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Preliminaries

Some attribute control charts to monitor a variance will be
presented in next slides.

Most of them are extensions of those presented to monitor the
process mean.
Some attribute control charts: nps2, Gs2, np§2, npgf,), sz, Stzn(,),
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The nps. control chart by Ho & Quinino (2013)

e The main idea: a direct extension of np, chart to monitor the
variability of the process but it reveals to have a poor
performance

e Alternative Procedure:

e Classify sequentially the items as approved or disapproved
using a gauge until observing a approved items or b
disapproved items

e |f a approved items are observed first, then the process is
declared in-control

e |f b disapproved items are observed first, then the process is
declared out-of-control



Control chart: first phase

nps2 chart proposed by Ho & Quinino (2013)
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Sample

nps> chart- an example

Figure 1



nps: chart by Ho & Quinino (2013)

Let D, a binary variable with D = 1 if a approved is observed first
and D = 0 if b disapproved is observed first;

Decision Rule: whenever D = 0, the process is judged as
out-of-control,

Let po, the probability to be € [LWL, UWL] when the process is

in-control

a+b—1 x—1
a=P(D=0)=1- 3 <a_1 >p3(1—po)“

X=a

And pj, the probability to be € [LWL, UWL] when the process is
out-of-control,



nps2 chart by Ho & Quinino (2013)

e Fixed a and b, it is not

necessary inspect until
ry insp unt Table 1: np, chart - plans with
n=a+ b—1 to take the a+b—1=7andshift o; = 1.5 x 09

decision

e The maximum inspected

. . UDL LDL ARL;
itemsis (n=a+ b—1)

13.51 6.49 9.05
1247 753 8.73
11.93 8.07 10.38
11.55 8.45 13.81
11.22 8.78 20.33
10.89 9.11 35.08

e However, the number of
inspection until to take a
decision is a random variable

e Fixed «, some values of a,
b, LWL/LDL and
UWL/UDL may satisfy the
restriction ARLy = 7
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nps2 chart by Ho & Quinino (2013)

Table 2: Plans varying shift sizes §;
n denotes # average sample size;

UDL=|LDL|

e Objective Function: ; 161 ; 2 ;JE‘); fﬁ%
o (a*, b*, LDL*, UDL*) = 12 5 2 247 46.66
arg min[ARLy(a; b; LDL; UDL; n; 6] S
’ 2 6 1 351 256
subject to 30 11 25 10 198 5318
{ atb—-1=n 12 25 9 198 13.93
ARLy(a; b; LDL; UDL; n; 0) = 7 15 25 8 198 1.99

2 20 7 214 1.05

50 1.1 41 10 1.8 3584
12 49 9 188 7.99
15 43 8 197 133
2 44 7 208 1




nps2 chart proposed by Ho & Quinino (2013)

e Comparing the performance among np.2, S and R:
e |f equal sample size is used in the 3 charts, np.> chart will not
have good performance in terms of ARL
e To make npg chart competitive in terms of ARL, minimum
sample sizes for S? and R charts (denoted as n*) are searched
such that the values ARL; (for a shift size) are lower than
ARL; of nps chart (for the same shift size)



Comparing

Table 3: Comparing nps, R and S? charts - (n*

=ASS);, n=a+b-1

6=11 6=12 §=15 6=2
n chart  nps2 R s? nps2 R s? nps2 R S? nps R s?
6 n* 5.11 5 4 B3 5 4 5.24 5 5) 5.99 5) 5)
ARL; 1143 113.89 117.83 46.66 47.32 4985 872 895 803 256 274 252
9 n* 8.11 7 6 8.14 8 6 8.06 8 6 8.06 8 7
ARL; 10056 10257 98.34 37.53 36.83 37.08 6.2 6.16 6.61 187 191 1.85
12 n* 10.38 11 7 10.52 11 8 1059 11 8 11.06 11 9
ARL;  88.9 88.88 91.27 30.8 30.82 2953 479 49 486 155 157 152
15 n* 12.76 16 9 13.01 15 9 13.27 16 10 1324 15 11
ARL; 8022 7931 80.14 2621 2671 2676 386 38 384 135 135 1.33
20 n* 17.24 28 12 18.03 26 12 1753 24 13 1752 22 14
ARL; 6876 6861 68.03 20.57 2025 20.77 291 292 292 118 117 1.18
30 n* 26.8 70 18 2729 63 18 2625 49 19 268 38 21
ARL; 5316 53.14 5236 13.93 1392 1404 198 196 202 1.05 1.05 1.04
40 n* S5NII5 129 24 36.11 125 24 35.7 83 26 36.27 62 28
ARL; 4298 4296 4241 10.28 10.27 1039 156 156 155 1.01 1.01 1.01
50 n* 45.45 270 30 46.39 195 30 4578 131 33 4571 195 35
ARL; 3584 3584 3546 799 832 813 133 133 132 1 1 1
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nps2 chart by Ho & Quinino (2013)

