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1. Oscilações acopladas!
• Consideremos dois osciladores acoplados:

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

x

m1 = m2 = m

<latexit sha1_base64="j58CQbog/ZFD04raawp1BwtKd6E=">AAAB9HicbVDLSgNBEOyNrxhfUY8iDAbBU9iN0eQiBLzkGME8IC5hdjKbDJnZXWdmAzHkO7x4UMSrH+EnePPkrzjZRFBjQTdFVTfdlBdxprRtf1ippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7ic+s0hlYqFwbUeRdQVuBcwnxGsjeSKjoMukOgUkp7N2Xk7AVokzpzkKodvd0Txz1on+37TDUksaKAJx0q1HTvS7hhLzQink8xNrGiEyQD3aNvQAAuq3HHy9AQdG6WL/FCaCjRK1J8bYyyUGgnPTAqs++qvNxX/89qx9svumAVRrGlAZof8mCMdomkCqMskJZqPDMFEMvMrIn0sMdEmp0wSwnmpXDx10CL5DqFRyDvF/NmVSaMKM6ThAI7gBBwoQQWqUIM6ELiFe3iEJ2toPVjP1stsNGXNd/bhF6zXL0qYlHY=</latexit>

• Dois métodos de solução:   1. Mudança de variáveis   e   2. Matrizes!

sistema acoplado de equações diferenciais!

m
d2x1

dt2
= �k(x1 � `) + k(x2 � x1 � `)

m
d2x2

dt2
= �k(x2 � 2`)� k(x2 � x1 � `)

<latexit sha1_base64="pAKSRhxHgdgXOLl79NXx8YIQoRQ="></latexit>

• agora definimos:

x0
1 = x1 � ` e x0

2 = x2 � 2`

<latexit sha1_base64="qB+SFvybr7evLZ0j6CfNQliiS/0="></latexit>

m
d2x0

1

dt2
= �kx0

1 + k(x0
2 � x0

1)

m
d2x0

2

dt2
= �kx0

2 � k(x0
2 � x0

1)

<latexit sha1_base64="GjKOoaCZS0gUNqEeFTS33CzasyA="></latexit>

=)

<latexit sha1_base64="Ltw8iAdMmBdvsrbyg/uZ/7iQIGM=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXJUZrbbLgpsuXFSwD2iHkkkz09BMMiQZpQ79JW5cKOLWn+LOf2M6HUGtBwIf59xLLsePGVXacT6tldW19Y3NwlZxe2d3r2TvH3SUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/cnVPO/eEamo4Ld6GhMvQiGnAcVIG2tolwbXgoeShmONpBT3Q7vsVJxMcBncHMogV2tofwxGAicR4RozpFTfdWLtpUhqihmZFQeJIjHCExSSvkGOIqK8NDt8Bk+MM4KBkOZxDTP350aKIqWmkW8mI6TH6m82N//L+okO6l5KeZxowvHioyBhUAs4bwGOqCRYs6kBhCU1t0I8RhJhbboqZiVc1urVcxcuw3cJnbOKW61c3FTLjWZeRwEcgWNwClxQAw3QBC3QBhgk4BE8gxfrwXqyXq23xeiKle8cgl+y3r8AaJyT2A==</latexit>

3l
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(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

x

m1 = m2 = m

<latexit sha1_base64="j58CQbog/ZFD04raawp1BwtKd6E=">AAAB9HicbVDLSgNBEOyNrxhfUY8iDAbBU9iN0eQiBLzkGME8IC5hdjKbDJnZXWdmAzHkO7x4UMSrH+EnePPkrzjZRFBjQTdFVTfdlBdxprRtf1ippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7ic+s0hlYqFwbUeRdQVuBcwnxGsjeSKjoMukOgUkp7N2Xk7AVokzpzkKodvd0Txz1on+37TDUksaKAJx0q1HTvS7hhLzQink8xNrGiEyQD3aNvQAAuq3HHy9AQdG6WL/FCaCjRK1J8bYyyUGgnPTAqs++qvNxX/89qx9svumAVRrGlAZof8mCMdomkCqMskJZqPDMFEMvMrIn0sMdEmp0wSwnmpXDx10CL5DqFRyDvF/NmVSaMKM6ThAI7gBBwoQQWqUIM6ELiFe3iEJ2toPVjP1stsNGXNd/bhF6zXL0qYlHY=</latexit>

 1. Mudança de variáveis:

somando e subtraindo estas equações: 

3l

m
d2x0

1

dt2
= �kx0

1 + k(x0
2 � x0

1)

m
d2x0

2

dt2
= �kx0

2 � k(x0
2 � x0

1)

<latexit sha1_base64="GjKOoaCZS0gUNqEeFTS33CzasyA="></latexit>

m
d2

dt2
(x0

1 + x0
2) = �k(x0

1 + x0
2)

m
d2

dt2
(x0

2 � x0
1) = �3k(x0

2 � x0
1)

<latexit sha1_base64="Aa933XW/l4DNMfi55c2BGKVlu1Y="></latexit>

Defino q1 =
x0
1 + x0

2

2
e q2 =

x0
2 � x0

1

2

<latexit sha1_base64="CAbRoYC8474VIukqJ3m21BC7PxU="></latexit>

m
d2q1
dt2

= �kq1

m
d2q2
dt2

= �3kq2

<latexit sha1_base64="X5fiHUy3x8TLPf5TxhgBk46qNvQ="></latexit>
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=)

<latexit sha1_base64="Ltw8iAdMmBdvsrbyg/uZ/7iQIGM=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXJUZrbbLgpsuXFSwD2iHkkkz09BMMiQZpQ79JW5cKOLWn+LOf2M6HUGtBwIf59xLLsePGVXacT6tldW19Y3NwlZxe2d3r2TvH3SUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/cnVPO/eEamo4Ld6GhMvQiGnAcVIG2tolwbXgoeShmONpBT3Q7vsVJxMcBncHMogV2tofwxGAicR4RozpFTfdWLtpUhqihmZFQeJIjHCExSSvkGOIqK8NDt8Bk+MM4KBkOZxDTP350aKIqWmkW8mI6TH6m82N//L+okO6l5KeZxowvHioyBhUAs4bwGOqCRYs6kBhCU1t0I8RhJhbboqZiVc1urVcxcuw3cJnbOKW61c3FTLjWZeRwEcgWNwClxQAw3QBC3QBhgk4BE8gxfrwXqyXq23xeiKle8cgl+y3r8AaJyT2A==</latexit>

• q1 e q2 oscilam  com frequências diferentes


• q1 e q2 são chamados de modos/coordenadas normais


• x1 e x2 são superposições de osciladores harmônicos simples

m
d2q1
dt2

= �kq1

m
d2q2
dt2

= �3kq2

<latexit sha1_base64="X5fiHUy3x8TLPf5TxhgBk46qNvQ="></latexit>

d2q1
dt2

= �!2
0q1

d2q2
dt2

= �3!2
0q2

<latexit sha1_base64="B206rx2f91qFPdymcX0p06hqCas="></latexit>

x1 = q1 � q2

x2 = q1 + q2

<latexit sha1_base64="DxT9M3nwp0XtcCOAmjh4G+C+JM0=">AAACD3icbZDLSgMxFIYz9VbHW9Wlm2CxCGKZqdV2IxTcdFnBXqAzlEyatqGZzJhkpGXoG7jxVdy4UMStW3e+jZm2glp/yOHnO+eQ5PdCRqWyrE8jtbS8srqWXjc3Nre2dzK7ew0ZRAKTOg5YIFoekoRRTuqKKkZaoSDI9xhpesOrpN+8I0LSgN+ocUhcH/U57VGMlEadTC4HRx0bXsJbXU91LUDTcczcSJsZPElgJ5O18tZUcNHYc5MFc9U6mQ+nG+DIJ1xhhqRs21ao3BgJRTEjE9OJJAkRHqI+aWvLkU+kG0//M4FHmnRhLxD6cAWn9OdGjHwpx76nJ32kBvJvL4H/9dqR6pXdmPIwUoTj2UW9iEEVwCQc2KWCYMXG2iAsqH4rxAMkEFY6QnMawkWpXDyz4aL5DqFRyNvF/Pl1MVupzuNIgwNwCI6BDUqgAqqgBuoAg3vwCJ7Bi/FgPBmvxttsNGXMd/bBLxnvX96Ul8o=</latexit>

com
q1 = A1 cos(!0t+ '1)

q2 = A2 cos(
p
3!0t+ '2)

