reverse osmosis hollow fiber.
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Problem 10.1:

Calculate the longitudinal velocity, u3, solute concentration,
cB3, and pressure, p3, in the lumen side of hollow fiber as func-
tions of the distance, x, from the closed end of the hollow fiber
assuming no concentration polarization on the shell side of the
membrane. Use the following parameters.

Concentration of sodium chloride on the shell side: cB1 5 0:1 kmol=m3

Pressure on the shell side of the membrane: p1 5p2 5 2758 kPa gage
� �

Pure water permeation coefficient: A5 0:23 1027 kmol=m2 s kPa

Solute permeation constant: B5 0:0753 1027 m=s

Total molar concentration: c5 55:3 kmol=m3

Length of hollow fiber: L5 0:6 m

Effective hollow fiber diameter: de 5 0:000105 m

Inner diameter of hollow fiber: di 5 0:00010 m

Viscosity of water at 25�C: η5 0:89413 1026kPa s

Osmotic pressure coefficient: b5 4:63743 103 kPa m3=kmol

Answer:

Step 1: The pressure in the hollow fiber lumen at the sealed
end (x5 0 in Fig. 10.2) is assumed to be 120 kPa (absolute).

Step 2:
Step 2.1: JA 0ð Þ; JB 0ð Þ; cB3 0ð Þ; and vw (0) are obtained by solving

Eqs. (10.11)�(10.15).
Since concentration polarization can be ignored the mass

transfer coefficient, k5N. Therefore from Eq. (10.13), cB2 5 cB1:
From Eqs. (10.14) and (10.15)

cB3 0ð Þ5 JBð0Þc
JAð0Þ

ð10:35Þ

Solving Eqs. (10.11), (10.12), and (10.35) simultaneously with
cB2 5 cB1, we obtain
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JA 0ð Þ

5
2 Bc2A p2 2p3ð0Þ

� �
1AbcB1

� �
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bc2A p22p3ð0Þ

� �
1AbcB1

� �2
1 4A p2 2p3ð0Þ

� �
Bc

q
2

ð10:36Þ

JB 0ð Þ5 BcB1

11 Bc
JAð0Þ

ð10:37Þ

Inserting numerical values into Eq. (10.36)

α5Bc2A p2 2p3 0ð Þ� �
1AbcB1

5 0:0753 1027 3 55:32 0:23 1027 3 27581 101:32 120ð Þ
1 0:23 1027 3 4:643 103 3 0:1

52 450:93 1027

JAð0Þ

5
2 450:91

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2450:9ð Þ2 1 43 0:23 1027 3 27581 101:32 120ð Þ3 0:0753 1027 3 55:3

q
2

5 4563 1027kmol=m2s

From Eq. (10.37)

JB 0ð Þ5 0:0753 1027 3 0:1

11 0:0753 1027 3 55:3
4563 1027

5 0:007433 1027 kmol=m2 s

From Eq. (10.35)

cB3 0ð Þ5 0:007433 1027 3 55:3

4563 1027
5 9:023 1024 kmol=m3

From Eq. (10.14)

vw 0ð Þ5 4563 1027

55:3
5 8:243 1027 m=s

Step 2.2: The derivative du3

dx

� 	
x50

is obtained.
From Eq. (10.19)

du3

dx

� �
x50

5 4
0:000105

0:000100ð Þ2 3 8:243 1027 5 34:63 1023

Step 2.3: u3 Δxð Þ; cB3 Δxð Þ; and p3ðΔxÞ are obtained for a pre-
set size of the increment Δx5 0.1.

(Δx5 0.1 may be too large. But this is used only to explain
how the problem is solved. Much smaller Δx can be used to
obtain much more precise answers.)

Using the boundary condition (10.16),

u3 0:1ð Þ5u3 0ð Þ1 34:63 1023 3 0:15 3:463 1023
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From boundary the condition (10.17) and (10.31)

cB3 0:1ð Þ5 cB3 0ð Þ5 cB3ð0Þ5 9:023 1024

And from Eq. (10.30) and the guessed value,

p3 0:1ð Þ5p3 0ð Þ5 120

Step 3: u3 0:2ð Þ, cB3 0:2ð Þ; and p3 0:2ð Þ are obtained.
Step 3.1: JA 0:1ð Þ; JB 0:1ð Þ; cB3 0:1ð Þ; and vw (0.1) are the same as

JA 0ð Þ; JB 0ð Þ; cB3 0ð Þ; and vw (0).
Step 3.2: Using those values, ðdu3

dx Þx50:1, ðdcB3dx Þx50:1, and ðdp3

dx Þx50:1

are obtained by Eqs. (10.3), (10.9), and (10.10), respectively.

du3

dx

� �
x50:1

5 4
0:000105

0:000100ð Þ2 3 8:243 1027 5 34:63 1023

dcB3
dx

� �
x50:1

5
43 0:000105

3:463 1024 3 0:00012

3 0:007433 1027 2 8:243 1027 3 9:023 1024
� �

52 33 1025

dp3

dx

� �
x50:1

52
32

0:0001002
3 0:89413 1026 3 3:463 1023 52 9:90

Step 3.3: u3 0:2ð Þ, cB3 0:2ð Þ, and p3 0:2ð Þ are obtained.

u3 0:2ð Þ5 3:463 1023 1 34:63 1023 3 0:15 6:923 1023

cB3 0:2ð Þ5 9:023 1024 2 33 1025 3 0:15 8:993 1024

p3 0:2ð Þ5 1202 9:903 0:15 119

^

u3 0:6ð Þ5 20:83 1023 m=s

cB3 0:6ð Þ5 8:943 1024 kmol=m3

p3 0:6ð Þ5 105. 101:2 kPa

. . .
Therefore the initial guess of p3 0ð Þ5 120 kPa is not a good

choice.
An initial guess of 116 kPa satisfies the boundary condition

p3 0:6ð Þ5 101 kPa.
The changes of u3 xð Þ, cB3 xð Þ, and p3 xð Þ are shown in Fig. 10.4.
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10.1.2 Reverse osmosis flat-sheet membrane
The spiral-wound module is the most popular module for

RO featuring high-pressure durability, compactness, minimum
membrane contamination, minimum concentration polariza-
tion, and minimum pressure drop in the permeate channel. Its
basic structure is illustrated schematically in Fig. 10.5. A perme-
ate spacer is sandwiched between two membranes. The porous
support side of the membrane faces the permeate spacer. Three
edges of the membranes are sealed with glue to form a mem-
brane envelope, of which the open end is connected to a perfo-
rated central tube. The membrane envelope so produced is
wound spirally around the central tube together with the feed
spacer. To make the leaf length shorter, several membrane

0.00E+00

5.00E+00

1.00E+01

1.50E+01

2.00E+01

2.50E+01

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
x, m

u3 x 103, m/s

barcB3 x104, kmol/m3

p3 x10-1, Pa

Figure 10.4 u3 xð Þ, cB3 xð Þ, and p3 xð Þ versus x.

Figure 10.5 Basic structure of spiral-wound module (Matsuura, 1994).
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leaves are wound simultaneously, as illustrated in Fig. 10.6. The
feed solution flows through the feed spacer parallel to the cen-
tral tube, while the permeate flows through the permeate
spacer, spirally, perpendicular to the feed flow direction, and is
collected into the central tube.

The analysis of the spiral-wound module was attempted by
Ohya and Taniguchi (Ohya and Taniguchi, 1975), and later
Rautenbach (Rautenbach and Dahm, 1987) elaborated their model.

Fig. 10.7 illustrates the rectangular coordinate for one leaf of
spiral-wound membrane. The feed solution flows along the
x-axis. It enters at x5 0 and leaves at x5L. The permeate solu-
tion flows in the y-direction. The flow starts from the sealed end
of the envelope at y5 0 and leaves the envelope at y5W to
enter into the collection tube.

Figure 10.6 Multileaves spiral-wound module (Matsuura, 1994).

Figure 10.7 Rectangular coordinate of a membrane leaf in the spiral-wound module (Matsuura, 1994).
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In the model the following assumptions are made.

1. The pressure and concentration of feed solution are uniform in the
entire area of the membrane. (This assumption was made to sim-
plify themathematical equations for demonstration purposes.)

2. Immediate and complete mixing of permeate with the main
flow in the permeate channel of the membrane leaf.

3. Plug flow in the permeate channel.
4. Solute transport by diffusion is neglected inside the perme-

ate channel in both the x- and y-directions.
5. Under these assumptions, only the change to parameters in

the y-direction is considered.

Considering a small distance segment of dy at a position y,

Input flow rate5 εphpLu3 y
� �

1 2εf Ldyvw

Output flow rate5 εphpLu3 y1dy
� �

where εp and εf are the void ratio of the permeate channel and
feed channel spacer, and hp is the permeate channel thickness.

At the steady state,

εphpLu3 y
� �

1 2εf Ldyvw 5 εphpLu3 y1dy
� � ð10:38Þ

Since

u3 y1dy
� �

5u3 y
� �

1
du3 y

� �
dy

dy ð10:39Þ

Substituting Eq. (10.39) for u3 y1dy
� �

in Eq. (10.38) and fur-
ther rearranging,

du3 y
� �

dy
5

2vw
hp

εf
εp

ð10:40Þ

Solute input5 εphpLu3 y
� �

cB3 y
� �

1 2εpLdyJB ð10:41Þ

Solute output5 εphpLu3 y
� �

cB3 y
� �

1 εphpL
du3 y

� �
cB3 y

� �
dy

dy

ð10:42Þ
At the steady state,

εphpLu3 y
� �

cB3 y
� �

1 2εf LdyJB 5 εphpLu3 y
� �

cB3 y
� �

1 εphpL
du3ðyÞcB3ðyÞ

dy
dy

ð10:43Þ
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Hence,

du3ðyÞcB3ðyÞ
dy

5
2JB
hp

εf
εp

ð10:44Þ

du3ðyÞcB3ðyÞ
dy

5
du3 y

� �
dy

cB3 y
� �

1u3 y
� �dcB3ðyÞ

dy
ð10:45Þ

Using Eq. (10.40)

du3ðyÞcB3ðyÞ
dy

5
2vw
hp

εf
εp

cB3 y
� �

1u3 y
� �dcB3ðyÞ

dy
ð10:46Þ

Combining Eqs. (10.44) and (10.46),

dcB3ðyÞ
dy

5
2ðJB 2 vwcB3ðyÞÞ

u3ðyÞhp

εf
εp

ð10:47Þ

At y5 0, L’Hopital’s rule will apply and,

dcB3ðyÞ
dy

5
2dðJB 2 vwcB3ðyÞÞ=dy

du3ðyÞ=dy
εf

hpεp
ð10:48Þ

which leads to

dcB3ðyÞ
dy

5 0 ð10:49Þ

[Under the boundary condition cB3 0ð Þ5 cB3 0ð Þ and Eq. (10.15).]
Therefore Eq. (10.31) is also applicable in this case.
For the pressure drop

dp3 y
� �

dy
5

ρ
2
u3 y

� �2 λp

2hp
ð10:50Þ

where

λp 5 1075Re0:78 ð10:51Þ

Re5
ρu3 y

� �
hp

ηwater

ð10:52Þ

and ρ is the density of water.
The same membrane transport Eqs. (10.11)�(10.15) are

applicable, that is,

JA 5A p2 2p3

� �
2b cB2 2 cB3ð Þ� � ð10:11Þ

JB 5B cB2 2 cB3ð Þ ð10:12Þ
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cB2 2 cB3
cB1 2 cB3

5 exp
vw
k

� 	
ð10:13Þ

Furthermore,

vw 5
JA
c

ð10:14Þ

and

cB3 5
JB
vw

ð10:15Þ

Problem 10.2:

Under the similar boundary conditions in Eqs. (10.16)�
(10.18), that is,

u3 y5 0
� �

5 0 ð10:16Þ

cB3 y5 0
� �

5 cB3 ð10:17Þ
and

p3 Wð Þ5 101:325 kPa 5 atmospheric pressureð Þ ð10:18Þ
Calculate u3; cB3; and p3 as the function of y, using the follow-

ing parameters. Ignore concentration polarization.
Concentration of sodium chloride on the shell side: cB2 5

0:1 kmol=m3;
Pressure on the shell side of the membrane: p1 5

2758 kPa ðgageÞ;
Pure water permeation coefficient:

A5 0:23 1027 kmol=m2 skPa;
Solute permeation constant: B5 0:0753 1027 m=s;
Total molar concentration: c5 55:3 kmol=m3;
Length of permeate channel: W 5 0:6 m;
Void space of feed channel: εf 5 0.9;
Void space of permeate channel: εp 5 0.9;

Permeate channel thickness : hp 5 0:001 m;

Density of water at 25�C : ρ5 997
kg

m3
;

Viscosity of water at 25�C : η5 0:89413 1026 kPa s;

Osmotic pressure coefficient : b5 4:63743 103
kPa m3

kmol
:
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Answer:

Step 1: The pressure in the hollow fiber lumen at the sealed
end (y5 0 in Fig. 10.7) is assumed to be 850 kPa (absolute).

Step 2.1: JA 0ð Þ; JB 0ð Þ; cB3 0ð Þ; and vwð0Þ are obtained by solving
Eqs. (7.11)�(7.15).

Since concentration polarization can be ignored the mass
transfer coefficient, k5N, from Eq. (10.13) cB2 5 cB1:

Eq. (10.36) is applicable in this case.

JAð0Þ

5
2 Bc2A p2 2p3ð0Þ

� �
1AbcB1

� �
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bc2A p22p3ð0Þ

� �
1AbcB1

� �2
1 4A p2 2p3ð0Þ

� �
Bc

q
2

ð10:36Þ
Inserting numerical values into Eq. (10.36)

α5Bc2A p2 2p3 0ð Þ� �
1AbcB1

5 0:0753 1027 3 55:32 0:23 1027

3 27581 101:32 850ð Þ1 0:23 1027 3 46373 0:1

5 2 304:93 1027

JA 0ð Þ

5
304:93 1027 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2304:93 1027
� �2

1 43 0:23 1027 3 27581 101:32 850ð Þ3 0:0753 1027 3 55:3
q

2

5 310:33 1027 kmol=m2 s

From Eqs. (10.37), (10.35), and (10.14),

JBð0Þ5
0:0753 1027 3 0:1

11 0:0753 1027 3 55:3
310:33 1027

5 0:007633 1027 kmol=m2 s

cB3ð0Þ5 0:007633 1027 3 55:3

310:33 1027
5 1:363 1023 kmol=m3

vw 0ð Þ5 310:33 1027

55:3
5 5:613 1027 m=s

Step 2.2: The derivative du3

dy

� 	
y50

is obtained.
From Eq. (10.40)

du3

dy

� �
y50

5
23 5:613 1027

1023
3

0:9

0:9
5 11:23 1024

Step 2.3: u3 Δy
� �

; cB3 Δy
� �

; and p3ðΔyÞ are obtained for a pre-
set size of the increment Δy5 0.1.
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(Δy5 0.1 may be too large. But this was used only to explain
how the problem is solved.)

Using the boundary condition (10.16),

u3 0:1ð Þ5u3 0ð Þ1 11:23 1024 3 0:15 11:23 1025

From boundary condition (10.17) and (10.31)

cB3 0:1ð Þ5 cB3 0ð Þ5 cB3ð0Þ5 1:363 1023

From boundary condition (10.16) and (10.50)

p3 0:1ð Þ5p3 0ð Þ5 850

Step 3: u3 0:2ð Þ, cB3 0:2ð Þ; and p3 0:2ð Þ are obtained.
Step 3.1: JA 0:1ð Þ; JB 0:1ð Þ; cB3 0:1ð Þ; and vwð0:1Þ are the same as

JA 0ð Þ; JB 0ð Þ; cB3 0ð Þ; and vwð0Þ.
Step 3.2: Using those values, ðdu3

dy Þy50:1, ðdcB3dx Þy50:1, and ðdp3

dx Þy50:1

are obtained.

du3

dy

� �
y50:1

5
23 5:613 1027

1023
3

0:9

0:9
5 11:23 1024

dcB3 y
� �

dy
5

2ðJB 2 vwcB3ðyÞÞ
u3 y

� �
hp

εf
εp

ð10:47Þ

dcB3
dy

� �
y50:1

5
2

11:23 1025 3 0:001

3 0:007633 1027 2 5:613 1027 3 1:363 1023
� � 0:9

0:9

5 7:1433 1027

dp3 y
� �

dy
5

ρ
2
u3 y

� �2 λp

2hp
ð10:50Þ

where

λp 5 1075Re0:78 ð10:51Þ

Re5
ρu3 y

� �
hp

ηwater

5
9973 11:23 1025 3 0:001

0:89413 1026
5 124:9 ð10:52Þ

dp3

dy

� �
y50:1

52
997

2
3 11:23 1025
� �2

3
10753 124:90:78

23 0:001
52 145:1

u3 0:2ð Þ5 11:23 1025 1 11:23 1024 3 0:15 2:243 1024
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cB3 0:2ð Þ5 1:363 1023 2 7:1433 1027 3 0:15 1:363 1023

p3 0:2ð Þ5 8502 145:13 0:15 835:5

^

p3 0:6ð Þ52 2072, 101:3 kPa

The initial guess of p3 0ð Þ5 1265:7kPa satisfies the boundary
condition, p3 0:6ð Þ5 101:3 kPa.

