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Equivaléncias

Sistemas Continuos Sistemas Discretos

Tempo: t

Eq. Diferenciais Ordindrias (EDOs):

x(t) + Ax(t) = u(t)

Solugcdo EDO homogénea:

x(t) = x(0)e™*t
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Equivaléncias

Sistemas Continuos Sistemas Discretos

Transformada de Laplace:

sX(s) + AX(s) = U(s)

Funcdo Transferéncia:

Estabilidade (Plano s):

R(—-N) <0
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Equivaléncias

Sistemas Continuos Sistemas Discretos

Tempo: t Tempo: kT

Eq. Diferenciais Ordindrias (EDOs): | Equagdes a Diferengas (EDs):

x(t) + Ax(t) = u(t)

Solugcdo EDO homogénea: Solugcdo ED homogeénea:

x(t) = x(0)e™*
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Equacgdes a Diferencas

@ Instantes isolados ou discretos de tempo
@ Instante atual e passados

e Equagdes a Diferencas X Eq. Diferenciais Ordindrias (sistemas
continuos)
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@ Empréstimo de ¢y Reais
@ Taxa de juros mensal = %
@ Numero de prestacdes = L

@ Valor da prestacao = p

Determinar p dados ey, L e i
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e Valor da divida no més k = e(k), k=0,1,--- com
e(0) = e
e e(k + 1) dado e(k)

e(k+1) = (1+@) e(k) — p

@ Equacido a Diferenca

e(k+1) - <1+160> e(k)=—p
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e Solugdo: r = (1+ 145) = e(k+ 1) = re(k) — p
e(0) = ep
e(l)=re(0) —p=reg—p
e(2)=re(l)—p=r’eqg—rmp—p
e3)=re(2)—p=req—r’p—rp—p
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@ Progressao geométrica de razdo r > 1

@ Solugdo: Funcio discreta e(k)
k
r<—1
k) =rkeg —
e(k) = rey <r_l)p

e Saldar divida em L meses = e(L) =0

r—1
P=1—,1%

Adriano A. G. Siqueira Aula 4 - Equagdes a Diferengas



@ Casol: i=5%el =12

i
—(1+——)=1
r ( + 100) ,05

@ Prestacdo
r—1

ﬁeo == 0, 112860

le_

o Total pago
Lp =1,3539%¢
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e Caso 2: i =5%

@ Pagar 1 prestacdo no final de 12 meses
e(k +1) = re(k) = e(k) = rke

o Total pago
e(12) = 1,7959%¢
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Equacgdes a Diferencas

@ Sistemas Lineares
any(k+n)+ - +ary(k+1) + aoy(k) = g(k)
@ g(k) conhecida para todo k

@ a3; € R para todo i e constante

@ a,=1
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Equacgdes a Diferencas

e Operador linear: D[y(k)]

Dly(k)] = aiy(k+i)

i=0

e Equacdo a diferencas

Dly(k)] = g(k)
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Equacgdes a Diferencas

@ Solugdo

y(k) = yn(k) + yp(k)

e D[y(k)] = 0 = Equagdo homogénea
e Dly(k)] = g(k) = Equagdo ndo homogénea
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Solu¢do homogénea D[y(k)] =0

o Dly(k)] =any(k+n)+---+ay(k+1)+ay(k)=0

o Equacgio caracteristica

anpt" 4+ + a1+ a0 = 0

e Se as n raizes (u1,- -, jin) sdo distintas

yh(k) = C1Ml1( + czué 4+ 4 c,,uﬁ
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Solu¢do homogénea D[y(k)] =0

@ Se existem raizes multiplas, por exemplo, 111 com
multiplicidade dois

yn(k) = cipf + cakpf + cap§ + -+ + copl
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Solugdo particular D[y(k)] = g(k)

o g(k) definida para todo k
o g(k),g(k+1),---,g(k+ m) formam um conjunto LD

bmg(k +m)+ -+ big(k + 1)+ bog(k) =0
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Solugdo particular D[y(k)] = g(k)

e Operador linear: N[g(k)]

m
N(g(k Z (k+1)

i=0

o N[g(k)] = bmg(k +m)+---+ big(k +1) + bog(k) =0
e Equacdo caracteristica

b A™ 4+ by A + by =0
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Solugdo particular D[y(k)] = g(k)