<latexit sha1_base64="5HhOAJRzHGMgB7b6pu7Etujqb4c="></latexit>
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x1 = q1 � q2

x2 = q1 + q2

<latexit sha1_base64="DxT9M3nwp0XtcCOAmjh4G+C+JM0=">AAACD3icbZDLSgMxFIYz9VbHW9Wlm2CxCGKZqdV2IxTcdFnBXqAzlEyatqGZzJhkpGXoG7jxVdy4UMStW3e+jZm2glp/yOHnO+eQ5PdCRqWyrE8jtbS8srqWXjc3Nre2dzK7ew0ZRAKTOg5YIFoekoRRTuqKKkZaoSDI9xhpesOrpN+8I0LSgN+ocUhcH/U57VGMlEadTC4HRx0bXsJbXU91LUDTcczcSJsZPElgJ5O18tZUcNHYc5MFc9U6mQ+nG+DIJ1xhhqRs21ao3BgJRTEjE9OJJAkRHqI+aWvLkU+kG0//M4FHmnRhLxD6cAWn9OdGjHwpx76nJ32kBvJvL4H/9dqR6pXdmPIwUoTj2UW9iEEVwCQc2KWCYMXG2iAsqH4rxAMkEFY6QnMawkWpXDyz4aL5DqFRyNvF/Pl1MVupzuNIgwNwCI6BDUqgAqqgBuoAg3vwCJ7Bi/FgPBmvxttsNGXMd/bBLxnvX96Ul8o=</latexit>

com
q1 = A1 cos(!0t+ '1)

q2 = A2 cos(
p
3!0t+ '2)

<latexit sha1_base64="5HhOAJRzHGMgB7b6pu7Etujqb4c="></latexit>

!0

<latexit sha1_base64="7NC20JUoH9RaJsg1TCinVKmUyFQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVansseOmxgv2AdinZNNuGJtk1yQql9E948aCIV/+ON/+N6XYFtT4YeLw3w8y8IOZMG9f9dHJr6xubW/ntws7u3v5B8fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuVn4nQeqNIvknZnG1Bd4JFnICDZW6vYjQUd44A6KJbfspkCrxMtICTI0B8WP/jAiiaDSEI617nlubPwZVoYRTueFfqJpjMkEj2jPUokF1f4svXeOzqwyRGGkbEmDUvXnxAwLracisJ0Cm7H+6y3E/7xeYsKaP2MyTgyVZLkoTDgyEVo8j4ZMUWL41BJMFLO3IjLGChNjIyqkIVxXa5VLD62S7xDaF2WvUr66rZTqjSyOPJzAKZyDB1WoQwOa0AICHB7hGV6ce+fJeXXelq05J5s5hl9w3r8A4IeQIA==</latexit>

p
3!0

<latexit sha1_base64="+2MuS+seOYSJGuDS5dtVC6xrZ5w=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJUZW22XBTddVrAP6AxDJk3b0GQyJplCGfpP3LhQxK3/xJ3/xnQ6gloPBD7OuZdcThgzqrTjfFqFjc2t7Z3ibmlv/+DwyD4+6SqRSEw6WDAh+yFShNGIdDTVjPRjSRAPGemF09tl3psRqaiI7vU8Jj5H44iOKEbaWIFte+pB6rS68AQnYxQ4gV12Kk4muA5uDmWQqx3YH95Q4ISTSGOGlBq4Tqz9FElNMSOLkpcoEiM8RWMyMBghTpSfZpcv4IVxhnAkpHmRhpn7cyNFXKk5D80kR3qi/mZL879skOhRw09pFCeaRHj10ShhUAu4rAEOqSRYs7kBhCU1t0I8QRJhbcoqZSXc1Bu1qgvX4buE7lXFrVWu72rlZiuvowjOwDm4BC6ogyZogTboAAxm4BE8gxcrtZ6sV+ttNVqw8p1T8EvW+xetkJPy</latexit>

q1 6= 0 e q2 = 0

<latexit sha1_base64="03V/KLYVtfnLCwj/TpL+aHH4Tjo=">AAACBHicbZBLSwMxFIUzPmt9jbrsJlgEV2WmVtuNUHDTZQX7gE4ZMumdNjSTmSYZsQxduPGvuHGhiFt/hDv/jdOHoNYDgY9z7iXJ8SLOlLasT2NldW19YzOzld3e2d3bNw8OmyqMJYUGDXko2x5RwJmAhmaaQzuSQAKPQ8sbXk3z1i1IxUJxo8cRdAPSF8xnlOjUcs3cyLWxIwBb2Bl44V2CAU/wyC3iS8s181bBmgkvg72APFqo7pofTi+kcQBCU06U6thWpLsJkZpRDpOsEyuICB2SPnRSFCQA1U1mn5jgk9TpYT+U6REaz9yfGwkJlBoHXjoZED1Qf7Op+V/WibVf6SZMRLEGQecX+THHOsTTRnCPSaCaj1MgVLL0rZgOiCRUp71lZyVclCulMxsvw3cJzWLBLhXOr0v5am1RRwbl0DE6RTYqoyqqoTpqIIru0SN6Ri/Gg/FkvBpv89EVY7FzhH7JeP8CSAKWNA==</latexit>

q1 = 0 e q2 6= 0

<latexit sha1_base64="T0sxBLMUsvaKQNWy/yNfPshLeO8=">AAACBXicbZBLSwMxFIUzPmt9VV3q4mIRXJWZWh8boeCmywrWFtphyKR3bGgmM00yYhm6ceNfceNCEbf+B3f+G6e1gq8DgY9z7iXJ8WPBtbHtd2tmdm5+YTG3lF9eWV1bL2xsXuooUQwbLBKRavlUo+ASG4Ybga1YIQ19gU2/fzbOm9eoNI/khRnG6Ib0SvKAM2oyyyvsDDwHTsGGTs+PblJAGMHAK0NHItheoWiX7IngLzhTKJKp6l7hrdONWBKiNExQrduOHRs3pcpwJnCU7yQaY8r69ArbGUoaonbTyS9GsJc5XQgilR1pYOJ+30hpqPUw9LPJkJqe/p2Nzf+ydmKCEzflMk4MSvZ5UZAIMBGMK4EuV8iMGGZAmeLZW4H1qKLMZMXlJyUcHZ9UDhz4C18lXJZLTqV0eF4pVmvTOnJkm+ySfeKQY1IlNVInDcLILbknj+TJurMerGfr5XN0xprubJEfsl4/AJ7+ll4=</latexit>

interpretação física



6

• Video interessante

https://www.youtube.com/watch?v=YyOUJUOUvso

https://www.youtube.com/watch?v=YyOUJUOUvso
https://www.youtube.com/watch?v=YyOUJUOUvso
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Generalização

somando e subtraindo estas equações: Defino q1 =
x0
1 + x0

2

2
e q2 =

x0
2 � x0

1

2

<latexit sha1_base64="CAbRoYC8474VIukqJ3m21BC7PxU="></latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

x

m1 = m2 = m

<latexit sha1_base64="j58CQbog/ZFD04raawp1BwtKd6E=">AAAB9HicbVDLSgNBEOyNrxhfUY8iDAbBU9iN0eQiBLzkGME8IC5hdjKbDJnZXWdmAzHkO7x4UMSrH+EnePPkrzjZRFBjQTdFVTfdlBdxprRtf1ippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7ic+s0hlYqFwbUeRdQVuBcwnxGsjeSKjoMukOgUkp7N2Xk7AVokzpzkKodvd0Txz1on+37TDUksaKAJx0q1HTvS7hhLzQink8xNrGiEyQD3aNvQAAuq3HHy9AQdG6WL/FCaCjRK1J8bYyyUGgnPTAqs++qvNxX/89qx9svumAVRrGlAZof8mCMdomkCqMskJZqPDMFEMvMrIn0sMdEmp0wSwnmpXDx10CL5DqFRyDvF/NmVSaMKM6ThAI7gBBwoQQWqUIM6ELiFe3iEJ2toPVjP1stsNGXNd/bhF6zXL0qYlHY=</latexit>

