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foaxk 4 = The |ormitz group ( Lassical)

1. Netahon amd PropeA"HQS

Vv

LONM'"Z "T )(.rL= /\va
c\aneJ to leaNe the inferval f= X"X,L TNGE

Rtme\mbﬂ'inﬂ |
Wy tp\v_ p ® v P . X F
XHp = g XX = gy AaX ApX ‘S“Fxx

We  Canclude thel
= /\"‘“ AijVW — de{:iw{\rﬂ relochen o-F Loreitz 31‘.

Jop

Attention = J will use the west Gast” metric
]
o ~1
Jup -1, |
omd ot the "East " meAri = L
hol asT (oasT” mefric Jup [ *ﬂ]
The defining relotion Gn be Wriflen I madvix {orm  alling
k7= : L
UNEUPREMES

2 = Ve Ar 4

P
3:/\3/\

We define the LoRENTZ GRoUP 30(),3)5[/\/j=/\13/\}



This def;w{h'em s the Q-VQ.\Oj of oo=1 far O(N). s

ProPe/dieS of N:
(4) det q = det AT det g det A = det 4 (det A)°
= detA =4

(2) Fom Jup = A /\vp I/ ‘l’akn'»ﬂ X=0=p !
p Vv 0 \& 2 i \&
+4 = A\ o/\oj}w=(/\ ) ‘%(Ao)
c ) e
= (/\"o)zz 4+ 2ZN,) z 14
1=l

We G uk thele propevties fo dhassify differnt Sections”
9“: SO(';?)) :

dek A = +1 dek A =—4
0 PRoPER Space inNersiens
No7!| ORTHoCRoONOUS
LORENTZ
GRoUP SO(13),
/\°a\(-l Time nvgs., Time inNers.

Tromsformahens befahdmd o Sofl,3)+ @n be closeto AL
=> i+ iS a Lie jﬂnu':



3
2- qu&bﬂn- °"£ SO(‘,3)+ (

As all Lie groups, So()3), s propahes ate determaned (@m@j)
bﬂ s Le aﬂjdm..
We fake A chse to the idenh'y'-
N A +40
The Lotz  comdition implies

Jop = (S/Ax +4 WM ) ( yp 4 a’vp) 3w

|

= 3‘XP = /C (WPD( n /b\)a(p)
L - 5
Il
0)
We must Hws hae = (1) wwﬁs:\mmd"ﬂ @P"‘ =- 13,,(’3
(i) from A ral > AT= 4-4F
I
A+iS
= G*-‘-'—/l:) >0 F\Areﬂ imag\'m{l,
The most jemﬂ'o!l matmix Soi\'s‘ﬂnﬂ thefe Gmdihems is
I : 2
A 0O i Wy, I Wo2 1 Wo3
;qu:{ g O Wy W
"Ik -z 0 i W3

-ith3 Wy ik, D

with 6 ind¢pmdent paremeters <> ‘So(,3)4 has 6 ﬂ&ne/wjms

—



Faom speciel nelotivity we Know +hel the interval is left (h

3-dim rsfahons (3 pefumcters)
13003"'3 (3 };M‘QW)

We Gan idenh Fﬂ +He 3%@’97%& as follows :
(&) We write 1 Msinj the usual matrix nolahem N"B:

(0 ilWg  iWoy Wy
Wpp = W 0 =Wy -iW;
iWoz Wz 0 -1l
[i Nod W3 1Wy 0

IMNUUsmt loj

T XA
DP_S

|

(L) +he antisymmetric ohes qemerate the So(3) sub Foup -

[0 o 0 0] [0 0" 0 o0
(It)o(P T O O o o / (Jz)xp =l 0O O O a
0 0 O - O 0 00
|0 0 4 0 o -+ 0 o
0O 0 O O]
)"‘ I O 0O -« O
(33 P 0O 4 0 0
L0 O o0 o J
sotisfying [ 3i, 3k )= 4 Sixem Im
() Boosts act en a 4-vekr X' as (c=1)
X' = X0+ i X ; XV = X i X0

which aw be Summonzel iy
\ -y ==
XF= (Sf GFRM )X



i} (5
Ke)

o 0)
0]

L _

(entn equal fo A in the it
Posiﬁav\)

o O o >‘-h)~.

(0)
O
O

The Structure Gmstau®s of So(),2)y Gn be found from direct
vanpu‘\'aﬁdnr

[3i;3k}= [ Eikin Im
[Ji, Kin) =4 Ejmn kn
[Ki, K&] = A Eijm Im

The Lie m?ﬁelara beGames  simpler Cwnytexifyinj ahd def-nmhg

= 3__3 iziK{ = [I», I }- €IJKIK

[3\ / X) 3 O

+he Lie o,Qjebra % So{lS).,.
iS &i\u\laﬂmf o two indepondoil

/ Su(2) djebras

g representation of S0(1,2), Gn be UH;Vo&]lJ
determined. a\SSis\m'uﬁ two  Seini- iirreqer
nunbers - (thet (’omflchﬂ determne The SU(E)
Rpresentahion)




—

Sinee J =]** 3, the Two Sevm-ivﬁesﬂ‘s immeoh'aﬂ'eb C
derermine.  the Spn - GonTent of the represen’raﬁem uSiV\3 the uSual
@U\rﬁ\l\\ﬂf Momeamtum Sum fules :

@\sem (mg, M) <> Spin Goufeny is
W\+—YVL|/--./ My + M-
20,3 | 09 | (o) ] (o) |G

So(3) 0

A 1 0+
2 2

1 il SERERISEN
must be SP’W\':L

2 meqmqem sPin—Zi
(LH+ RN S?ihorS)

/

in 2-dim , the SuL@E) Lie dﬁdyt‘a s givem b\\,

~"i
- T
I 2
LH SFiV\or: (_L o) 3 92_'/ J =0
= J-2 R=-ig

RA Spinet {O-ﬂ o 3o  J=%
2
=

Al
\
N9
7
I
\
N[}



N ' E;
3. The Boincare qroup (oamd a befter nefahon for the Loreuts _e]@mwas'on)

The Rinare Foup Comsists of
LoRENTZ TR @ SPACE-TIME TRANSIATIoNS
XM= /\NP X“—t BX
Thus is a jrouf because -
(‘) CanMYIa‘Ho‘Vl :

(A/a) A a)
X I— AX+a ,L_'f, A (AX m\+a' = AAx+Aa+a

1S shill o Rincore
’rro.m*{formahm
(0) dInvesse :
Ao) Aa) = (A,
X — Ax+a — X
if /\'=/\.' ond  a'= —/\°‘a we obfain the imerse.
Bt ts is shll a Rinare transformahion

=>3’={ (A®) [ A€ So(,3) b ac MAT is & group
Restricted o Sof1,3)+ we obfain o Lie group.