The changes to u3 y
� �

, cB3 y
� �

, and p3 y
� �

are shown in
Fig. 10.8.

10.2 Gas separation
The mathematical model for the separation of a gas mixture,

A and B, by a hollow fiber that is operated in a concurrent
mode to the feed gas flow was developed by Pan and Habgood
(1978a,b). The following assumptions were made in this model.

1. The membrane permeability is independent of the pressure
and concentration.

2. The pressure drop in the feed gas is negligible.
3. The pressure drop of the permeate in the feed is governed by

the Hagen�Poiseuille law.

Under the above assumptions the following mass and mate-
rial balance and pressure drop equations were derived. The
method to derive the model equations is similar to RO. Fig. 10.9
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barcB3 x104, kmol/m3

p3 x10-1, kPa

Figure 10.8 u3 xð Þ, cB3 xð Þ, and p3 xð Þ versus y.
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illustrates schematically a hollow fiber that is working in con-
current mode.

From the mass balance of the permeate gas:

du3ðxÞ
dx

5
4de

di
2

JA 1 JBð Þ ð10:53Þ

where u3 (mol/m2 s) was used instead of u3 (m/s) to emphasize
the difference of their dimensions. JA and JB are the flux (mol/
m2 s) of component A and component B, respectively. Other
symbols are the same as those used in the foregoing sections.

From the material balance of the permeate gas:

dXA3ðxÞ
dx

5 0; when x5 0 ð10:54Þ

by L’Hopital’s rule.
Otherwise,

dXA3 xð Þ
dx

5
4de

u3di
2

JAXB3 xð Þ2 JBXA3 xð Þ� � ð10:55Þ

where XA3 xð Þ and XB3 xð Þ are the mole fraction of components A and
B, respectively, in the gas mixture flowing in the permeate channel.

The pressure drop of permeate is:

dp3 xð Þ2
dx

5
64μRT
di

2
u3 ð10:56Þ

From the mass balance of the feed and permeate:

S1u1 xð Þ1 S3u3 xð Þ5 S1u1ð0Þ ð10:57Þ

S1u1 xð ÞXA1 xð Þ1 S3u3 xð ÞXB3 xð Þ5 S1u1 0ð ÞXA1 0ð Þ ð10:58Þ

Figure 10.9 Hollow fiber
working in concurrent mode
(Matsuura, 1994).
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where S1 and S3 are the cross-sectional areas of the lumen side
of the hollow fiber and that of the space between the hollow
fiber.

The feed pressure is constant, therefore

p1 xð Þ5p1 0ð Þ for 0, x#L ð10:59Þ
For the gas mixture in the feed channel,

XA1 xð Þ1XB1 xð Þ5 1 ð10:60Þ
For the permeating gas mixture,

XA3 xð Þ1XB3 xð Þ5 1 ð10:61Þ
For the gas mixture in the permeate channel,

XA3 xð Þ1XB3 xð Þ5 1 ð10:62Þ
The transport equations for gas permeation are

JA 5
PA

δ
p1XA1 2p3XA3

� � ð10:63Þ

JB 5
PB

δ
p1XB1 2p3XB3

� � ð10:64Þ

XA3 5
JA

JA 1 JB
ð10:65Þ

The mass balance Eqs. (10.53) and (10.57), the material bal-
ance Eqs. (10.54), (10.55), and (10.58), and equations for pres-
sure (10.56) and (10.59) can be solved with the membrane
transport Eqs. (10.63)�(10.65), with the following boundary
conditions.

u3 0ð Þ5 0 ð10:66Þ

XA3 0ð Þ5XA3 0ð Þ ð10:67Þ

p3 Lð Þ5 101:3 kPa ð10:68Þ
The simulation algorithm is shown in Scheme 10.2.

Problem 10.3:

A CO2(A)/N2(B) gas mixture is separated by a hollow fiber
membrane made of polyimide 6FDA-DABA.

Calculate u3;XA3; and p3 as a function of x, using the follow-
ing parameters.
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Molar gas velocity of the feed at the sealed end of hollow
fiber: u1 0ð Þ5 200 mol=m2 s;

Feed CO2 mole fraction of the feed at the sealed end of hol-
low fiber: XA1 0ð Þ5 0:2;

Scheme 10.2 Calculation algorithm for gas separation hollow fiber.
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Feed gas pressure: p1 0ð Þ5 10 atmospheric pressure:
1:013253 106 Pa (absolute);

CO2 permeance: PA=δ5 26:3 GPU5 89:23 10210 mol=m2 s Pa;
N2 permeance: PB=δ5 0:93 GPU5 3:153 10210 mol=m2 s Pa;
Effective diameter of hollow fiber: de 5 1:053 1024 m;
Inner diameter of hollow fiber: di 5 1:003 1024 m;
Hollow fiber length: L5 0.6 m;
Viscosity of CO2/N2 gas mixture: μ5 1:6633 1025Pa s;
The ratio of the cross-sectional area of the shell side to that

of the lumen side is 1.0;
Temperature: 35�C.

Answer:

Step 1: The pressure in the hollow fiber lumen at the sealed
end p3ð0Þ is assumed to be 1:23 105 Pa.

Step 2
Step 2.1: JA 0ð Þ; JB 0ð Þ;XA3ð0Þ are obtained by solving

Eqs. (10.63)�(10.65).
From Eqs. (6.30) and (6.31) of Chapter 6, Membrane Gas

Separation,

XA3 5
2 PAp1XA1 1PBp1XB1 1PAp3 2PBp3

� �
1α

2ðPBp3 2PAp3Þ
ð10:69Þ

where

α5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PAp1XA11PBp1XB11PAp32PBp3

� �2
1 43 ðPBp3 2PAp3Þ3PAp1XA1

q

ð10:70Þ
Using the given numerical values and solving,

α5 0:001454

XA3 0ð Þ5 0:794

From Eq. (10.63)

JA 0ð Þ5 89:23 10210 3 1:013253 106 3 0:22 1:23 105 3 0:794
� �

5 9:573 1024

From Eq. (10.64)

JB 0ð Þ5 3:153 10210 3 1:013253 106 3 0:82 1:23 105 3 0:206
� �

5 2:483 1024

Thus

XA3 0ð Þ5XA3 0ð Þ5 0:794

Step 2.2: The derivative ðdu3

dx Þx50 is obtained.
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From Eq. (10.53)

du3ð0Þ
dx

5
43 1:053 1024

1:003 1024
� �2 9:573 1024 1 2:483 1024

� �
5 50:6

From Eq. (10.54)

dXA3ð0Þ
dx

5 0

From Eq. (10.55)

dp3ð0Þ
dx

5 0

Step 2.3: u3 Δxð Þ;XA3 Δxð Þ; and p3ðΔxÞ are obtained for a pre-
set size of the increment Δx5 0.1.

(Δx5 0.1 may be too large. But this was used only to explain
how the problem is solved.)

u3 0:1ð Þ5 01 50:63 0:15 5:06

XA3 0:1ð Þ5 0:7941 05 0:794

p3 0:1ð Þ5 1:23 105 1 05 1:23 105

Step 3: u3 0:2ð Þ, XA3 0:2ð Þ, and p3 0:2ð Þ are obtained.
Step 3.1: JA 0:1ð Þ; JBð0:1Þ;XA3ð0:1Þ are obtained by solving

Eqs. (10.58), (10.63), (10.64), (10.69), and (10.70).

With XA1 0:1ð Þ5 u1 0ð ÞXA1 0ð Þ2u3 0:1ð ÞXA3 0:1ð Þ� �
u1 0ð Þ2u3 0:1ð Þð Þ

5
2003 0:22 5:063 0:794ð Þ

2002 5:06
5 0:185

α5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PAp1XA11PBp1XB11PAp32PBp3

� �2
1 43 ðPBp3 2PAp3Þ3PAp1XA1

q

α5 0:00137

XA3 0:1ð Þ5 0:770

JA 0:1ð Þ5 8:433 1024

JB 0:1ð Þ5 2:523 1024
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From Eqs. (10.53)

du3ð0:1Þ
dx

5
43 1:053 1024

1:003 1024
� �2 8:433 1024 1 2:523 1024

� �
5 46:0

From Eqs. (10.55)

dXA3ð0:1Þ
dx

5
43 1:053 1024

5:063 1:003 1024
� �2 8:433 1024 3 0:2062 2:523 1024 3 0:794

� �

52 0:22

From Eqs. (10.56)

dp3ðxÞ
dx

5
64μRT
2p3di

2
u3

dp3ð0:1Þ
dx

52
643 1:6633 1025 3 8:3143 308:2

23 1:23 105 3 1:003 1024
� �2 3 5:0652 5739

u3 0:2ð Þ5 5:061 46:03 0:15 9:66

XA3 0:2ð Þ5 0:7942 0:223 0:15 0:772

p3 0:2ð Þ5 1:23 105 2 57393 0:15 1:1943 105

.

.

.

p3 0:6ð Þ5 1:123 105 Pa. 101:3 kPa

Initial guess of p3 0ð Þ5 1:103 105 Pa satisfies the boundary
condition of p3 0:6ð Þ5 101:3 kPa.

Finally, we obtain

u3 0:6ð Þ5 25:8 mol=m2 s

XA3 0:6ð Þ5 0:737

p3 0:6ð Þ5 101:3 kPa

The changes of u3 xð Þ, XA3 xð Þ, and p3 xð Þ are shown in
Fig. 10.10.

Chapter 10 Membrane module 189



Nomenclature
Symbols Definition [dimension (in SI units)]

A Pure water permeation coefficient (mol/m2 s Pa)

b Osmotic pressure coefficient (Pa m3/mol)

B Solute permeation constant (m/s)

c Total molar concentration, nearly equal to concentration of

solvent (water) (mol/m3)

cB1 Solute concentration in the bulk feed solution (mol/m3)

cB2 Solute concentration in the concentrated boundary layer (mol/m3)

cB3 Solute concentration in the solution permeating through

membrane (mol/m3)

cB3 Solute concentration in the lumen side of hollow fiber, or in the

permeate channel (mol/m3)

de Effective diameter of hollow fiber (m)

di Inner diameter of hollow fiber (m)

hp Thickness of permeate flow channel (m)

JA Solvent flux or flux of component A (mol/m2 s)

JB Solute flux or flux of component B (mol/m2 s)

k Mass transfer coefficient (m/s)

L Length of hollow fiber or width of spiral-wound leaf (m)

p1 Pressure on the feed side (Pa)

p2 5p1 (Pa)

p3 Pressure on the permeate side (Pa)

PA Permeability for component A (mol m/m2 s Pa)

PB Permeability for component B (mol m/m2 s Pa)

Re Reynolds number

S1 Total cross-sectional area of the space between hollow fibers (m2)

S3 Total lumen cross-sectional area of follow fibers (m2)

u3 Permeate flow velocity in the lumen side of hollow fiber, or in the

permeate spacer in case of spiral-wound module (m/s)

0.00E+00

5.00E+00

1.00E+01

1.50E+01

2.00E+01

2.50E+01

3.00E+01

0.00E+001.00E-01 2.00E-01 3.00E-01 4.00E-01 5.00E-01 6.00E-01 7.00E-01
x, m

u3, mol/m2 s

barXA3 x10

p3 x10-1, kPa

Figure 10.10 u3 xð Þ, X A3 xð Þ, and p3 xð Þ versus x.
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u1 Molar flow rate of feed gas mixture per unit cross-sectional area of

the space between hollow fibers (mol/m2 s)

u3 Molar flow rate of permeate per unit area of hollow fiber cross-

section (mol/m2 s)

vw Permeation velocity of solvent (water) (m/s)

W Length of spiral-wound permeate channel (m)

x Distance from the sealed end of hollow fiber (m)

XA1 Mole fraction of component A in feed gas mixture

XA3 Mole fraction of component A in the gas mixture permeating

through the membrane

XB1 Mole fraction of component B in feed gas mixture

XB3 Mole fraction of component B in the gas mixture permeating

through the membrane

X A3 Mole fraction of component A flowing on the lumen side of

membrane

X B3 Mole fraction of component B flowing on the lumen side of membrane

y Distance from the sealed end of spiral-wound leaf (m)

Greek letters

δ Active layer thickness of membrane (m)

εp Void ratio of permeate flow channel

η Viscosity (Pa s)

λp Quantity defined by Eq. (10.51)

μ Viscosity of gas mixture (Pa s)

ρ Solution density (kg/m3)
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11
Membrane system

11.1 Two flow types
There are many types of system design in membrane separa-

tion processes. Among those, the most appropriate has to be
chosen to minimize the cost to achieve the required quality and
quantity of the product.

Regarding the membrane module, there are two basic flow
types. One is dead end and the other is cross flow. In the dead
end type, the entire feed fluid is forced to permeate the mem-
brane. This flow type is found in old filtration systems but is
still used in some microfiltration processes. In most industrial
applications the cross flow type is used. The deposit on the
membrane surface is swept away while the feed fluid flows at
the membrane surface in the lateral direction, making the
membrane fouling less severe. The permeate passes through
the membrane perpendicular to the feed flow. These flow types
are shown schematically in Fig. 11.1.

11.1.1 Cross-flow types
In analogy to chemical reactor design, the cross-flow type

consists of complete mixing and plug flow. In complete mixing
the feed fluid that flows into a vessel is completely mixed before
it comes out of the vessel as the retentate. Thus, the composi-
tion in the vessel is the same as that of the retentate.

The plug flow consists of co-current and counter-current
flow. In co-current flow the feed and permeate flow in the same
direction and in counter-current flow they flow in opposite
directions. The feed and permeate composition change from
the feed entrance to the feed exit and the composition of the
retentate is that of the feed at the feed exit. The order in the
separation efficiency is as follows:

counter-current flow . co-current flow . complete mixing.
The cross flow types are schematically illustrated in Fig. 11.2.
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11.1.2 Cascade and recycle
To increase the separation efficiency, the membrane module

is operated either in cascade or recycle.
In cascade, one of the outflows, either permeate or retentate, of

the first-stage module is supplied to the second stage as the feed.
The choice of permeate or retentate depends on which one is the
targeted product. The number of stages may be more than two.

In the recycle, a portion of one of the outflows, either perme-
ate or retentate, is recycled back to the feed inlet of the module.
Again, the choice of the outflow depends on which one is the
targeted product.

(A)

(B)

(C)

Feed

Permeate

Retentate

Permeate

Retentate

Permeate

Feed

Permeate

Feed

Permeate

Feed

Permeate

Figure 11.2 Various cross flow types: (A) complete mixing, (B) co-current flow, (C) counter-current flow.

Feed

Permeate

Feed Retentate

Permeate

Figure 11.1 Two flow types (left, dead end; right, cross flow).
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The cascade and recycle are schematically illustrated in
Fig. 11.3.

Thus, a number of systems can be designed by combining
different flow types.

11.1.3 Hybrid systems
Different membrane processes can be combined to enhance

the separation efficiency of the individual processes. For reverse
osmosis (RO) alone the following hybrid systems have been
proposed and studied:

Reverse osmosis—distillation;
Microfiltration—reverse osmosis;
Ultrafiltration—reverse osmosis;
Nanofiltration—reverse osmosis;
Forward osmosis—reverse osmosis;
Pressure-retarded osmosis—reverse osmosis;
Pervaporation—reverse osmosis;
Reverse osmosis—electrodialysis;
Reverse osmosis—electrodialysis reversal;
Reverse osmosis—ion exchange.

There are a number of other possibilities, including other
membrane separation processes.

The membrane processes are often combined with a chemi-
cal reactor to facilitate the reaction rate.

(A)

(B)

1st Stage

2nd Stage

Figure 11.3 Cascade and recycle: (A) cascade, permeate flows into the second stage, (B) recycle, permeate is
recycled.
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11.2 Reverse osmosis systems

11.2.1 Reverse osmosis�nanofiltration cascade
In the following example, RO and nanofiltration (NF) mod-

ules are combined in the RO�NF cascade for the removal of
sodium chloride. When both RO and NF are in the complete
mixing mode (Fig. 11.2A), the flow rate and sodium chloride
concentration at the first- and second-stage permeate can be
obtained as follows. (It should be noted that concentration
polarization is ignored in the following model development.)

Using the symbols given in Fig. 11.4.
Step 1: c1R is assumed.
Step 2: c1p is obtained.
From the water and salt transport through the membrane in

the first module,

u1
p 5 S1J1A 5 S1A1 Δp1 2bc1R 1bc1p

� �
ð11:1Þ

u1
pc

1
p 5 S1J1B 5 S1B1 c1R 2 c1p

� �
ð11:2Þ

where S1, A1, B1, J1A, and J1B are membrane area (m2), pure water
permeation coefficient (m3/m2 s kPa), solute permeation con-
stant (m/s), flux of water (m3/m2 s), and flux of solute (mol/
m2 s), respectively, all of the first stage. b is the osmotic pressure
coefficient. Superscript 1 means the first stage.