3l

(k0, `)

<latexit sha1_base64="PVt8kcoGyyDS1MvcOXedJKtcj/o=">AAAB+HicbZBLSwMxFIUz9VXro/WxcxMsQgUpM1ptlwUXdlnBPqAzlkx624ZmHiQZoR36S9y4UMSNC3+KO5f+E9OHoNYDgY9z7iWX44acSWWaH0ZiaXlldS25ntrY3NpOZ3Z26zKIBIUaDXggmi6RwJkPNcUUh2YogHguh4Y7uJzkjTsQkgX+jRqG4Hik57Muo0Rpq51J5wa3diiYByc2cH7czmTNvDkVXgRrDtlybvR59bofV9uZd7sT0MgDX1FOpGxZZqicmAjFKIdxyo4khIQOSA9aGn3igXTi6eFjfKSdDu4GQj9f4an7cyMmnpRDz9WTHlF9+TebmP9lrUh1S07M/DBS4NPZR92IYxXgSQu4wwRQxYcaCBVM34ppnwhCle4qNS3holgqnFl4Eb5LqJ/mrUL+/Fq3UUEzJdEBOkQ5ZKEiKqMKqqIaoihC9+gRPRkj48F4Nl5mowljvrOHfsl4+wJ87JY+</latexit>

m
d2x0

1

dt2
= �kx0

1 + k0(x0
2 � x0

1)

m
d2x0

2

dt2
= �kx0

2 � k0(x0
2 � x0

1)

<latexit sha1_base64="S+EJpTezyAx17IlfniVT9KxcYtg="></latexit>

m
d2

dt2
(x0

1 + x0
2) = �k(x0

1 + x0
2)

m
d2

dt2
(x0

2 � x0
1) = �(k + 2k0)(x0

2 � x0
1)

<latexit sha1_base64="iZ9Xrq/smA0AI7vQobo0kA2OZiE="></latexit>

m
d2q1
dt2

= �kq1

m
d2q2
dt2

= �(k + 2k0)q2

<latexit sha1_base64="egK3atGNZtjfEeYAX3FK9RsLtes="></latexit>
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=)

<latexit sha1_base64="Ltw8iAdMmBdvsrbyg/uZ/7iQIGM=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXJUZrbbLgpsuXFSwD2iHkkkz09BMMiQZpQ79JW5cKOLWn+LOf2M6HUGtBwIf59xLLsePGVXacT6tldW19Y3NwlZxe2d3r2TvH3SUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/cnVPO/eEamo4Ld6GhMvQiGnAcVIG2tolwbXgoeShmONpBT3Q7vsVJxMcBncHMogV2tofwxGAicR4RozpFTfdWLtpUhqihmZFQeJIjHCExSSvkGOIqK8NDt8Bk+MM4KBkOZxDTP350aKIqWmkW8mI6TH6m82N//L+okO6l5KeZxowvHioyBhUAs4bwGOqCRYs6kBhCU1t0I8RhJhbboqZiVc1urVcxcuw3cJnbOKW61c3FTLjWZeRwEcgWNwClxQAw3QBC3QBhgk4BE8gxfrwXqyXq23xeiKle8cgl+y3r8AaJyT2A==</latexit>

• q1 e q2 oscilam  com frequências diferentes


• q1 e q2 são chamados de modos/coordenadas normais


• x1 e x2 são superposições de osciladores harmônicos simples

x1 = q1 � q2

x2 = q1 + q2

<latexit sha1_base64="DxT9M3nwp0XtcCOAmjh4G+C+JM0=">AAACD3icbZDLSgMxFIYz9VbHW9Wlm2CxCGKZqdV2IxTcdFnBXqAzlEyatqGZzJhkpGXoG7jxVdy4UMStW3e+jZm2glp/yOHnO+eQ5PdCRqWyrE8jtbS8srqWXjc3Nre2dzK7ew0ZRAKTOg5YIFoekoRRTuqKKkZaoSDI9xhpesOrpN+8I0LSgN+ocUhcH/U57VGMlEadTC4HRx0bXsJbXU91LUDTcczcSJsZPElgJ5O18tZUcNHYc5MFc9U6mQ+nG+DIJ1xhhqRs21ao3BgJRTEjE9OJJAkRHqI+aWvLkU+kG0//M4FHmnRhLxD6cAWn9OdGjHwpx76nJ32kBvJvL4H/9dqR6pXdmPIwUoTj2UW9iEEVwCQc2KWCYMXG2iAsqH4rxAMkEFY6QnMawkWpXDyz4aL5DqFRyNvF/Pl1MVupzuNIgwNwCI6BDUqgAqqgBuoAg3vwCJ7Bi/FgPBmvxttsNGXMd/bBLxnvX96Ul8o=</latexit>

com

m
d2q1
dt2

= �kq1

m
d2q2
dt2

= �(k + 2k0)q2

<latexit sha1_base64="6izzaoPuO7wEVz6g8CCyEWxkJn0="></latexit>

d2q1
dt2

= �!2
0q1

d2q2
dt2

= �(!2
0 + !2

S)q2

<latexit sha1_base64="YlvM96gew8Rosx5XNgfsPhK2T2I="></latexit>

q1 = A1 cos(!0t+ '1)

q2 = A2 cos(
q
!2
0 + !2

S t+ '2)

<latexit sha1_base64="xHAzNziVOfmZRqFygTzzL+AMoAk="></latexit>

ω2
s = 2

k′￼

m
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x1 = q1 � q2

x2 = q1 + q2

<latexit sha1_base64="DxT9M3nwp0XtcCOAmjh4G+C+JM0=">AAACD3icbZDLSgMxFIYz9VbHW9Wlm2CxCGKZqdV2IxTcdFnBXqAzlEyatqGZzJhkpGXoG7jxVdy4UMStW3e+jZm2glp/yOHnO+eQ5PdCRqWyrE8jtbS8srqWXjc3Nre2dzK7ew0ZRAKTOg5YIFoekoRRTuqKKkZaoSDI9xhpesOrpN+8I0LSgN+ocUhcH/U57VGMlEadTC4HRx0bXsJbXU91LUDTcczcSJsZPElgJ5O18tZUcNHYc5MFc9U6mQ+nG+DIJ1xhhqRs21ao3BgJRTEjE9OJJAkRHqI+aWvLkU+kG0//M4FHmnRhLxD6cAWn9OdGjHwpx76nJ32kBvJvL4H/9dqR6pXdmPIwUoTj2UW9iEEVwCQc2KWCYMXG2iAsqH4rxAMkEFY6QnMawkWpXDyz4aL5DqFRyNvF/Pl1MVupzuNIgwNwCI6BDUqgAqqgBuoAg3vwCJ7Bi/FgPBmvxttsNGXMd/bBLxnvX96Ul8o=</latexit>

com

!0

<latexit sha1_base64="7NC20JUoH9RaJsg1TCinVKmUyFQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVansseOmxgv2AdinZNNuGJtk1yQql9E948aCIV/+ON/+N6XYFtT4YeLw3w8y8IOZMG9f9dHJr6xubW/ntws7u3v5B8fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuVn4nQeqNIvknZnG1Bd4JFnICDZW6vYjQUd44A6KJbfspkCrxMtICTI0B8WP/jAiiaDSEI617nlubPwZVoYRTueFfqJpjMkEj2jPUokF1f4svXeOzqwyRGGkbEmDUvXnxAwLracisJ0Cm7H+6y3E/7xeYsKaP2MyTgyVZLkoTDgyEVo8j4ZMUWL41BJMFLO3IjLGChNjIyqkIVxXa5VLD62S7xDaF2WvUr66rZTqjSyOPJzAKZyDB1WoQwOa0AICHB7hGV6ce+fJeXXelq05J5s5hl9w3r8A4IeQIA==</latexit>

