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Sistemas Mecânicos



Modelo ModeloF.T. F.T.

oo

xi xo
B K

o

xi xo

o

K1
K2

B

<latexit sha1_base64="mKHMCsnfNyR2p2TO3GSIT3XUGEQ=">AAACNnicbVDLSsNAFJ3UV62vqEs3g61QEUoiRd0IRTeCmwr2AW0Ik+mkHTqZhJmJUEJ+wK9xqf6JG3fi1r0bJ202bT1wh8M5d+7lHi9iVCrL+jAKK6tr6xvFzdLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON77N/M4TEZKG/FFNIuIEaMipTzFSWnLNSt8XCCddN0z1Q9OqPL2eSTcy1QXP4H3qmmWrZk0Bl4mdkzLI0XTN3/4gxHFAuMIMSdmzrUg5CRKKYkbSUj+WJEJ4jIYkCZAaCenLObWnKUcBkU4yvTGFJ1oZQD8UuriCU3VuDgqknASe7swmykUvE//1iKRcLSxX/pWTUB7FinA82+3HDKoQZhnCARUEKzbRBGFB9VEQj5AOTemkSzotezGbZdI+r9kXtfpDvdyo5LkVwRE4BlVgg0vQAHegCVoAg2fwAt7Au/FqfBpfxvestWDkfw7BHIyfP9W0rKQ=</latexit>

Xo

Xi
(s) =

Bs

Bs+K

<latexit sha1_base64="ZqvEuqzccKkbGKKD6C55lJYGzAU="></latexit>

Xo

Xi
(s) =

K1

Bs+ (K1 +K2)

<latexit sha1_base64="2/bAmT0etyvRN+pLBdHOp7Me6vc="></latexit>

Xo

Xi
(s) =

B1s+K

(B1 +B2)s+K

o

xi xo

o B

K1
K2

o

xi xo

o B1

B2

K

o

xi xo

o
B1

B2

K

o

xi xo

o

K1 K2B

o

xi xo

o
B1 B2K

(1)

(2)

(3)

(4)
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(7)

(8)

fi

xo

o
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M

xi xo

oM
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xi
xo

o M1 M2

KB1 B2

o

xi xo

o

B1 B2K1 K2

fi

xo

oM
K B

fi

xo

o M
K1 K2B

o

xi xo

o
B1 K B2
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xo

o
B2K

M1 M2

B1
(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

<latexit sha1_base64="Uk9PrfA5rl1kHw5ZgmMVocORcE8="></latexit>

Xo

Xi
(s) =

B1s

(B1 +B2)s+K

<latexit sha1_base64="C5gOn9RH2lQls/MRdx6f+a9/K38="></latexit>

Xo

Xi
(s) =

K1(Bs+K2)

B(K1 +K2)s+K1K2

<latexit sha1_base64="m8qHJ6E8kknnfjWCXNnMH9f1zMs="></latexit>

Xo

Xi
(s) =

B1K

B1B2s+ (B1 +B2)K

<latexit sha1_base64="9eFnIpKZFEjnigZVeBfWzRIkHMQ="></latexit>

Xo

Fi
(s) =

K

MBs3 +MKs2 +BKs

<latexit sha1_base64="naF/UGLiRZRv9/gMC2itwAo6C9c=">AAACNHicbVDLSsNAFJ3UV62vqEs3Q6tQEUoiRd0IRTdCNxXsA9oQJtNJO3QyCTMToYTs/RqX6q8I7sStP+DGSZtNqwdmOJxzH9zjRYxKZVnvRmFldW19o7hZ2tre2d0z9w86MowFJm0cslD0PCQJo5y0FVWM9CJBUOAx0vUmt5nffSRC0pA/qGlEnACNOPUpRkpLrlke+ALhpOeGqf5oWpWn13CuNdPkRp41U9esWDVrBviX2DmpgBwt1/wZDEMcB4QrzJCUfduKlJMgoShmJC0NYkkihCdoRJIAqbGQvlxQ+5pyFBDpJLMLU3iilSH0Q6EfV3CmLsxBgZTTwNOV2US57GXivx6RlKul5cq/chLKo1gRjue7/ZhBFcIsQTikgmDFppogLKg+CuIx0okpnXNJp2UvZ/OXdM5r9kWtfl+vNI7z3IrgCJRBFdjgEjTAHWiBNsDgCTyDV/BmvBgfxqfxNS8tGHnPIViA8f0LhresBg==</latexit>