Solving Eqs. (11.1) and (11.2) for c1p,

c1p 5
2 B1 2A1bc1R 1A1Δp1
� �

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B12A1bc1R1A1Δp1
� �2

1 4A1bB1c1R

q
2A1b

ð11:3Þ
From the volume flow balance,

u1
R 5uf 2u1

p ð11:4Þ

Figure 11.4 Reverse osmosis�nanofiltration (RO�NF) cascade.
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From the salt flow balance,

c1R 5
uf cf 2u1

pc
1
p

� �
u1
R

ð11:5Þ

Check if c1R is the same as c1R assumed in step 1. If not, go
back to step 1. If they are the same continue to step 3.

Step 3: c2R is assumed.
Step 4: c2p is obtained.
From the water and salt transport through the membrane in

the second module,

u2
p 5 S2J2A 5 S2A2 Δp2 2bc2R 1 bc2p

� �
ð11:6Þ

u2
pc

2
p 5 S2J2B 5 S2B2 c2R 2 c2p

� �
ð11:7Þ

where S2, A2, B2, J1A, and J2B are membrane area (m2), pure
water permeation coefficient (m3/m2 s kPa), solute perme-
ation constant (m/s), flux of water (m3/m2 s), and flux of sol-
ute (mol/m2 s), respectively, all of the second stage (with
superscript 2).

Solving Eqs. (11.6) and (11.7) for c2p,

c2p 5
2 B2 2A2bc2R 1A2Δp2
� �

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B22A2bc2R1A2Δp2
� �2

1 4A2bB2c2R

q
2A2b

ð11:8Þ
From the volume flow balance,

u2
R 5u1

p 2u2
p ð11:9Þ

From the salt balance,

c2R 5
u1
pc

1
p 2u2

pc
2
p

� �
u2
R

ð11:10Þ

Check if c2R is the same as c2R assumed in step 3. If not, go
back to step 3. If they are the same continue to step 5.

Step 5: Calculate uRO and cRO.

uRO 5u1
R 1u2

R ð11:11Þ

cRO 5
u1
Rc

1
R 1u2

Rc
2
R

� �
uRO

ð11:12Þ

The simulation algorithm is shown in Scheme 11.1.
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Problem 11.1:

Calculate the flow rate and concentration of permeate at the
first and the second stages of the RO�NF cascade, assuming
complete mixing of both feed and permeate. Calculate also the
flow rate and concentration of the retentate coming out of the
system. Use the following design parameters.

Pure water permeation coefficient of RO membrane:
A1 5 3:6043 10210 m3=m2s kPa

Solute permeation constant of RO membrane:
B1 5 0:0753 1027 m=s

Pure water permeation coefficient of NF membrane:
A2 5 6:0873 1029 m3=m2s kPa

Solute permeation constant of NF membrane:
B2 5 0:71933 1027 m=s

Assume 1

Solve equa�ons (11.3) for 
1

Obtain 1 from equa�ons (11.4) 
and (11.5) and check if it agrees 
with guessed 1

Assume 2

Solve equa�ons (11.8) for 2

Obtain 2 from equa�ons (11.9) 
and (11.10) and check it agrees 
with guessed 2

Obtain and from 
equa�ons (11.11) and 
(11.12)

yes

No

yes

No

Scheme 11.1 Reverse osmosis (RO)�nanofiltration (NF) cascade.
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Flow rate of the first-stage feed: uf 5 33 1026 m3=s
Sodium chloride concentration of the first-stage feed:

cf 5 0:1kmol=m3

Pressure applied at the first stage: Δp1 5 2758 kPaðgaugeÞ
Pressure applied at the second stage: Δp2 5 100 kPaðgaugeÞ
Osmotic pressure coefficient: b5 4:643 103 kPa= kmol=m3

� �
Membrane area: S1and S2 5 1m2

Answer:

Step 1: c1R is assumed to be 0.2 kmol/m3.
Step 2: From Eq. (11.3)

α5B1 2A1bc1R 1A1Δp1 5 0:0753 1027 2 3:6043 10210

3 4:643 103 3 0:21 3:6043 10210 3 27585 6:6703 1027

c1p 5
2α1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 1 43 3:6043 10210 3 4:643 103 3 0:0753 1027 3 0:2

p

23 3:6043 10210 3 4:643 103

5 2:243 1023

From Eq. (11.1)

u1
p 5 13 3:6043 10210 3 27582 4:643 103 3 0:21 4:643 103 3 2:243 1023

� �
5 6:633 1027

From Eq. (11.4)

u1
R 5 33 1026 2 6:633 1027 5 2:373 1026

From Eq. (11.5)

c1R 5
33 1026 3 0:12 6:633 1027 3 2:243 1023
� �

2:37
3 1026 5 0:126 6¼ 0:2

Therefore we go back to step 1.
After repeating steps 1 and 2, it is found that c1R 5 0:134 is the

right answer. Corresponding to this c1R,u
1
R;u

1
p; and c1p are 2:233

1026m3=s; 7:723 1027m3=s; and 1:293 1023kmol= m3; respectively.
Steps 3 and 4:
By iteration, it is found that

u2
R 5 2:443 1027

c2R 5 3:243 1023

Correspondingly,

u2
p 5 5:283 1027

c2p 5 3:883 1024

Chapter 11 Membrane system 199



Step 5:
From Eq. (11.11)

uRO 5 2:233 1026 1 2:443 1027 5 2:473 1026

From Eq. (11.12)

cRO 5
2:233 1026 3 0:1341 2:443 1027 3 3:243 1023
� �

2:47
3 106 5 0:121

The answers are:
The first-stage permeate flow rate and concentration are

7:723 1027m3=s and1:293 1023 kmol=m3.
The second-stage permeate flow rate and concentration are

5:283 1027 m3=s and 3:883 1024 kmol=m3.
The retentate flow rate and concentration are

2:473 1026 m3=s and 0:121kmol=m3.

11.2.2 Reverse osmosis recycle
In the following example, a fraction of the RO permeate is

recycled to the feed inlet. When RO is in complete mixing
mode, the flow rate of the permeate and retentate and their
concentration can be calculated as follows. Again, concentra-
tion polarization is ignored.

Using the symbols given in Fig. 11.5.
Step 1: Assume cR.
Step 2: cp is obtained.

up 5 SJA 5 SA Δp2bcR 1 bcp
� � ð11:13Þ

upcp 5 SJB 5 SB cR 2 cp
� � ð11:14Þ

Solving Eqs. (11.13) and (11.14) for cp,

cp 5
2 B2AbcR 1AΔp
� �

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2AbcR1AΔp
� �2

1 4AbBcR

q
2Ab

ð11:15Þ

f fu , c

P Pxu , c

i i
u , c R Ru , c

P Pu ,c

( ) P PO1-x u , c

Figure 11.5 RO permeate recycled.
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From Eq. (11.14)

up 5
SB cR 2 cp
� �
cp

ð11:16Þ

uR 5uf 2 ð12 xÞup ð11:17Þ

cR 5
uf cf 2 12 xð Þupcp
� �

uR
ð11:18Þ

Check if cR is the same as cR assumed in step 1. If not, go
back to step 1. If they are the same continue to step 3.

Step 3: Calculate ui; ci;upo and cpo.

ui 5up 1uR ð11:19Þ

ci 5
upcp 1uRcR
� �

ui
ð11:20Þ

upo 5 12 xð Þup ð11:21Þ

cpo 5 cp ð11:22Þ

Simulation can be done using Scheme 11.2.

Guess 

Solve equa�ons (11.13) and 
(11.14) for 

Calculate by equa�ons 
(11.16) to (11.18) and check 
if it agrees with guessed 

Calculate , , and by 
equa�ons (11.19) to (11.22)

No

Yes

Scheme 11.2 Reverse osmosis recycle.
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Problem 11.2:

Calculate the flow rate and concentration of the permeate
coming out of the system and those of retentate, when a part of
the permeate is recycled. Complete mixing of feed and perme-
ate in the module is assumed. Use the following design
parameters.

Pure water permeation coefficient of RO membrane:
A5 3:6043 10210 m3=m2s kPa

Solute permeation constant of RO membrane:
B5 0:0753 1027 m=s

Feed flow rate: uf 5 53 1027 m3=s
Sodium chloride concentration of the feed: cf 5 0:1 kmol=m3

Pressure: Δp5 2758 kPa
Osmotic pressure coefficient: b5 4:643 103 kPa=ðkg=m3Þ
Membrane area: S5 1 m2

90% of permeate recycled to the feed: x5 0:9

Answer:

Step 1: cR is assumed to be 0.2.
Step 2: From Eq. (11.15)

α5B2AbcR 1AΔp5 0:0753 1027 2 3:6043 10210 3 4:643 103

3 0:21 3:6043 10210 3 27585 6:6703 1027

cp 5
2α1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 1 43 3:6043 10210 3 4:643 103 3 0:0753 1027 3 0:2

p

23 3:6043 10210 3 4:643 103

5 2:243 1023

up 5
13 0:0753 1027 3 0:22 0:00224ð Þ

0:00224
5 6:623 1027

From Eqs. (11.17) and (11.18)

uR 5 53 1027 2 12 0:9ð Þ3 6:623 1027 5 4:343 1027

cR 5
53 1027 3 0:12 12 0:9ð Þ3 6:623 1027 3 2:243 1023
� �

4:34
3 107

5 0:115 6¼ 0:2

Therefore we go back to step 1. After repeating steps 1 and 2 we
find that cR 5 0:119 is the right answer. Correspondingly,
uR; up; and cp are 4:203 1027; 7:973 1027; and 0:00111; respectively.
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Step 3: ui and ci and upo and cpo are calculated from
Eqs. (11.19)�(11.22).

ui 5 7:973 1027 1 4:203 1027 5 1:223 1026

ci 5
7:973 1027 3 0:001111 4:203 1027 3 0:119
� �

1:223 1026
5 0:0417

upo 5 12 0:9ð Þ3 7:973 1027 5 7:973 1028

cpo 5 cp 5 0:00111

Problem 11.3:

Obtain upo and cpo for different x.

Answer:

Fig. 11.6 shows upo and cpo for different values of x.

11.3 Gas separator systems

11.3.1 Gas separator cascade
In the following example, two hollow fiber modules are con-

nected in series to separate the gas mixtures A and B. In the mod-
ule feed flows in the shell side and permeate flows co-currently in

0

1

2

3

4

5

6

0 0.2 0.4 0.6 0.8 1

x

upo x10^7, m3/s

cpo x10^3, mol/m3

Figure 11.6 upo and cpo versus x.
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the lumen side. The feed composition keeps changing from the
hollow fiber entrance to the exit.

The simulation is the repeat of that given in Problem 10.3 in
Chapter 10, Membrane Module, for two stages with superscripts
indicating the stages.

Symbols and simulation algorithm are shown in Fig. 11.7
and Scheme 11.3, respectively.

Problem 11.4:

Calculate the molar flux u2
3 and mole fraction X

2

A3 of the per-
meate and the molar flux uRO and mole fraction XARO at the end
of the hollow fiber module cascade, using the following para-
meters. The temperature is 35�C.

Molar feed gas velocity at the sealed end of hollow fiber:
u1 0ð Þ5 200 mol=m2s

Feed CO2 mole fraction at the sealed end of hollow fiber:
XA1 0ð Þ5 0:2

Feed gas pressure in the first stage: p1
1 0ð Þ5 10 atmospheric

pressure 1:013253 106 Pa (absolute)
Feed pressure in the second stage: p2

1 0ð Þ5 2 atmospheric
pressure5 2:02653 106 Pa (absolute)

1 1
1 Au , X RO AROu , X1 1

R ARu , X

1 1
3 A3u , X

2 2
3 A3u , X

2 2
R ARu , X

Figure 11.7 Gas separator connected in cascade.

Obtain and at the permeate 
outlet of the 1 st stage module

Calculate and at the retentate 
outlet of the first stage module

Use and obtained above as the 
feed of 2nd stage and calculate

and at the second stage 
outlet

Calculate and at the 
retentate outlet of the second 
stage module

Answer 3
2 and 3

2
Combine retentate streams from 
1st and 2nd stage and answerScheme 11.3 Gas separator

cascade.
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The same hollow fiber module is used in stages 1 and 2 with,
CO2 permeance: PA

δ 5 26:3 GPU5 89:23 10210 mol=m2s Pa
N2 permeance: PB

δ 5 0:93 GPU5 3:153 10210 mol=m2s Pa
Effective diameter of hollow fiber: de 5 1:053 1024 m
Inner diameter of hollow fiber: di 5 1:003 1024 m
Hollow fiber length: L5 0.6 m
Furthermore, the total cross-sectional area of the lumen side

is the same as that of the shell side.
Viscosity of CO2/N2 gas mixture: μ5 1:6633 1025 Pa s

Answer:

The conditions for the first stage are the same as those for
Problem 10.3 in Chapter 10. Therefore the permeate comes out
from stage 1 with

u1
3 0:6ð Þ5 25:8 mol=m2s

X
1

A3 0:6ð Þ5 0:737

p1
3 0:6ð Þ5 101:3 kPa

And the retentate of stage 1 with

u1
R 0:6ð Þ5 2002 25:85 174:2 mol=m2s

X1
AR 0:6ð Þ5 2003 0:22 25:83 0:737

174:2
5 0:121

The exit gas mixture from the first stage is pressurized to
2 bar and enters into the shell side of the second stage as feed.
Since the area ratio of the shell side to lumen side is 1.0, in the
second stage,

u2
1 0ð Þ5 25:8 mol=m2 s

X2
A1 0ð Þ5 0:737

Repeating the calculation for the lumen side of the hollow
fiber,

u2
3 0:6ð Þ5 9:61 mol=m2s

X
2

A3 0:6ð Þ5 0:949

p2
3 0:6ð Þ5 101:3 kPa
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and

u2
R 0:6ð Þ5 25:82 9:615 16:2 mol=m2s

X2
AR 0:6ð Þ5 25:83 0:7372 9:613 0:949

16:2
5 0:611

uRO 5 174:21 16:25 190:4 mol=m2 s

XARO 5 174:23 0:1211 16:23 0:611ð Þ=190:45 0:163

11.3.2 Gas separator recycle
In the following example, a part of the permeate coming

from the hollow fiber lumen side is recycled to the feed side of
the hollow fiber. The feed and permeate flow co-currently. The
permeate flow in the lumen side is assumed to be piston flow.
The flow rate and concentration of the permeate and those of
the retentate can be calculated as follows. (Note that the cross-
sectional area of the shell side S1 and that of the shell side S3
are assumed to be equal.)

Using the symbols given in Fig. 11.8,
Step 1: ui and XAi are assumed as the initial guess.
Step 2: p3 0ð Þ is assumed. Follow step 2 of Problem 10.3 in

Chapter 10 until p3 Lð Þ becomes the hollow fiber exit pressure
that is equal to atmospheric pressure (1.013 3 105 Pa).

u3 Lð Þ and XA3 Lð Þ that correspond to the initial guess are also
obtained.

Then,

ui 5uf 1 xu3ðLÞ ð11:23Þ
Since S1 5 S3 and

XAi 5
uf XAf 1 xu3 Lð ÞXA3 Lð Þ� �

ui
ð11:24Þ

f Afu , X

P APxu , X

i Aiu , X R ARu , X

P APu , X

( ) P APO1-x u , X

Figure 11.8 Gas separator recycle.
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Check if these ui and XAi agree with the guessed ui and XAi. If
they agree go to step 3. Otherwise, go back to step 1.

Step 3:
Obtain uR and XAR

uR 5uf 2 ð12 xÞu3ðLÞ ð11:25Þ

XAR 5
uf XAf 2 12 xð Þu3 Lð ÞXA3 Lð Þ� �

12 xð Þu3 Lð Þ ð11:26Þ

upo 5 12 xð Þu3 Lð Þ ð11:27Þ

XApo 5XA3 Lð Þ ð11:28Þ
The simulation algorithm is given in Scheme 11.4.

Problem 11.5:

Calculate uR;XAR;uPO; and XAPO for x5 0:5, using the follow-
ing parameters.

Molar feed gas velocity before being mixed with the recycle
gas: uf 5 200 mol=m2s

Guess and

Guess (0)

Obtain ( ), ( ) and ( )

and check if ( ) is the 
atmospheric pressure

Use ( ) and ( ) obtained above to 
calculate and by equa�ons (11.23) and 
(11.24) and check if they agree with guessed 
values

Obtain and and and by 
equa�ons (11.25)-(11.28)

yes

No

yes

No

Scheme 11.4 Gas separator recycle.
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Feed CO2 mole fraction before being mixed with the recycle
gas: XAf 0ð Þ5 0:2

Feed gas pressure: p1 0ð Þ5 10 atmospheric pressure
1:013253 106 Pa (absolute)

CO2 permeance: PA=δ5 26:3 GPU5 89:23 10210 mol=m2sPa
N2 permeance: PB=δ5 0:93 GPU5 3:153 10210 mol=m2sPa
Effective diameter of hollow fiber: de 5 1:053 1024 m
Inner diameter of hollow fiber: di 5 1:003 1024 m
Hollow fiber length: L 5 0.6 m
Viscosity of CO2/N2 gas mixture: μ5 1:6633 1025 Pa s

S1 5 S3

These parameters are the same as those of Problem 10.3 in
Chapter 10.

