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Abstract

The evapotranspiration is indispensable for the planning and management of
water resources in watersheds and for the design of important engineering
projects. The accuracy of its estimation depends, among other things, on the
proper determination of the date and frequency of irrigation. One of the most
accurate equations for estimating the reference crop evapotranspiration (ETo)
is the Penman-Monteith equation, which was derived from the Penman equa-
tion published in 1948, which in turn is based on the energy balance equation.
In this paper we present the theoretical foundations of Penman’s equation
from the perspective of the first law of thermodynamics and the theory of
energy balance as a contribution for the students and engineers who use Pen-
man’s or Penman-Monteith equations in a utilitarian way within the historical
and theoretical framework of the origin of this equation.
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1.

Introduction

The evapotranspiration (ET) understood as the sum of soil evaporation and

plant transpiration plays an important role in regional water planning and

management. Hydrological models that include water management and crop

growth require an accurate estimation of ET [1] [2] [3] [4] [5]. The accuracy of

this estimate is especially important in order to plan the equitable distribution of
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water [6], for example for agricultural use, water supply projects to populations
and for industrial or recreational use. Hydraulic projects also require a precise
estimation of evapotranspiration for the planning, design and successful opera-
tion of projects [7]. In irrigation systems, forecasting of the reference crop eva-
potranspiration (ETo) is required to estimate water demand of crops in order to
plan the volume of water that must be stored in the systems’ dams. Therefore,
the ETo is intimately linked to irrigation scheduling and management, with a
correct estimation depending on the crops water supply [8] [9] [10]. The precise
estimation of ETo is important in the programming, planning and management
of irrigation systems and for other studies related to water [11]. Due to its relev-
ance for its utilitarian nature, many methods have been published to estimate
evapotranspiration. Empirical equations, methods, concepts and the theoretical
elements of evapotranspiration have been developed for more than 130 years.
The historical development of this subject is summarized below, without pre-
tending to cover all of its aspects, rather only those that in the opinion of the
author are the most relevant, highlighting specifically the contributions of the

Penman and Penman-Monteith equations.

2. Background

In 1887 in the United States of America, experimental stations were begun to be
established in the area of agriculture to determine the water needs of crops. One
of the first “formal” studies that were reported was conducted at the University
of Colorado campus in Fort Collins [12]. Thus, compared to other branches of
science, scientific research on evapotranspiration is recent. It is estimated that
the first studies on consumptive use began in 1900, although it was not yet ap-
plied to the water consumption of crops [13]. In those years, there was already
talk of consumptive water use, a term that was possibly coined in the USA where
the first studies and field tests began to determine seasonal consumptive use [14]
[15] [16] [17] [18]. In 1913, Brigs and Shantz studied the water needs of 55 dif-
ferent crop varieties based on meteorological studies in Colorado, USA [19]. It
wasn’t until the 1920°s when the concept of energy balance in the study of eva-
potranspiration in crops was first used [20]. After the 1920s, efforts were made
to better define consumptive use for irrigation purposes, one of which was pro-
posed by the American Society of Civil Engineering (ASCE) Water Committee.

<

This committee defined consumptive use as “...the amount of water absorbed
and transpired directly by a crop for it development, plus water evaporated from
the soil.”

It was until 1924 that Hedke developed one of the first methods to estimate
ET based on air temperature in order to estimate the consumptive use of crops
in the Rio Grande Valley [21]. In addition, in a report published by the State of

«

California in 1930, consumptive use was defined as: “...the sum of the water
used in the transpiration of the plant in its vegetative growth, plus water evapo-

rated from the surface of the soil” [22]. In the 1930’s and early 1940’s, several re-
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searchers and organizations, among the most important being The Committee
on Absorption and Transpiration of the Hydrology section of the American
Geophysical Union, The Special Committee on Irrigation Hydraulics of the
American Society of Civil Engineers, and The National Resources Committee,
realized efforts to not only standardize the concept but to define it according to
the physics of the phenomenon [12]. In the 1940’s, the concept of evapotranspi-
ration was understood as the sum of water evaporated from the soil plus that
which the plant transpires through its stomata.