Xo

Xi
(s) =

K

Bs+K

<latexit sha1_base64="iEWA+fug5nxfN4yASo+HUCyFIBQ="></latexit>

Xo

Xi
(s) =

B1K

M1M2s3 + (M1B2 +M2B1) s2 + (M1K +M2K +B1B2) s+ (B1 +B2)K

<latexit sha1_base64="xTDSVrQGoZ39drJU4fLiC86X1X8="></latexit>

Xo

Xi
(s) =

B1K1s+B1K1K2

B1B2(K2 +K1)s+ (K1K2)(B1 +B2)

<latexit sha1_base64="3MIXiwhR1li/RIOwp3p7TGdSpKE="></latexit>

Xo

Fi
(s) =

Bs+K

MBs3 +MKs2 +BKs

<latexit sha1_base64="S+xAno841D9YMCsKjW74YwCCjbc="></latexit>

Xo

Fi
(s) =

1

Ms2 +K2

K1 K2

o

xi xo

o
B

<latexit sha1_base64="OGm4aJ76UHmcKhk6ifP8P3/068s="></latexit>

Xo

Xi
(s) =

BK1s

B (K1 +K2) s+K1K2

<latexit sha1_base64="6Cz7HrCxJwk/+VVHXG+GuAIRTvQ="></latexit>

Xo

Xi
(s) =

B1

�
M2s2 +B2s+K

�

M1M2s3 + (M1B2 +M2B1) s2 + (M1K +M2K +B1B2) s+ (B1 +B2)K

<latexit sha1_base64="U+f8S8YzOO6FQ9R/HwPr4aEEaik="></latexit>

Xo

Xi
(s) =

B1 (B2s+K)

B1B2s+K (B1 +B2)

1-) Obs: As F.T. não estão na forma padrão !

<latexit sha1_base64="aXAuexMZD7jpGwKRrK/1uBKldiI="></latexit>

Xo

Xi
(s) =

Bs+K1

Bs+ (K1 +K2)



1-) Obs: As F.T. não estão na forma padrão !

<latexit sha1_base64="jJqrZmf9A1geeCJRficfE9IP7uo="></latexit>

keq =
k2k3k4k5 + 2k1k3k4k5 + k1k2k4K5 + 2k1k2k3k5

k2k3k4 + k2k3k5 + 2k1k3k4 + 2k1k3k5 + k1k2k4 + k1k2k5 + 2k1k2k3
(a)

<latexit sha1_base64="h5cR0GoBHhSibPvUSrpK1p3KhYk="></latexit>

keq = kt1 + kt2 + k1l
2
1 + k2l

2
1 + k3l

2
2(b)

<latexit sha1_base64="ySgR5k2mZTixM2+iPINDlSmVLig=">AAACJ3icbZDLSsNAFIYn9VbrLSqu3AwWoauSaFE3QsGNywr2Am0pk+lJO3QyiTMToYQ8jEv1YdyJLn0ON07abNp6YODn/8+cw/m8iDOlHefbKqytb2xuFbdLO7t7+wf24VFLhbGk0KQhD2XHIwo4E9DUTHPoRBJI4HFoe5O7LG8/g1QsFI96GkE/ICPBfEaJNtbAPpkMEsBP6W3Pl4Qml2lSS/FkYJedqjMrvCrcXJRRXo2B/dsbhjQOQGjKiVJd14l0PyFSM8ohLfViBRGhEzKCJCB6LJWvFtyukYIEoPrJ7KgUnxtniP1Qmic0nrkLc0ig1DTwTGc2US1nmflvBooJvbRc+zf9hIko1iDofLcfc6xDnEHDQyaBaj41glDJzFGYjokBpg3akqHlLrNZFa2LqntVrT3UyvVKzq2ITtEZqiAXXaM6ukcN1EQUJegFvaF369X6sD6tr3lrwcr/HKOFsn7+APL3pqo=</latexit>

keq =
3

4
k(c)

(d)
<latexit sha1_base64="c/KBVunD5HlgyvDDET/OU3npvVo="></latexit>

keq =
4X

i=1

�
kei cos

2 ✓i
�

<latexit sha1_base64="a7q14OhIHMLPuMm7uDaBTiA0Anw="></latexit>

ke1 =

✓
k5k6k7

k5k6 + k5k7 + k6k7

◆ <latexit sha1_base64="FpxROUzlag4GQQsR1/9sq9Q1b+U="></latexit>

ke2 =

✓
k8k9

k8 + k9

◆ <latexit sha1_base64="2oHI821SP9eeTmq6zg5zSMmI4RI="></latexit>

ke3 =

✓
k1k2

k1 + k2

◆ <latexit sha1_base64="qR/sQ5ndTTNsGtXf+qZhcmADhuo="></latexit>

ke4 =

✓
k3k4

k3 + k4

◆
onde:

(e)

(f)

<latexit sha1_base64="r8EyfPZKEbbzhOEWeMaiQIu4R6I="></latexit>

keq =
3E1I1
l31

+
48E2I2

l32

<latexit sha1_base64="MJdQpHM2c4FoQsS5vqe6DueYtbw=">AAACLXicbVDLSgMxFM3UV62vqstugkXoqsyUom6EihuXFewD2lIy6Z02NMmMSUYoQxd+jUv1Y1wI4taPcGOm7aatBwKHc27u4R4/4kwb1/10MhubW9s72d3c3v7B4VH++KSpw1hRaNCQh6rtEw2cSWgYZji0IwVE+Bxa/vg29VtPoDQL5YOZRNATZChZwCgxVurnC+N+Avhxel3BuCuIGSmRdIdECDK96eeLbtmdAa8Tb0GKaIF6P//bHYQ0FiAN5UTrjudGppcQZRjlMM11Yw0RoWMyhGSWpQO9pHYslUSA7iWz06b43CoDHITKPmnwTF3aQ4TWE+HbyXSjXvVS8V8PNJNmJdwEV72EySg2IOk8O4g5NiFOq8MDpoAaPrGEUMXsUZiOiCLU2IJzti1vtZt10qyUvYty9b5arJUWvWVRAZ2hEvLQJaqhO1RHDUTRM3pBb+jdeXU+nC/nez6acRZ/TtESnJ8/fP+o+w==</latexit>

keq = 2�A onde g é o peso específico do líquido



3-) Obs: As F.T. não estão na forma padrão !

(a) Na forma matricial

<latexit sha1_base64="6miTS9DIBDsc9Rm/QBy/3SUV0fs="></latexit>
M1 0
0 M2

�⇢
ẍ1

ẍ2

�
+


B1 0
0 B2

�⇢
ẋ1

ẋ2

�
+


K �K
�K K

�⇢
x1

x2

�
=

⇢
B1ẋi

fi

�

(b) 
<latexit sha1_base64="MULgCC6EoFrPIlwdnntvfu+mzj4="></latexit>

X1(s)

Xi(s)
=

B1M2s2 +B1B2s+B1K

M1M2s3 + (M1B2 +M2B1) s2 + (B1B2 +M1K +M2K) s+B1K +B2K

<latexit sha1_base64="w/wNsSfTLtsComOrYndw7msEfcs="></latexit>

X2(s)

Xi(s)
=

B1K

M1M2s3 + (M1B2 +M2B1) s2 + (B1B2 +M1K +M2K) s+B1K +B2K

<latexit sha1_base64="fvb2Ho0v1cCc7Evjn79pcO5WZl4="></latexit>

F0(s)

Fi(s)
=

M1Ks

M1M2s3 +M1B2s2 + (M1K +M2K) s+B2K
(c) 



4-) (a) Na forma matricial

<latexit sha1_base64="o+J9VqtOjUQEFQBCJeyGnA+ntqk="></latexit>
M1 0
0 M2

�⇢
ü1

ü2

�
+


B1 +B2 �B2

�B2 B2

�⇢
u̇1

u̇2

�
+


K1 +K2 �K2

�K2 K2

�⇢
u1

u2

�
=

⇢
f1(t)
f2(t)

�

<latexit sha1_base64="QHnsFGww8hJg+de/A9y+2A/XK6w="></latexit>

U2
F1

(s) = B2s+K2
M1M2s4+(M1B2+M2B1+M2B2)s3+(M1K2+B1B2+M2K1+M2K2)s2+(B1K2+K1B2)s+K1K2

<latexit sha1_base64="CPOvJaYOwVah7NA1FeQoMW5pQVI="></latexit>

U1
F1

(s) = M2s
2+B2s+K2

M1M2s4+(M1B2+M2B1+M2B2)s3+(M1K2+B1B2+M2K1+M2K2)s2+(B1K2+K1B2)s+K1K2

<latexit sha1_base64="yHfl2EEm/uuK/kHXPOhDBmfZAD0="></latexit>

U2
F2

(s) = M1s
2+(B1+B2)s+(K1+K2)