There is a more ConvenienT hotahow fbr the 6 aemerai'ers of So(i3),
We write Ax 4 +4i0

Wep = 4z (W MW)XP with Wy == Wvp

MPY = — Mt
(the amh's_\JmmeTr:, Wmmntezs +he. Gorect # of 3eﬂcrafers)



There is a Gmpact Way fo Write the 3enera‘rors:
(M) = 55 - 5 82

We have the {:o"owil'\j Vna.ﬂainj With the usuad neTahem :

k= {M‘”/ MOZ/ M“} ; j’ _ {Mzs/ Mzal M
L— L

®

—~\—

—

ki - Moi 3% = €in M‘ik

b The Toincare group in_ Quairtum Medchawics

We now must seek for o M‘to{\, orerqfor

U(U+iis, €)= 4 +4 € P +_;‘_ N,4.,IW

acﬁlnﬁ on the Hilbert Space . The (?lm.uium) 3%61’0.1'0"3 mf the
Lorentz group ore demoted E‘] JM . the (quasrtumw ) jf’mera’ror

(§

of L-dim transktions are the Components of The 4~ mouestum P
The Gemputahon o-F the omwmitahen relabens IS Wﬁ Tedious

(See NQA'MLMJ-QFT 4) emd here we just show the Fesults :

/,{ []“P/ 3}“’) L 3ﬂ‘ ]'"‘" " 30(\1 j}‘F _Jo(r\ IF" - jF\’ jy\d

NG

L[P“/ IM']= jdp PV-JON pk
. R =0

=> FONDAMENTAL RESULT : the CgW\PO’V'eW\'S o{ the. &= memovium

olwred'er ?grm a Cymraﬁuc et o‘r’ oPer&d‘ser



- , (9)
Observe thaT the Hawmiltowiow Po= H does net  Gommute with
the Lorentz 3%?zra+efs , U 0) H U (Ao =H.

How con the Poinard group kR a qualtum sjmmefg? \when

we  Soy tHhat 33 S e Sjmmd‘rj we  méaan thal U(A) must Commute
with the S-matnix ¢

UNSU N =S = [Un),s) =0

2 - UNITARY REPRESENTATIONS oN PARTICLE ST4ATES

To describe a Pwrhc\e. stale we chooe dxmaw&zc tHhe woweritiun
oFemt:r Ff*
FT‘ I F’ 0> = P/A lP/0‘> 0 = additignal quavtum mumbers

Furthermore, we  assume the &'3@1/\\1a,lme. s either Hmelkle (p°>0)
o0 will (pF=0). The ervx\j other loremiz inVerient et G be
ConsTruched uS{bﬁ P/u 'S S{jm(iﬁ’) . We wil aSSuwe.

Sijv\(‘;")d N I:L\ﬁsicq.l Stales .

At s mportandt fo Achie that ony o  Memadta with the Same
\Values 0{: Pz aund SBvl[)o") re T&MQALJ a lereitz . A.

Let us ml:’—g, mare in okl the  Tepreputations o:# He tronslation
erbrsd'er

L/’w—_‘
Ula)

‘fv‘f>~ O lp, o> .



. . - 1Pa _ (Io)
We o Shows Thet 1{2 a I’elofemw‘l'a.hem Covifauns € ‘H\em it il
-

alfo  Covifain € + With 1:'=/\P.
We {KFQCX

- /\p-a
Ue) UN) \P, ry=¢e P U |po

ie. thet UM |p,od is a stk with mementum /p- This cloim i
ﬁue/ as G be  shown olgS‘ervivxj Hhat

pAa A Ap+a
v A
S
P \ Ap

da terms of operators, ths s UM UNTR) = U) UR)
Apyljiuj on lP,0‘>, we dhfain

UD UM |p,s> = UA) UAa)|p, o

A pAa

Ap-
= € P

U) IP/ T) = Q.A T U lP,D'>

pl's) = Dp)a
Lovinz

inNeuriant
whidt is the result we Wewted to establish.
Thus, L@ a l’epreS?AAto.ﬁen Covifains  Nedors ||>, ¢), it alSo Gmtains Veddors
with amy Momewtum  Ap. The Nechor  U(A) |p, > is ome Such Vedef.
Now, since We ot asSuiming §|po>] = Cmplere st of states, we



(1)
Conclude that

U fp5> = % Ceov) [y | @

As we can e, sfoles Haf shore the Lorentz invoriowds p* & signfp)
are all Commeded . We will thus celect ewe such sTafe (“refereace
Momewham ) for which Compifations become simple : Kie> Ko

We  then Aeé’ e

M L/‘:‘V K\} L= Lorewtz tr. thal Gohnects

T i Kk +o A-mamemh&wn P

lprT> = Np ULy |k, o> (¥x)

where No is @ pormalizetion Aachr.

Once this dwite 1S mede , we shll do net have ny in{orwﬁw\
abouk the o 's . Lookiuj of ® we see that information about
how the o's wre Gmnedred Gu ke dtained o we G elinanste
the informatien about the memadta ic. S,oeu'ax&'zu'uj o those
tansformations N such Fhet \/\IP =p. These trensformations
form the LiTre GRowP.

let us s how we Gn write Gex) W terme of Littk group 1.
The fint sfep is to deserve thal, aivm K awd L, we have

M 24 LP '= LAP 0
k < 3 P =Ly I(LAPVALP)
Las We oLFiﬂ:(ﬂ Jrasp



(2)
ond. Hws

UA) o> = Npo UN (L) 1Ko
L Np ualy) Ik
Np ULy) UlLap Aly) Tk,
{
oy D

L Np U(Lp) % gy 1K)

= N Z C(x) \/\P/ >
P T o1 1

once these Coeffiiants ore Kmown, the unitary
r@pf@%‘\'ﬁﬁeﬂ "F the [omitz roup IS Cswpkil'e{\u‘
determmned. .
Buf, a8 we Mmenhsned esrlier, the Coeﬁa.‘dw'l's C ore ddermned
Spedaﬂiz—ivs ® o We Utk Jroup
UMW) Ko = 2, C(k)o-,l IK,VP
LERE
Marix  represtifation of the Ufile Froup
mns{érms\h'em.