Answer:

Step 1: ui and XAi are assumed to be 216 and 0.244,
respectively.

Step 2:
Step 2.1: p3 0ð Þ is assumed to be 1.12 3 105 Pa.
JA 0ð Þ; JB 0ð Þ;XA3ð0Þ are obtained by solving Eqs. (10.63),

(10.64), (10.69), and (10.70), where pi and XAi are substituted for
p1 and XA1.

Using the given numerical values and solving,

α5 0:001768

XA3ð0Þ5 0:852

From Eq. (10.63)

JA 5 89:23 10210 3 1:013253 106 3 0:2442 1:123 105 3 0:852
� �

5 1:353 1023

From Eq. (10.64)

JB 5 3:153 10210 3 1:013253 106 3 0:7562 1:123 105 3 0:148
� �

5 2:363 1024

Thus,

XA3 0ð Þ5XA3 0ð Þ5 0:852

Step 2.2: The derivative du3=dx
� �

x50
is obtained.

From Eq. (10.53)

du3ð0Þ
dx

5
43 1:053 1024

1:003 1024
� �2 1:353 1023 1 2:363 1024

� �
5 66:8
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From Eq. (10.54)

dXA3ð0Þ
dx

5 0

From Eq. (10.56)

dp3ð0Þ
dx

5 0

Step 2.3: u3 Δxð Þ;XA3 Δxð Þ, and p3ðΔxÞ are obtained for a pre-
set size of the increment Δx5 0:1.

(Δx5 0:1 may be too large. But this was used only to explain
how the problem is solved.)

u3 0:1ð Þ5 01 66:83 0:15 6:68

XA3 0:1ð Þ5 0:8521 05 0:852

p3 0:1ð Þ5 1:123 105 1 05 1:123 105

Step 3: u3 0:2ð Þ, XA3 0:2ð Þ, and p3 0:2ð Þ are obtained.
Step 3.1: JA 0:1ð Þ; JBð0:1Þ;XA3ð0:1Þ are obtained by solving

Eqs. (10.58), (10.63), (10.64), (10.69), and (10.70)

XA1 0:1ð Þ5 u1 0ð ÞXA1 0ð Þ2u3 0:1ð ÞXA3 0:1ð Þ� �
u1 0ð Þ2u3 0:1ð Þð Þ

5
2163 0:2442 6:683 0:852ð Þ

2162 6:68
5 0:225

α5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PAp1XA11PBp1XB11PAp32PBp3

� �2
1 43 ðPBp3 2PAp3Þ3PAp1XA1

q

α5 0:001637

XA3 0:1ð Þ5 0:832

JA 0:1ð Þ5 1:203 1023

JB 0:1ð Þ5 2:423 1024

From Eq. (10.53)

du3ð0:1Þ
dx

5
43 1:053 1024

1:003 1024
� �2 1:203 1023 1 2:423 1024

� �
5 60:5
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From Eq. (10.55)

dX A3ð0:1Þ
dx

5
43 1:053 1024

6:683 1:003 1024
� �2 1:203 1023 3 0:1482 2:423 1024 3 0:852

� �
52 0:175

From Eq. (10.56)

dp3 xð Þ
dx

5
64μRT
2p3di

2
u3

dp3ð0:1Þ
dx

52
643 1:663 1025 3 8:3143 308:2

23 1:123 105 3 1:003 1024
� �2 3 6:6852 8130

u3 0:2ð Þ5 6:681 60:53 0:15 12:73

XA3 0:2ð Þ5 0:8522 0:1753 0:15 0:8345

p3 0:2ð Þ5 1:123 105 2 81303 0:15 1:113 105

p3 0:6ð Þ5 1:013 105, which agrees with the guess of p3 0:6ð Þ.
The final u3 0:6ð Þ and XA3 0:6ð Þ obtained are, respectively, 32.2

and 0.797.
From Eqs. (11.23) and (11.24)

ui 5 2001 0:53 32:25 216:1

XAi 5
2003 0:21 0:53 32:23 0:797ð Þ

216:1
5 0:244

Both agree with the guessed ui and XAi.
Step 3: From Eqs. (11.25)�(11.28),

uR 5 2002 ð12 0:5Þ3 32:25 183:9

XAR 5
2003 0:22 12 0:5ð Þ3 32:23 0:797ð Þ

183:2
5 0:148

uPO 5 12 0:5ð Þ3 32:25 16:1

XAPO 5 0:797

11.4 Forward osmosis�reverse osmosis
hybrid system

Forward osmosis (FO)�RO hybrid system is used for simul-
taneous wastewater treatment and seawater desalination.
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Dilution of seawater by FO alleviates the high-pressure require-
ment of RO. Hence, wastewater and seawater are provided into
FO as the feed and draw solution (DS), respectively, to dilute
the seawater (Hancock et al., 2012). Then, the diluted seawater
is subjected to RO to produce clean potable water, as shown
schematically in Fig. 11.9. The system has been already used in
desalination of water from the Red Sea (Yaeli, 1992).
Experiments have also been made for an FO�RO system where
three SWROs were connected in series and combined with FO
(Cath et al., 2010). One drawback of the FO�RO hybrid system
is the rather low FO permeate flux. To increase water recovery
and to reduce the amount of brine discharge, Altaee and Hilal
proposed the NF-FO-BWRO process (Altaee and Hilal, 2015).

In the following example, a model simulation is made where
FO and RO are connected in series. Both FO and RO are run in
complete-stirred tank mode with membranes that have the
same pure water permeation coefficient and solute permeation
constant. FO is run in the AL-facing-DS mode. The internal
concentration polarization in FO is considered while external
concentration polarizations in both FO and RO are ignored.

The concentration and flow rate of the second RO stage per-
meate (cp;RO and up;RO) and those of the second RO stage reten-
tate (uR;RO and cR;ROÞ can be obtained as follows.

Step 1: Assume JA;FO
Step 2: Calculate up;FO and cp;FO
Eqs. (3.54) and (3.55) of Chapter 3, Reverse Osmosis,

Forward Osmosis, and Pressure-Retarded Osmosis, are

JA 5A πDS 2πAL
SL

� �
3:54ð Þ

JB 5B cDS 2 cAL
SL

� �
3:55ð Þ

Assuming π5bc

JB;FO 5
BFO

AFOb
JA;FO ð11:29Þ

f fu ,c

O, FO O, FOu , c

A, FOJ B, FOJ

d du ,c P, RO P, ROu , c

A, ROJ R, RO R, ROu , c

P, FO P, FOu , c

FO

RO

Figure 11.9 Forward
osmosis�reverse osmosis
(FO�RO) hybrid system.
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Further,

uO;FO 5uf 2 SJA;FO ð11:30Þ

cO;FO 5
uf cf 1 SJB;FO

uO;FO
ð11:31Þ

up;FO 5uf 1ud 2uO;FO ð11:32Þ

cp;FO 5
uf cf 1udcd 2uO;FOcO;FO
� �

up;FO
ð11:33Þ

Eq. (3.70) of Chapter 3 is

JA 5 kmln
AπDS 2 JA 1B

AπFS 1B

	 


for the AL-facing-DS mode operation.
Hence, using the symbols given in Fig. 11.9 and again

assuming π5bc,

JA;FO 5 kmln
AFObcp;FO 2 JA;FO 1BFO

AFObcO;FO 1BFO

	 

ð11:34Þ

Calculate JA;FO by Eq. (11.34) and check if it agrees with the
guessed JA;FO value.

If they agree, go to step 3, otherwise go back to step 1.
Step 3: Assume cR;RO.
Step 4: Obtain cp;RO by

cp;RO 5
2 BRO 2ARObcR;RO 1AROΔp
� �

1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BRO2ARObcR;RO1AROΔp
� �2

1 4ARObBROcR;RO

q
2AROb

ð11:35Þ
Then,

up;RO 5 SARO Δp2bcR;RO 1 bcp;RO
� � ð11:36Þ

uR;RO 5up;FO 2up;RO ð11:37Þ

cR;RO 5
up;FOcp;FO 2up;ROcp;RO
� �

uR;RO
ð11:38Þ

Check if cR;RO so obtained agrees with the guessed cR;RO. If
so, go to step 5. Otherwise, go back to step 3.

Step 5. Report cp;RO;up;RO;cR;RO; and uR;RO.
The simulation algorithm is given in Scheme 11.5.
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Problem 11.6:

Obtain cp;RO;up;RO;cR;RO; and uR;RO of an FO�RO hybrid sys-
tem with the following design parameters.

Pure water permeation coefficient of FO membrane:
AFO 5 6:0833 1029m3=m2s kPa

Solute permeation constant of FO membrane:
BFO 5 71:933 1029 m=s

Pure water permeation coefficient of RO membrane:
ARO 5 6:0833 1029 m3=m2s kPa

Solute permeation constant of RO membrane:
BRO 5 71:933 1029 m=s

Mass transfer coefficient: km 5 1:5463 1026 m=s
Flow rate of the feed solution to FO: uf 5 83 1026 m3=s
Flow rate of the DS to FO: ud 5 13 1027 m3=s
Sodium chloride concentration of the feed solution in FO:

cf 5 0:001 kmol=m3ð0:058%Þ
Sodium chloride concentration of the DS in FO:

cd 5 0:6 kmol=m3ð3:5%Þ

Guess ,

Calculate , and ,

Calculate , and check if it 
agrees with the guessed ,

Guess ,

Calculate , , , , , and ,

And check , so obtained agrees with the 
guessed ,

Report  , , , , , and ,

No

yes

No
yes

yes

Scheme 11.5 FO�RO hybrid
system.
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Pressure applied at RO: Δp5 250 kPa
Osmotic pressure coefficient: b5 4:643 103 kPa= kmol=m3

� �
FO and RO membrane area: S5 1 m2

FO operation in the AL-facing-DS mode.

Answer:

Step 1: JA;FO is assumed to be 1:1353 1026

Step 2: From Eq. (11.29)

JB;FO 5
71:933 1029

6:0833 1029 3 4:643 103
3 1:1353 1026 5 2:893 1029

Further, from Eq. (11.30)

uO;FO 5 83 1026 2 1:1353 1026 5 6:8653 1026

From Eq. (11.31)

cO;FO 5
83 1026 3 0:0011 2:893 1029

6:8653 1026
5 1:5863 1023

From Eq. (11.32)

up;FO 5uf 1ud 2uO;FO 5 83 1026 1 13 1027 2 6:8653 1026 5 1:2353 1026

From Eq. (11.33)

cp;FO 5
uf cf 1udcd 2uO;FOcO;FO

up;FO

5
83102630:001113102730:626:8653102631:58631023

1:23531026

5 4:623 1022

From Eq. (11.34)

JA;FO 5 1:546

3 1026ln
6:0833 1029 3 4:643 103 3 4:623 1022 2 1:1353 1026 1 71:933 1029

6:0833 1029 3 4:643 103 3 1:5863 1023 1 71:933 1029

0
@

1
A

5 1:143 1026

JA;FO obtained is equal to the guessed JA;FO. Therefore, we go
to step 3.

Step 3: Assume cR;RO 5 0:05
Step 4:

α5BRO 2ARObcR;RO 1AROΔp5 71:933 1029 2 6:0873 1029

3 4:643 103 3 0:051 6:0873 1029 3 2505 18:153 1028

cp;RO 5
2α1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α21436:0873 102934:643103371:933102930:05

p

23 6:0873 1029 3 4:643 103

5 8:523 1023
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From Eq. (11.36)

up;RO 5 13 6:0873 1029 3 2502 4:643 103 3 0:051 4:643 103 3 8:523 1023
� �

5 3:503 1027

From Eq. (11.37)

uR;RO 5up;FO 2up;RO 5 1:243 1026 2 3:503 1027 5 0:893 1026

From Eq. (11.38)

cR;RO 5
up;FOcp;FO 2up;ROcp;RO
� �

uR;RO

5
1:243102634:623102223:503102738:5231023
� �

0:89
31026

5 6:123 1022 . 0:05

We go back to step 3 and assume cR;RO 5 0:056
cR;RO obtained from Eq. (11.38) is 0.056.
Therefore, we can go to step 5.
Step 5: cp;RO;up;RO; and uR;RO that correspond to cR;RO 5 0:056

are as follows.

cp;RO 5 0:0117 kg=m3

up;RO 5 2:713 1027 m3=s

uR;RO 5 9:643 1027m3=s

11.5 Membrane reactor
The membrane reactor has been extensively studied for

applications in fermentation processes as a membrane biore-
actor. Although various membrane separation processes can
be used in the membrane bioreactor, ultrafiltration (UF) and
microfiltration are used in most cases in combination with a
fermenter. The fermentation broth from a fermenter is
allowed to flow continuously through a cross-flow membrane
filtration module, where the microorganisms are rejected by
the membrane and recycled back to the fermenter. As a
result, a high cell density can be achieved in the fermenter.
On the other hand, the product, such as alcohol, that acts as
a reaction inhibitor is removed from the fermentation broth,
enhancing the fermentation productivity. 2�5 g/L h alcohol
are produced by the conventional batch fermenter, while
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100 g/L h can be achieved by the continuous system in which
membrane filtration is incorporated. However, the separation
of substrate and products is not possible since both pass
through the membrane.

Another membrane process that can be combined with a fer-
menter is pervaporation. The fermentation broth is supplied as
the feed to a pervaporation module and a vacuum is applied to
the permeate side of the membrane. When an ethanol-selective
membrane is used the product ethanol passes through the
membrane as vapor which is later liquefied by compression.
Microorganisms, substrate, and nutrients are all retained on the
feed side. Thus, the product ethanol is purified and concen-
trated. When the feed ethanol concentration was 5.5 wt.%, a
permeate ethanol concentration of 30.6% could be achieved
(Mulder and Smolders, 1966). Concentrated ethanol could fur-
ther be dehydrated by pervaporation, using a water-selective
membrane for pervaporation.

In the following example, it is shown that a RO membrane
can be used to separate ethanol from microorganisms, sub-
strates, and nutrients.

11.5.1 Description of the membrane bioreactor
A bioreactor with yeast cells immobilized between UF and

RO membranes, both made of cellulose acetate, has been pro-
posed (Vasdevan et al., 1987; Jeong et al., 1989). An aqueous
solution containing glucose substrate and nutrients is in contact
with the UF membrane and pressure is applied on the solution.
The substrate permeates the UF membrane freely, together with
water, and arrives at the cell layer where a bioreaction takes
place to produce ethanol. Then, the ethanol permeates through
the RO membrane, while glucose is retained in the yeast cell
layer (see Fig. 11.10A; Matsuura, 1994).

The advantages of such a bioreactor over the conventional
bioreactor are as follows:

1. High cell concentration within a limited reactor space;
2. Forced convective flow of substrate to the cell layer;
3. Removal of product ethanol and CO2 from the cell layer, pre-

venting product inhibition.

The continuous-type bioreactor system is schematically
illustrated in Fig. 11.10B (Matsuura, 1994). After passing
through the bioreactor, the substrate solution is recycled back
to the feed tank.
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Figure 11.10 Membrane bioreactor: (A) permeation cell with sandwiched enzyme, (B) membrane bioreactor
system; (1) flow meter, (2) thermometer, (3) back-pressure regulator, (4, 5) pressure gauge, (6) accumulator, (7)
membrane bioreactor, (8) high-pressure pump, (9) valve, (10) feed tank, (11) heat exchanger (Matsuura, 1994).
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11.5.2 Bioreactor modeling
For the system modeling a quasi-stationary approach is

adopted with an assumption that the time required for glucose
and ethanol concentration to reach the steady state is far shorter
than the time required for the cell number increase. In order to
facilitate the understanding of the model, the symbols defined in
Fig. 11.11 are used, that is, a, b, c, and d are concentration polari-
zation boundary layer, UF membrane, yeast cell layer, and RO

Figure 11.11 Schematic illustration of barrier layers in UF/cell layer/RO bioreactor. (A) Four barrier layers,
(B) transport in barrier layer a, and (C) transport in barrier layer c (Matsuura, 1994).
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membrane, respectively, which constitute four barrier layers; 1
and 5 are feed and permeate, respectively; 2, 3, and 4 are the inter-
faces between each barrier layer; and subscripts A and B are used
for water and solute (either glucose or ethanol) as usual. All other
symbols are defined at the end of this chapter.

The water fluxes through the barrier layer b, c and d are
given, respectively, by

JA 5Abðp2 2p3Þ ð11:39Þ
JA 5Acðp3 2p4Þ ð11:40Þ

JA 5Adðp4 2p5 2π4 1π5Þ ð11:41Þ
where JA; A and p, respectively, are molar flux (mol/m2 s), pure
water permeation coefficient (mol/m2 s Pa), and pressure (Pa).

As for the molar flux of glucose, it is the same through the bar-
rier layers a and b, which is given by J

g
B (mol/m2 s). In the cell layer

(barrier layer c), it is consumed at the rate of rg (mol/m3 s, note rg

is negative). Suppose the yeast cell layer volume is V and the effec-
tive area of the membranes in which yeast cells are confined is S,
the molar flux of glucose at the interface 4 becomes J

g
B 1 rgV =S.