M1M2s4+(M1B2+M2B1+M2B2)s3+(M1K2+B1B2+M2K1+M2K2)s2+(B1K2+K1B2)s+K1K2

<latexit sha1_base64="b1LM8BQVp+DHY0YNk1RfsqtYyvQ="></latexit>

U1
F2

(s) = B2s+K2
M1M2s4+(M1B2+M2B1+M2B2)s3+(M1K2+B1B2+M2K1+M2K2)s2+(B1K2+K1B2)s+K1K2

(b) F.T.:

(c) 
<latexit sha1_base64="Rb24b+zRHHwtOL7UzjG2sLQ6/d8="></latexit>⇢

U1(s)
U2(s)

�
=


H11(s) H12(s)
H21(s) H22(s)

�⇢
F1(s)
F2(s)

� <latexit sha1_base64="NPjf10K9/igatAvOI726huKlDEs="></latexit>
H11(s) H12(s)
H21(s) H22(s)

�
=

"
N1(s)
D(s)

N2(s)
D(s)

N2(s)
D(s)

N3(s)
D(s)

#

<latexit sha1_base64="b5T7PP4lSD0DeAWi2pAgmpBtlRE="></latexit>

N1(s) = M2s2 +B2s+K2

<latexit sha1_base64="VpTVPzhnRQIg3LV2jQN1BDaiWco=">AAACJHicbVBNSwJBGJ61LzMrs2MQQxIYhexKVJdA6hIEoZAfoLLMjrM6ODu7zMxGsvgbunfoWB36Kd2iQ5f+SBDNqhe1B154eJ73g/dxAkalMs0vI7GwuLS8klxNraXXNzYzW9ma9EOBSRX7zBcNB0nCKCdVRRUjjUAQ5DmM1J3+ZezX74iQ1Oe3ahCQtoe6nLoUI6UlO5O9sYt5eQDP4YVdhPLw2i7amZxZMEeA88SakFwp/VB5e/zdLduZn1bHx6FHuMIMSdm0zEC1IyQUxYwMU61QkgDhPuqSyEOqJ6Qrp9Smphx5RLaj0UdDuK+VDnR9oYsrOFKn9iBPyoHn6M54o5z1YvFfj0jK1cxx5Z61I8qDUBGOx7fdkEHlwzgx2KGCYMUGmiAsqH4K4h4SCCuda0qnZc1mM09qxYJ1UjiuWLnSERgjCXbAHsgDC5yCErgCZVAFGNyDJ/ACXo1n4934MD7HrQljMrMNpmB8/wE836bZ</latexit>

N2(s) = B2s+K2

<latexit sha1_base64="Og/M5A3jwhpueBMR5FnmFitW66I="></latexit>

N3(s) = M1s2 + (B1 +B2) s+ (K1 +K2)

<latexit sha1_base64="IoL59ryQkWFRfk7aeuBFyi1R1x0="></latexit>

D(s) = M1M2s4+(M1B2 +M2B1 +M2B2) s3+(M1K2 +B1B2 +M2K1 +M2K2) s2+
(B1K2 +K1B2) s+K1K2



4-) Continuação (d)

<latexit sha1_base64="8sB5kQTjz584VSJCe6w5+NNlaVY="></latexit>
M1 0
0 M2

�⇢
ü1

ü2

�
+


B1 +B2 �B2

�B2 B2

�⇢
u̇1

u̇2

�
+


K1 +K2 �K2

�K2 K2

�⇢
u1

u2

�
=

⇢
K1x(t) +B1ẋ(t)
0

�

(e) <latexit sha1_base64="XGE5dmA1uhhx4H4cN154PHrO+5g="></latexit>

H̄11(s) =
U1
X (s) = M2B1s

3+(M2K1+B1B2)s
2+(K1B2+K2B1)s+K1K2

M1M2s4+(M1B2+M2B1+M2B2)s3+(M1K2+B1B2+M2K1+M2K2)s2+(B1K2+K1B2)s+K1K2

<latexit sha1_base64="4sOuOylhQBRzbQ/98aRSomAoPV4="></latexit>

H̄21(s) =
U2
X (s) = B1B2s

2+(B1K2+B2K1)s+K1K2

M1M2s4+(M1B2+M2B1+M2B2)s3+(M1K2+B1B2+M2K1+M2K2)s2+(B1K2+K1B2)s+K1K2

<latexit sha1_base64="LkzGpO6OE5NtiIR0uHdTHrJcv9k="></latexit>⇢
U1(s)
U2(s)

�
=

⇥
H̄11(s) H̄21(s)