q1 6= 0 e q2 = 0

<latexit sha1_base64="03V/KLYVtfnLCwj/TpL+aHH4Tjo=">AAACBHicbZBLSwMxFIUzPmt9jbrsJlgEV2WmVtuNUHDTZQX7gE4ZMumdNjSTmSYZsQxduPGvuHGhiFt/hDv/jdOHoNYDgY9z7iXJ8SLOlLasT2NldW19YzOzld3e2d3bNw8OmyqMJYUGDXko2x5RwJmAhmaaQzuSQAKPQ8sbXk3z1i1IxUJxo8cRdAPSF8xnlOjUcs3cyLWxIwBb2Bl44V2CAU/wyC3iS8s181bBmgkvg72APFqo7pofTi+kcQBCU06U6thWpLsJkZpRDpOsEyuICB2SPnRSFCQA1U1mn5jgk9TpYT+U6REaz9yfGwkJlBoHXjoZED1Qf7Op+V/WibVf6SZMRLEGQecX+THHOsTTRnCPSaCaj1MgVLL0rZgOiCRUp71lZyVclCulMxsvw3cJzWLBLhXOr0v5am1RRwbl0DE6RTYqoyqqoTpqIIru0SN6Ri/Gg/FkvBpv89EVY7FzhH7JeP8CSAKWNA==</latexit>

q1 = 0 e q2 6= 0

<latexit sha1_base64="T0sxBLMUsvaKQNWy/yNfPshLeO8=">AAACBXicbZBLSwMxFIUzPmt9VV3q4mIRXJWZWh8boeCmywrWFtphyKR3bGgmM00yYhm6ceNfceNCEbf+B3f+G6e1gq8DgY9z7iXJ8WPBtbHtd2tmdm5+YTG3lF9eWV1bL2xsXuooUQwbLBKRavlUo+ASG4Ybga1YIQ19gU2/fzbOm9eoNI/khRnG6Ib0SvKAM2oyyyvsDDwHTsGGTs+PblJAGMHAK0NHItheoWiX7IngLzhTKJKp6l7hrdONWBKiNExQrduOHRs3pcpwJnCU7yQaY8r69ArbGUoaonbTyS9GsJc5XQgilR1pYOJ+30hpqPUw9LPJkJqe/p2Nzf+ydmKCEzflMk4MSvZ5UZAIMBGMK4EuV8iMGGZAmeLZW4H1qKLMZMXlJyUcHZ9UDhz4C18lXJZLTqV0eF4pVmvTOnJkm+ySfeKQY1IlNVInDcLILbknj+TJurMerGfr5XN0xprubJEfsl4/AJ7+ll4=</latexit>

interpretação física

q1 = A1 cos(!0t+ '1)

q2 = A2 cos

✓q
!2
0 + !2

S t+ '2

◆

<latexit sha1_base64="vtJg2nly2FE5coVT7QdIjD5lB4s="></latexit>

q
!2
0 + !2

S

<latexit sha1_base64="OpGCyhiEH9PSfE0+DGaobTOxctk=">AAACBXicbZBNS8MwHMbT+TbnW9WjHoJDEITRzul2HHjZcaJ7gbUraZZuYUlbk1QYZRcvfhUvHhTx6nfw5rex6yqo84HAj+f5/0nyuCGjUhnGp5ZbWl5ZXcuvFzY2t7Z39N29tgwigUkLBywQXRdJwqhPWooqRrqhIIi7jHTc8eUs79wRIWng36hJSGyOhj71KEYqsRz90JK3QsVWwMkQOUa/fJrhdb88dfSiUTJSwUUwMyiCTE1H/7AGAY448RVmSMqeaYTKjpFQFDMyLViRJCHCYzQkvQR9xIm04/QXU3icOAPoBSI5voKp+3MjRlzKCXeTSY7USP7NZuZ/WS9SXs2OqR9Givh4fpEXMagCOKsEDqggWLFJAggLmrwV4hESCKukuEJawkW1Vjkz4SJ8l9Aul8xK6fyqUqw3sjry4AAcgRNggiqogwZoghbA4B48gmfwoj1oT9qr9jYfzWnZzj74Je39CyTnmJk=</latexit>

os corpos oscilam com a mesma frequência nos modos normais
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Desafio:  Considere agora que a massa m1 é deslocada do equilíbrio. Usando o que


você aprendeu encontre a solução para as duas massas e faça um gráfico com as


duas posições. Considere que a constante k’  é pequena face a k e compare os seu


resultado com o mesmo caso mostrado neste vídeo. A condição inicial é

x0
1(0) = �a ; v1(0) = 0 = x0

2(0) = v2(0)

<latexit sha1_base64="glSMgEmd42SOM1A7zUwfRkzgYVg=">AAACIHicbVBLSwMxGMz6rPW16tFLsAj1YNmt1RZKoeClxwr2Ad11yaZpG5p9kGSLpfSnePGvePGgiN7015huV1HrQMgwMx9fMm7IqJCG8a4tLa+srq2nNtKbW9s7u/reflMEEcekgQMW8LaLBGHUJw1JJSPtkBPkuYy03OHlzG+NCBc08K/lOCS2h/o+7VGMpJIcvXh7Y4WcesQxs8YJrMBTBK1y2SrDUaIYle9IXgmVUXw5esbIGTHgIjETkgEJ6o7+ZnUDHHnEl5ghITqmEUp7grikmJFp2ooECREeoj7pKOojjwh7En9wCo+V0oW9gKvjSxirPycmyBNi7Lkq6SE5EH+9mfif14lkr2RPqB9Gkvh4vqgXMSgDOGsLdiknWLKxIghzqt4K8QBxhKXqNB2XcFEsFc5MuEi+Smjmc2Yhd35VyFRrSR0pcAiOQBaYoAiqoAbqoAEwuAMP4Ak8a/fao/aivc6jS1oycwB+Qfv4BOztnr4=</latexit>

Para aprender mais veja

https://www.youtube.com/watch?v=I5ioTNXEUgs



2. Resolução por matrizes

m
d2x1

dt2
= �kx1 + k(x2 � x1) = �2kx1 + kx2

m
d2x2

dt2
= �kx2 � k(x2 � x1) = kx1 � 2kx2

<latexit sha1_base64="nKMR6g0Zv7ccx4zAUMCed09VB14=">AAACd3icbVHJTsMwFHTCHrYCNzjwRKEqQlRJKMsFCYkLR5AoIDUlchynWHUW2Q6iivoLfBw3/oMLN9y0iPVJtsYz742tcZBxJpVtvxrmxOTU9MzsnDW/sLi0XFlZvZFpLghtkZSn4i7AknKW0JZiitO7TFAcB5zeBr3zoX77SIVkaXKt+hntxLibsIgRrDTlV55rEHuRwKQI71148p1BEap7dwCnsN8bnmEPelB/8t19fdgFS/ PgfilasDzPqpUb/PRyf3m5evS71ynAyEg7jqzAr1Tthl0W/AXOGFTRuC79yosXpiSPaaIIx1K2HTtTnQILxQinA8vLJc0w6eEubWuY4JjKTlHmNoAdzYQQpUKvREHJfp8ocCxlPw50Z4zVg/ytDcn/tHauopNOwZIsVzQho4uinINKYfgJEDJBieJ9DTARTL8VyAPWySn9VVYZwtHxSfPAgb/gM4Qbt+E0G4dXzerZxTiOWbSBtlAdOegYnaELdIlaiKA3Y92oGtvGu7lp1sz6qNU0xjNr6EeZzgeXvbJ/</latexit>

d2x1

dt2
= �2!2

0x1 + !2
0x2

d2x2

dt2
= !2

0x1 � 2!2
0x2

<latexit sha1_base64="dQ/AeNnktnItL1LvJtZ13H+a0FA="></latexit>

=)