The  ULitle Jroup depouds o whether tHhe parhide is MmassNe of

/YV\O.SS‘\QSS‘/ AS We exNe mow 3ew'vxj fo See .



. . (13)
2.1 — CASIMIR oOPERAPRS oF THE POINCARE GRo(UP

A\aelgra of Rinwre — 5@ pq. &
Bxpliat computation shows thet

P- BLBY s A wasinik operAoR
= EPlpod = §lpod> = 1 fpe

= 0\!/\:} irre duea ble rRpr. of Rinare has {:ix&i Wa e
(which makes SemSe, Sine o Foinare tr. does
hol c\«o.vxae, the  mass o-f: B F&H’id&)

There 1S A Seend Casimt — obfained -From the |ittle jrob\P

Wk=K = (cg?‘ri(//\o“p)lﬂpﬂio(

K+ i kP=k* = | 0%kt -o
5s B

it o = L (g

/ (MVN)“F ='i (5£ 3;, -~ g‘}‘; X\;g)

o (94 $p- 8 SDKF =0

G
Wxp P =o

— Solved )’j Wxp = Eoxp v KA R
Ly a\thLrarn



At the quahfum level -

; MV : P \
U(w) =e RO et &\ E

Pro\DQT\"\QS‘ o{: w“'-

() [WSeP] -0 Y

(2) 'l,\\'zz AN ’I,\)"“ wmules wWith &\l 3evxeraﬁ’ors of Toincare

v

2

W is the Seend Casimir

we'll see jts thsi&\ YV\eaxmw:)
in the nexT two  Sechioms



2.1 - MASSNE PARTICLES
For amassive Fuhcles e Cam Chofe K= ( 3) [RST frame )
in Sudh a Nnj Thek
Lite grovp = So(3)

Represactahions of So(3) — dekrmuned Lj Som-infeger S
dimeusion  2s+\

mdix o= m |K o> = Takes Vduwes -S ¢ o ¢S

(2st)

amd Co-yl =D o = 25+ 1)-dim repreSeniahon o;ﬁ So@),
Computtd as utwl (see SYMNETRIES)

Mdsr o [oratz . we Hws haye

25+\)

U |p, 7> = No %1 ORIV
L (2s+\) -dim  maimix
Fouli - Lubansk :

\ v
No( = ZL €P\,F$ K§ j/)‘ = —zr%- é/wloo( 3"\

Y
m SP° iMoUUeS/A,v,o( musT be spatial
T VZ—V\ e"jok JN
= — g €ijk0 j” = — W\SK Sk=SPiM

be haves ke €\'3K



2

= (Cosimr W = mz—S:'z

= e heed Mass + SPpin Yo classi% MaSSINe
?a\"n'c\es

2.2 = MASSLESS PARMCLES
Thmﬂs e More ComPUC&T@L.

E
Sine thae s ho resT «Fm_me - lelooé‘e K/M= (g)
e

Gemerators  |ithe jrouP — ]Crom expliut CnguTah'em

—

r04 [Oo
1 0 |0
Agoo oo
] @ +| 0 O -

& oo

fy fl
— M
solo o O—)so
Q—|0o 0 Q9|c0O
00|l g -of0 -
Oglo o olfe®
< j — )

with 0\\3 ebra

(A,8)=0
[12,A)=13 Eucidian 4ronp in d=2
(Js,2)=1A

AR Gwpatitk —  cwmmon e\'jev\\led'ors |2,b>



{Ala,b = 2 labd
Blab) =L |a, b

|Vn|)o\"|'a.V\'\' relations :

UMAwmzﬂﬂei-g£t>A@46&—gir)

|

= oqhut Gupdtation using the algelbre
:’ cosB A - sind B
UG BU(H) = sind A + cosh B
= for avbitrary O, we cau defne
a,b> = U (0) | a,b>
So that
Ala,bds = (& cosb - bsind) | a,bY
{B la, b = (asiud+ bosd) |a,b>g

Phjsic;l\ interprefation :  if ab#0 e have a
Guifimum of states |4, bdg

= we should observe a couhuwmumn
guaitum mamber «For the Pl/\o+om
(o\AE] Kunown Mmasskss th'de)



Sine ho Gulimuuws  guantum number obServed

= we wed b admit |a =0 =6
Z

Jz = Ovﬁ refedant 3&/\6!‘&\‘01‘

d

the \\?\A,jsi@.\ 7 |itrle 3rou? s So(e)
[.XQA/\Q/\'a'\—QA' a 3‘33

But So(@) c So(z) € So(1,3)y = ijEMV&WQS qm,a.\/\ﬁZesL
N neZ

5 7/

2

What is the ?MU—LJALO.MS“Ki?

We = L Spypee K I !
| £
= €(2|go< K? 33 g
£ 3°
£
Sine k= | 9
£

—Ej
= Wy = [ g_‘} = Little group Selects  as ureful
J erm.vn‘rum mmber the ?ro\‘ed‘\'em
oF &\Ajulp,r Mo e ninwn &Lw? K



Comse:' Uen@S :

/

K=o ; kW=0 ; W=o0

| r

\’

hecessarily W= K*

-Fo\r Sowae . (Jhuch ouﬁ?

kT == [kl —
N“{E’I}-Sﬁ(g}-ﬂ K*

-~

“K-J

Sine [—N“ ) ?‘1 =0 COMPATIBLE  OBSERVABLES

= we lobel the states as |k,
with
PY kD> = k2 kD
WK WD = h & |k,



PART 3 :

RELATWISTIC WANE EQUATONS

We kow e Wigner's classifahou:

Yo deseribe Ioovrh’du’ of mus m & Spin S we  wil

Covnbine re,PresemT&.ﬁwS o]C the Loremtz 3row\o Hiot
comTaanm  the  chosew Spn -

How 7 Sive we Seek -Far Waye eeim.ﬁw\s/ we Wil allow

i d
@ for the operator Tju < Jn =(..{7}) To &ppeart

D we wll dewand Jor Lol‘f'/\/\‘}Z Co\lcvr{a.uce,
@ f
(ie. al observers aree o the form of the . )

@ we will allow for o maximum of 2 hme derivatives (= at oSt
2 oFe\‘a\’ors ];,4 G eppear in The Wave q) to avoid

Ostrogradsky - instability (emuﬂj IS unbounded from below
i-F more then 2 Fime derivatives &F?@J‘)

2.1 - SPIN O

Coutained in SCalos c};&) > (o,0)
Yedor  ¢Mx) [%/‘29 [_ $' ) = Scalor
tomsor @) &> (1,0) or (0,1) [FX)= Stalor)

— fo suhisfy poiut B above, we comsider eMlj

P & Pk



Ow\j CoNoripnt  ferms thel Gu Le formeel:
{ Plign=me
?/Ac|> m ™
T_ the two ComsTauls Gn onaﬁs be takem
equel with  Wave Fumth’aws rede f i tiom

I

= PG -G - iy

J
(PZ— ) $(x) =O

X

(D“'W‘z) P(x) =0 KLEIN -GoRboN €8

One ¢(x) iS Known, We Uuse
= | Pb = i ) w pu
#Yu o P 49 _‘_d? To G FTQ 4!(&)
— <:,>"L nof iMdePqufwd' fram 4;

SolUToNS To THE KkLEIN- GORDON EQ -

Sine KG = Weve 4. = Pln.we WeveS = Gwplete Set of
Solu‘)'ifms



L,
JVLS- momentum K We Gu whnte
-rigi’

C‘Dk({:ﬁ'() = ¢ Uk ()

Msinj ths n kG — (Qi —?71 m2)4>K(t,7() =0

kX kX kK
e ub) + ¢ hzuk(t)+mze U (B)=0

¥
wp (O)+ (R w?) Uk @) = O
L——
relativishc MeAg y E°

. E
Solutens @ Uk (b) = ei' i

b

+ +1EE + (R A
<’>K(t:,x)= e

H”JS“C“\ irerprefation :  Hawilonian s H= P°= i
1S x - x i
= Hd = % =FEH

= 4;- has Fosiﬁ\lf. eM@rﬁj/ c’; hes Meanﬁva @nm{m



We will discuss later the meamwﬂ o{ Hus .

Mosf jwem\ Soluhon of the KG .
Ci?(tf;() =JA3K [LP+ +ﬁ:\<x) . “P_K e—i(Et—k-x)]

dmuﬂe Ka-ﬁ
Sds;{ﬂ ei(e:twr)-s&t-kx)}
Et-kRX = kx  with K}A=(~E>;Xﬂ=é)
- -ikx
J [rtﬁc € P C‘ ]

We'll see [oder thet all Hus does net make Seue MTezrrreh'mﬂ
4>(>0 as  (relahvistic) Weve —‘:umc:‘\iev\-

f

I



3.2 - SPIN Iz
Accorc\in/j o \/\)ianev/ S=1 coutained in
(2:°) % (%%)

To c\fsh'mjw'vh between the Two Spinoril repreSeifahious
We use ihdaes

A
(Z_‘/O> o g A=1,2

(01) < Fka a=1,2

How can P ovitrack SFiMorial maices ¢

Detour - {:\row\ Spinors To 4-vedors [Bomﬂ

— i

Swadnﬁ Pitehens We Saw thd K <« /|; ko
Ketahen implemented as i? - UR) /l\RM)r(R)
with  U(R) € SV@E)

Hore we do Some.H'\mj Simi ler :

V%O} 0}\:(41.,5:

, (VO ‘\‘Vz \/)( -\ 3)
- V)d'\'Vﬂ \{7- VZ




Properties - (1) V
() et

rmih‘em
2 —=2 2
=V -V =y

he
v
g U
M We e.ﬂp&r V= M\M
(1) ou‘royno\\ﬁcd\xj Sehisfied
@) det(MUM') = detM det M detV
—> requiring det M =1 = det M

allows to l'dﬁl’l‘h'@ vV > I"\Q MT as
a Loremtz +|'9.V\S"<F.

A medrix M sudh thet  detM =
IS & unimodulr mairix  Me SL(2,0)

As for So(B) <> SU@) , the Correspondme s 2:)

Ne So(i,3) —> =M eSl(z,0



Sine M is ZxX2Z > must be one of the S{:incr{a\
r‘e\oreYCV\T&'\'\eaAs .
\ 7
Buit which oue befiwen (1.9) }(0,%)_

Emwbuma Hhal
LH SFiV\ort (_Zl_/o) “>

wWe  have det =| uemn‘fj With

s
- exp \(§-$)§]% = MY

h — exp rl(&.-ﬂﬁ)fzf] p, = o;_Vl*o;_ e
|
X
ok =M gy
We  cawn sd\«)otls idenh ]Cj

LH spivor % = &4 €a— Ma b.§b
RH Spihor oty = 7Lé\ / Xé i MT& - 7‘('1;



A (5= Ma” M2 @

Hhis is indeed (_L/_L) begause. it rnes oue
2/Z
nndotted & oue dotted index

b ab
Observe how Thet I de{f{w{t/\j €a = (O '>

-1 O

eél;_ o, l)ét’
-(-n o)

wWe  hene € §a§b _" € Ma\ Mb §c§a “é §c§d

vV—"

det M €
+ Sewe Fer dotted indices

= € |orks Lbke a metric tensor

[_e\wabo& with 3!*" XK = iVNar'\&uT]

= n ke urd o ruse/ lower ndices !