e Example- Monitoring the thickness variability of printed board:

e Information of the process: = 0.06 in and o0 = 0.004 in;
e The manager distrusts that the variability has increased to
o1 = 0.009 in.
e Designing nps: chart
e ARLo = 370; ARL; = 1.45
e Discriminating limits: UDL=0.0607; LDL=0.0513 (0.06+
0.0087)
e Control limits: inspect sequentially until observing a=8
approved items or b=3 disapproved items

11



nps2 chart by Ho & Quinino (2013)

Table 4: np.> chart- the last 17 inspection results

Sample Classification of the thickness of the circuit board a b Decision

1 GO GO GO NG GO GO GO NG NG 6 3 out-of-control
2 GO GO GO GO GO GO GO GO 8 0 in-control

3 NG GO GO GO GO GO GO GO GO 8 1 in-control

4 GO GO NG NG GO GO GO NG 5 3 out-of-control
5 GO GO GO GO GO GO GO GO 8 0 in-control

6 GO NG GO GO GO GO GO GO NG GO 8 2 in-control

7 GO GO GO NG NG NG 3 3 out-of-control
8 NG GO GO GO GO GO GO GO GO 8 1 in-control

9 GO GO GO GO NG NG NG 4 3 out-of-control
10 GO GO GO GO GO GO GO GO 8 0 in-control

11 NG GO NG GO GO GO GO GO GO NG 7 3 out-of-control
12 GO GO NG NG NG 2 3 out-of-control
13 GO NG NG GO GO GO GO GO NG 6 3 out-of-control
14 GO GO GO GO NG NG NG 4 3 out-of-control
15 GO NG GO GO GO GO NG GO GO GO 8 2 in-control

16 GO GO GO NG NG NG 3 3 out-of-control
17 GO GO GO GO GO GO GO GO 8 0 in-control

12



Gs2 control chart - by Bezerra et al. (2018)

e Motivation: inspired by the
good performance of X ec
and X, control charts x —_—

e Build a statistic like X 54+
based on the frequencies of

Device -2 discriminating imits

the classifications and the

%
warning limits texey ra
S

e Procedure: Classify the

items into 3 classes using a
device (like Figure2)
e [ and U are the dimensions AT 23 Daies o deesiiy

of the device

13



Gs» control chart

After the classification, we have ny, # of items with X < L
ny, # of items in [L, U]
n3, # of items with X > U

The statistic used to monitor is
Gsz = (2 — a)(zL — t)2¢ (ZL) n + t2 [d) (Zu) ) (ZL)] no

+a(zy — t)?[1 — & (zy)]n3

Z; and Zy are standardized values of L and U; a, constant
€ ]1;2[ and t, also a constant € [0; 1]

14



Gs2 control chart - Density function

e Density Function: U =120; L =110, a=1.03, t =0;
1 = 100; In-control: og = 10; Out-of-control: o1 = 20

p———— P ll “ 'l ’ ! l! Boar eeeeeeeeen s
0.00 035 0.70 105 140 175 210
GS2

Figure 3: Density Function of Gs2
15



Gs» control chart

e Interest to detect increase in o, thus if Gg2 > ClLg, the
process is declared out-of-control
e The parameters of the control chart :a, t, zy, z; are
optimized such that
a°, t° z0, z) = argmin[ARL1(a, t, z;, zy)]
e Restrict to:
ae|l,2[;te]0,1],z € [-w,0]; zy € [0, W]
e Subject to:

ARLy = T

16



Gs: control chart - Case 1 - with t =0 and |z, | = zy

Table 5: Parameters of Gg2 - Case 1 - t =0 and |z,| = zy

n o z a CL n 0 z a CL

5 1.1 -1.8302 1.0205 0.2351 |8 1.1 -1.7228 1.0790 0.4113
5 1.2 -1.8306 1.0062 0.2306 |8 1.2 -1.7245 1.0796 0.4138
5 15 -1.8307 1.0337 0.2368 |8 1.5 -1.7238 1.0470 0.4036
5 2 -1.8307 1.0063 0.2304 |8 2 -1.7227 1.0072 0.3918
6 1.1 -19289 1.0334 02083 |9 1.1 -1.7890 1.0647 0.3799
6 12 -1.9293 1.1621 0.2328 | 9 1.2 -1.7888 1.0176 0.3689
6 1.5 -19290 1.0083 0.2036 |9 1.5 -1.7886 1.0183 0.3685
6 2 -1.9306 1.1133 0.2251 |9 2 -1.7884 1.0430 0.3775
7 1.1 -1.9889 1.0107 0.2743 | 10 1.1 -1.8456 1.0206 0.3474
7 12 -19878 1.0079 0.2750 | 10 1.2 -1.8448 1.1044 0.3702
7 15 -1.9882 1.1040 0.2493 | 10 1.5 -1.8444 1.0398 0.3524
7 2 -1.9891 1.1206 0.2458 | 10 2 -1.8450 1.0049 0.3414




Gs» control chart

Table 6: Parameters of Gs» - Case 2 -

no restriction

n o L U a t CL [n o L U a t CL

5 1.1 -1.8365 1.8264 1.2743 0.1205 0.2930| 8 1.1 -1.7287 1.7206 1.0326 0.0509 0.4054
5 1.2 -1.8213 1.8428 1.1376 0.0747 0.2502| 8 1.2 -1.7297 1.7205 1.0401 0.1193 0.4785
5 1.5 -1.8102 1.8532 1.1934 0.0192 0.2591| 8 1.5 -1.7212 1.7262 1.1023 0.0561 0.4103
5 2 -1.8099 1.8528 1.0928 0.0824 0.2519| 8 2 -1.7121 1.7378 1.0373 0.0335 0.3994
6 1.1 -1.9097 1.9523 1.1277 0.2055 0.3788| 9 1.1 -1.7919 1.7889 1.0425 0.1154 0.4579
6 1.2 -1.9481 1.9129 1.2531 0.2290 0.3970| 9 1.2 -1.7734 1.8074 1.1832 0.0498 0.4039
6 1.5 -1.9528 1.9093 1.0581 0.1429 0.2899| 9 1.5 -1.7800 1.7996 1.0543 0.0168 0.3696
6 2 -1.9242 1.9375 1.0167 0.1212 0.2783| 9 2 -1.7937 1.7859 1.1028 0.0693 0.3942
7 1.1 -1.9871 1.9904 1.1536 0.1489 0.3550|10 1.1 -1.8754 1.8191 1.0031 0.0560 0.3644
7 1.2 -1.9875 1.9908 1.3598 0.0887 0.2672|10 1.2 -1.8343 1.8580 1.0160 0.0872 0.4171
7 1.5 -1.9890 1.9899 1.2616 0.1515 0.3232|10 1.5 -1.8426 1.8508 1.1827 0.1362 0.4612
7 2 -1.9891 1.9898 1.2758 0.1959 0.3899|10 2 -1.8416 1.8495 1.1173 0.0309 0.3659
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Gs» control chart