Approximating that the total molar flux is equal to the molar
flux of water, which can be justified because the water flux is
much higher than those of the solutes,

X
g
B5 5

J
g
B 1

rgV
S

JA
ð11:42Þ

Furthermore, the permeation velocity (m/s)

ν5
total molar flux

c
� JA

c
ð11:43Þ

where c is the total molar concentration (mol/m3).
In the barrier layer a (concentration polarization boundary

layer; see Fig. 11.11B), the molar flux of glucose at a distance y
from the interface 1 is given by

J
g
B 52 D

g
B

� �
a
c
dX

g
B

dy
1X

g
B J

g
B 1 JeB 1 JA

� � ð11:44Þ

where D
g
B

� �
a
is the diffusivity of glucose (m2/s) in the barrier

layer a (i.e., in water).
Solving Eq. (11.44) with the boundary conditions

X
g
B 5X

g
B1 at y5 0 ð11:45Þ

X
g
B 5X

g
B2 at y5 δa ð11:46Þ
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where δa is the thickness of the barrier layer a, we obtain

ln
X

g
B2 2

J
g

B

J
g

B
1 Je

B
1 JA

h i
X

g
B1 2

J
g

B

J
g

B
1 Je

B
1 JA

h i 5 J
g
B 1 JeB 1 JA

D
g

Bð Þa
δa

h i
c

ð11:47Þ

Approximating that total flux is nearly equal to water flux,

ln
X

g
B2 2

J
g

B

JA

h i
X

g
B1 2

J
g

B

JA

h i 5 JA
D

g

Bð Þa
δa

h i
c

ð11:48Þ

Combining Eqs. (11.42), (11.43), and (11.48)

ln
X

g
B2 2X

g
B5 1

rgV =S
JA

h i
X

g
B1 2X

g
B5 1

rgV =S
JA

h i 5 ν
k
g
a

ð11:49Þ

where k
g
a , the mass transfer coefficient (m/s) of glucose in the

barrier layer a, is

kg
a 5

D
g
B

� �
a

δa
ð11:50Þ

Multiplying c on both the numerator and denominator of
Eq. (11.49)

ln
c
g
B2 2 c

g
B5 1

rgV =S
ν

h i
c
g
B1 2 c

g
B5 1

rgV =S
ν

h i 5 ν
k
g
a

ð11:51Þ

Further

c
g
B2 2 c

g
B5 1

rgV =S
ν

h i
c
g
B1 2 c

g
B5 1

rgV =S
ν

h i 5 exp
ν
k
g
a

	 

ð11:52Þ

A similar equation is applicable for the concentration polari-
zation in the UF membrane (barrier layer b), therefore

c
g
B3 2 c

g
B5 1

rgV =S
ν

h i
c
g
B1 2 c

g
B5 1

rgV =S
ν

h i 5 exp
ν
k
g
b

 !
ð11:53Þ

where k
g
b is themass transfer coefficient of glucose in barrier layer b.

The transport through the cell layer (barrier layer c) is,
according to Fig. 11.11C,

D
g
B

� �
c
c
d2X

g
B

dy2
2

d J
g
B 1 JeB 1 JA

� �
X

g
B

dy
1 rg 5 0 ð11:54Þ
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where D
g
B

� �
c
is the diffusivity of glucose (m2/s) in barrier layer c.

Again by using
JAcJ

g
B 1 JeB, Eq. (11.54) becomes

D
g
B

� �
c

d2c
g
B

dy2
2 ν

dc
g
B

dy
1 rg 5 0 ð11:55Þ

The solution of the differential Eq. (11.55) is

c
g
B 5C

g
1 exp

ν
D

g
B

� �
c

y

 !
1

rg

ν
y

� �
1C

g
2 ð11:56Þ

where C
g
1 and C

g
2 are integral constants, which can be obtained

from the boundary conditions;
Boundary condition (1):

c
g
B 5 c

g
B3 at y5 0 ð11:57Þ

Boundary condition (2): At the interface 3 (y5 0) glucose flux
is also given by

J
g
B 52 D

g
B

� �
c

dc
g
B

dy
1 νcgB ð11:58Þ

The molar flux at interface 4 is J
g
B 1 ðrgV Þ=S, as mentioned

earlier, and it should be equal to the glucose flux through RO
membrane, therefore,

J
g
B 1

rgV

S
5 2 D

g
B

� �
c

dc
g
B

dy
1 νcgB 1

rgV

S
5B

g
d c

g
B4 2 c

g
B5

� � ð11:59Þ

where B
g
d is the glucose permeation constant of the RO mem-

brane (barrier layer d).
From Eqs. (11.56) and (11.59)

C
g
2 5

B
g
d

ν
c
g
B4 2 c

g
B5

� �
2

rgV

νS
1

D
g
B

� �
c
rg

ν2
ð11:60Þ

(From Eq. (11.56) c
g
B 5C

g
1 1C

g
2 at y5 0: As well,

dc
g

B

dy 5C
g
1

ν
ðDg

B
Þc
expð ν

ðDg

B
Þc
yÞ1 rg

ν and
dc

g

B

dy 5
C

g

1
ν

ðDg

B
Þc
1

rg
ν at y5 0. Then,

from Eqs. (11.59), (11.60) can be derived.)
Furthermore,

V

S
5 δc ð11:61Þ

where δc is the thickness of the barrier layer c. Defining the
mass transfer coefficient of glucose in barrier layer c as

D
g
B

� �
c

δc
5 kg

c ð11:62Þ
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C
g
2 5

B
g
d

ν
c
g
B4 2 c

g
B5

� �
2

rgV

νS
1

k
g
c r

gV

ν2S
ð11:63Þ

From Eqs. (11.56) and (11.57)

C
g
1 1C

g
2 5 c

g
B3 ð11:64Þ

Eqs. (11.63) and (11.64) allow calculation of the integration
constants C

g
1 and C

g
2 .

Furthermore,

c
g
B 5 c

g
B4 at y5 δc ð11:65Þ

Therefore

c
g
B4 5C

g
1 exp

ν
D

g
B

� �
c

δc

 !
1

rg

ν
δc 1C

g
2 ð11:66Þ

By using Eqs. (11.61) and (11.62)

c
g
B4 5C

g
1 exp

ν
k
g
c

	 

1

rgV

νS
1C

g
2 ð11:67Þ

As for ethanol, it is assumed that ethanol permeates the
membrane freely. Then, all the ethanol produced by the yeast
cell goes into the permeate, therefore

ceB5 5
reV

νS
ð11:68Þ

The rates of the biocatalytic reactions are:
Assuming 1 g of glucose is consumed for producing

20 3 1010 yeast cells, the glucose consumption is given by,

rg 5

2 1
YX
S

dX
dt 12

ce
B5

ce
Binhi

� �
2mX

203 1010
ð11:69Þ

where 12 ceB5=c
e
Binhi

� �
shows the inhibition of yeast growth by

the product ethanol.
For ethanol production,

re 52
1

YP
S

rg ð11:70Þ

where X ;YX=S; and YP=S are, respectively, total cell number, cell
mass yield coefficient, and product yield coefficient. The simu-
lation algorithm is given in Scheme 11.6.
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Problem 11.7:

Solve JA, ceB5, and c
g
B1 with the design parameters given in

Table 11.1. The number of yeast cells increased from 1 3 109 to
14 3 109 in 210 h.

Assume 

Assume 

Assume 

Calculate by equa�on (11.71)

Calculate by equa�on (11.67) 
and check it agrees with by 
equa�on (11.71)

Calculate by equa�on (11.41) 
and check it agrees with the 
assumed 

Calculate by equa�on 
(11.68) and check it agrees with 
the assumed 

Record , and 

NoNoNo

Yes

Yes

Yes

Set 1 for the first step, or 
calculate 1 for 2nd… steps by 
equa�on (11.74)

Scheme 11.6 Membrane
reactor.
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Answer:

First assume JA 5 1:633 1022 mol/m2 s
Then, using Eq. (11.43)

ν5
1:633 1022

5:533 104
5 2:9483 1027 m=s

For t 5 0
1. Since the number of cells increased from 1 3 109 to

14 3 109 from t 5 0 to t 5 210 h

X t5 0ð Þ5 109

dX

dt
5

ð142 1Þ3 109

2103 3600
5 1:723 1041=s

First guess ceB5 5 776 mol/m3 is made.

Table 11.1 Design parameters for Problem 11.7.

Parameters Values Units

Ab 3:2393 1026 mol/m2 s Pa

Ac 2:7703 1028 mol/m2 s Pa

Ad 1:7503 1027 mol/m2 s Pa

p2 2859:3 kPa

p5 101:352 kPa

Bg
1:4293 105 kPa

Bg
d 1:2803 1028 m/s

kga 1:333 1025 m/s

kgb 1:163 1026 m/s

kgc 3:043 1024 m/s

S 63 1024 m2

V 23 1026 m3

Vfeed tank 33 1023 m3

YP=S 0.375 �
YX=S 0.06 �
m 2:7783 1024 1 s21

ceB;inhi 1960 mol/m3
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Then, according to Eq. (11.69)

rg 5
2 1:723 104

0:06 12 776
1960

� �
2 2:7783 1024 3 109

203 1010 3 23 1026
52 1:127 g=m3 s

or52 6:2633 1023 mol=m3 s

Further, from Eq. (11.70)

re 52
1

0:375
3 21:127ð Þ5 3:01 g=m3 s

or5 6:5433 1022 mol=m3 s

From Eq. (11.42)

X
g
B5 5

J
g
B 1

rgV
S

JA

Hence,

J
g
B 5 JAX

g
B5 2

rgV

S

Using Eq. (11.43)

JA 5 cν

Hence,

J
g
B 5 cνXg

B5 2
rgV

S
5 νcgB5 2

rgV

S

Assume c
g
B5 5 3:53 10 mol/m3, then

J
g
B 5 2:9473 1027 3 3:53 102

2 6:2633 1023 3 23 1026

63 1024

5 3:1193 1025 mol=m2 s

At the RO membrane (barrier layer d)
B
g
d c

g
B4 2 c

g
B5

� �
5 νcgB5, hence,

c
g
B4 5 ν1B

g
d

� � cgB5
B
g
d

ð11:71Þ

Inserting numerical values,

c
g
B4 5 2:9483 1027 1 1:2803 1028

� �
3 3:53 10=1:2803 1028

5 841:1 mol=m3
ð11:72Þ
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From Eq. (11.51)

c
g
B2 5 c

g
B1 2 c

g
B5 1

rgV =S

ν

� �	 

e

ν
k
g
a 1 c

g
B5 2

rgV =S

ν

� �

Inserting numerical values,

c
g
B2 5 6:673 102 2 3:53 101

2 6:2633 1023 3 23 1026

2:9483 1027 3 63 1024

	 


3 exp
2:9483 1027

1:333 1025

	 

1 3:53 102

2 6:2633 1023 3 23 1026

2:9483 1027 3 63 1024

5 679:3 mol=m3

From Eq. (11.53)

c
g
B3 5 6:673 102 2 3:53 101

2 6:2633 1023 3 23 1026

2:9483 1027 3 63 1024

	 


3 exp
2:9483 1027

1:163 1026

	 

1 3:53 102

2 6:2633 1023 3 23 1026

2:9483 1027 3 63 1024

5 829:2 mol=m3

From Eq. (11.63)

C
g
2 5

1:2803 1028

2:9483 1027
841:12 3:53 10ð Þ2 2 6:2633 1023 3 23 1026

2:9483 1027 3 63 1024

1
2 6:2633 1023 3 23 1026

2:9483 1027 3 63 1024
3

3:043 1024

2:9483 1027
52 72924

From Eq. (11.64)

C
g
1 5 c

g
B3 2C

g
2 5 829:22 272924ð Þ5 73753

From Eq. (11.67)

c
g
B4 5 737533 exp

2:9483 1027

3:043 1024

	 

1

2 6:2633 1023 3 23 1026

2:9483 1027 3 63 1024

1 729245 830:28

ð11:73Þ

c
g
B4 obtained from Eqs. (11.72) and (11.73) are different.

This is because the assumption of
c
g
B5 5 3:53 10 mol/m3 was wrong.
When
c
g
B5 5 3:4553 10 mol/m c

g
B4is831 from both Eqs. (11.72)

and (11.73).
From Eq. (11.39)

p3 5 2; 859; 3002
0:0163

3:2393 1026
5 2; 854; 268 Pa
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From Eq. (11.40)

p4 5 2; 854; 2682
0:0163

2:7703 1028
5 2; 265; 820

From Eq. (11.41)

JA 5 1:7503 1027

	
2; 265; 8202 101; 3252 1:4293 108

3
830:28

5:533 104
1 1:4293 108 3

34:55

5:533 104



5 0:01895 mol=m2 s

which does not agree with the first guess of
JA 5 1:633 1022 mol/m2 s.

JA 5 1:653 1022 mol/m2 s will satisfy both the first guess
and the JA by Eq. (11.41).

Corresponding to this JA,
c
g
B5 is amended to 34.40 to make c

g
B5 values from

Eqs. (11.72) and (11.73) agree.
According to Eq. (11.68)

ceB5 5
6:5433 1022 3 23 1026

2:9483 1027 3 63 1024
5 739:8 mol=m3

which does not agree with the guessed 776 mol/m3.
The initial guess of 740 mol/m3 makes ceB5 obtained from

Eq. (11.68) agree with the guessed value. Under this ceB5,
there is no change in JA and c

g
B5.

2. For the second 20 h
The solution volume in the feed tank decreased in the first 20 h to

Vfeedtank 5 33 1023 2
18:023 1:653 1022 3 36003 203 63 1024
� �

106

5 0:002987

The feed glucose concentration will be

c
g
B1 5

33 1023 3 6:673 102 2 3:143 1025 3 36003 203 63 1024
� �

0:002987
5 669:4

ð11:74Þ
Using the above c

g
B1, the computation is repeated for the

second 20 h.
The calculation is repeated up to 140 h and the results, per-

meation rate (SJA), glucose concentration in feed (c
g
B1Þ, and eth-

anol concentration in permeate (ceB5) are reported in Fig. 11.12.
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Nomenclature
Symbol Definition [dimension (SI unit)]

A Pure water permeation coefficient (m3/m2 s Pa)

b Osmotic pressure coefficient (Pa m3/mol)

B Solute permeation constant (m/s)

ci Inlet solute concentration (mol/m3)

cf Feed solute concentration (mol/m3)

cp Permeate solute concentration (mol/m3)

cpo Solute concentration of the permeate at the system outlet

(mol/m3)

cR Retentate solute concentration (mol/m3)

cRO Solute concentration of the retentate at the system outlet (mol/

m3)

JA Flux of water (m3/m2 s)

JB Flux of solute (mol/m2 s)

S Membrane area (m2)

ui Inlet flow rate (m3/s)

uf Feed flow rate (m3/s)

up Permeate flow rate (m3/s)

upo Permeate flow rate at the system outlet (m3/s)

uR Retentate flow rate (m3/s)

uRO Retentate flow rate at the system outlet (m3/s)

x Recycle ratio

Greek letter

Δp Cross-membrane pressure difference (Pa)

Superscripts

1 First stage

2 Second stage

0

2

4

6

8

10

12

14

0 20 40 60 80 100 120 140 160

Time,h

Permea�on rate x10^3, g/min

Glucose conc in feed, %

Ethanol conc in permeate, %

Figure 11.12 Results of the bioreactor calculation, SJA; c
g
B1 and ceB5 versus t.