1m?of\'o.w‘\’ Yo Tremember Hhal

C o -l
€ab Ebc= Sa =2 € =( >
I O /ab

~+ amlaﬁous {;r dotred. indices

Message = We G apply PF on  Spiners oou‘rmd\'nj
in two Na«\.'S:

Pt - E"P (@) aa

a
AN

P* - Pas= ph gt €ab(0; ik

\ SRERY

n
(G = (1,-7)

But then the covariewt eﬁmﬁav\s afe
Pa\é Xa =m §a
ﬁb‘a §a = In ‘iﬂ\

Msivxj ove  the other:

Paa (B8 ) mea = PP g - s

m



A C PPt PP
Paa = P'k(o;u )aa = | PPt P°_p3 ]
P -P° Pl Pz]
paa . P/‘\ — \ AB\ _ ;
(%) PP P+l

AV\n—\oaeus\j - PM P ga

Then
(P-wt)5a =0 + (Fa)X% -0
L g
both S.PMOB St ?F\tj the
RG &?\m.‘i'ié\’\
DIRAC EQULATION

Eef»u\m\evﬁr ond  Wore Cowpacl Wy to ?mw‘r the Same Phjsics:

y

n

[gﬂ} Dirgc  Spinor (ef 4= Spikor)
7 Jff‘ i

lon Gustruchen i The (-ZL’ o)@ (O, é.)



(- io”“?,’jA
p -0
_i?v:/‘a/u “mo
FO - w
| du — M =0
T | ¥
| ]

U/M ( bg\mm & MATriOQS/’) y FQjV\W\o.V\ “S“laSh " olateu:
\“/ ﬁ(:- ﬂ/xb% =a” b//k

(4'? —w\) W=0 DIRAC ERUATION

PROPERTIES oF GAMMA MATRICES

(1) { ZS”‘/?F'} =Z»L'“ [ CLIFFORD ALGERRA
() =0 =v = (Zf°)7'= 1A

(3)/u=|'=v = ) --1

(1) Hawmitonian (orm Q{Z the Dirac &.

(iK”()/A—m)LP=O — (i6°9t+,cfj’-€7-w\)1|)=o



= PR = (AT Tem) Y
— m“‘ﬁPlj bj 1° on the left :
i e = (-i?f"?fs-ﬁér ?fom) Iy

L—— L
i Il

62? p (‘historical notation)

= H= EZ'E-&F

I this hermitian? () Fom ¥°=Y° — g -

W+ ™

() From PT1P=T > =&

H* = H as waured

(5) Notie that  (id+m) (id-m)® = (V7" g3 —nf) W
L (v )

= We  reoover theat  Soluhens of the Dirac &.
S&\'\S{:ﬂ the kK& Q.

g
(6) H&[AQN % C'/\A.FCLU"'L‘ : rﬁh“"lfu'l/\ﬁ o tHe W= ()_() Vlo‘rﬂh'am/ in

momen tum Space e have

MK = (E-TPX=nE  7p ¥ =(E+7F)5- mX



Obs 1: For M#+0 we heed both E XX to desuibe a
S=12 Peurﬁ de = we heed both clurelities

obs 2 : Fol' m=o E=HS| alnd

SFPA-X , TPE--F
Pl P!
=> in terms e{ heL‘u‘fB h=SP=1%p
[pl 2 [pl
hX=1X . h&E=-L§
2 2

[We Gnfinn thet in the massiess Wit the god
guantum  nuwlber (s the k?ﬂdﬁ]

SoLUTIoNS oF THE Dirac E& UATioN

Sine W sahsfies the k& eq., e Will have both positive 3 hegatie
E)/\Q/\,a\J Soluhens :

HJ; = Up o PX Wi"= v o' P
(i-m) Y™ = (i9-m) W, =0
! 3
\V/
CF"m) Up =0 C{J—M\)’U} =0

\ l



{—m l 0'-le {Wl 0‘-{:}
= MP=O — U'F =0
O’-P, -m O'-P m

Foim m}u N [MM‘J“ 1
m | -m P m]m"

B

Sduhons ere  CousTaril  aud of the {arm

up '[Z] “”z[i]

with &b = oy Comsfaut 2= GurpowenT - Spinor -

Coweniant  choite o have h‘uwlﬂ indepondeutt  spinors -

; : | l
| /W: 0 \Nl'H’\ a/t =[0:‘=‘b1s
9) |
(0] = ° =
vy (E’)M’r(é) W H ;
o) =l

. 4’
Will be denofed WwWith

Us(p) , s (p)
s=T3¥

H1\=




To derie a More gonerel expression, Sohe now for p=(E,59p).

Observe that W= E-pZ = (E+pz) (E-p2)
e

Fa X

adl Sl BRSNS Y
Lo E+|>z e, P

=1 FE-\—PZ O ]z FFZ Oj'
P o E-pz -

ad.  the gmﬁms e heve to Solle are

(-xp O | &x* O
o - B o 3
UP =O

£ 0 |-xp O

0 1l o -«
[~ ] — - -
X & {Eyz ©

a - A
= Solution: “S(P)’ sz =| | © @J > = m- )

F>§; —\/az 0] }ﬂ \IF?&S
X §2 LY \JE'FZ S_ ] )

dn the same N&j We obtaih

g
e

% (p) =




IMPORTANT  OBSERVATION

M

St ] ) byt ANY T ix

We have found “6”*{ i

SSible
peSsi 3amum. Matrix .

W [ o) O'f‘J
\
\/\Jejl represeuiiation i

o - ( 1 o] = [o T
o -417 = [)) O-l b
e Dirac rePre&‘evr\'aﬁm//



3.3 - WHAT GoES WRoNG WITH THE RELATIVISTIC  WAVE EQUATIONS
Fofk S=0 & S=1z 7
(Q+wt ) $6) =0 (3 -m &) =0
Do hot make Sene @S Single - parhick reluhvishe  €gushons.
Why L

(6) KLEIN - GoRDON
(a) whet to make o-F V\eﬁa\\\le_ e/v\ugfeS?

(L) For gChTSdiMJGA‘, We Gun Gustruct & Couten@d  probability
cqrent -

T 2m
T * _ (- (4 2-+\’ *
" ()
= ih WL ik Wyt -_2_‘_7““>+\I W
ot E Zm
(BT W)W - Wy
wm
A Wry) = - (w*vzw-w* w)
Zm
W) = ik V. (WIp -ty
FV7¥) - V(¥ )



For Klein- Gordon 'W\AV\@S ore W So SwosTh :

T = Vi

atl\l
P -TE - FVEwP - T - uE
- ¥( 0 - V4 $)
we doteined V- J
what to ake of the LHS?
PR -U-REEEY)

+V

Cannet be & Probabih'iﬂ densly
becauge it is het Posiﬁve,
de;giwih. (Prob. Ghnel be

HQ@&H\K)

(¢) Dirac :
() what to  make of hegatie emmjies?
(b) What about the probebi ity Garedt 7
From iVl =m¥

= WP TP i’
PR Tl



dfne P=W1 = i 0¥=-w®
But then
PYUP+ i P V=mPW - mWP =o
Y P =0
= userved aret s M= WY
S P =PrV-wrrv-yy

A
positive defamite !