Table 7: Comparing Gs2: Case 1, 2 and S? charts

60 Casel Case?2 S? 0 Casel Case?2 s?

n n
5 1.1 13090 130.32 106.41 | 8 1.1 112.87 111.75 84.93
5 12 59.62 59.11 4235 | 8 12 46.19 4594 29.42
5 15 1299 1288 8.01 8 15 868 8.68 4.85
5 2 3.99 3.97 2.51 8 2 2.62 2.62 1.66
6 1.1 11947 119.12 98.03 | 9 1.1 105.87 105.43 79.84
6 12 5154 5106 3693 | 9 12 4099 40.63 26.66
6 15 1035 10.35 6.60 9 15 742 7.41 4.28
6 2 3.08 3.05 2.11 9 2 2.26 2.24 1.52
7 1.1 11390 11333 90.87 |10 1.1 99.43 98.88 75.25
7 12 4723 4688 3280 |10 1.2 36.88 36.77 24.36
7 15 9.07 9.01 560 |10 15 6.41 6.39 3.83
7 2 271 2.70 1.84 |10 2 1.98 1.97 1.41
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Gs2 control chart - Sample size to match with S? chart

Table 8: Minimum sample size for Gs2 chart to get a similar ARL; in S?
control chart

ng 6=110 6=120 §=150 §=20

5 9 9 9 9
6 11 11 10 10
7 12 12 12 11
8 15 14 13 12
9 16 16 15 15
10 18 17 17 16
11 19 19 18 17
12 21 20 19 19
13 23 22 21 20
14 24 24 23 21

15 26 25 24 23




Gs2 control chart -Numerical Example

Monitor the variability of the printed circuit board thickness

oo = 0.004 in; o1 = 0.008 in; the sample size n=15 items

Case 1: a =1.0317;zy = 1.8144 leading to L = 0.05274 and
U = 0.06726in; and CLc = 0.4866

Case 2: a = 1.1535;z; = [1.8167|;zy = 1.8121 leading to
L =0.05273 in and U = 0.06725 in; and CLg = 0.8629

In both cases, ARL; = 1.449

21



Gs2 control chart -Numerical Example

Table 9: Results/decision of 15 samples Gs2 control chart

#Sample ni m  n3 Gs2 Decision (CL = 0.4866)
1 0 14 1 0.1182224 In-control
2 1 14 0 0.1109574 In-control
3 3 8 4 0.8057615 Out-of-control
4 1 14 0 0.1109574 In-control
5 2 13 0 0.2219147 In-control
6 0 15 0 0.0000000 In-control
7 2 11 2 0.4583594 In-control
8 1 14 0 0.1109574 In-control
9 0 14 1 0.1182224 In-control
10 11 0 4 05838468 Out-of-control
11 1 13 1 0.2291797 In-control
12 1 12 2 0.3474021 In-control
13 4 8 3 0.7984965 Out-of-control
14 2 10 3 0.5765818 Out-of-control
15 0 14 1 0.1182224 In-control

22



Weakness of np,> and Gs: charts

A large number of parameters to be searched to get a target value
of ARLg

High computational time spent to find the parameters mainly for
the Gs2 chart

The statistic Gs2 is a discrete variable

Gauges used to classify the items have to be properly ordered; not
found in the market

23



S2 control chart - Preliminaries

Motivation: by the good performance of X, the idea is a direct

extension to monitor the process variance

The gauges used to classify are found in the marked, so they do

not have to be ordered.

24



S2 control chart by Quinino et al. (2020)

e Similarly, the statistic S2, is calculated using the n simulated
truncated values as:

o2 _ Zr 1XAr+z 1XBJ+Zk 1XCk+Zz 1XDZ+ZS 1 XEs
tn —
n—1

where xfp (xvp — Xen)?, v =A,B, C,D, E and

p=r,s k,zs.

e The statistic X2, = ("J% is used to draw the control chart
and the control limit is OUCLStzn = Xl—a;n—l'

e The control limit of S2, are equal to the control limit of
traditional S? chart.

e However, the approximation to some basic distributions for
S2in case of out-of-control process is unknown. Thus, the