228 Chapter 11 Membrane system



de Effective diameter of hollow fiber (m)

di Inner diameter of hollow fiber (m)

JA Flux of component A (mol/m2 s)

JB Flux of component B (mol/m2 s)

L Length of hollow fiber (m)

p1 Pressure on the feed side (Pa)

p3 Pressure on the permeate side (Pa)
PA

δ Permeance of component A (mol/m2 s Pa)
PB

δ Permeance of component B (mol/m2 s Pa)

S1 Total cross-sectional area of the space between hollow fibers

(m2)

S3 Total lumen cross-sectional area of follow fibers (m2)

u1 and uf Molar flow rate of feed gas mixture per unit cross-sectional area

of the space between hollow fibers (mol/m2 s)

u3 and up Molar flow rate of permeate gas mixture per unit area of hollow

fiber cross-section (mol/m2 s)

ui Molar flow rate of feed gas mixture per unit cross-sectional

area of the space between hollow fibers at the module inlet

(mol/m2 s)

upo Molar flow rate of permeate gas mixture per unit area of hollow

fiber cross-section at the system outlet (mol/m2 s)

uR Molar flow rate of retentate gas mixture per unit cross-sectional

area of the space between hollow fibers (mol/m2 s)

uRO Molar flow rate of retentate gas mixture per unit cross-sectional

area of the space between hollow fibers at the system outlet

(mol/m2 s)

x Recycle ratio

XA1 and XAf Mole fraction of component A in the feed gas mixture

XA3 and XAp Mole fraction of component A in the gas mixture permeating

through the membrane

X A3 and XAp Mole fraction of component A flowing on the lumen side of

membrane

XAi Mole fraction of component A at the module inlet

XApo Mole fraction of component A in the gas mixture at the system

outlet

XAR Mole fraction of component A in the retentate gas mixture

XARO Mole fraction of component A in the retentate gas mixture at the

system outlet

Greek letter

μ Viscosity of gas mixture (Pa s)

AFO Pure water permeation coefficient of FO membrane (m3/m2 s Pa)

ARO Pure water permeation coefficient of RO membrane (m3/m2 s Pa)

b Osmotic pressure coefficient (Pa m3/mol)

BFO Solute permeation constant of FO membrane (m/s)

BRO Solute permeation constant of RO membrane (m/s)

cAL=SL Solute concentration at the active layer/support layer interface

(mol/m3)

cd Solute (sodium chloride) concentration of the DS in FO (mol/m3)

cDS Solute (sodium chloride) concentration of the DS in FO in

equation (3.55) (mol/m3)

cf Solute (sodium chloride) concentration of the feed solution in

FO (mol/m3)
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cO;FO Solute concentration of FO outlet (mol/m3)

cp;FO Solute concentration of FO permeate (mol/m3)

cp;RO Solute concentration of RO permeate (mol/m3)

cR;RO Solute concentration of RO retentate (mol/m3)

JA;FO Volumetric flux of water in FO (m3/m2 s)

JA;RO Volumetric flux of water in RO (m3/m2 s)

JB;FO Solute flux in FO (mol/m2 s)

km Mass transfer coefficient (m/s)

S Membrane area (m2)

ud Flow rate of the DS to FO (m3/s)

uf Flow rate of the feed solution to FO (m3/s)

uO;FO Flow rate o FO outlet (m3/s)

up;FO Flow rate of FO permeate (m3/s)

up;RO Flow rate of RO permeate (m3/s)

uR;RO Flow rate of RO retentate (m3/s)

Greek letters

Δp Pressure applied at RO (Pa gauge)

πAL=SL Osmotic pressure at the active layer/support layer interface (Pa)

πDS Osmotic pressure of DS (Pa)

πFS Osmotic pressure of feed solution (Pa)

A Pure water permeation coefficient (mol/m2 s Pa)

c Total molar concentration (mol/m3)

cB Concentration of ethanol or glucose (mol/m3)

ceBinhi Inhibition concentration of ethanol (mol/m3)

C
g
1 First integral constant (mol/m3)

C
g
2 Second integral constant (mol/m3)

D
g
B Diffusivity of glucose (m2/s)

JA Molar flux of water (mol/m2 s)

JB Molar flux of glucose or ethanol (mol/m2 s)

k Mass transfer coefficient (m/s)

m Cell maintenance coefficient (1/s)

p Pressure (Pa)

re Ethanol production rate (mol/m3 s)

rg Glucose consumption rate (mol/m3 s)

S Effective area of cell layer (m)

t Time (s)

ν Permeation velocity through barrier layers (m)

V Effective volume of cell layer (m3)

Vfeed tank Volume of feed tank (m3)

X Total cell number

X
g
B Mole fraction of glucose

YP
S

Product yield coefficient

YX
S

Cell mass yield coefficient

Greek letters

δ Barrier layer thickness (m)

π Osmotic pressure (Pa)

Superscripts

e ethanol

g glucose

Subscripts

1 feed

2, 3, 4 Barrier boundaries
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5 Permeate

a, b, c, d Barrier layers

A Water

B Ethanol or glucose
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12
Cost of water

12.1 Calculation of water production cost by
Desalination Economic Evaluation
Program 2000

The economic evaluation of membrane processes is difficult
to deal with for many scientists and engineers as they have
been educated within different disciplines. Nevertheless, we
cannot avoid this topic in many cases. In this chapter, the cost
of drinking water production is evaluated according to the
Desalination Economic Evaluation Program (DEEP) of the
International Atomic Energy Agency (IAEA). The software of
DEEP is revised every few years, with the newest versions being
DEEP-3 and -5, released in 2006 and 2013, respectively
(Desalination Economic Evaluation Program DEEP User’s
Manual DEEP-3.0, 2006; DEEP 5 User Manual, 2013). This pro-
gram was created to calculate the production cost of water
when various desalination processes are combined with various
power sources. It, however, allows the cost evaluation of water
production for the stand-alone reverse osmosis (RO) process,
when electricity is purchased.

Although DEEP has progressed with every new version, we
visit the oldest version of DEEP that was released in 2000
(Desalination Economic Evaluation Program DEEP User’s
Manual, 2000), as the process of water cost calculation is
described in most detail in this version, and an example is given
to calculate the cost for a model case. In the following, the
“row” number is adopted from DEEP, “parameter” explains
what the item is, “unit” is the unit of the item, and the “variable
name” is the code given for the item. The algorithm of the cal-
culation is given in Scheme 12.1.
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Scheme 12.1 Algorithm for water production cost calculation taken from DEEP User’s Manual 2000.
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12.1.1 Case identification and site characteristics box
1. Row (10), parameter (required water plant capacity at site),

unit [$/(m3/d)], variable name (Wds)
100,000

2. Row (17), parameter (membrane type), unit (text), variable
name (MemType)
Spiral wound (SW)

12.1.2 Technical parameter input data
1. Row (25), parameter (average annual cooling water tempera-

ture), Unit (�C), variable name (Tsw)
Annual average seawater temperature at site, 30

2. Row (26), parameter (seawater total dissolved solid), unit
(ppm), variable name (TDS)

35,000
3. Row (27), parameter (electric motor efficiency), unit (�), var-

iable name (Eem)
0.96

4. Row (51), parameter (planned outage time), unit (�), vari-
able name (opp)

The average planned downtime in days divided by 365, typi-
cally 0.1 for a power plant and 0.05 for a heat-only plant, this is
not applicable in the case of no power generation in the plant

5. Row (52), parameter (unplanned outage time), unit (�), vari-
able name (oup)
The average unplanned downtime in days divided by 365, typi-

cally 0.11 for a power plant and 0.15 for a heat-only plant, this is
not applicable in the case of no power generation in the plant

12.1.3 Membrane water performance data
1. Row (84), parameter (seawater pump head), unit (bar), vari-

able name (DPsm)
Typically, 1.7

2. Row (85), parameter (seawater pump efficiency), unit (�),
variable name (Esm)

Usually, 0.70�0.85, average is 0.775
3. Row (88), parameter (booster pump head), unit (bar), vari-

able name (Dpbm)
Typically, 3.3

4. Row (89), parameter (booster pump efficiency), unit (�),
variable name (Ebm)

Usually 0.70�0.85, average is 0.775
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5. Row (90), parameter (high head pump pressure rise), unit
(bar), variable name (DPhm)

From Table 12.1 for SW, 62.2
6. Row (91), parameter (high head pump efficiency), unit (�),

variable name (Ehm)
Usually, 0.7�0.85, average is 0.775

7. Row (92), parameter (hydraulic pump hydraulic coupling
efficiency), unit (�), variable name (Ehhm)

Typically, 0.97
8. Row (93), parameter (energy recovery efficiency), unit (2),

variable name (Ehm)
Usually, 0.7�0.9, average is 0.8

9. Row (94), parameter (other specific power use), unit [kW(e)
h/m3], variable name (Qsom)

Remaining specific electric power use
Typically, 0.0408 or 0.98, 0.98 is taken

10. Row (95), parameter (planned outage rate), unit (�), vari-
able name (opm)

Average planned downtime in days divided by 365, typi-
cally, 0.032

Row (96), parameter (unplanned outage rate), unit (�),
variable name (oum)

11. Average unplanned downtime in days divided by 365, typi-
cally, 0.06

12.1.4 Economic parameters input data
1. Row (103), parameter (discount rate), unit (%/a), variable

name (i)
Typically, 8% for developing countries

Table 12.1 Recovery ratio of spiral wound module.

Temperature (˚C) Feed salt concentration (ppm)

35,000 38,000 43,000 45,000

15 62.7 65.3 67.7 68.4

20 64.1 66.4 68.3 68.8

25 65.9 68.0 68.8 69.2

30 62.2 65.3 66.4 68.5

35 58.2 62.4 67.8 68.8

40 55.0 59.1 69.0 69.2
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2. Row (104), parameter (interest rate), unit (%/a), variable
name (ir)

Typically, 8%
3. Row (107), parameter (plant economic life), unit (a), variable

name (Lep)
The power/water plant life time used in the cost calcula-

tions, 10
4. Row (108), parameter (purchased electricity cost), unit [$/kW

(e)h], variable name (Cpe)
0.06

12.1.5 Reverse osmosis plant cost input data
1. Row (142), parameter (base unit cost), unit [$/(m3/d)], vari-

able name (Cmu)
The specific overnight costs of the membrane plant are

typically 800 $/(m3/d) for 24,000 m3/d unit size
2. Row (143), parameter (optional in/outfall specific base

cost), unit [$/(m3/d)], variable name (Csmo)
If not specified, the value has to be set to 0

3. Row (144), parameter (ratio membrane eq. cost to total
cost), unit (�), variable name (kme)

Typically 0.20
4. Row (145), parameter (water plant cost contingency factor),

unit (�), variable name (kmc)
Typically 0.1�0.20, average is 0.15

5. Row (146), parameter (water plant owner’s cost factor), unit
(�), variable name (kmo)

Typically 0.05
6. Row (147), parameter (water plant lead time), unit (m), var-

iable name (Lm)

Formula5

�
IF INT

Wds

83 24;000

� �
1 1

� �
3 12

� �

, 36; INT
Wds

83 24;000

� �
1 1

� �
3 12; 36

�

Since

Wds5 100;000; INT
100;000

83 24;000

� �
1 1

� �
3 125 24;

7. Row (148), parameter (average management salary), unit
($/a), variable name (Smm)

200,000
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8. Row (149), parameter (average labor salary), unit ($/a), vari-
able name (Sml)

100,000
9. Row (150), parameter (O&M membrane replacement cost),

unit ($/m3), variable name (cmm)
Typically 0.06

10. Row (151), parameter (O&M spare parts cost), unit ($/m3),
variable name (cmsp)

Typically 0.04
11. Row (152), parameter (specific chemicals cost for pretreat-

ment), unit ($/m3), variable name (cmcpr)
Typically 0.03

12. Row (153), parameter (specific chemicals cost for post-
treatment), unit ($/m3), variable name (cmcpo)

Typically 0.03
13. Row (154), parameter (water plant A&M insurance cost),

unit (%), variable name (kmi)
Typically, 0.5% of the base capital costs

14. Row (163), parameter (total site-specific base power plant
net output), unit [MW(e)], variable name (Pen)

Not applicable in the case of no power generation in the
plant

12.1.6 Single-purpose plant performance
1. Row (175), parameter (operating availability), unit (�), vari-

able name (App)

Formula5 ð12 oppÞ3 ð12oupÞ
This is not applicable in the case of no power generation in

the plant

12.1.7 Stand-alone reverse osmosis water plant
performance

1. Row (219), parameter (required water plant production
capacity), unit (m3/d), variable name (Wcst)

Formula5Wds5 100;000

2. Row (220), parameter (RO feed inlet temperature), unit
(�C), variable name (Tim)

seawater temperature, Tws is used, 30
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3. Row (221), parameter (approximate inlet osmotic pressure),
unit (bar), variable name (Pio)

Formula5 0:00003483 Tim1 273ð Þ3 TDS

14:7

5 0:00003483 301 273ð Þ3 35;000

14:7
5 25:11

4. Row (222), parameter (recovery ratio), unit (�), variable
name (Rro)

Formula5memrec MemType;TDS;Tim
� �

5memrecðSW; 35; 000; 30Þ;

see Table 12.2, 0.401.
5. Row (223), parameter (outlet dissolved solids concentra-

tion), unit (ppm), variable name (dso)

Formula5
TDS

12Rroð Þ 5
35;000

12 0:401ð Þ 5 58; 431

6. Row (224), parameter (approximate outlet osmotic pres-
sure), unit (bar), variable name (Poo)

Formula5 0:00003483 Tim1 273ð Þ3 dso

14:7

5 0:00003483 301 273ð Þ3 58; 431

14:7
5 41:91

7. Row (225), parameter (membrane area factor), unit (�), var-
iable name (Fma)

memarea MemType;TDS;Tim
� �

5memarea SW; 35;000; 30ð Þ5 230;

Table 12.2 Recovery ratio of spiral wound membranes.

Temperature (˚C) Feed salt concentration (ppm)

35,000 38,000 43,000 45,000

15 0.411 0.401 0.383 0.374

20 0.411 0.401 0.383 0.374

25 0.411 0.401 0.383 0.374

30 0.401 0.391 0.383 0.374

35 0.390 0.382 0.372 0.363

40 0.378 0.372 0.361 0.353
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see Number of Vessel in Table 12.3.

Formula5
memareaðMemType;TDS;TimÞ

228
5

230

228
5 1:01

8. Row (226), parameter (pretreatment, pump and piping size
increase factor), unit (�), variable name (Fpp)

Formula5 IF Mem Type5HF;
0:5

Pro

� �0:5

;
0:411

Pro

� �0:5
 !

5
0:411

0:401

� �0:5

5 1:012

9. Row (227), parameter (product water quality before pre-
treatment), unit (ppm), variable name (dspms)

Formula5TDS3 0:00785 35;0003 0:00785 273

10. Row (228), parameter (default unit size), unit (m3/d), vari-
able name (Wmud)

Formula5 24;000 for Wcst# 100;000

11. Row (229), parameter (selected unit size), unit (m3/d), vari-
able name (Wmu)

Formula5Wmud5 24;000

12. Row (230), parameter (number of RO units), unit (�), vari-
able name (Nms)

Number of RO units with a capacity of Wmu to produce
West

Formula5 INT
West

Wmu

� �
1 15 INT

100; 000

24; 000

� �
1 15 5

13. Row (231), parameter (installed stand-alone RO capacity),
unit (m3/d), variable name (Wacs)

Table 12.3 Number of spiral wound membrane elements including six vessels.

Temperature (˚C) Feed salt concentration (ppm)

35,000 38,000 43,000 45,000

15 340 360 420 430

20 280 300 360 385

25 228 240 310 340

30 230 240 290 315

35 240 245 258 282

40 250 255 227 255
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The real installed RO capacity to enable the targeted
water production of West

Formula5Wmu3Nms5 24;0003 55 120;000

14. Row (232), parameter (seawater flow), unit (kg/s), variable
name (Fsms)

Flow rate of seawater that enters the RO unit

Formula5
Wacs3 1000

Pro3 243 3600
5

120;0003 1000

0:4013 243 3600
5 3464

15. Row (233), parameter (stand-alone seawater pumping
power), unit [MW(e)], variable name (Qsp)

Power required for seawater intake

Formula5
DPsm3Fsms

10;0003Esm3Eem
5

1:73 3464

10003 0:7753 0:96
5 0:792

16. Row (234), parameter (booster pump power), unit [MW(e)],
variable name (Qbp)

Power required to run booster pump

Formula5
DPbm3Fsms

10;0003Ebm3Eem
5

3:33 3464

10;0003 0:7753 0:96
5 1:536

17. Row (235), parameter (high head pump power), unit [MW(e)],
variable name (Qhp)

Power required to run high-pressure pump

Formula5
Dphm3Fsms

10;0003Ehm3Eem3Ehhm

5
62:23 3464

10;0003 0:7753 0:963 0:97
5 29:86

18. Row (236), parameter (energy recovery), unit [MW(e)], vari-
able name (Qer)

Energy recovery is modeled as a reverse running pump,
mechanically coupled to the shaft of the high head pump

Formula52
DPhm3Fsms3 12Rroð Þ3Eer

10;000

52
62:23 34643 12 0:401ð Þ3 0:8

10;000
52 10:32

19. Row (237), parameter (other power), unit [MW(e)], variable
name (Qom)

Formula5
Wacs3Qsom

243 1000
5

120;0003 0:98

243 1000
5 4:90
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20. Row (238), parameter (total stand-alone RO power use),
unit [MW(e)], variable name (Qms)

Formula5Qsp1Qbp1Qhp1Qer1Qom

5 0:7921 1:5361 29:862 10:321 4:905 26:77

21. Row (239), parameter (membrane water plant availability),
unit (�), variable name (Apm)

Formula5 12opmð Þ3 12 oumð Þ5 12 0:032ð Þ3 12 0:06ð Þ5 0:910

22. Row (240), parameter (combined power/water plant load
factor), unit (�), variable name (Acpm)

Formula5App3 ð12oumÞ
This is not applicable in the case of no power generation in the plant
23. Row (241), parameter (annual water production), unit (m3/

a), variable name (Wpms)

Formula5Wacs3Apm3 3655 120;0003 0:9103 3655 39; 858;000

24. Row (242), parameter (average daily water production), unit
(m3/d), variable name (Wpmsad)

Formula5Wacs3Apm5 120;0003 0:9105 109; 200

25. Row (243), parameter (specific stand-alone power con-
sumption), unit [kW(e)h/m3], variable name (Qcms)

Formula5
243 10003Qms

Wacs
5

243 10003 26:77

120;000
5 5:354

26. Row (244), parameter (net stand-alone saleable), unit [MW
(e)], variable name (Qssp)

Formula5Pen2Qms
Not applicable in the case of no power generation in the plant

12.1.8 Stand-alone reverse osmosis water plant costs
1. Row (329), parameter (number of units), unit (�), variable

name (Nms1)

Formula5Nms5 5

2. Row (330), parameter (correction factor for unit size), unit
(�), variable name (kmsus)

Formula5
1

Wmu
24;000

� �0:15 5
1

24;000
24;000

� �0:15 5 1
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3. Row (331), parameter (correction factor for number of
units), unit (�), variable name (kmsnu)

Formula5
1

Nms10:1
5

1

50:1
5 0:851

4. Row (332), parameter (correction factor for TDS and tem-
perature), unit (�), variable name (kmstt)

Formula5Fma3 kem1Fpp3 12 kemð Þ
5 1:013 0:21 1:0123 12 0:8ð Þ5 1:012

5. Row (333), parameter (adjusted water plant-specific cost),
unit [$/(m3/d)], variable name (Cmsa)

Formula5Cmu3 kmsus3 kmsnu3 kmstt

5 8003 13 0:8513 1:0125 689

6. Row (334), parameter (stand-alone in/outfall specific cost),
unit [$/(m3/d)], variable name (Cmio)

Formula5 IF Csmo. 0;Csmo;
7;400;2003 Fsms

486

� �0:45
Wacs

 !