For irrigation purposes the term has had several definitions, for example: po-
tential evapotranspiration, which was proposed in the late forties by Penman
and Thornthwhite. According to Penman, potential evapotranspiration is the
maximum rate of evaporation of water in the soil plus the transpiration of a
green crop, without limitations in the irrigation water supply, on a surface that is
completely shaded by the crop [12]. In 1942 there were authors who denomi-

<

nated the consumptive use of total evaporation as “...the sum of the water losses
of a given area, constituted by the transpiration of vegetation, plus the evapora-
tion of water surfaces, plus the evaporation of soil water”. It is worth noting that
this definition was applied to watersheds [12]. The concept of consumptive use
applied to watersheds was denominated several ways, among others: evapora-
tion, evapotranspiration, total losses and losses of water.

In this context, in 1948 Thornthwaite developed an empirical formula for
calculating the evapotranspiration potential (ETp) that related to the experi-
mental results of ETp with data of average monthly temperatures [23]. In the
same year, Penman combined the energy balance equation and the aerodynamic
equation (known as the combined equation) for energy balance studies. The
Penman equation 1948 was established as the first mathematical expression with
physical basis for calculating potential evapotranspiration, and for this reason, in
addition to its precision and for serving as the foundation of the Pen-
man-Monteith equation, it is one of the most widely used methods in the world
[24]. This set of studies in the 1940’s allowed a leap in scale, not only in the
knowledge of the subject but also in the speed of calculations due to the addition
of electronic instrumentation and computer science [20].

In 1950, H. F. Blaney and W. D. Criddle developed a formula that allowed for
the estimation of the amount of water needed for crop irrigation, a concept that
the authors called consumptive use and that equated with the concept of poten-
tial evapotranspiration [25]. These researchers based their method on the
grounds that the necessary water needed by a crop depends on the temperature;
the hours of light and the vegetation cover [24]. In 1954, Turc proposed a me-
thod for calculating ET based on precipitation and temperature. The equation
was empirically established by comparing rainfall and runoff from 254 water-
sheds. In that same year, Ivanov proposed an equation to estimate ET based on
the mean temperature and relative humidity [24].

A few years later in the American Society of Civil Engineering’s (ASCE) Ma-
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nual of Hydrology, ET was defined as “...the amount of water transpired by
plants or retained in the leaves during their growth, plus the evaporated mois-
ture from the soil surface and vegetation, expressed in inches” [12]. For his part
Jensen presented in 1961 an equation that allowed the calculation of potential
evapotranspiration in mm for each month as a function of temperature, solar
radiation and relative humidity. The Jensen equation was developed for wetlands
in Europe but was adjusted for cases where the relative humidity was less than
50% [26]. In 1962, Blaney presented an empirical formula based on experimental
studies in the United States and several countries in Technical Bulletin No. 1275
of the United States Department of Agriculture. The Blaney equation estimates
ET using air temperature, seasonal duration and the monthly percentage of day-
time hours [21]. One year later in 1963, M. E. Jensen and H. R. Haise proposed
an equation to estimate ET based on solar radiation and temperature [24].

Thus, almost 80 years elapsed since the first experimental stations were estab-
lished in agricultural areas in the U.S. until the Penman-Monteith equation
(1965) was published, to which a modification was made by J. L. Monteith to the
formulation proposed by H. L. Penman in 1948 [27]. This method is one of the
most widely used to estimate the evapotranspiration of reference crops in the
world and is one of the most accurate.

Research on evapotranspiration and irrigation multiplied during the 60’s, 70’s
and 80’s. Numerous publications in journals and books indicate that evapo-
transpiration was one of the most relevant topics in studies of hydrology and ir-
rigation engineering [12]. These publications began to multiply in international
congresses and meetings. In 1969, at the Seventh International Congress orga-
nized by the International Commission on Irrigation and Drainage (ICID), a
specific topic entitled “Water Requirements for Crops” was discussed [28]. In
1977, the FAO published its bulletin number 24 that standardized concepts, ap-
proved criteria for the definition of and the most appropriate methods for esti-
mating evapotranspiration.