MCSSG\§€,= for SPiv 12 we G hae @ (Posl’r'\\)e defimte) Probalﬁb'tr}
4&/\9113/ NI %«‘ $in O a\opewre,vﬁl\«) We  Calnet
I both  Gaee, we den't Know whel o Mmeke
of The neg atve  energies .
I

To understamd how 1o ot ou, Ht's diswsy o 3eda.ukem "
ex\oe/u’vmevd‘ laj Niels Bolr.

| | farhcle i & box  with Moveabée top.

\/ When ] P\As\/\ doton the toP 1 Docahize
Letter amd  befter the wa/uhc@,

= buf  4p L1 (Neturel uwts)



l

W hem Lot owe hae dpzm = dEzm
m

owd thew (§ Su%‘u‘m @M&ujy o owade ]Deu'rs ogg Paxrh'c@es

=>|THE oNLY WAY To MARRY @M WITH RELATNITY IS To
ADMIT THAT THE THEoRY MUST DESCRIBE THE CREATION
OF PARMICLES => WE NEED QUANTUM FIELDS




L. ReLATINISTIC QFT
ddea :  introduce guanfum ,({6&49 as e did 1 NR@M

g X
Ay. (x) = J(ZTI’)W h(P/O') a',o. e P ®

K / Spin Compm/\emT

Some  eppro Priah

Lorevitz  index

with  Anx) S&ﬁsﬁm& the  wave eqs. e have  deuved
(as the Sd/\rc}'&(wau /{\6@1 S’e.ﬁSF{eg S’JV\:SaL'maM q.)

Expression & \'s/ l/\ouow/ WRONG .

\/\l\/\j 7
(1) We shll did nt ure e neaah'we. oneagy Sofution ;
(2) We saw that  relafivishic imomaue < [UA), S] =O

N
But  S=20 (=)' | db o dbn T[V/E) - ViG]
h!

h=o0

n a ﬁ (_)V\ Jc‘l‘)(u ALXV\ T[’H(N) -1 u(xn)]

QFT h=o Q!



Suffidedt Guditious for [S, UM =0
() N&) is a Lorewtz Scalom :  UA)VUE U (A) = U

(i) [H&, U(y) =0 ¥ (x-y<o  MicRocAUSALITY
l CondiTioN

hecessary fo emswre the iNeuouce of ﬁme-emiwmﬁ :
Sinee  dadfrodt odSoas Gun disagme on the mdwv:?
in time of Spachike Seporated evmts, 1§ +h9 wne
to agnee on T [ U N(y)] we musT dememd.  that
4:1 SPa.Obh'W\e SCPWG’M the ndw‘hﬁ 9# the UM 's
is  iredoyeut

AT the el o «{}’eﬂAs/ VV\XU(‘oCoquj wp fies

[An(), A} = 0 = [AnG, A )], ¥ (cyi*co
QM*OW\Q-'\‘!LO% +we I{ the ,F&QS

S&HS@ the Sawme [’/]:\: as

the Pcm’n’cﬁu‘ ‘H'\eg descriloe

will 3Ne, non-triviel Camsee,uwoes

Pt



Take the @R n{ﬁ a s?m&.vs F%h'o& :
iPx

AX) = d°p Qo €
ez T

t Couvement  horwath zschion

\

All, Ay ] = &Fp &Y [a al e
f X 5]. (Zn)g ZE 2 [ P/ f]
;\,J

33(,9 )
= J‘ PP e
(27r)3 2E()

i p(x- ¥)
= A-i-(x‘\"])

pX-TPY

1 ( explicit Gaw?u‘i'aﬁerﬂ

Wk\[mW) (X-y) <o

[N [m [(x-y)] + chn()( -\Ljo)
n:]',(mm)]

I

(X >0

lwpettort = A+ (x-y) F0 {m (X’g)z(o !

— we looe  lorewiz inveriauce !
But k\ (z) = K (-2) {er =z <0




Nmt\ o = Use the hfﬂaﬁ\lﬁ uerq Solufious !
MW addiben o AN) ) covsider olfo

I pX
BK) =J £p boef
(Zm; \/—Z_E-(-P) I

oud the  Combhinahon

c}>[><) = AXx) + X B‘r(x) ‘fm sowe Xe C

= [0, $G)); = [AQ+< B, Aly)+ £ BG))
(A6, A y)) 5 W [ By), 8|

H

= Ae (xy) 5 1" A (4

= Choa?il/\j X|=4 ® Ccommutahou rltous we have

[b(), $G)) = A+ Ky) - A+(y-x) = A(xY)
/
Lj consTruchion (becouse
ki) = ki~2) Lr z<o)

Aly) =0 ¥ (x-y)<o

w
exacﬂj what We weuted !



Mess hges

(4) CoMSo,&'Tj demands  that eNey Pwho& (a) has e
parfuer (b) With the same spin % the Same mass
(otherwise we Guust Gwstrudt A(ij))

(2) Cwsd«'m A Loredtz invomence {mce. a spin O /:w‘v'cfe
+ be a BoSoN

The result @n be jwe/raﬂad %e!‘ ey Spih.
Write

—(pX _fo
@nx)=Jﬁ—L[u(/)are(P+v /)Lj’o—e
( (ZTﬂyl\I’z_e‘(r) hFO- F “GSO— F

ahd  Cowtpute [ (%), ‘z”y:-(y)] dor [X-j)z<0
The expiat Cowmputation (See. S. b\luml&rj “Fejnmw\ ruks for aly S‘P{M”)

3[\&3

p 1p (xy) -1 p(x-9)
[ &), LFv‘j—(n)]j:ocJ(;T:)’sz(p) M (p) [e e e ij]

Some  Cowst binahen 4 w &V

o

Foi“‘r imporTouil ’&” us T (p) 3(")LJ tnmﬂr..m?/‘«"‘ F/‘zJ.