Monte Carlo simulation was made in this study. -



Comparing S and S2,

Table 10: S? versus S2,

n & s 2, |n & § Sz |n & Sz |n 5 s &

5 1 3704 37258 |7 1 3704 38551| 9 1 3704 369.82 |11 1 3704 349.16
2 1148 299 2 811 2099 2 6.21 1565 2 5.01 12.4
3 405 1159 3 285 7.54 8 228 5.35 3 187 411
4 252 7.08 4 1.85 4.49 4 1.52 3.2 4 133 25
5 193 518 5 148 3.28 5 127 2.39 5 116 1.89
7 148 3.56 7 121 2.32 7 11 1.75 7 1.05 1.45
9 1.8 2.88 9 111 1.93 9 1.05 15 9 1.02 1.28
12 117 2.39 12 1.06 1.64 12 1.02 1.32 12 1.01 1.17
14 113 2.19 14 1.04 1.54 14 1.01 1.26 14 1 1.13
16 1.1 2.06 16 1.03 1.47 16 1.01 1.32 16 1 11

6 1 3704 3655 |8 1 3704 37147 |10 1 3704 3712 |12 1 3704 361.27
2 952 2494 2 7.04 18.12 2 B8 13.86 2 456 10.96
3 334 9.24 8 25 6.3 3 203 4.66 3 174 3.64
4 211 5.52 4 1.66 3.74 4 141 2.8 4 1.27 224
) 1.66 4.06 b) 1.36 277 5) 1.21 211 5 1.12 1.73
7 1.31 2.83 7 1.14 1.99 7 1.07 1.58 7 1.03 (835
9 118 231 9 1.07 1.67 9 1.03 1.37 9 1.01 121
12 11 1.94 12 1.03 1.45 12 1.01 1.23 12 1 112
14 1.07 18 14 1.02 1.38 14 1.01 1.18 14 1 1.09
16 1.05 17 16 1.01 1.32 16 1 1.15 16 1 1.07

26



The improved control chart: S7 ) and SZ

These improvements are proposed by Yamauchi et al. (2022).

The sampling scheme used for an(,) control chart is identical of
the applied for X n()y:

1. Inspect a sample of size n, and compute the statistic 522

(na — 1)5t2;

2. If x2 = — 7 > X%—a;na—l then the process is declared

0
out-of-control, adjusted and go to Step 1; otherwise go to
Step 3.

3. Inspect a sample of size np; compute the statistic Stz,?; if

2
np —1)S;? :
X3 = % > Xi_a:n,—1 then the process is declared
p ;

0
out-of-control, adjusted and go to Step 1.

27



The improved control chart: S7 ) and SZ

The control chart 5t2n(K) applies Klein's supplementary rule (Klein
2000):

e In equally spaced time intervals random samples of size n and
obtained the statistic S2,.

i-1 i . -1)S2
e Let x2 and x?2, be two successive values of x2 = ("U#
0

e The process is declared out of control if x%:l > UCLgsz and

X% > UCLg; .

28



Comparing

Table 11: ARL; values for the S2, S2 SEH(K) and an(,)

tn'

Shift 61 S? S?n S?n(K) Stz,,(/) & St2n SEn(K) Stzn(l)
Sample size n=7 Sample size n=8
1 370 353 370 382 370 355 371 377
1.1 177 227 204 227 170 226 197 223
1.2 96 147 121 147 90 142 113 143
13 58 103 79 100 53 98 72 91
1.4 38 75 56 74 35 69 50 66
1.5 27 57 41 54 24 52 36 48
1.6 20 44 31 41 17 39 28 36
1.7 15 36 25 33 13 32 22 28
1.8 12 30 20 26 10 26 18 22
1.9 9.7 25 17 21 8.5 21 15 18
2 8.1 21 15 18 7 18 13 15
3 2.9 7.5 6 6.1 2.5 6.3 5.2 5.1
5 15 33 3.4 2.7 1.4 2.8 3 2.4
7 1.2 2.3 2.8 2.1 1.1 2 2.5 1.8
9 11 1.9 25 1.8 11 1.7 2.4 1.6