Thus, for ET to be applied to any plant species, the term evapotranspiration of
the reference crop (ETo) was introduced, with alfalfa being used by Jensen [29]
and grasses by Doorenbos and Pruitt [30] who defined the evapotranspiration of
the reference crop as the loss of water that would occur in a field that was totally
covered with green vegetation of about 8 to 15 cm in height, and that in no time
there was deficiency of water in the ground for the use by the vegetation. More
recently, Smith [31] proposed a new definition based on the Penman-Monteith
equation 1965, according to which the evapotranspiration of the reference crop
is the evapotranspiration rate of a hypothetical crop of green grasses without
consistent available water and with fixed values of height (12 c¢m), resistance of
the vegetation cover (69 ms™) and albedo (0.23). The consensus on the better
definition of ETo is due to the efforts of many researchers and institutions that
have been working on the subject, among the most prominent institutions being
FAO and ASCE. Volume 24, “Water requirements for crops”, edited by the FAO
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was a reference book in the study of the subject. It was not only the publications
but also the congresses that approached the subject which began to take relev-
ance. Thus, one of the first congresses on evapotranspiration was funded by the
ICID and was carried out in Budapest, Hungary in May of 1977 [32]. In addi-
tion, one of the first monographic courses on the subject was organized in May
1982 in Bunbury, Western Australia [33]. In September of 1984, an international
conference was held in Paris, France, specifically on crop water requirements
where the subject was widely discussed. In December 1985, the American Socie-
ty of Agricultural Engineers (ASAE) organized a symposium presenting the
most important developments in evapotranspiration. The title of this event was
“Advances in Evapotranspiration: theory, measurement and methods of applica-
tion” [12]. In that same year, Hargreaves and Samani published their equation to
estimate the potential evapotranspiration using only temperatures and solar
radiation data, because many places of the world lack meteorological data as
demanded by the Penman-Monteith equation [26].

Among the publications that compile conference lectures in Europe and
America, the following stand out: 1) In Europe: that of the Netherlands Com-
mittee on Hydrology Research, which contains technical articles presented at
Technical Meeting 44 at Ede (sic) in March 1985 in the Netherlands [34], 2) In
America: the memoirs of the International Congress on “Evapotranspiration and
Irrigation Scheduling” organized by the ASAE, held from the 3rd to 6th of No-
vember, 1996 in San Antonio, Texas.

Among the noteworthy books published on the subject are those edited by
Jensen [12] called Evapotranspiration and irrigation water requirements, Ma-
nual Number 70 of the ASCE; the one published by Allen [35], in FAO Irrigation
and Drainage paper No. 56 called Crop Evapotranspiration (Guidelines for
computing crop water requirement), which describes the procedures for esti-
mating evapotranspiration of the reference crop; and finally the attempt to stan-
dardize the estimate of the ETo by the Irrigation Association (IA), who asked the
ASCE Committee on Evapotranspiration in Irrigation and Hydrology in May
1999 to define a standardized equation to estimate the evapotranspiration of the
reference crop [36]. Currently, many books on hydrology, irrigation, climatology
and especially the specialized literature on irrigation and drainage include eva-
potranspiration. Many case studies can be found on the subject.

Given the relevance of the subject, especially the Penman equation and within
the context of the narrated historical context, this paper presents the theoretical
foundations of Penman’s equation of 1948 from the perspective of the first law
of thermodynamics and the theory of energy balance, as a contribution for the
students and engineers who use the Penman-Monteith equation in a utilitarian

way, and to present the theoretical arguments that gave rise to it.