A= S?ir\



But them

[:(P 6<) LPW\/‘j)] ol ‘E. }h ML‘J [eiP(x‘\J)i e*-\ F(X“j\}

2E(p) ) Phe Py

PPy &2 | P(xY) - Yy ~|'P(X'\1)J
oL i Qu. ---}uzf ZE%\(Q +(-N)'e

afméj kKiow that Hus imhfﬁm}i
Vowish eudside +he /&gwt Come
ly g + =)

(‘l') (F) = 2Zj odd == z'z’a'
(5) ';>Zﬂ M ‘5\) =0,1,2,3-.

L ~— T

SPiV\- stabishic  counectious :

J= o,z,.. BoSoNS
J’ 39 . FERMIONS
’L’L/

Conclusions : microcausalﬁy implies

(+) swtiparticks must exisT (cotredt inferpretation
of negative emerg(es)

(o) Sfiv\— stoahstic connection



5. QUANTIZATION ELECTROMAGNETIC FIELD

Now thel wWe Know in which Sense we heed To inter pret relahvishc
WeNe  &quations, We  GomsTruct the @FT o{ the EM Lield, for
whadh  We s.ﬁ)ruo\j Knoky +the {etm /{ZFOW\ clessiel em .

S - Review o,g EM

Eleciric A Mo.avwh‘c. /{é‘(',\ds 2 -E - 6 o'-a.;ﬁ i) hol il/lclef)(’,yldwf.

Is there o more  efficiet Way To represent a gM field with fog
redumdn.hﬂ?

VE-p (D
Moaxwell €gs : VR =o (D)
VXE + B -o (3)
ot
VxB = T+ 2€ |
T~ o (b)

COVM‘)I)\'HV\j —3%(4) v V- (b) 2 g{_a-ﬁf =0 GNTINVITY  £4.

Fromu @ : V=0 => F=VxA

.Y

From (3): —ﬁxE-vif?‘Kﬁ:O = ?X(Eﬂ-ﬁ =0
ot

ot
v

2 T4
ot



= fom EB (6 dof) we how rducd o b (b dof)

= fess redundavit  descr phiow bal” shll redundanT.

How do We See Hus !

A “TTQ‘-\——V)N

Y
r\—'\_/\
Pl o
J
-
{
Fie

¥y
|
4
<
c

l<eefs B = VxA (AMd'\MﬁCd.

—

but d\a.waes E-
E--Vb-% > -Vb-F -V
C{D o 43 ot ot
= clxo.\A%iv\ﬁ ar the Sewe Hwme
- W
d->Pp-w

keeps also € wvxc‘nm\ﬁeel.

IS @ reduwhmcj 012 ouf desription
thet @n be ued fo fix some
Govd Hon (3%53 Comdihen ) :

$=0 (waPorol)

Az =0 (aval)

V4 =0 (Cowlond or radiation)
VA +%i> =0 (Lotentz)



Lef's toke Gubwb gouge, sine 1+ will be urefud for +he
reSt 9{ the Csrvuliou‘"&ﬁem-

To make e ijsics e clarer  We iufroduce Hraungverre
oA MMM »@'efds as %Wﬂws:

Vi) = N6+ Vpx)  with [Vx Ny =0
Frans@ese /\Mihdﬁ'wﬂl VN =0

The  decowporition is unigue ( Helmholtz +heorom ) .

\l\l\\ﬁ e H\eﬂ Caled Fransverse / Kw\? tudinal 7

3V\ Fourier S‘PaCQ, A
¢ K x \l" = 0O
A i KX
V(x) = J SR ke = h
@ <V, =o

= V| is transverse fo  mewevituma  while Vs era%@,

W mementum Sspae S eas\«j To  derive @(Fh‘cﬁ- express.'m :

N N N\ N A A
Vy = kN Kk \Il=\/—\l/,=<ﬂ-k_\5 V
[l Ikl %, (ik|®

LA CQWFm/\eW\'S

() - (5 - )

[kye

Vi



Frowa  Maxwell eqs
B =3 = R) =VX(A//+}DLL)= Vx AL

€=E_|_+€/ — 1o uuderstand \'\ow To CoW'PuT{ E_L/E///wa
30 to /Mo mentum Space

E--Vé-% —E=-ikd-34
o i ot

--ik¢ —5_22// —IA)
Ikl at ot

the rest s tansverse :

E; = - AL
+ ot
€/=_V¢—9——A//

ot
Al this s Gwpletedy  gomeral .

With  +rancverse / Mﬁnwmﬂ Aiddds e ale Jejc &  hew perspechie
o qauge transformations

A

A—’A+Voo —  Mgwmemtuwm Space A=2A+ ik

= As+A = Brrikw )t AL - ouly fiy s a#ea“ei_



= diffeant gouge cheiCes  comrespord To a(fzﬁgmﬂ vlues {ar A

W Gubmb gouge, VA=0 = khA=0

\'
K.(//}\//ﬁ»//};)zo
but  K-AL =0
A \U/ N
KAr=0 = fy=0
Then {E/"' - V¢ = Gomplefe sepanabon befween Ay
€l =—%¢?:£ s

From Maxwell €4S m  (oulomb gouge :
VE = -V -2VA=-Vd=
v-3 =9
= P is awpletely deAeruwined,

bt) = | J £u PO
Ci; LTT ‘\1 lx-jl

Howwmuﬁ dof ! ;F, /T‘}//,’;}.L

4 4 2

bt b mol indkpendet , Ay =0 = we are Bt wih A
(2 do,’i)
[see  oppomeix for the cowmting in  Loretz 3a,u6e]



What are the ggs. of motim of AL /

2 pu—
- we start from %-VZA+V(V-A+%1>>—

!