@ Se as m raizes (A1, -+, Am) sdo distintas

o E diferentes das raizes (i1, , fin)
o (di,---,dm) sdo encontrados substituindo y,(k) na equagdo

original
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@ Seja a equacgdo a diferenca
y(k+2) = y(k) = 32"

comy(0)=0ey(l)=1
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@ Seja a equacgdo a diferenca
y(k+2) = y(k) = 32"

comy(0)=0ey(l)=1

e Equagdo caracteristica de D[y(k)] = y(k+2) — y(k) =0
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e Equacio caracteristica de D[y(k)] =0
(H=1)(p+1)=0 = pm=1e p=-1
@ Solucido homogénea

yn(k) = a(1)* + co(-1)¥
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@ Solucio particular
o g(k) =3 -2k satisfaz:

g(k+1)—2g(k) =0

3.2k _2.3.2k—¢

@ Equacgio caracteristica

A=2=0 = A=2
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@ Solucio particular
yp(k) = di(2)

@ Substituindo na equagdo original:
y(k+2) = y(k) = 3-2¥
dp- 252 —dy - 2k = 3.2k
4dy - 2K — dy - 2K =3 .2k

3d; -2k = 3.2k

] d]_ =1
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Solucao
y(k) = a(1)* + (1) + 2

Condigdes iniciais: y(0) =0e y(1) =1

y(0)=a(1)’+(-1)°+2=c+0+1=0
yM=a)+ao(-1)1+2l=g-c+2=1

=>ca=-1lecp=0

Solucgio final
y(k) = —(1)* + 2
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e Equacao original:
y(k+2) —y(k)=3-2"

@ Solucdo final
y(k) = —(1)F + 2

@ Substituindo
—(1)kH2 g okH2 (—(1)k + 2k) — 3.0k

—()k 4.2k (1)k -2k =3.2k
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Equivaléncias

Sistemas Continuos Sistemas Discretos

Tempo: t Tempo: kT

Eq. Diferenciais Ordindrias (EDOs): | Equagdes a Diferengas (EDs):

x(t) + Ax(t) = u(t) x(k) — pux(k — 1) = u(k)
Solugcdo EDO homogénea: Solugcdo ED homogeénea:
x(t) = x(0)e™* x(k) = x(0)u*
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@ Progressdo aritmética de razdo r € R
y(k+1)—y(k)=r

com y(0) = yo
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@ Progressdo aritmética de razdo r €
y(k+1) ~y(k) = r
com y(0) = yo
e Equacio caracteristica de D[y(k)] =0

(h=1)=0 = pn=1

Adriano A. G. Siqueira Aula 4 - Equagdes a Diferengas



e g(k) = r satisfaz
Nig(k)] = g(k+1) —g(k) =0
e Equagio caracteristica de N[g(k)] =0
A-1)=0 = A=1
@ Solucio particular

yp(k) = dik(1)* = dik

Adriano A. G. Siqueira Aula 4 - Equagdes a Diferengas



@ Substituindo na equacdo original: dy = r

@ Solugdo
y(k) = c1(1)* + rk = 1 + rk

@ Condi¢des iniciais = ¢; = yg
o Note: y(k) satisfaz

y(k+2) =2y(k+1)+y(k) =0
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@ Soma dos k primeiros termos da progressio

@ Solugdo

s(k+1) —s(k) = y(k)
com s(0) =0

e Equagdo caracteristica de D[s(k)] =0

(h=1)=0 = p=1
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e y(k) satisfaz
y(k+2)—2y(k+1)+y(k)=0
e Equacio caracteristica de N[y(k)] =0

A=12=0 = M=1 e =1

@ Solu¢do particular

sp(k) = dik(1)* + dak?®(1)% = drk + dak?
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@ Substituindo na equagio original: di = yp —r/2 e do =r/2
@ Solucdo

s(k) = (D) + (o — 5 ) k+ (r/2)K2
@ Condicdes iniciais = ¢; =0

Checagem: soma dos k primeiros niimeros impares, yo = 1 e
r=2
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Exercicios

@ Encontre o termo genérico y(k) de uma progressdo
geométrica de razdo r € R

@ Encontre o termo genérico s(k) da soma dos k primeiros
termos da progressdo do exercicio 1, considerando r =3 e
r=1.

© Encontre a solugdo para a equacio a diferenca de segunda
ordem

y(k+2) —y(k+1) —2y(k) = 5.2k
com y(0)=3ey(1)=0
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