3. Thermodynamics Foundations of the Penman Equation
1948

The first law of thermodynamics is based on two basic concepts: work and heat.
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When an element performs work on a system, for example a saw that cuts a
piece of wood, it heats up, so the heat produced is a result of the work done.
These concepts can be applied to closed thermodynamic systems. A closed
thermodynamic system is one that is limited by its boundaries, where the
amount of contained matter does not change. It has been shown in the labora-
tory that in closed thermodynamic systems, changes in heat (Q) are equal to

changes in work ( W). According to Jones [37] this can be expressed as follows:
$5Q, = fow (1)

In terms of energy (£) the variations of £in a system depend on the changes

of the heat in the same system, minus the work done in that system, that is to

say:

AE, =Q,-W (2)
Therefore, the energy stored in two instants of time in a different system:
Ea(t+At) - Ea(t) =Q -W (3)

Furthermore, according to Figure 1, m,,, is defined as the mass of the open

system at time £, m

sGt

as the mass of the closed system at time ¢, e as the input to

the system, and s as the system output, therefore you can write:

Mo p = Mg + Mgy 4

Thus, the energy at the instant of time, # according to Equation (4), is equal to
the energy of the open system at that instant, plus the energy in the form of flow
velocity at the input of the system, therefore:

E. . =E +m.e, (5)

a(t)

a(sa,t)

Then, the energy at the instant of time, ¢+ At is equal to the energy of the
open system at that instant, plus the energy in the form of flow velocity at the

output of the system, therefore:

E E +me, (6)

a(t+At) — a(sat+At)

Substituting Equations (5) and (6) into (3) we have:

E +mge, — ( Easan) + meee) =Q,-W (7)

a(sa,t+At) sat)

Accommodating terms and dividing the Equation (7) between Afyou have the
first law of thermodynamics applied to open systems which represents: the rate

of change of the energy stored in the system with respect to time:

sa,t sc,t

e N

Figure 1. Open system in #[37].
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Ea(sa) o o o o
T:Q_Wtotal +m, €, —m, € (®)

where:

Q = Total heat transfer in one system per unit time

W

°

m, e, = Energy in the form of flow velocity at the system input

wa = Total work done by or on the system per unit time

r‘ons e, = Energy in the form of flow velocity at the output of the system

e = Energy per unit mass

On the other hand it is necessary to consider that if a quantity of matter
crosses the limit of a system, work is done by or on the system. Such work
(Wtotal) per unit of time is composed of two parts [37]: 1) External work and 2)
Work Flow:

W, =W+m_ PV, —m_PV, )

total

where:

W= External work per unit of time

r‘.hs PV, = Flow work per unit mass and time (work performed by the system,
hence its positive sign).

r‘.he PV, = Work flow per unit mass and time (work done on the system,
hence its negative sign).

Substituting (9) into (8) and factoring if the equation that represents the rate
of change of energy in time in an open system, with one-dimensional flow in the
its boundaries:

dE,
dt

—Q-W+m, (e, +PV,)-m, (e, +PV,) (10)

Thus, in a differential piece of soil subject to the action of net solar radiation
(Rn) its rate of energy variation in said system (not subject to any external work)
will depend on the heat transfer received by said radiation, as well as the work of
flow and the energy entering and leaving the system. Therefore, the equation
representing the rate of change of energy versus time in said soil differential as:

dE,
dt

:é+r;]e(ee+PeVe)_r:hs(es+PsVs) (11)

where:

é = Is the energy transfer due to net radiation.

rcﬁe (e, +PV,) =1Is the energy that enters the system.

r‘.hs (e, +PV,) =1Is the energy that comes out of it.