Sample sizes

Table 12: Minimum sample size for an(,) (with n; =2n—2; n, = 2) and
an(K) control charts to have equal performance of the standard S? chart

shift n=2 n=3 n=4 =5 =6 =7 n=3
b2 Stzn(K Stzn(l) 5t2n(K Stzn(l Stzn(K) 5tzn(l) Stzn(K Srn (1) 5 Stn(l Stn (K) 5 Stzn(K) Stzn(l)
1.1 4 6 6 9 7 11 9 14 10 18 11 19 13 >20
1.2 4 6 6 9 7 11 9 13 10 15 11 17 13 19
1.3 4 6 6 8 7 11 9 12 10 14 11 16 13 18
1.4 4 6 6 8 7 10 9 12 10 13 11 15 13 16
1.5 4 5) 6 8 7 10 9 11 10 18 11 14 18 16
1.6 4 5) 6 8 7 9 9 11 10 12 11 14 13 16
1.7 4 5) 6 8 7 9 9 11 10 12 12 14 13 15
1.8 4 5) 6 7 7 9 9 11 10 12 12 14 13 15
1.9 4 5) 6 7 7 9 9 10 11 12 12 g 14 15
2.0 4 5) 6 7 8 9 9 10 11 12 13 13 14 15




np,-type charts to monitor variance: npgf, npg’f(,)

These approaches are proposed by Silva et al. (2022)

2
| - np% control chart:

e Classify n items according to the warning limit w, and get the
statistic Y (the number of items which value of quality

characteristic is larger than w,)

o If Y > UCL,p, then the process is declared out-of-control.

31



np,-type charts to monitor variance: np§<2, npg’f(,)

- npgf(l) control chart:

e 1 - Classify n, items according to the warning limit z, and get
the statistic Y, (the number of items which value of quality

characteristic is larger than z,)

e 2 -If Y, > UCL,, then the process is declared out-of-control,
adjusted and go to step |. Otherwise go to step 3

e 3 - Classify np < n, items according to the warning limit z
and get the statistic Y}, (the number of items which value of
quality characteristic is larger than zp). If Y, > UCL,, then
the process is declared out-of-control, adjusted and go to step
l.

e 4 - Go to step 1.

32



Tabzle 13: Cozmparison of the performance of the control charts:
np? and np)‘(’(,) control charts.

s,

ARLy
[ $2 chart npg npg) 52 chart npg" ) 52 chart npg" [
1.00 370.398 370.364 370.362 370.398 370.341 370.364 370.398 370.303 370.395
110 98.340 96.239 95.919 91.272 88.886 90.602 85.294 83.167 85.351
1.20 37.080 35.132 35.316 32.889 30.799 32.077 29.528 27.605 29.161
1.30 17.830 16.359 16.716 15.406 13.889 14.827 13.530 12.136 13.226
1.40 10.194 9.102 9.484 8.690 7.595 8.311 7.555 6.554 7.357
1.50 6.610 5.781 6.145 5.608 4.792 5.366 4.863 4.123 4751
1.60 4.706 4.057 4.397 3.995 3.367 3.850 3.474 2,907 3.429
1.70 3.595 3.072 3.393 3.065 2.566 2,991 2,681 2.233 2,690
1.80 2.898 2.467 2.775 2.487 2.081 2.471 2.192 1.830 2.249
1.90 2.435 2.073 2.374 2.107 1.770 2.139 1.874 1575 1.973
2.00 2114 1.805 2.103 1.846 1.561 1.918 1.656 1.407 1.793
Sample ne =6 N, =10 ASS =7.515 ng =17 N, =12 ASS =8.517 ng: =8 Nnp, = 14 ASS =052
Size na=14np=1 na=16np=1 na=18np =
ucL UCLs» =3.641 UCLp,, =2  UCL,, =3 | UCLsx =3.384 UCLp,, =2  UCL,, =3 |UCLsx=3.121 UCLn, =2  UCL, =3
UCLy, =0 UCLy, =0 UCLy,
Discriminant = w, =21734  z,=10945 = wy, =22512 z,=201 - w, =2.3144  z,=206
limit 2, = 3.405 2z, =3.36 25 = 3.405
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Themes for the Seminars

Find other contributions (any kind) to improve the standard

control charts

If you have to make a choice, which of the proposals you will

choose? Justify

Is there room for other improvement? Do you have other idea?

34
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