5
7;400;2003 3464

486

� �0:45
120;000

5 149:2

7. Row (335), parameter (stand-alone water plant-specific
cost), unit [$/(m3/d)], variable name (Cms)

Formula5Cmsa1Cmio5 6891 149:25 838:2

8. Row (336), parameter (stand-alone water plant adjusted
base cost), unit (M$), variable name (Cmsab)

Formula5
Wacs3Cms

1;000;000
5

120;0003 838:2

1;000;000
5 100:58

9. Row (337), parameter (water plant owner’s cost), unit (M$),
variable name (DCmso)

Formula5Cmsab3 kmo5 100:583 0:055 5:03

10. Row (338), parameter (water plant contingency cost), unit
(M$), variable name (DCmsc)

Formula5 Cmsab1DCmsoð Þ3 kmc5 100:581 5:03ð Þ3 0:155 15:84

11. Row (339), parameter (stand-alone water plant total con-
struction cost), unit (M$), variable name (Cmscon)

Formula5Cmsab1DCmso1DCmsc5 100:581 5:031 15:845 121:45
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12. Row (340), parameter (number of management personnel),
unit (�), variable name (Nmsm)

Formula5 INT
51 Wacs

55;000

2

 !
5 INT

51 120;000
55;000

2

 !
5 3

13. Row (341), parameter (O&M management cost), unit (M$/a),
variable name (Cmsm)

Formula5
Nmsm3 Smm

1;000;000
5

33 200;000

1;000;000
5 0:6

14. Row (342), parameter (number of labor personnel), unit
(�), variable name (Nmsl)

Formula5 INT

2643Wacs
63 1;000;000

� �0:4
3 18

1:4

0
B@

1
CA

5 INT

2643 120;000
63 1;000;000

� �0:4
3 18

1:4

0
B@

1
CA5 25

15. Row (343), parameter (O&M labor cost), unit (M$/a), vari-
able name (Cmsl)

Formula5
Nmsl3 Sml

1;000;000
5

253 100;000

1;000;000
5 2:5

16. Row (344), parameter (annual materials cost), unit (M$/a),
variable name (Csmt)

Formula5
cmm3Fma1 cmsp3Fpp1 cmcpr1 cmcpoð Þ3Wpms

1;000;000

5
0:063 1:011 0:043 1:0121 0:031 0:03ð Þ3 39; 858;000

1;000;000

5 6:420

17. Row (345), parameter (annual insurance cost), unit (M$/a),
variable name (Csins)

Formula5
kmi

100

� �
3Cmscon5

0:5

100

� �
3 121:455 0:607

18. Row (346), parameter (water plant O&M cost), unit (M$/a),
variable name (Cmsom)

Formula5Cmsm1Cmsl1Csmt1Csins

5 0:61 2:51 6:421 0:615 10:13
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12.1.9 Power plant
1. Row (394), parameter (levelized fixed charge rate), unit (%),

variable name (lfc)
The annuity function in the interest rate and plant economic

life as a parameter (resulting in the annual payment for an
annuity per $ invested)

Formula5PMT
ir

100
;Lep; 2 1

� �
3 100

We use5
ir=100

12 11ir=100
� �2n 3 1005

0:08

12 110:08ð Þ210
3 1005 14:9

12.1.10 Stand-alone reverse osmosis plant
1. Row (427), parameter (installed water plant production

capacity), unit (m3/d), variable name (Wacs1)

Formula5Wacs5 120;000

2. Row (428), parameter (annual average water production),
unit (m3/a), variable name (Wpms1)

Formula5Wpms5 39; 858;000

3. Row (429), parameter (total construction cost), unit (M$),
variable name (Cmscon1)

Formula5Cmscon5 121:45

4. Row (430), parameter (interest during construction), unit
(M$), variable name (IDCs)

Formula5Cmscon13 11
ir

100

� �Lm=24

2 1

 !
5 121:453 11

8

100

� �24=24

2 1

 !
5 9:716

5. Row (431), parameter (total investment), unit (M$), variable
name (Cmsinv)

Formula5Cmscon11 IDCs5 121:451 9:725 131:17

6. Row (432), parameter (specific investment cost), unit
[$/(m3/d)], variable name (csmsinv)

Formula5
1;000;0003Cmsinv

Wacs1
5

1;000;0003 131:17

120;000
5 1093
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7. Row (433), parameter (annual water plant fixed charge),
unit (M$/a), variable name (amsfc)

Formula5
Cmsinv3 lfc

100
5

131:173 14:9

100
5 19:54

8. Row (434), parameter (annual water plant electric power
cost), unit (M$/a), variable name (amsepc)

The total stand-alone power use time times the com-
bined power/water plant load factor times the number of
hours per year times the levelized power cost. This term is
ignored in the case of no power generation in the plant

9. Row (435), parameter (annual water plant purchased elec-
tric power cost), unit (M$/a), variable name (amsepu)

Formula5
Cpe3 10003 Apm2Acpmð Þ3 87603Qms

1;000;000

5
0:063 10003 0:9102 0ð Þ3 87603 26:77

1;000;000
5 12:80

10. Row (436), parameter (annual water plant O&M cost), unit
(M$/a), variable name (Cmsom1)

Formula5Cmsom5 10:13

11. Row (437), parameter (total annual required revenue), unit
(M$/a), variable name (amsrev)

Formula5 amsfc1 amsepc1 amsepu1Cmsom1

5 19:541 01 12:801 10:135 42:47

12. Row (438), parameter (total water cost), unit ($/m3), vari-
able name (Wmst)

Formula5
1;000;0003 amsrev

Wpms1
5

1;000;0003 42:47

39; 858;000
5 1:065

When the average management and labor salaries are changed
to $100,000 and $50,000, respectively, the total water cost becomes
1.027 $/m3. When the purchased electricity cost is changed to
0.05 $/kW(e)h, the total water cost becomes 1.012 $/m3.

The entire procedure is summarized in Scheme 12.1
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Appendix

Table A1 Some important parameters.

Avogadro number 6.023 3 1023 /mol

Boltzmann constant 1.381 3 10223 J/K

Collision diameter of nitrogen 0.364 nm

Collision diameter of oxygen 0.346 nm

Collision diameter of water 0.264 nm

Dielectric constant of water 78.54

Diffusion constant of Na1 in water 0.8443 1029 m2/s

Diffusion constant of Cl2 in water 1.503 3 1029 m2/s

Diffusion constant of NaCl in water (0.05 mol/L, 18�C) 1.26 3 1029 m2/s

Electric charge 1.602 3 10219 C

Radius of Na1 ion 0.1840 nm

Radius of Cl2 ion 0.1207 nm

Gas constant 8.314 J/mol K

Table A2 Kinematic viscosity and density of water.

Temperature
(˚C)

Kinematic viscosity 3 106

(m2/s)
Density
(kg/m3)

5 1.5182 1

10 1.3063 0.9997

15 1.1386 0.9991

20 1.0034 0.9982

25 0.8926 0.997

30 0.8007 0.9956

35 0.7234 0.994

40 0.6579 0.9922

45 0.6017 0.9902

50 0.5531 0.988

55 0.5109 0.9857

60 0.474 0.9832

65 0.4415 0.9806

70 0.4127 0.9778

75 0.3872 0.9748

80 0.3643 0.9718

Source: Anton Paar, https://wiki.anton-paar.com/ca-en/water/.
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Table A3 Surface tension of water�air at different temperatures.

Temperature (˚C) Surface tension (N/m)

0 0.0757

10 0.0742

20 0.0728

30 0.0712

40 0.0696

50 0.0679

60 0.0662

70 0.0644

80 0.0626

90 0.0608

100 0.0588

Table A4 Data for the system NaCl-H2O at 25˚C.

Molality Solute
concentration
(wt.%)

Osmotic
pressure
(bar)

Density of
solution 3 1023

(kg/m3)

Kinematic
viscosity 3 106

(m2/s)

Solute diffusivity
(m2/s 3 109, m2/s)

0 0 0 0.9971 0.8963 1.610

0.1 0.5811 4.62 1.0011 0.9009 1.483

0.2 1.1555 9.17 1.0052 0.9054 1.475

0.3 1.7233 13.7 1.0091 0.9100 1.475

0.4 2.2846 19.5 1.0130 0.9147 1.475

0.5 2.8395 22.8 1.0169 0.9193 1.475

0.6 3.3882 27.4 1.0208 0.9242 1.475

0.7 3.9307 32.1 1.0248 0.9290 1.475

0.8 4.4671 36.8 1.0286 0.9338 1.477

0.9 4.9976 41.6 1.0322 0.9389 1.480

1.0 5.5222 46.4 1.0357 0.9440 1.483

1.2 6.5543 56.1 1.0427 0.9567 1.488

1.4 7.5640 66.1 1.0505 0.9685 1.492

1.6 8.5522 76.5 1.0581 0.9802 1.497

1.8 9.5194 87.0 1.0653 0.9923 1.505

2.0 10.4665 97.8 1.0722 1.0044 1.513
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Molality Solute
concentration
(wt.%)

Osmotic
pressure
(bar)

Density of
solution 3 1023

(kg/m3)

Kinematic
viscosity 3 106

(m2/s)

Solute diffusivity
(m2/s 3 109, m2/s)

2.2 11.3939 108.9 1.0790 1.0206 1.521

2.4 12.3022 120.3 1.0859 1.0365 1.530

2.6 13.1922 132.0 1.0927 1.0523 1.539

2.8 14.0642 144.0 1.0991 1.0683 1.548

3.0 14.9190 156.5 1.1056 1.0840 1.556

3.2 15.7568 169.1 1.1121 1.1047 1.565

3.4 16.5784 182.8 1.1185 1.1252 1.570

3.6 17.3840 195.4 1.1247 1.1457 1.575

3.8 18.1743 209.2 1.1309 1.1660 1.580

4.0 18.9496 223.3 1.1369 1.1862 1.585

4.2 19.7103 237.6 1.1429 1.2108 1.589

4.4 20.4569 252.4 1.1490 1.2350 1.594

4.6 21.1897 267.4 1.1550 1.2591 1.593

4.8 21.9092 283.0 1.1608 1.2832 1.593

5.0 22.6156 298.7 1.1666 1.3070 1.592

5.2 23.3093 315.0 1.1723 1.592

5.4 23.9908 331.4 1.1778 1.591

5.6 24.6602 348.5 1.1832 1.590

5.8 25.3179 365.7 1.1887

6.0 25.9643 383.3 1.1941

Table A5 Osmotic pressure of sea salt solutions at different temperatures (bar).

Temperature (˚C) Salts (wt.%)

1.0 2.0 3.45 5.0 7.5 10.0 15.0 20.0 25.0

25 7.2 14.5 25.4 38.0 60.1 85.1 147 233 355

40 7.5 15.1 26.6 39.8 63.2 90.2 155 243 365

60 7.6 15.9 28.0 42.0 66.8 95.2 164 253 385

80 8.2 16.6 29.3 43.9 69.7 99.2 170 263 395

100 8.5 17.1 30.3 45.3 72.0 102 175 274 405

Source: From Sourirajan, S., 1970. Reverse Osmosis. Academic Press, New York, NY.
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Table A6 Osmotic pressure of seawater at various temperatures and concentrations of
dissolved solids (bar).

Salt (wt.%) Temperature (˚C)

0 4.44 15.6 26.7 37.8 48.9 60 71.1 82.2 93.3 100

2 12.7 13.38 11.77 12.48 15.04 16.12 15.98 14.34 12.17 9.83 9.22

4 24.66 25.57 26.13 26.94 27.06 31.04 30.39 28.54 26.76 25.00 24.40

6 38.00 38.58 41.34 43.03 44.42 48.64 49.00 46.62 42.04 40.10 39.74

8 52.48 53.88 59.88 61.94 63.42 68.38 69.17 65.96 63.02 60.14 59.83

10 71.55 68.88 77.50 83.31 86.65 90.54 89.18 85.00 83.51 83.29 82.76

12 89.63 87.39 99.06 107.2 111.7 114.4 113.3 111.5 111.0 108.8 107.7

14 109.0 112.6 121.7 133.1 139.5 142.2 141.3 140.3 141.7 137.0 135.2

16 132.7 130.8 146.0 161.2 170.9 171.5 173.1 173.9 173.1 170.2 167.1

18 151.9 158.6 162.8 195.0 186.5 207.7 208.0 209.6 208.2 206.7 204.3

20 180.2 187.9 209.0 228.5 239.2 240.9 240.6 245.4 248.3 247.4 244.9

22 212.7 237.0 246.2 266.7 277.6 279.6 280.6 287.9 293.9 295.6 294.9

24 251.5 264.1 290.6 309.9 321.0 322.1 328.6 336.7 364.0 345.4 345.0

26 349.3 306.8 338.2 355.9 367.1 367.7 376.3 387.4 402.8 403.4 405.2

Source: From Sourirajan, S., 1970. Reverse Osmosis. Academic Press, New York, NY.

Table A7 Viscosity of gases.

Gas Viscosity 3 1025 (Pa s)
Temperature (˚C)

0 20 50 100

Air 1.73 1.82 1.96 2.20

Ammonia 0.92 0.99 1.10 1.30

Argon 2.1 2.23 2.42 2.73

Benzene 0.7 0.75 0.81 0.94

Carbon dioxide 1.37 1.47 1.61 1.85

Carbon monoxide 1.66 1.74 1.88 2.10

Chlorine 1.23 1.32 1.45 1.69

Chloroform 0.94 1.01 1.11 1.28

Ethylene 0.97 1.03 1.12 1.28

Helium 1.87 1.96 2.10 2.32

Hydrogen 0.84 0.88 0.94 1.04

Methane 1.03 1.10 1.19 1.35

Neon 2.98 3.13 3.36 3.70

Nitrogen 1.66 1.76 1.89 2.12
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Gas Viscosity 3 1025 (Pa s)
Temperature (˚C)

Nitrous oxide 1.37 1.47 1.61 1.84

Oxygen 1.95 2.04 2.18 2.44

Steam 0.92 0.97 1.06 1.24

Sulfur dioxide 1.16 1.26 1.40 1.64

Xenon 2.12 2.28 2.51 2.88

Source: The Engineering ToolBox, https://www.engineeringtoolbox.com/gases-absolute-dynamic-viscosity-d_1888.html.

Table A8 CO2 permeability and CO2/CH4 permeability ratio for some polymers.

Polymer CO2 permeability (Barrer) CO2/CH4 permeability ratio

PTMSP 33100 2.0

Silicone rubber 3200 3.4

Natural rubber 130 4.6

Polystyrene 11 8.5

Polyamide (Nylon 6) 0.16 11.2

Polyvinyl chloride 0.16 15.1

Polycarbonate (Lexan) 10.0 26.7

Polysulfone 4.4 30.0

Polyethylene terephthalate (Mylar) 0.14 31.6

Cellulose acetate 6.0 31.0

Polyetherimide (Ultem) 1.5 45.0

Polyethersulfone (Victrex) 3.4 50.0

Polyimide (Kapton) 0.2 64.0

Source: From Mulder, M., 1996. Basic Principles of Membrane Technology, second ed. Kluwer Academic Publisher B.V., The
Netherlands.

Table A9 Gas permeability through polymer.