Ifalso: Q=Rn; m,(e,+PV,)=L,F,+A,; m,(e+PV,)=4E+H +G,
then the equation that represents the energy balance in a differential piece of the
earth’s surface is:

dEta:RnJr(Lpr+Ah)—(ﬂE+H +G) (12)
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Thus, according to Brutsaert [38], the energy balance equation for a soil sur-

face exposed to the action of solar energy is:

dEtaani+Lpr~L+Ah¢—ﬁET—HT—GT (13)

The terms of a positive sign ( \’ ) are flows that enter the soil differential layer
and the negative sign (T )are flows that leave the same layer.
where:

AE = Latent heat of vaporization

H = Heat sensitive to air

L,F, = Product of the thermal conversion factor for CO, fixation (Z,) by the
specific CO, flow (£,)

G = Heat sensitive to soil

Ah = Advection energy within the specific layer or flow (evaporation)

oE

a

= Energy rate versus time in the soil differential layer

For practical purposes, the term A/ in the evaporation phenomenon is neg-
ligible, since in calculating it, its magnitude is very small compared to the rest of
the terms [38]. The F,Z, product does not affect the evaporation phenomenon
alone and is usually important at two moments, after sunrise and near sunset,
since it can reach values of net radiation [39]. However, in calculations for daily
periods this term is negligible [38]. On the other hand, the stored energy rate per
unit area is negligible in a soil differential layer. Under these considerations the

rate of energy stored per unit area in a piece of differential soil is:

dEta:Rni—lEJ«—Hi—Gi (14)

Thus the total accumulated energy can be written as:

E, = (Rn-2E-H-G)dt (15)

In a daily balance the rate of energy per unit of time stored in a differential

soil surface is negligible, therefore:

dE
dta =0 (16)
Thus:
Rn=1E+H+G (17)
where:

E = Evaporation rate
Thus the simplest equation for estimating evaporation, which comes from the
energy balance equation, depends on the incident of net radiation minus the
sensible heat of the air and the soil, divided by the latent heat:
Rn—-H -G
E=———

P (18)
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4. Physical Foundations of Penman’s Equation of 1948
Based on Energy Balance Theory

The rate of change over time of energy manifested as sensible heat (/) in air is

proportional to the rate of change of energy of a mass of water vapor [12]:

LT R (19)
dt dt
The equality of the above equation is achieved with the B constant of Bowen:
H
B=— 20
E (20)

Bowen expressed the above relationship showing the impossibility of dealing
with evaporation (£) without considering sensible heat (/) in the analysis of the

energy balance equation [38]. Thus, Substituting (20) into (17) has:

AE=Rn—BAE -G 1)
Thus:
JE=RN-G (22)
1+B

According to [12] the Equation (23) comes from the next knowledge: for an
ideal gas the rate of change of the enthalpy A (also called sensible heat) is pro-
portional to the temperature changes, that is to say d4~d¢ In order to equalize
the equation, a constant y is introduced which is the specific weight of the air,

thus the differential changes of sensible heat can be re-written as:
dH = ydT (23)

If the mechanism of atmospheric transport of sensible heat is very similar to
that of water vapor in a differential air mass [12], [38], then we can write:
dAE = de, (24)

where de, = Ae, is the vapor pressure deficit at saturation in kPa. Thus, from
Equations (23) and (24) we have:

ydT ~de, (25)
Introducing the proportionality constant B, we have the following expression:
ydT =B(de,) (26)
g2l 27)
de,
Thus:
T,-T
B= ;/( > :) (28)
& —&
where:

e, = Steam pressure at saturation of water surface (kPa)

e, = Air vapor pressure at height z (kPa)
T, = Temperature at height z(*C)

z
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T, = Wet bulb temperature ("C)

o]

Substituting (28) into (22) results in:

A1E =& (29)

1+7(T3_TZJ
e, —€,

On the other hand, in 1802 Dalton published an equation to estimate evapora-
tion as [38]:

E = fo (0)(eS—e,) (30)

where f,(0) is a function of wind speed. For his part, Penman defined E, as
the value of evaporation (£), if e, was replaced by e;, that is, at this key point
in the deduction of his equation, Penman 1948 replaced the value of the satura-
tion vapor pressure at the water surface temperature (€, ), by the vapor pressure

at saturation of the air at height z (€} ), so Equation (30) can be rewritten as:
Ev=fy (0)(e5 —¢,) (31)
Thus, Penman established the following relation:

Ev_ fo (0)(e0 —¢,)
Eo fD(G)(eg—ez)

where Eo is the evaporation rate depending on the density of latent heat flux

(32)

(mmd™). Equation (32) can be rewritten as follows:

v (¢-e)-(e-¢)) -
Eo (e(‘)’ —ez)

It is simplified as follows:

Ev _1_e§—e§’

- = 34
Eo e -6, 59

In Equation (34) the vapor pressure term appears, which is a measure of the
tendency of the liquid to be vaporized. Its value increases with temperature,
coinciding in the case of the liquids with atmospheric pressure when the boiling
temperature is reached. A fundamental step by Penman 1948 to deduce his equ-
ation was to assume that the slope of the vapor pressure curve was directly pro-
portional to the vapor pressure difference at saturation of water and air, and in-
versely proportional to the temperature difference to air vapor pressure at z
height and wet bulb temperature [12]. The above can be formally expressed
through the concept of the first derivative of a function by the method of the in-
cremental quotient; so, allowing f (x) be a function the slope f’(x) is given
by:
f(T+AT)-f(T)

AT (35)

f(x)=limy;_,

Assuming that:
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f(T+AT)=¢; (36)
f(T)=¢ (37)

AT =(T +AT)-T =T,-T, (38)
f'(x)=A (39)

Then, by replacing (36) to (39) in (35), we have the slope of the Penman vapor

pressure curve:

e —e
A==21 40
T,-T, (40)
Clearing (7, — T,) of (40):
el —e;
T-T,=2"2 41
o1 A (41)

Substituting (41) into (29) and operating algebraically results in the following

equation:
Rn— Rn - Rn -
AE0 = OG N G = OG . (42)

€ —6€, e’ —g° V& —8&
Ty|—o 2 1+(0J

A Al e —e

1+y oe [A(eg—ez)J s &

1

Substituting (34) into (42) results in:

JE0—__Rn=G (43)

1+7(1-EVJ
A Eo

Algebraically operating (43) has:

AEo = Rn-G _ Rn-G _— Rn-G (44)
1+1_ZE 1+M A E0+7/AEO_A7/EV
A AEo A’Eo A’Eo
- A*Eo(Rn-G A’Eo(Rn-G
AB0=Tg RnEG Ev AE (E )E - ( E) (45)
A o+;/A2 0-AyEv  A’E0+yAE0—AyEvV AEO(A+7_}/ v)
A“Eo Eo
Simplifying (45):
A(Rn-G
2E0=2(R1=C) (46)
A+;/—}/E
Eo
Accommodating terms:
AE0A+/1E07—/1E0y?=A(Rn—G) (47)
(0]
AE0A + AE0y =A(Rn-G)+ AyEv (48)
AEO(A+7/):A(Rn—G)+M/EV (49)
Clearing AEo:
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A(Rn—-G)+AyEv
(A+7/)

Finally, Penman’s equation 1948 for estimating evaporation is:

on:( A j(Rn—G)J{ Y ]AEV (51)

A+y A+y

AE0 = (50)

With Equation (51), the evaporation of a free water surface can be estimated,
considering an albedo of 0.05 [12]. The first member of the Equation (51) con-
siders the energy required to cause evaporation and the second member the
energy required to remove water vapor; therefore Equation (51) was the first
combined method deduced by Penman, where the variable £v can be estimated
with Equation (31).

5. Conclusion

In the last 130 years numerous researchers from a number of countries have de-
veloped a large number of methods for estimating ETo, among them the Pen-
man equation of 1948 and Penman-Monteith equation of 1965. There are nu-
merous computer programs developed by research centers and universities using
these methods for research or utility purposes. Many of these programs are used
by field engineers who do not know the origin and the physical foundations of
these equations. In this paper we presented the detailed theoretical development
and physical foundations of Penman’s equation of 1948 from the perspective of
the first law of thermodynamics and the theory of energy balance, as a contribu-
tion for the students and engineers who use these equations to have its rich his-

torical and theoretical framework.
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