Mewe ntum SPa&

l

(A PRA ‘ ' N A
A +KA+IK(\K-A+%§> =

P
l

oty 8K To g on A
A “+ I\ZA o - Kik KA 9
L M (%- nﬁzj) J - jZ)

I\

l

2t

o
Selubion:  ALGE = AL (b + AL ()

« \

So luhen \/\o\/\z\oﬂemegw e By Pa/r%mlwr Solutien
DAY =o
M/ )
Rodotion feld ALGD-Z [ [ dy € € KT w.c.J
(zmy® 3

the 2 dmﬁi/7 normalization



W Gulowb gauge IS siwple to  Gupute the Meuy of the M %d&

H ?JJSX (E°+ &) = %J&)\ [ le, +E¢|z+lgﬂ?’}
T
but €4-€1L =0
To prowe Hus -
|ERtq)-X

P*x £ €1 Jda &k 3”? L E/0-EiR) ¢
@iz

¢J33X 33K E//(k) €1(K) =0

1
1 J P (15//13 = Haul)
Z

2
= Hi‘ad{aﬁerm —\'I_Z\: j\d?xlg//.

B}

~—

Hcoul = | JCFX lE//IZ= _'_Jd?’li |(:\'_://|2
2 2

4

His @an be Cawu)ood'ed as

/{OUOL«JS :




\ll
fK. — ﬂ-l“
= v ~
D\\\ - IN\J
- Q9| —
o = Vv — | =
Xl T &
7 C —
— \-V
i "4
*./um \— =7
<Qa, [\ -0
vV V <
L8] M
V) -0
J —




3.2 - QUANTUM ELECTRoDY NAM|CS
Whet is Hhe efka.mh;\vn NS lgn gzé Hus Shﬂ 7

We know how To write a velehishc c‘\m_vﬁum ﬁ‘dd:

K
A = 72 4 6@ mMe - + ce.
/ A=t K \ZEN
?MM‘UW\ %eﬁi /

Sefispes [ on(k), a:\r.(k‘)]= B(RK) &y
What is the Hawultomian Hiet descrile the €M amd 12 interections
with  anatrer 7
We stoet With & Lajram?}&m=
L=vai+_\_jc\3 [E1- |2 Vi Al — g, $ ()
oz 2 x{ >+§h‘“ T ?4;;9]

Defining { PO =2 o St xa(0)
TOA = 2= g, Na $(x-xa(0)

we  obtain

L= Z mm ; \Jgs (1er*- i8P) P*»  [36rAR f(x)%(x)]

jols With < Z_l(lel - [al?) + j-A—ﬁ



G[ofu\ﬁ to  momevitum Spac [:usiwj I’Qa_&'tb“. ;C\(—k)= ﬁk\]
JAESK{ L (IEF-18F) « T-A- ¢ c}§

l_ cpkpei BF + 3A+3A-y¢—y¢*§

~ 2 N2 A 2
We Wow use IE| = |Ev| ~ IELI

To prove Hus

A A (K‘t?)'x
J $x E;“-a - | & Agk 47 E;/kﬂ()-E_l@) 3
(Zrfgzn

C

{asx (#x EN-E(0 =0 4
J (ZT)Z -

I

0

2 bop {E/= —Vc{> => é\'// =-Ik¢p
mém | ° ~ 2
V\j ElL = -AL = £y =—A

From Maxwell ggs: N-E=p = 4 k-E, =?

@



'E,{_ © ‘ %1.\2

/
> J,ﬁx L fcf {Al ﬁL - (kx AL )+ (snxAL)

AR W Y -zg_*sg
NG | K%

%JOPK {Af Ay - (kxAL)- (kxAL)

— |

- P 4 T* Al—vIAl%

NG

= - 0 [ gerw) o« o1 (Uex | A% (v
&Fj J Ix-yl Zj [l l]

H coul

+ §A3X J AL

What is  then , the HamMonian ?

H= Z\JQ-F,,\ + JOFX Al- M, - L
l;e\,—__. \ 1,

—

FMH ks 4‘6&4




Co\/\d'vxﬂa’ra Mewmeita - frow Jo(gx J-AL
- JL _— — = -
Pa gTa‘ N+ Al = v wi(ﬁ* E;iAJ)

a

- A - -
VAL

2 mg, 2 2

= H = Z‘ (F" ‘taA.L) Jc\’s [Al -1 A_,Z_ +‘—(va-01] + Hcou

2> (pam ) faz [Aﬁ(wu J + Heon

o\ 2 Me.

V

E_[_+B_|_

what "‘“FP&"S Subsﬁmﬁv\j the erua_nh/\m F{dJ?

There is a Prelo)uu 9% e’tdw'v\ﬁ in Faswﬁ ,{»mw\ ‘the
chseicl 4o the elm.m‘rum ExpresSion '
We  use
AB + BA e AT SHen)
AB —> L (S\v]fvm ¢ prescription

@j,'(;] 5}0\ + $(0)




~
o2
f‘
-+ iv4
Q
_L_n
\/
i "AR
[od}
C
)
QN
-
¥
U
) S
V o= =
[sA)
=0 wv 3D
( om\ =
L -
NN\ | < < U
N 0N
3 n
Q 3 —
™M >
L9 > _




5.2 - CASIMIR ENERGY (= NACLUM ENERGY of THe €M FiELD )
We have /{oumd

Eo = Vo) | £k Ek
/7

Gan be wnien

AN
(ZTR P

= what We  Gm aduoﬂﬁ Compufe IS the  \ecuwn nengy c&emsiib

fo V J @m? i
I I O

Hus Awe/rﬁes

to make Semge &@
s ivﬁeﬁmﬂ,/ we heed fo
reﬁ\&arik it

Sinee fp IS an onergy A/Wsim/ /@w swe it will have @
3ro~\\\+aﬁgmaﬂ, e@@ed‘. v We measure f in The [ab_ howerer 7

3V\m8me, we  have deucﬁMﬁ P\p.’reS :

E

/i/ E,=d




/ / We re,zluxre,

z(x,g,o,t) =0 = Z(nj,L,t)

S 2

[

We Gonnst uge the exprestion for —4’ x{owmd tarbier  becawe how we
have boumda.rj Condihems .
\We Can a(waﬂs White the Mode functions as
_ilok
e U (WYy,zZE)
oud take plane Waves in the Xy direchous
iK-X
U, (XY ,2) = € Ui (Z)
E hd k)( €x + Kj é\\‘j
The  wave eq- be cowmes
2 —1 A‘Z - O
Wty — R U+ dle =
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5.4 - Interachems witlh mgtres
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5.6 - GCoMMUTATIoN = RELATIONS
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