Polymer Permeability (barrer)

CH4 N2 O2 CO2 H2 He

Bisphenol-A polycarbonate 0.36 0.38 1.6 6.8 13.3 14

Bisphenol-A polysulfone 0.25 0.25 1.4 5.6 14 13

Tetramethyl bisphenol-A polycarbonate 0.89 1.1 5.6 18.6 � 46
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Polymer Permeability (barrer)

CH4 N2 O2 CO2 H2 He

Tetramethyl bisphenol-A polysulfone 0.95 1.06 5.6 21 32 41

Tetrachloro bisphenol-A polycarbonate 0.22 0.36 2.3 6.7 27.4

Tetrabromo bisphenol-A polycarbonate 0.12 0.20 1.5 4.2 18

Hexafluoro bisphenol-A polycarbonate 1.05 1.7 6.9 24 43 60

Hexafluoro bisphenol-A polysulfone 0.55 0.67 3.4 12 27 33

Tetramethyl hexafluoro bisphenol-A polycarbonate 4.7 7.7 32 111 206

Tetramethyl hexafluoro bisphenol-A polysulfone 3.0 4.0 18 72 126 113

Tetrabromo hexafluoro bisphenol-A polycarbonate 0.89 1.8 9.7 32 100

Bisphenol-F polysulfone 0.19 0.20 1.1 4.5 10.6 10

Bisphenol-O polysulfone 0.18 0.196 1.1 4.3 10.4 10

Tetramethyl bisphenol-F polysulfone 0.58 0.61 3.3 5.5 15 29

Bisphenol polysulfone 0.25 0.24 1.3 5.6 14 12

Tetramethyl bisphenol polysulfone 1.27 1.21 5.8 31.8 28 36

1,5-dihydroxynaphthalene polysulfone 0.036 0.057 0.42 1.6 8.1 9.4

PMDA-ODA 0.059 0.10 0.61 2.7 8.0

PMDA-MDA 0.093 0.20 0.98 4.0 9.4

PMDA-IPDA 0.90 1.5 7.1 27 37.1

Bisphenol-P polysulfone 0.34 0.32 1.8 6.8 17 14

Tetramethyl bisphenol-P polysulfone 0.60 0.57 3.2 13.2 36 32

6FDA-ODA 0.38 0.83 4.34 23 51.5

6FDA-MDA 0.42 0.81 4.6 19 50

6FDA--IPDA 0.70 1.34 7.5 30 71.2

Dimethyl bisphenol-A polysulfone 0.07 0.091 0.64 2.1 11 12

Bisphenol of norbornane polycarbonate 0.48 0.47 2.4 9.1 22 19

Bisphenol-Z polycarbonate 0.092 0.105 0.60 2.2 9.1 10

Bisphenol of chloral polycarbonate 0.23 0.27 1.4 5.6 12.4 12

Hexamethyl bisphenol polysulfone 0.94 1,2 6.0 25.5 63 53

BTDA-6FpDA 0.155 0.31 1.9 7.3

6FDA-6FpDA 1.6 3.4 16 64 137

Bisphenol-Z polysulfone 0.10 0.11 0.74 2.54 11.7 11.7

Dimethyl bisphenol-Z polysulfone 0.041 0.057 0.41 1.4 9.2 11

Polyester of bisphenol-A and terephthalic diacid chloride 0.68 0.625 2.5 11.6 16.8

Polyester of hexafluoro bisphenol-A and terephthalic diacid chloride 2.74 2.95 11.8 47.1 78.1�

Polyester of 6,6’-dihydroxy-3,3,3’,3’-tetramethyl-1,1’-spirobiindane and

terephthalic diacid chloride

4.2 2.98 13.4 55.7 68.0

Bisphenol-A polyetherimide 0.0356 0.0526 0.40 1.3 9.4

6,6’-Dihydroxy-3,3,3’,3’-tetramethyl-1,1’-spirobiindane polyetherimide 0.155 0.203 1.4 4.5 20.7

Polyester of bisphenol-A and 4,4’ biphenol diacid chloride 0.289 0.255 1.2 5.6 9.1

Polyester of bisphenol-A and 9H-fluorenone-2,7-dicarboxylic acid chloride 0.208 0.25 1.6 6.0 18.2

Polyester of hexafluoro bisphenol-A and 4,4’ biphenol diacid chloride 1.53 1.72 7.4 31.4 47.6

Polyester of hexafluoro bisphenol-A and 9H-fluorenone-2,7-dicarboxylic acid

chloride

0.981 1.44 7.2 29.9 61.7
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Polymer Permeability (barrer)

CH4 N2 O2 CO2 H2 He

12 hydrogen poly(ether ketone) 0.22 0.21 1.1 4.4 12.4 11.8

6 hydrogen 6 fluorine poly(ether ketone) 0.345 0.44 2.4 8.0 22.8 26.4

12 fluorine poly(ether ketone) 0.477 0.76 3.7 11.5 31.4 42.0

Poly(1,4-phenylene sulfide) 0.066 0.046 0.38 1.6 5.15

Poly(2,6-dimethyl-1,4-phenylene oxide) 4.1 3.5 14.6 65.5 82.3

Poly(2,6-diphenyl-1,4-phenylene oxide) 2.7 1.5 7.7 39.9 32.7

Bisphenol-A poly(bisketone) 0.14 0.13 0.75 3.3 8.9 8.9

Bisphenol-S poly(bisketone) 0.12 0.11 0.64 3.27 8.3 7.7

Bisphenol-A poly(bissulfone) 0.5 0.47 2.39 10.8 20.1 16.9

Polyarylate 0.40 0.33 1.7 7.5 14.0

Polyhydroxy ether 0.019 0.015 0.10 0.40 2.5

Poly(bisphenol-A tetrabutyl isophthalate) 1.43 1.17 5.95 24.2 41.9 34.3

PhTh/IA Poly(phenolphthalein isophthalate) 0.167 0.264 1.52 6.74 14.7 14.7

Poly(phenolphthalein tetrabutyl isophthalate) 1.16 1.06 5.6 23.8 41.3 35.6

Poly(fluorene bisphenol isophthalate) 0.616 0.556 3.03 10.3 26.1 22.3

Poly(fluorene bisphenol tetrabutyl isophthalate) 2.38 1.94 9.55 36.8 63.1 45.9

PhAnthr/IA Poly(phenolphthalein isophthalate) 0.334 0.342 2.05 9.0 19.7 18.0

Poly(tetrabromo bisphenol-A isophthalate) 0.142 0,178 1.29 4.93 17.8 16.3

Poly(tetrabromo bisphenol-A tetrabutyl isophthalate) 0.853 0.89 5.66 21.5 53.9 41.6

Poly(tetrabromo phenolphthalein isophthalate) 0.206 0.282 1.96 8.34 27.1 23.4

Poly(tetrabromo phenolphthalein tetrabutyl isophthalate) 1.09 1.19 7.41 30.6 67.4 51.3

Poly(tetrabromoflorene isophthalate) 0.567 0.704 4.83 20.4 62.2 38.5

Poly(tetrabromoflorene tetrabutyl isophthalate) 2.77 2.85 16.8 69.5 1.37 94.4

Poly(hexafluoro bisphenol-A tetrabutyl isophthalate) 3.47 3.63 15.7 56.9 86.7 91.1

Bisphenol acetophenone polycarbonate 0.419 0.361 1.84 9.48 13.9

Fluorene bisphenol polycarbonate 0.581 0.592 3.18 15.1 21.8

Bisphenol acetophenone polysulfone 0.32 0.278 1.56 8.12 13.3

Fluorene bisphenol polysulfone 0.531 0.484 2.76 13.8 21.3

6FDA-m-PDA 0.14 0.363 2.61 8.23 20.3

6FDA-2,4-DATr 0.71 1.31 7.44 28.63 87.2

6FDA-3,5-DBTF 0.45 1.17 6.43 21.64 58.6

PMDA-4BDAF 0.36 0.66 2.9 11.8 24

6FDA-4BDAF 0.51 0.98 5.5 19 46

BPDA-6FpDA 0.761 1.21 6.65 27.4

BTDA-6FmDA 0.014 0.047 0.39 1.05

6FDA-6FmDA 0.08 0.261 1.8 5.1

Bisphenol-M polysulfone 0.11 0.11 0.69 2.8 10.6 11.7

Tetramethyl bisphenol-M polysulfone 0.28 0.28 1.8 7.0 20 21

Polyester of bisphenol-A and isophthalic diacid chloride 0.27 0.28 1.5 5.6 15.1

Polyester of hexafluoro bisphenol-A and isophthalic diacid chloride 0.61 0.89 4.2 14.9 41.1

Polyester of 6,6’-dihydroxy-3,3,3’,3’-tetramethyl-1,1’-spirobiindane and

isophthalic diacid chloride

1.14 1.0 5,3 18.9 39.1
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Polymer Permeability (barrer)

CH4 N2 O2 CO2 H2 He

PMDA-3BDAf 0.17 0.29 1.4 6.12 19

6FDA-3.3’-ODA 0.032 0.10 0.68 2.1 14

6FDA-3BDAF 0.13 0.24 1.35 6.3 21

6FDA-p-PDA 0.18 0.38 2.1 11.8 23

PMDA-3,3’-ODA 0.0080 0.018 0.13 0.50 3.6

Polyester of hexafluoro bisphenol-A isophthalate 0.799 1.11 5.23 19.1 37.3 47.8

3,4’-polysulfone 0.052 0.066 0.39 1.5 8.0 9.3

PMDA-mp’ODA 0.0258 0.0454 0.31 1.118 5.92

PMDA-BATPHF 0.937 1.50 7.06 24.6 50.4

BPDA-pp’ODA 0.0099 0.642 3.68

BPDA-BAPHF 0.145 0.245 1.54 4.69 17.3

BPDA-BATPHF 0.279 0.563 3.11 9.15 30.6

BTDA-pp’ODA 0.0109 0.0236 0.191 0.625 4.79

BTDA-BAPHF 0.105 0.195 1.14 4.37 16.1

BTDA-BATPHF 0.189 0.370 2.17 6.94 24.6

6FDA-mp’DA 0.125 0.259 1.57 6.11 23.7

6FDA-APAP 0.217 0.473 2.89 10.7 38.2

6FDA-BATPHF 0.703 1.30 6.50 22.8 55.4

6FDA-DAF 0.63 1.27 7.85 32.2 98.5

Poly(amide amino acid) of 2,2- and bis(3,4-dicarboxyphenyl)

hexafluoropropane dianhydride tetraaminodiphenyl ether

0.087 0.17 0.97 3.69 18.9

Polypyrrolone of 2,2- bis(3,4-dicarboxyphenyl) hexafluoropropane dianhydride

tetraaminodiphenyl ether

0.54 1.2 7.9 27.6 89.0

Source: Park, J.Y., Paul, D.R., 1997. Correlation and prediction of gas permeability in glassy polymer membrane materials via a modified
free volume based group contribution method. J. Membr. Sci. 125, 23�39.

Table A10 Contact angle of water for different polymers.

Polymer Contact angle (in degrees)

Polyvinyl alcohola 51

Polyvinyl acetatea 60.6

Nylon 6a 62.6

Polyethylene oxidea 63

Nylon 6,6a 68.3

Nylon 7,7a 70

Polysulfonea 70.5

Polymethyl methacrylatea 70.9

Nylon 12a 72.4
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Polymer Contact angle (in degrees)

Polyethylene terephthalatea 72.5

Epoxidesa 76.3

Polyoximethylenea 76.8

Polyvinylidene chloridea 80

Polyphenylene sulfidea 80.3

Acrylonitrile butadiene stylenea 80.9

Nylon 11a 82

Polycarbonatea 82

Polyvinyl fluoridea 84.5

Polyvinyl chloridea 85.6

Nylon 8,8a 86

Nylon 9,9a 86

Polystyrenea 87.4

Polyvinylidene fluoridea 89

Poly n-butyl methacrylatea 91

Polytrifluoroethylenea 92

Nylon 10,10a 94

Polybutadienea 96

Polyethylenea 96

Polychlorotrifluoroethylenea 99.3

Polypropylenea 102.1

Polydimethylsiloxanea 107.2

Poly t-butyl mathacrylatea 108.1

Fluorinated ethylene propylenea 108.5

Hexatriacontanea 108.5

Paraffina 108.9

Polytetrafluoroethylenea 109.2

Poly(hexafluoropropylene)a 112

Polyisobutylenea 112.1

aDiversified Enterprises, https://www.accudynetest.com/polytable_03.html?sortby5 contact_angle.

Table A11 Saturation vapor pressure and heat of vaporization of water.

Temperature (˚C) Saturation vapor pressure (kPa) Heat of vaporization (kJ/kg)

0 0.611 2501.7

5 0.872 2489.7

10 1.227 2477.9

15 1.704 2466.1

20 2.337 2454.3
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Temperature (˚C) Saturation vapor pressure (kPa) Heat of vaporization (kJ/kg)

25 3.166 2442.5

30 4.241 2430.7

35 5.622 2418.8

40 7.375 2406.9

45 9.582 2394.9

50 12.34 2382.9

55 15.74 2370.8

60 19.92 2358.6

65 25.01 2346.3

70 31.16 2334.0

75 38.55 2321.5

80 47.36 2308.8

85 57.80 2296.1

90 70.11 2283.2

95 84.53 2270.2

100 101.33 2256.9

Source: Smith, J.M., Van Ness, H.C., Abbott, M.M., 1996. Introduction to Chemical Engineering Thermodynamics, 5th ed. McGraw-Hill.

Table A12 Thermal conductivity of gases (at 100 kPa or at saturation vapor pressure when it
is below 100 kPa).

Gas Thermal conductivity 3 103 (W/m K)
Temperature (K)

300 400

Air 26.2 33.3

Argon 17.9 22.6

Boron trifluoride 19.0 24.6

Hydrogen (low pressure) 186.9 230.4

Sulfur hexafluoride (low pressure) 13.0 20.6

Water 18.7 27.1

Hydrogen sulfide 14.6 20.5

Ammonia 24.4 37.4

Helium (low pressure) 156.7 190.6

Krypton (low pressure) 9.5 12.3

Nitric oxide 25.9 33.1

Nitrogen 26.0 32.3

Nitrous oxide 17.4 26.0

Neon (low pressure) 49.8 60.3
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Gas Thermal conductivity 3 103 (W/m K)
Temperature (K)

Oxygen 26.3 33.7

Sulfur dioxide 9.6 14.3

Xenon (low pressure) 5.5 7.3

Dichlorodifluoromethane 9.9 15.0

Tetrafluoromethane (low pressure) 16.0 24.1

Carbon monoxide (low pressure) 25.0 32.3

Carbon dioxide 16.8 25.1

Trichloromethane 7.5 11.1

Methane 34.1 49.1

Methanol � 26.2

Acetylene 21.4 33.3

Ethylene 20.5 34.6

Ethane 21.3 35.4

Ethanol 14.4 25.8

Acetone 11.5 20.2

Propane 18.0 30.6

Butane 16.4 28.4

Pentane 14.4 24.9

Hexane � 23.4

Source: Engineer’s Edge, https://www.engineersedge.com/heat_transfer/thermal-conductivity-gases.htm.

Table A13 Thermal conductivity of polymers.

Polymer Thermal conductivity (W/m K)

Acrylonitrile butadiene styrene 0.130�0.190

Acrylonitrile styrene acrylate 0.170

Acrylonitrile styrene acrylate/polycarbonate blend 0.170

Cellulose acetate 0.250

Cellulose acetate butyrate 0.250

Cellulose propionate 0.190

Chlorinated polyvinyl chloride 0.160

ECTFE 0.150

Ethylene vinyl alcohol 0.340�0.360

Fluorinated ethylene propylene 0.250

High-density polyethylene 0.45�0.50

High-impact polystyrene 0.110�0.0.140

(Continued )
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Polymer Thermal conductivity (W/m K)

Ethylene methyl acrylate copolymer 0.230�0.250

Low-density polyethylene 0.320�0.350

Linear low-density polyethylene 0.350�0.450

Polyamide (PA) 46 0.300

PA 6 0.240

PA 6-10 0.210

PA 66 0.250

PA 66 impact modified 0.240�0.450

Polyamideimide 0.240�0.540

Polyarylate 0.180�0.210

Polybutylene terephthalate 0.210

Polycarbonate, high heat 0.210

Polyetheretherkotone 0.250

Polyetherimide 0.220�0.250

Polyetherketoneketone 1.750

Polyethersulfone 0.170�0.190

Polyethylene terephthalate 0.290

Polyethylene terephthalate glycol 0.190

Perfluoroalkoxy 0.190�0.260

Polyimide 0.100�0.350

Polylactide 0.100�0.195

Polymethylmethacrylate/acrylic (PMMA/acrylic) 0.150�0.250

PMMA/acrylic impact modified 0.200�0.220

Polyoxymethylene (acetal) 0.310�0.370

Polypropylene copolymer 0.150�0.210

Polypropylene homopolymer 0.150�0.210

Polyphenylene ether 0.160�0.220

Polyphenylene sulfide 0.2900.320

Polysulfone 0.120�0.260

Polytetrafluoroethylene 0.240

Polyvinyl chloride (PVC), plasticized 0.160

PVC rigid 0.160

Polyvinylidene chloride 0.160�0.200

Polyvinylidene fluoride 0.180

Styrene acrylonitrile 0.150

Stylene maleic anhydride 0.170

Source: OMNEXUS, https://omnexus.specialchem.com/polymer-properties/properties/thermal-insulation https://omnexus.specialchem.
com/polymer-properties/properties/thermal-insulation https://omnexus.specialchem.com/polymer-properties/properties/thermal-
insulation.
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