<latexit sha1_base64="xYcmM2Y1WOGOhaob/Y6mQ3V2Nh8=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJUZrbbLgpsuXFSwD2iHkkkzbWgmGZI7lTL0n7hxoYhb/4k7/43TdgS1Hgh8nHMvuRw/EtyA43xaubX1jc2t/HZhZ3dv/8A+PGoZFWvKmlQJpTs+MUxwyZrAQbBOpBkJfcHa/vhmnrcnTBuu5D1MI+aFZCh5wCmB1Orbdu9WyaHmwxEQrdVDoW8XnZKzEF4FN4MiytTo2x+9gaJxyCRQQYzpuk4EXkI0cCrYrNCLDYsIHZMh66YoSciMlywun+Gz1BngQOn0ScAL9+dGQkJjpqGfToYERuZvNjf/y7oxBFUv4TKKgUm6/CiIBQaF5zXgAdeMgpimQKjm6a2YjogmFNKyliVcV6rlSxevwncJrYuSWy5d3ZWLtXpWRx6doFN0jlxUQTVURw3URBRN0CN6Ri9WYj1Zr9bbcjRnZTvH6Jes9y+jGJPs</latexit>

• Agora escrevemos:
0

@
d2x1
dt2

d2x2
dt2

1

A =
d2

dt2

0

@
x1

x2

1

A =

0

@
�2!2

0 !2
0

!2
0 �2!2

0

1

A

0

@
x1

x2

1

A

<latexit sha1_base64="emjZJL9OFDgwPOKtWgBRKN3Sc5k="></latexit>

isso é equação para ~x(t) =

0

@
x1

x2

1

A =) d2~x

dt2
= A ~x

<latexit sha1_base64="HPD0iDdwSz8GrFj8pkly7eeQ7gE="></latexit>

(deslocamentos com respeito ao equilíbrio!)

m1 = m2 = m

<latexit sha1_base64="j58CQbog/ZFD04raawp1BwtKd6E=">AAAB9HicbVDLSgNBEOyNrxhfUY8iDAbBU9iN0eQiBLzkGME8IC5hdjKbDJnZXWdmAzHkO7x4UMSrH+EnePPkrzjZRFBjQTdFVTfdlBdxprRtf1ippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7ic+s0hlYqFwbUeRdQVuBcwnxGsjeSKjoMukOgUkp7N2Xk7AVokzpzkKodvd0Txz1on+37TDUksaKAJx0q1HTvS7hhLzQink8xNrGiEyQD3aNvQAAuq3HHy9AQdG6WL/FCaCjRK1J8bYyyUGgnPTAqs++qvNxX/89qx9svumAVRrGlAZof8mCMdomkCqMskJZqPDMFEMvMrIn0sMdEmp0wSwnmpXDx10CL5DqFRyDvF/NmVSaMKM6ThAI7gBBwoQQWqUIM6ELiFe3iEJ2toPVjP1stsNGXNd/bhF6zXL0qYlHY=</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>
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d2~x

dt2
= A ~x

<latexit sha1_base64="UVKnXrHEVJrrc7e94y3Yn4HH3RA="></latexit>

~x = ~c ept

<latexit sha1_base64="5Gxfa6RWdNMSb9sOL6VjqD8kgIE=">AAACAXicbZBNSwJBHMZnezV7s7oEQQxJ0El2y9JLJHTxqJAvoCaz418dnH1hZlaSZb1E36RLhyI6CX2HDt36DH2J1tWgsgcGfjzP/8/MPKbLmVS6/qHNzS8sLi3HVuKra+sbm4mt7bJ0PEGhRB3uiKpJJHBmQ0kxxaHqCiCWyaFi9i7HeaUPQjLHvlIDFxoW6diszShRodVM7Nb7QP2bAJ/jiGgwhGvfVUEzkdRTeiQ8C8YUkhdvo+Ln3f6o0Ey811sO9SywFeVEypqhu6rhE6EY5RDE654El9Ae6UAtRJtYIBt+9IMAH4ZOC7cdER5b4cj9ueETS8qBZYaTFlFd+Tcbm/9lNU+1sw2f2a6nwKaTi9oex8rB4zpwiwmgig9CIFSw8K2YdokgVIWlxaMSzjLZ9ImBZ+G7hPJxykinTot6MpdHE8XQHjpAR8hAGZRDeVRAJUTREN2jR/Sk3WoP2rP2Mhmd06Y7O+iXtNcv+BCb7g==</latexit>

~c =

✓
c1
c2

◆

<latexit sha1_base64="t+sxzKXdsvUB4AxQyuWjCUvjuWs="></latexit>

• Agora tentamos com para

(p2 �A) ~c ept = 0 =) (p2 �A) ~c = 0

<latexit sha1_base64="QZlvJNOE49KX3bm5FmzxUTlqHVA="></latexit>

que leva a 

• Sistema linear homogêneo! Só tem solução não nula se

det

✓
p2 + 2!2

0 �!2
0

�!2
0 p2 + 2!2

0

◆
= (p2 + 2!2

0)
2 � !4

0 = 0

<latexit sha1_base64="6ke0YOq3yjSJxfK4SGtjbyLEZG0="></latexit>

logo p = ±i!0 ou p = ±i
p
3!0

<latexit sha1_base64="Ps3u6LAgwxGzRj5yWZXXJ4aYTFY="></latexit>

que é o resultado já conhecido!

Problema 

de autovalores

det(p2 �A) = 0

<latexit sha1_base64="xl8lARlxEfvxDm8m6zu+tzhEx4Q="></latexit>
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• Mais ainda 

(p2 �A) ~c = 0

<latexit sha1_base64="XYksDPJRcGB+KZzj3iL6d5j9r7Y=">AAACAXicbZDLSgMxGIUz9VbrbbwsBDfBItSFZaZW241QcWGXFewF2rFk0kwbmrmQZAp1aDe+ihsXFnHrW7hz6ZuYXgS1Hgh8nPP/JDl2wKiQhvGhxRYWl5ZX4quJtfWNzS19e6ci/JBjUsY+83nNRoIw6pGypJKRWsAJcm1Gqnb3apxXe4QL6nu3sh8Qy0VtjzoUI6mspr4PU8FdBp7AS3g8bPQIjvAAXkADNvWkkTYmgvNgziBZSN1/Xo/2olJTf2+0fBy6xJOYISHqphFIK0JcUszIINEIBQkQ7qI2qSv0kEuEFU1+MIBHymlBx+fqeBJO3J8bEXKF6Lu2mnSR7Ii/2dj8L6uH0slbEfWCUBIPTy9yQgalD8d1wBblBEvWV4Awp+qtEHcQR1iq0hKTEs5z+eypCefhu4RKJm1m02c3qo0imCoODsAhSAET5EABFEEJlAEGQ/AInsFIe9CetBftdToa02Y7u+CXtLcvrSqXvw==</latexit>

0

@
p2 + 2!2

0 �!2
0

�!2
0 p2 + 2!2

0

1

A

0

@
c1

c2

1

A = 0

<latexit sha1_base64="7dOBiQVJBzDiE9hlZ+WgB0SLzMI="></latexit>

implica que 
c1 = c2 para p = ±i!0

<latexit sha1_base64="uDEgmTyl/sI01B0BXhfR5Fw06lY="></latexit>

c1 = �c2 para p = ±i
p
3 !0

<latexit sha1_base64="aLK4DbVsv2I3LXkqjwMBQLAZMiw="></latexit>

Solução geral:

x(t) = a1

✓
�1
1

◆
ei

p
3!0t+a2

✓
�1
1

◆
e�i

p
3!0t+b1

✓
1
1

◆
ei!0t+b2

✓
1
1

◆
e�i!0t

<latexit sha1_base64="rXcwetM6NnsV2nA2TeJNNJOhVoc="></latexit>
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Para a solução ser real impomos que a parte imaginária é zero

logo a1 = a⇤2 e b1 = b⇤2

<latexit sha1_base64="ZXDvadWvTRHCtKlWyGb9/L6V3b4="></latexit>

x(t)� x⇤(t) = a1

✓
�1
1

◆
e+i

p
3!0t + a2

✓
�1
1

◆
e�i

p
3!0t + b1

✓
1
1

◆
e+i!0t + b2

✓
1
1

◆
e�i!0t

� a⇤1

✓
�1
1

◆
e�i

p
3!0t � a⇤2

✓
�1
1

◆
e+i

p
3!0t � b⇤1

✓
1
1

◆
e�i!0t � b⇤2

✓
1
1

◆
e+i!0t

= 0

<latexit sha1_base64="iOHoIpesgkqtThws1t21KaDLYd4="></latexit>

a1 =
A2

2
ei'2 e b1 =

A1

2
ei'1

<latexit sha1_base64="6hZn1IHN8prNPfQZPk0XKJIal8k="></latexit>

• Escrevendo

✓
x1

x2

◆
= A1 cos(!0t+ '1)

