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Bjorken model: fast derivation

We use: 1) y = ns < v, = z/t, 2) no dependence 0on 7 [maintained by hydro.

evolution]

We solve aroundz=0<y=0.Sov,=2z/t=0,0,v,=1/t,y=1

anu onw? _ on onv, __ 9n ov. __ 0n n
+ % =0=5+% = 5 + N3 ZJFVZa =t T

So n(t) = n(t)t/f which can be re-writen ’ n(7) = n(ro)mo0/T ‘

To get the solution for another z (with |z| < t), we do a Lorentz boost,
changing y by a constant, this leaves 7 constant and the expression
of n(7) is unchanged.

Similarly 8, T#% = dt[(e + p) — p] + Oz[(e + P) V2] = Dre + (e + p)/t
which leads to | (1) = e(mo)(70/7)*2 |for p = ¢/3

s(r) = s(0)7o/7 |

Also, since 9, T =0 = 0,(su*) =

2/10



Exercise:
Compute ¢(7) for Bjorken model with MIT bag equation of state

We use e = gqug—; T+ B, p= gqu;%T“ -B

Near z = 0, to first order in v,

0, TH0 = Oy[(e+ p) — p] + Oz[(e + P)Vz] = e + (e + p)/t
We note that: € + p = (4/3)(gggo % T*) = (4/3)(c — B)
S0 e + (e + p)/t = 0 = (e — B) + (e — B)/t

= ¢(r) = [(e(70) — B] (;0)4/3 +B
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Simple estimates with Bjorken model

It is possible to get estimates of the initial particle number, entropy
density, energy density, etc. Here we show an example of the latter.
In the rest frame (y = 0): dV = S, dz = 7S, dy and for a central
collision S| = 7R2. So e(10) = €(7)(7/70)*/3 = (7/70)*/3 mﬁdy

[ Note that (7/70)4/3 # 7 /70 (energy per unit rapidity is not conserved)]

Assume dE ~< m, > dN, 1o =1fm, 7 = some fm.

For a central Au+Au collision, at 200 GeV, dN,./dy ~ 3 x 300 (see p.

7inlecture 4) and < m;, >~< p, >~ 05GeV
So ¢(19) ~ 3 GeV/fm*>> deconfinement value from lattice QCD (p.7

lecture 6).
Modern values for initial energy density:
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Bjorken model with a first order phase transition
We can learn a lot from s(7) = s(7)70/7.

We use the MIT bag toy model to describe the transition.
e For 79 < 7 < 74: fluid in the QGP phase and sgy = qugg—;ﬁ
e For 7, < 7 fluid in the pion phase and s, = gwgg—;ﬁ

S(7)7 = 8(70)T0 = GqTq = GnTh SO Th = (Jqg/9=) Tq >> Tq SiNCE
9q9 =37 (Nf = 2) and 47.5 (Nf = 3), while O =3 [Large volume increase]
Also s, = Sqg(7q/Th) = Sqg(9r/9qg) << Sqg i-€. jump in entropy
density.
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o For 7q < 7 < 7 fluid is mixture of QGP and pions
S(r) = £(7)9x3 55 Toe + 11 — (7)1 Gag § 50 Toe = ™™ where f(r) is
the volume fraction of fluid in the pion phase.

_ 1=(1q/7)
= (1) = =5 5o 5/10




When can we use the Bjorken hypothesis v, = z/f given the
gaussian shape of dN/dy’s?

Answer: amazingly, v, does not deviates that much from this. Let us
see this.

Consider longitudinal expansion only (which dominates initially) and a
slice of matter at z = 0.
Assume that initially the entropy density is gaussian:

2 2 2
n
S(X,¥,ms,T0) o exp (—2’(73 — 2}’75 — 5% )
'S
This is motivated by the gaussian shape of dN/y:
300 (a)
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Rapidity distribution for central Au+Au collisions at 200 GeV: BRAHMS Phys. Rev. Lett. 94 (2005) 162301 with

gaussian fitand oy ~ 2.3fm
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To first order in v, = z/t: 9, TH? =0 = ,3%[(6 +P)v] + £ pso

v, _ 1 9p _ 1 dpd, 1270 a_ ~20s
ot = T epdz T T erpdeaz€ T TsCST(_?zS_ Cs =5z
Near z =0, dt ~ dr,dz ~ 7dns, v, ~ y is small, so
dy _ s

or T Ons

= y(r) = (1 + 705'2(%5/70)) ns.

— y is proportional to 7s.

For ¢2 =1/3 and o,, ~2.3: y(7) = [1 + 0.06 In(7/70)]ns i.€. very
close to 7.
So v; =tanhy ~ tanhng = z/t
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Challenge

In the case of a 1+1 dimensional expansion along the collision axis,
show that for solutions independent of proper time,
y = ns + tanh ™! ¢5. Compute v,. What kind of solution is this?
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Homework
Consider a plasma of gluons and two flavors of massless quarks at

To = 300MeV for 79 = 1 fm. In the Bjorken model, compute the
proper time when the plasma will reach the deconfinement
temperature T ~ 150MeV and its energy density then.
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Other references on this topic

» J.-Y.ollitrault Relativistic hydrodynamics for heavy-ion
collisions Eur.J.Phys.29 (2008) 275, arXiv:0708.2433

» R. Vogt, Ultrarelativistic Heavy-ion Collisions, Elsevier,
2007

» W. Florkowski, Phenomenology of Ultra-Relativistic
Heavy-lon Collisions, World Scientific, 2010
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