⇤⇢ X(s)
0

�



5-) (a) <latexit sha1_base64="BlciJVLAF0Hd7MDSkmL+gXzyE1E="></latexit>

M1ẍ+ (B1 +B3) ẋ+K1x�B2ż = 0

M2ẍ+K2x+M2z̈ +B2ż +K2z = f(t)

<latexit sha1_base64="FyCrj77D73Fu885Mx9kLw0fZxxA="></latexit>

M1ẍ+ (B1 +B2 +B3) ẋ+K1x�B2ẏ = 0

�B2ẋ+M2ÿ +B2ẏ +K2y = f(t)

(b)

6-) (i)
<latexit sha1_base64="iiylTGOztxjcux9oltr+yd7KFqs="></latexit>

M1ẍ1 +K1x1 �Bẋ2 � (K2 +K3)x2 = M1g + fi(t)

M2ẍ1 +M2ẍ2 +Bẋ2 + (K2 +K3)x2 = M2g
(ii)

<latexit sha1_base64="/4p/FLpVI/3Dc1J7B1nzsI4xP2Y="></latexit>

x10 =
(M1 +M2) g

K1

x20 =
M2g

K2 +K3

8-) (a) <latexit sha1_base64="Yg/rZcy8VnFUddWv5Se4pvJiPj0="></latexit>

M1ẍ1 +B1ẋ1 +K1 (x1 � x2) = fi(t)

M2ẍ2 +B2ẋ2 +K2x2 = K1 (x1 � x2)
(b)

<latexit sha1_base64="Yuns4cYfolo/9xVdcL58M4l3A98="></latexit>

M1ẍ1 +B1ẋ1 +K1 (x1 � x2) = fi(t)

M2ẍ2 +B2ẋ2 +K2x2 +M2g = K1 (x1 � x2)

9-) para x3 = 0 
<latexit sha1_base64="kF8s0D6xA0mL02mweW31zEEcC6A="></latexit>

M1ü1 +B1u̇1 + (K1 +K2)u1 �K2u2 = fi(t)

�K2x1 +M2ü2 +B2u̇2 +K2u2 = 0



10-) 
<latexit sha1_base64="Gx02Wg+nAV98ocTeLgnG4aOPc8I="></latexit>

J1!̇1 +B1!1 +K1✓1 �K2 (✓2 � ✓1) = 0

J2!̇2 +B2!2 +K2 (✓2 � ✓1)� Ti(t) = 0

11-) 

F.T. : por conta do estudante !

12-) 
<latexit sha1_base64="hQYVeC3EzxQ+PgHiyvELvu7i8Jw="></latexit>

J ✓̈ +B1✓̇ +
�
K1 +K2R

2
�
✓ �K2Rx = Rfa(t)

�K2R✓ +Mẍ+B2ẋ+ (K2 +K3)x = 0
F.T. : por conta do estudante !

<latexit sha1_base64="6h3D9dE86DH/fpcIkXUyYehlr7M="></latexit>

(Im + Ip) ✓̈ = T �RF

mrẍ = F � cẋ� kx

(a)
<latexit sha1_base64="55VhPehwa3t5Kr2cdh83dBPWa9U=">AAACNXicbVDLTgIxFO3gC/GFunTTiCauyAwh6saExI1sDCa8EkDSKXegodMZ244JmfABfo1L9VNcuDNu/QA3FhgXgCdpcnLO6b25xw05U9q2363Uyura+kZ6M7O1vbO7l90/qKsgkhRqNOCBbLpEAWcCapppDs1QAvFdDg13eD3xG48gFQtEVY9C6PikL5jHKNFG6mZz5W7sYBhf3d4XcLnr4PZDRHq4+qca5piUnbenwMvESUgOJah0sz/tXkAjH4SmnCjVcuxQd2IiNaMcxpl2pCAkdEj6EPtED6Ty1JzaMlQQH1Qnnp44xqdG6WEvkOYJjafq3BziKzXyXZOcTFSL3kT81wPFhF5Yrr3LTsxEGGkQdLbbizjWAZ5UiHtMAtV8ZAihkpmjMB0QSag2RWdMW85iN8ukXsg75/niXTFXOkl6S6MjdIzOkIMuUAndoAqqIYqe0DN6RW/Wi/VhfVpfs2jKSv4cojlY378ecKoE</latexit>

I1e = N2I1 T1e = NT1(b) (propriedades equivalentes)

<latexit sha1_base64="KZUpW3OGXhVFEfqfbP98hzjqSTE="></latexit>

I1e✓̈2 = T1e + kT (✓3 � ✓2)

I2✓̈3 = �kT (✓3 � ✓2)� cT ✓̇3