✓
1
1

◆
+A2 cos(

p
3!0t+ '2)

✓
�1
1

◆

<latexit sha1_base64="Kzt74fhiqq0Jlx/fQaorJbA/7tw="></latexit>
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3. N osciladores acoplados
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• Usaremos o método matricial:  matriz N x N possui N autovalores/autovetores 
(modos normais)

x0

<latexit sha1_base64="sQxvqiYFHD6r6cYSQkKxc+8V2EU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0k02h4LXnqsYD+gDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3Jm0EtT4YeLw3w8w8P+JMG9v+tApr6xubW8Xt0s7u3v5B+fCoo8NYEdomIQ9Vz8eaciZp2zDDaS9SFAuf064/vcn87j1VmoXyzswi6gk8lixgBJtMehjapWG5YlftBdAqcXJSgRytYfljMApJLKg0hGOt+44dGS/ByjDC6bw0iDWNMJniMe2nVGJBtZcsbp2js1QZoSBUaUmDFurPiQQLrWfCTzsFNhP918vE/7x+bIK6lzAZxYZKslwUxByZEGWPoxFTlBg+SwkmiqW3IjLBChOTxrMM4bpWdy8dtEq+Q+hcVB23enXrVhrNPI4inMApnIMDNWhAE1rQBgITeIRneLGE9WS9Wm/L1oKVzxzDL1jvX2fHjhU=</latexit>

xN+1

<latexit sha1_base64="U1/NzooTqU8lgLDfOti5gHC7bzY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEpiq+2x4KUnqWA/oA1ls920SzebuLsRS+if8OJBEa/+HW/+G7dtBLU+GHi8N8PMPC/iTGnb/rQyK6tr6xvZzdzW9s7uXn7/oKXCWBLaJCEPZcfDinImaFMzzWknkhQHHqdtb3w189v3VCoWils9iagb4KFgPiNYG6nz0E+uz5xprp8v2EV7DrRMnJQUIEWjn//oDUISB1RowrFSXceOtJtgqRnhdJrrxYpGmIzxkHYNFTigyk3m907RiVEGyA+lKaHRXP05keBAqUngmc4A65H6683E/7xurP2qmzARxZoKsljkxxzpEM2eRwMmKdF8YggmkplbERlhiYk2ES1CuKxUyyUHLZPvEFrnRadcvLgpF2r1NI4sHMExnIIDFahBHRrQBAIcHuEZXqw768l6td4WrRkrnTmEX7DevwA0m4+v</latexit>

fixo fixo

m
d2xn

dt2
= Fn = � dU

dxn
= k(xn+1�xn)�k(xn�xn�1) = k(xn+1�2xn+xn�1)

<latexit sha1_base64="bvMmEbFChrxmvr1ZqYXLLHLjT68="></latexit>

1  n  N

<latexit sha1_base64="eDsFF6egAM7FCVb9GVaEfC5JCXc=">AAAB9HicbVBdSwJBFL1rX2ZfWo++DInQk+yWqdCL0ItPYZAp6CKz46iDs7PbzKwgi7+jlx6K6LUf01v/pnE1qOzAvRzOuZd7OV7ImdK2/WmlNja3tnfSu5m9/YPDo2zu+F4FkSS0RQIeyI6HFeVM0JZmmtNOKCn2PU7b3uR64benVCoWiDs9C6nr45FgQ0awNpLroB6nSCT9pp8t2CU7AVonzooU6vlcqnJVDJv97EdvEJDIp0ITjpXqOnao3RhLzQin80wvUjTEZIJHtGuowD5Vbpw8PUdFowzQMJCmhEaJ+nMjxr5SM98zkz7WY/XXW4j/ed1ID2tuzEQYaSrI8tAw4kgHaJEAGjBJieYzQzCRzPyKyBhLTLTJKZOEUKnWyhcOWiffIdyfl5xy6fLWpNGAJdKQh1M4AweqUIcGNKEFBB7gEZ7hxZpaT9ar9bYcTVmrnRP4Bev9C9ZekpU=</latexit>

<latexit sha1_base64="Lc3RqoJ5b5wbh92mcppskLr2uO4="></latexit>

U(x1, x2, . . . ) =
k

2
(x1 � x0)

2 +
k

2
(x2 � x1)

2 · · · =
NX

j=0

1

2
k(xj+1 � xj)

2
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• Solução de 

• Como vimos no método matricial

• Que leva a 

independente de n

• Que escolha dos A’s garante a independência de n?

d2xn

dt2
= !2

0(xn+1 � 2xn + xn�1)

<latexit sha1_base64="JqSIXbvubcGx4QIZRk6rP7mey9M="></latexit>

xn = An ei!t

<latexit sha1_base64="P9hoAJ1lKFkhAbPQNo5o70nuI7E=">AAACA3icbZBLSwMxFIUzvq2vUXeKEBTBVZnRat0IihuXFWwrtOOQSW9raCYzJBmxDhU3/hU3LhRx68af4M6Vf8V0WsHXgcDHOfeS5AQxZ0o7zrs1NDwyOjY+MZmbmp6ZnbPnFyoqSiSFMo14JE8DooAzAWXNNIfTWAIJAw7VoH3Yy6sXIBWLxInuxOCFpCVYk1GijeXbS/jSF3gPH/jiGsNZynA9CqFFsO769pqTdzLhv+AOYG1/5fWKKv5R8u23eiOiSQhCU06UqrlOrL2USM0oh26uniiICW2TFtQMChKC8tLsD128bpwGbkbSHKFx5n7fSEmoVCcMzGRI9Ln6nfXM/7Jaopu7XspEnGgQtH9RM+FYR7hXCG4wCVTzjgFCJTNvxfScSEK1qS2XlbBT3C1sufgvfJVQ2cy7hfz2sWnjCPU1gZbRKtpALiqifXSESqiMKLpBd+gBPVq31r31ZD33R4eswc4i+iHr5RMqmJqS</latexit>

�!2An = !2
0(An+1 � 2An +An�1)

<latexit sha1_base64="0b4YEtbZSkOKVsLoDKi70ExB7nU="></latexit>

An+1 +An�1

An
=

2!2
0 � !2

!2
0

<latexit sha1_base64="QOMdPoYgHwRLRHQX65H75Q2wVI4="></latexit>

["matriz" NxN tem N autovalores]
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An+1 +An�1

An
=

2!2
0 � !2

!2
0

<latexit sha1_base64="QOMdPoYgHwRLRHQX65H75Q2wVI4="></latexit>

• Tentemos An = ↵ cos(n✓) + � sin(n✓)

<latexit sha1_base64="iHpZjdD7UKdt1+daq+0rwT/M0JM="></latexit>

An+1 = ↵ cos(n✓ + ✓) + � sin(n✓ + ✓)

