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S Chart

• S =

√√√√√ n∑
j=1

(Xj − X
2
)

n − 1
, standard deviation of sample size n observations

• E(S)=σc4; c4 =

(
2

n − 1

)1/2 Γ(n/2)

Γ[(n − 1)/2]

• Var(S) = σ2
S = (1− c4)σ2

• σ0 available
• Central line: c4σ0; Control limits: c4σ0 ± zα/2σ0

√
1 − c4

• zα/2 = 3; Bi = c4 ± 3
√

1 − c4, Control limits: Biσ0, i=5;6

• σ0 unavailable

• Ê(S) = S =
S1 + . . . + Sm

m
, estimator of E(S) → σ̂ = S

c4
;

• σ̂S =
√

1 − c4
S

c4

• In case of variable sample size use S =

√∑m
i=1(ni − 1)S2

i∑m
i=1(ni − 1)

• Central line: S; Control limits: S ± zα/2

√
1 − c4

S

c4

• zα/2 = 3; Bj = 1 ±
3
√
1 − c4

c4
;

• Central line: S; Control Limits: BjS, j=3, 4

• See Tables for c4,B3,B4,B5,B6
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Building X chart with X and S

• Fixed α

• Central line: X=X1+...+Xm
m

• Control limits: X ± zα/2
S

c4
√
n

• If zα/2=3, A3 =
3

c4
√
n
, the control limits are: X ± A3S

• See Tables for c4,A3
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Figure 1: Tables of constants
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S2 Chart - Preliminaries

• Sample Variance S2 =
n∑

j=1

(Xj − X
2
)

n − 1
,

• Sample variance S2 is an unbiased estimator as E(S2)=σ2

• To determine the control limits the distribution of S2 must be known.

• Z ∼ N(0; 1) then Z2 ∼ χ2
1 a chi-square distribution with one degree of freedom.

• Let Z1,Z2, . . . ,Zk independent random variables then
∑n

i=1 Z
2
i ∼ χ2

k follows a

chi-square distribution with n degrees of freedom.

• Thus X ∼ N(µ;σ2) then
(

X−µ
σ

)2
∼ χ2

1 a chi-square distribution with one degree

of freedom.

• And let X1,X2, . . . ,Xk be independent identical random normal variables then∑n
i=1

(
Xi−µ

σ

)2
∼ χ2

k follows a chi-square distribution with n degrees of freedom.
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S2 chart

• Adding and deducting X in
∑n

i=1

(
Xi−µ

σ

)2
. It can be rewritten as

n∑
i=1

(
Xi − µ

σ

)2

︸ ︷︷ ︸
χ2
n

=

∑n
i=1

(
Xi−X

σ

)2
+

n∑
i=1

(
X − µ

σ

)2

︸ ︷︷ ︸
χ2
1

+2
n∑

i=1

(
Xi − X

σ

)(
Xi − µ

σ

)
︸ ︷︷ ︸

=0

• Thus
n∑

i=1

(
Xi − X

σ

)2

=
(n − 1)S2

σ2
follows χ2

n−1

• Fixed α, α/2 = P(S2 > UCLS2 |σ2 = σ2
0) = P(S2 < LCLS2 |σ2 = σ2

0)

• LCLS2 :
σ2
0

n − 1
χ2
(α/2;n−1);UCLS2 :

σ2
0

n − 1
χ2
(1−α/2;n−1)

• See Tables for χ2
(α/2;n−1)

, χ2
(1−α/2;n−1)

, the quantiles of chi-square distribution
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The power of S2 chart

The power: the determination of the probability 1− β

• 1− β = P(S2 > UCLS2 |σ2 = σ2
1) + P(S2 < LCLS2 |σ2 = σ2

1)

= P

(
S2(n−1)

σ2
1

>
UCL

S2
(n−1)

σ2
1

|σ2 = σ2
1

)
+ P

(
S2(n−1)

σ2
1

<
LCL

S2
(n−1)

σ2
1

|σ2 = σ2
1

)
• Replacing the control limits, assuming that σ2

1 = δσ2
0 and after some algebraic

manipulations, the power is

P

(
χ2
n−1 >

χ2
(1−α/2;n−1)

δ

)
+

(
χ2
n−1 <

χ2
(α/2;n−1)

δ

)
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Exercise

Use de functions dchisq, pchisq, etc to answer these items:

1. Determine the control limits for S2 chart for sample sizes n = 5, 10, 15,

α = 0.05, 0.01 and σ2
0 = 1, 10

2. What do you observe about the control limits as n increases? And as α decreases?

3. Calculate the power of S2 chart if the variance shifts to σ2
1 = δσ2

0 ,

δ = 1.25; 1.5; 2; 3

4. Compare these results with those obtained with R chart. Which chart is more

powerful?

Get the asymptotic control limits for S2 control chart.
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X Control Chart: µ0 and σ, both unknown - Estimators for µ0 and σ2
0

• σ unavailable

• Replace σ2 by S
2
in control limits

• Take samples when the process is in-control

• Take m (20 to 25) samples; each with n (4 to 6) units

• Let X i , S
2
i , be the average and variance sample of the ith sample

• Best estimator for µ0: X =
X 1 + . . .+ Xm

m

• Best estimator for σ2
0 : S

2
=

S2
1 + . . .+ S2

m

m
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X Control Chart: µ0 and σ, both unknown - Estimators for µ0 and σ2
0

• When the sample sizes are not equal, use

X =
n1X 1 + . . .+ nmXm

n1 + . . .+ nm

S
2
=

(n1 − 1)S2
1 + . . .+ (nm − 1)S2

m

n1 − 1 + . . .+ nm − 1
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Exercise

Table 1: Volumes of soft drink in cm3 taken at every 30 min in 15 hours of production

Sample X1 X2 X3 Sample X1 X2 X3

1 252.16 250.34 249.7 16 248.29 249.6 249.15

2 248.34 248.61 250.63 17 249.59 249.89 248.51

3 249.19 250.02 250.84 18 248.03 249.11 249.81

4 251.29 249.93 250.24 19 250.99 251.5 249.92

5 248.16 250.41 251.19 20 247.62 250.43 250.39

6 250.37 251.98 248.44 21 250.6 250.54 250.2

7 250.31 248.71 251.13 22 250.44 251.17 250.01

8 250.27 249.64 249.92 23 249.35 249.16 250.2

9 250.72 250.8 249.35 24 248.17 249.94 248.15

10 250.45 249.18 250.04 25 249.98 251.57 249.79

11 251.76 252.01 251.9 26 250.1 249.57 249.11

12 249.33 251.21 250.58 27 248.82 251.01 248.9

13 249.26 247.67 249.99 28 248.39 248.26 250.57

14 249.41 249.01 249.51 29 251.43 250.92 250.12

15 249.9 249.07 250.32 30 248.82 249.28 248.57

Use data of Table 1 determine the control limits for S and S2 chart considering

α = 0.0027

Is stable the variability of the volume of soft drink?
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