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1.8 Structured Linear Equations

In working with Kronecker products, matrices arc sometimes unfolded as vectors
and VeClors are sometimes made into matrices. We now introduce an operator that
makes this precise,

Definition 1.8.2 Given a matrix C = (c1.¢2. . .-, cn) € R we define

P

1
2

vec(C)=| . | e R™, (1.8.7)
Cn

i.. vec(C) is the vector formed by stacking the columns of C into one long vector.

We now state an important result that shows how the vec operator is related to the
Kronecker product.

Lemma 1.8.2 IfA € R™*" B € RP*4, and X € R1*", then

(A ® B)vec(X) = vec(BXAT). (1.8.8)

Proof Denote the kth column of a matrix M by M. Then

n
(BXAT ), = BX(AT), = B)_auiXi

i=l1

= (1B axaB  anB) vec(X),

where A = (aj;). But this means that vec(BXAT) = (A ® B)vec(X). d

Linear systems for which the matrix is a Kronecker product are ubiquitous in
applications. Let A € R"" and B € RP*P be nonsingular, and C € RP*". Consider

the Kronecker linear system

(A® B)x =c¢, c¢=vec(C), (1.8.9)

which is of order np. Solving this by LU factorization would require O (n3 p*) flops.
Using (1.8.4) the solution can be written as

x=(A®B) lvec(C) = (A7'® B~ Yvec(C). (1.8.10)

Lemma 1.8.2 shows that this is equivalent to X = B~1CA~T, where x = vec(X).
Here X can be computed by solving the two matrix equations

By=¢Cc, ATX=Y. (1.8.11)

Scanned with CamScanner
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A consequence of this result is that linear systems of the form (1.8.9) can be solved
fast. The operation count is reduced from om3p?) to O (n3 + p?) flops. Similar
savings can be made by using the Kronecker structure in many other problems.

The Kronecker product and its relation to linear matrix equations such as Lya-
punov’s equation are treated in Horn and Johnson [131, 1991], Chap.4. See also
Henderson and Searle [124, 1981] and Van Loan [198, 2000].
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