= ↵ cos(n✓) cos ✓ � ↵ sin(n✓) sin ✓ + � sin(n✓) cos ✓ + � cos(n✓) sin ✓

An�1 = ↵ cos(n✓) cos ✓ + ↵ sin(n✓) sin ✓ + � sin(n✓) cos ✓ � � cos(n✓) sin ✓

<latexit sha1_base64="iqiBaVbJ0cmB1R44nNYU0R9Plzo="></latexit>

An+1 +An�1 = 2↵ cos(n✓) cos ✓ + 2� sin(n✓) cos ✓

= 2 cos ✓(↵ cos(n✓) + � sin(n✓)) = 2An cos ✓

<latexit sha1_base64="DahCog7xk2Uq0E8IA0KL253bDlo="></latexit>

2!2
0 � !2

!2
0

= 2 cos ✓

<latexit sha1_base64="/ajOW+IKqZwu9l8bASS/a2+gkZ0=">AAACIXicbZBLSwMxFIUzPmt9VV26CRbBjWWmVtuNILhxqWBV6LQlk95pQzOTIbkjlKF/xY1/xY0LRdyJf8b0IT4PBD7OuZckJ0ikMOi6b87M7Nz8wmJuKb+8srq2XtjYvDIq1RzqXEmlbwJmQIoY6ihQwk2igUWBhOugfzrKr29BG6HiSxwk0IxYNxah4Ayt1S7U/FAznpWpryLosrbbKu9PsFUeZl/mkB5TO8SV8bEHyPLtQtEtuWPRv+BNoUimOm8XXv2O4mkEMXLJjGl4boLNjGkUXMIw76cGEsb7rAsNizGLwDSz8Q+HdNc6HRoqbU+MdOx+38hYZMwgCuxkxLBnfmcj87+skWJYa2YiTlKEmE8uClNJUdFRXbQjNHCUAwuMa2HfSnmP2crQljop4ahaqxx49C98lnBVLnmV0uFFpXhyNq0jR7bJDtkjHqmSE3JGzkmdcHJHHsgTeXbunUfnxXmdjM44050t8kPO+wc0eaKN</latexit>
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• Logo temos duas soluções independentes

xn(t) =

8
<

:

[↵ cos(n✓) + � sin(n✓)] e+i!t

[� cos(n✓) + � sin(n✓)] e�i!t

<latexit sha1_base64="6V4zvl0CaSIm5sixyYFPHI402qo="></latexit>

analogamente ao feito anteriormente (mostre)

• Ainda não obtivemos  e duas soluções! Esse segue das condições de contorno:ω

1. 

2.

sin((N + 1)✓) = 0 =) (N + 1)✓ = j⇡ com j inteiro

<latexit sha1_base64="RDcNp6Ls1zB/9QtDISM2pSYmvHM="></latexit>

j = 1, . . . , N

<latexit sha1_base64="RhDwMwa1m8wTg8sA9OKoy3yosQM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgopREq+1GKLjpSirYB7ShTKaTduzkwcykUEL/xI0LRdz6J+78G6dpBF8HLhzOuYd7OW7EmVSW9WHkVlbX1jfym4Wt7Z3dPXP/oC3DWBDaIiEPRdfFknIW0JZiitNuJCj2XU477uR64XemVEgWBndqFlHHx6OAeYxgpaWBad6jK2SXUH8YKolK6GZgFq2ylQL9JXZGipChOTDfdZbEPg0U4VjKnm1FykmwUIxwOi/0Y0kjTCZ4RHuaBtin0knSz+foRCtD5IVCT6BQqn5PJNiXcua7etPHaix/ewvxP68XK6/mJCyIYkUDsjzkxRypEC1qQEMmKFF8pgkmgulfERljgYnSZRXSEi6rtcq5jf6SrxLaZ2W7Ur64rRTrjayOPBzBMZyCDVWoQwOa0AICU3iAJ3g2EuPReDFel6s5I8scwg8Yb5941pHh</latexit>

xn(t) = B1 cos(n✓) cos(!t+ '1) +B2 sin(n✓) cos(!t+ '2)

<latexit sha1_base64="XhAcc4CFsh/6fFE1yWiFxSZJwJo="></latexit>

x0(t) = 0 =) B1 = 0

<latexit sha1_base64="IiRzMJXOBUvkPBL9YKh91IYLEF4="></latexit>

xN+1(t) = 0 =) B2 sin((N + 1)✓) cos(!t+ '2) = 0 =)

<latexit sha1_base64="oPvdr4C/oecXPstFh0JelrgSEb8="></latexit>

↵ = �⇤ =
B1

2
ei'1

<latexit sha1_base64="6dUXdjI5rfqnYoUP42zGlXkPpJg="></latexit>

� = �⇤ =
B2

2
ei'2

<latexit sha1_base64="vmmXO9G+TIoGsRoF7JNT8Tq2z8c="></latexit>
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• Resumindo:

1. Frequências dos modos normais

j = 1, . . . , N

<latexit sha1_base64="RhDwMwa1m8wTg8sA9OKoy3yosQM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgopREq+1GKLjpSirYB7ShTKaTduzkwcykUEL/xI0LRdz6J+78G6dpBF8HLhzOuYd7OW7EmVSW9WHkVlbX1jfym4Wt7Z3dPXP/oC3DWBDaIiEPRdfFknIW0JZiitNuJCj2XU477uR64XemVEgWBndqFlHHx6OAeYxgpaWBad6jK2SXUH8YKolK6GZgFq2ylQL9JXZGipChOTDfdZbEPg0U4VjKnm1FykmwUIxwOi/0Y0kjTCZ4RHuaBtin0knSz+foRCtD5IVCT6BQqn5PJNiXcua7etPHaix/ewvxP68XK6/mJCyIYkUDsjzkxRypEC1qQEMmKFF8pgkmgulfERljgYnSZRXSEi6rtcq5jf6SrxLaZ2W7Ur64rRTrjayOPBzBMZyCDVWoQwOa0AICU3iAJ3g2EuPReDFel6s5I8scwg8Yb5941pHh</latexit>

com

2. Modos normais

!2 = 2!2
0


1� cos

✓
j⇡

N + 1

◆�

<latexit sha1_base64="+EKbrFUukm1nvwJmkKPKy0T2/sI="></latexit>

2!2
0 � !2

!2
0

= 2 cos ✓ = 2 cos

✓
j⇡

N + 1

◆

<latexit sha1_base64="VDeMraGW7sFabJW1svhCxBDrZgM="></latexit>

• Teste das contas: N=2
j = 1 =) !2 = 2!2

0

h
1� cos

⇣⇡
3

⌘i
= !2

0

<latexit sha1_base64="xJdTvAluOcxCQiEkFtQUMrw21Mk="></latexit>

j = 2 =) !2 = 2!2
0


1� cos

✓
2⇡

3

◆�
= 3!2

0

<latexit sha1_base64="nb115Bdapdzs9hAGGOPHvDnCBUo="></latexit>

xn(t) = B2 sin

✓
nj⇡

N + 1

◆
cos(!t+ '2)

<latexit sha1_base64="NFbDXVZ0J7gL7rkBrq7txUtC2l8="></latexit>
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2. Modos normais

• Teste das contas: N=2

j = 1 =) !2 = 2!2
0

h
1� cos

⇣⇡
3

⌘i
= !2

0

<latexit sha1_base64="xJdTvAluOcxCQiEkFtQUMrw21Mk=">AAACX3icbVFNa9wwEJXdjySbNHWbU+ll6FJID13szbYJlECglxxySKGbBFbuImvHXiWyZCQ5ZTH7J3Mr9NJ/Uq3XpR/pCMGbNzNvxFNWSWFdHH8LwgcPHz3e2Nzqbe882X0aPXt+YXVtOI65ltpcZcyiFArHTjiJV5VBVmYSL7Obj6v65S0aK7T67BYVpiUrlMgFZ85T0+j2+jgB+sGfM60KI4q5Y8borysKqC6xYF+GcAzDLp nGPqUSczeBBN4C5dqu832guWG8oZVYNgdLoK0YvOlA6kV+S0yjfjyI24D7IOlAn3RxPo3u6EzzukTluGTWTpK4cmnDjBNc4rJHa4sV4zeswImHipVo06b1ZwmvPTODXBt/lYOW/XOiYaW1izLznSVzc/tvbUX+rzapXX6UNkJVtUPF14vyWoLTsDIbZsIgd3LhAeNG+LcCnzPvkvNf0mtNeH94NDpI4D74ZcLFcJCMBu8+jfonp50dm+QleUX2SUIOyQk5JedkTDj5HoTBdrAT/Ag3wt0wWreGQTezR/6K8MVPxEuyHA==</latexit>

j = 2 =) !2 = 2!2
0


1� cos

✓
2⇡

3

◆�
= 3!2

0

<latexit sha1_base64="nb115Bdapdzs9hAGGOPHvDnCBUo=">AAACYnicbVHPT9swFHaysbGOQYHjdnhaNYkdViVtN5AmJCQuHHYAaQWkJlSO66QGx47sl6Eq6j+5205c+ENw0yB+7VmWvvd974f1OSmksBgE/zz/1euVN29X37Xer31Y32hvbp1aXRrGh0xLbc4TarkUig9RoOTnheE0TyQ/S64OF/rZH26s0Oo3zgoe5zRTIhWMoqPG7dnlfg+in+780iozIpsiNUZfLyiIdM4zetGDfeg1yT hwaSR5iiMI4RtETNtlvgNRaiirnFyIedWfQ1SPg68NiN2Y/sOUcbsTdIM64CUIG9AhTRyP23+jiWZlzhUySa0dhUGBcUUNCib5vBWVlheUXdGMjxxUNOc2rmqL5vDFMRNItXFXIdTs446K5tbO8sRV5hSn9rm2IP+njUpM9+JKqKJErthyUVpKQA0Lv2EiDGcoZw5QZoR7K7ApdUah+5VWbcKP3b1BP4SX4N6E0143HHS/nww6B0eNHavkI/lMdkhIdskBOSLHZEgYufFWvHVvw7v1W/6mv70s9b2mZ5s8Cf/THWlwssA=</latexit>

j = 2 =)

<latexit sha1_base64="bcw6pvK1XO/3DWwoYUUK/x863Fo=">AAACAnicbZDLSgMxGIUzXmu9VV2Jm2ApuCoztdpCEQpuunBRwV6gU0omTdvYTDIkGaWUUhB3PkUXblwo4tancOfbmF4EtR4IfJzz/yQ5XsCo0rb9aS0sLi2vrEbWousbm1vbsZ3dshKhxKSEBROy6iFFGOWkpKlmpBpIgnyPkYrXPR/nlRsiFRX8SvcCUvdRm9MWxUgbqxHbh9dnKejm3AvB25K2OxpJKW7dHGzE4nbSngjOgz ODeD6eeLgbjkbFRuzDbQoc+oRrzJBSNccOdL2PpKaYkUHUDRUJEO6iNqkZ5Mgnqt6ffGEAE8ZpwpaQ5nANJ+7PjT7yler5npn0ke6ov9nY/C+rhbqVrfcpD0JNOJ5e1AoZ1AKO+4BNKgnWrGcAYUnNWyHuIImwNq1FJyWcZrLpYwfOw3cJ5VTSSSdPLk0bBTBVBByAQ3AEHJABeVAARVACGAzBI3gGL9a99WS9Wm/T0QVrtrMHfsl6/wIwspn1</latexit>

x1(t) = A0
2

p
3

2
cos(

p
3!0t+ '0

2) ; x2(t) = �A0
2

p
3

2
cos(

p
3!0t+ '0

2)

<latexit sha1_base64="+xQAlFboBgE62VhtM8hCvgmKcNU="></latexit>

xn(t) = B2 sin

✓
nj⇡

N + 1

◆
cos(!t+ '2)

<latexit sha1_base64="NFbDXVZ0J7gL7rkBrq7txUtC2l8="></latexit>

j = 1 =) x1(t) = B2

p
3

2
cos(!0t+ '2) ; x2(t) = B2

p
3

2
cos(!0t+ '2)

<latexit sha1_base64="I59tbxjrFOQ1jw28WN8vILB2Y7k="></latexit>
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• Aprendendo: N=3

j = 1 =) !2
1 = !2

0

h
2�

p
2
i

<latexit sha1_base64="OF3UyA/K1td35tKL1So8NJYJXrs="></latexit>

j = 2 =) !2
2 = 2!2

0

<latexit sha1_base64="EhqEh2NNwOav4sLQLer3KkjPg4Q="></latexit>

j = 2 =) !2
2 = !2

0

h
2 +

p
2
i

<latexit sha1_base64="zN/jLNTWpPugEPHceu4w5wqrBUY="></latexit>

!2 = 2!2
0


1� cos

✓
j⇡

N + 1

◆�

<latexit sha1_base64="+EKbrFUukm1nvwJmkKPKy0T2/sI="></latexit>

x1 = x3 =

p
2

2
x2

<latexit sha1_base64="CORGV3MEmmetZEIBzNQMpQwrf8o=">AAACCnicbZDLSsNAFIYnXmu9RV26GS2Cq5K01XZTKLjpsoK9QBvCZDpph04uzkykJWTtxldx40IRtz6BO9/GaRpBrT8c+PnPOZyZzwkZFdIwPrWV1bX1jc3cVn57Z3dvXz847Igg4pi0ccAC3nOQIIz6pC2pZKQXcoI8h5GuM7ma97t3hAsa+DdyFhLLQyOfuhQjqSJbP5naJqxP7TKsw4HLEY4H4pbLuJQkquDULtl6wSgaqeCyMTNTAJlatv4xGAY48ogvMUNC9E0jlFaMuKSYkSQ/iAQJEZ6gEekr6yOPCCtOv5LAM5UMoRtwVb6EafpzI0aeEDPPUZMekmPxtzcP/+v1I+nWrJj6YSSJjxeH3IhBGcA5FziknGDJZsogzKl6K8RjpIBIRS+fQris1iplEy6bbwidUtGsFC+uK4VGM8ORA8fgFJwDE1RBAzRBC7QBBvfgETyDF+1Be9JetbfF6IqW7RyBX9LevwCQNJnW</latexit>

x1 = �x3 , x2 = 0

<latexit sha1_base64="lNWszzLaEM6of5poGFM7diIfs9U=">AAACBHicbVDLTgIxFO3gC/GFumTTSExcKJkBFBJCQuKGJSbySGAy6ZQCDZ3OpO0YCGHhxl9x40Jj3PoR7vwbyzAmKp6kN6fn3Jv2HjdgVCrT/DQSa+sbm1vJ7dTO7t7+QfrwqCX9UGDSxD7zRcdFkjDKSVNRxUgnEAR5LiNtd3y98Nt3REjq81s1DYjtoSGnA4qR0pKTzkwcC1Yv4MQpwF6lVzlfFH3Lw6rppLNmzowAV4kVkyyI0XDSH72+j0OPcIUZkrJrmYGyZ0goihmZp3qhJAHCYzQkXU058oi0Z9ESc3iqlT4c+EIfrmCk/pyYIU/KqefqTg+pkfzrLcT/vG6oBmV7RnkQKsLx8qFByKDy4SIR2KeCYMWmmiAsqP4rxCMkEFY6t1QUwlWpXCxYcJV8h9DK56xi7vKmmK3V4ziSIANOwBmwQAnUQB00QBNgcA8ewTN4MR6MJ+PVeFu2Jox45hj8gvH+BbcZlTU=</latexit>

x1 = x3 = �
p
2

2
x2

<latexit sha1_base64="87VbICv0VLbK85n/EHQJj7qlUfQ=">AAACC3icbZDLSsNAFIYn9VbrLerSzdAiuLEkbbXdFApuuqxgL9CGMJlO2qGTizMTaQndu/FV3LhQxK0v4M63cZpGUOsPB37+cw5n5nNCRoU0jE8ts7a+sbmV3c7t7O7tH+iHRx0RRByTNg5YwHsOEoRRn7QllYz0Qk6Q5zDSdSZXi373jnBBA/9GzkJieWjkU5diJFVk6/mpbcL61C7DOjwfuBzheCBuuYxL87kqOLVLtl4wikYiuGrM1BRAqpatfwyGAY484kvMkBB90wilFSMuKWZknhtEgoQIT9CI9JX1kUeEFSd/mcNTlQyhG3BVvoRJ+nMjRp4QM89Rkx6SY/G3twj/6/Uj6dasmPphJImPl4fciEEZwAUYOKScYMlmyiDMqXorxGOkgEiFL5dAuKzWKmUTrppvCJ1S0awUL64rhUYzxZEFJyAPzoAJqqABmqAF2gCDe/AInsGL9qA9aa/a23I0o6U7x+CXtPcvAISaDQ==</latexit>

xn(t) = B2 sin

✓
nj⇡

N + 1

◆
cos(!t+ '2)

<latexit sha1_base64="NFbDXVZ0J7gL7rkBrq7txUtC2l8="></latexit>
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