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Aula 5



O potencial eletrostático



Teorema de Stokes

~v
<latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit>

~v
<latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit>

~v
<latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit>

d~l
<latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit>

d~l
<latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit>

d~l
<latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit><latexit sha1_base64="ydNXfRt7PGzyn52tBibJChCVCNA="></latexit>

�
<latexit sha1_base64="CVf09PTkXxp/qD+RpYIWLrVAJkI="></latexit><latexit sha1_base64="CVf09PTkXxp/qD+RpYIWLrVAJkI="></latexit><latexit sha1_base64="CVf09PTkXxp/qD+RpYIWLrVAJkI="></latexit><latexit sha1_base64="CVf09PTkXxp/qD+RpYIWLrVAJkI="></latexit>

d~a
<latexit sha1_base64="QWS1I/T0ARMD7LcPc6s8bX1CNC4="></latexit><latexit sha1_base64="QWS1I/T0ARMD7LcPc6s8bX1CNC4="></latexit><latexit sha1_base64="QWS1I/T0ARMD7LcPc6s8bX1CNC4="></latexit><latexit sha1_base64="QWS1I/T0ARMD7LcPc6s8bX1CNC4="></latexit>

~v
<latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit><latexit sha1_base64="ljb+Qizcm93BueJzuJ8Uz3Cyl34="></latexit>

A rotação criada no interior se manifesta 
na borda e vice-versa !



Coordenadas esféricas 

r̂
<latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit>

�̂
<latexit sha1_base64="5AiwMQS4oqeVMlxEY+cz4wUdZNI="></latexit><latexit sha1_base64="5AiwMQS4oqeVMlxEY+cz4wUdZNI="></latexit><latexit sha1_base64="5AiwMQS4oqeVMlxEY+cz4wUdZNI="></latexit><latexit sha1_base64="5AiwMQS4oqeVMlxEY+cz4wUdZNI="></latexit>

✓̂
<latexit sha1_base64="F7ypossIy9xvv6wIvkPQO9whHtY="></latexit><latexit sha1_base64="F7ypossIy9xvv6wIvkPQO9whHtY="></latexit><latexit sha1_base64="F7ypossIy9xvv6wIvkPQO9whHtY="></latexit><latexit sha1_base64="F7ypossIy9xvv6wIvkPQO9whHtY="></latexit>

Deslocamento infinitesimal total em esféricas : 

Deslocamento
infinitesimal em r

Deslocamento
infinitesimal em theta

Deslocamento
infinitesimal em phi



Vamos calcular Carga em repouso na origem

r̂ . r̂ = 1
<latexit sha1_base64="EQ6djRItRID+qyWqpKuBCrmus/g="></latexit> r̂ . ✓̂ = 0

<latexit sha1_base64="0WjOhUfNGqBuIx1s8x2tOEoeLqw="></latexit>

r̂ . �̂ = 0
<latexit sha1_base64="HkRypyE2BXYQHQH29oLz3pww2vI="></latexit>



Se o percurso for fechado,  a = b ,  ra = rb ,  temos

Z

A
(~r⇥ ~E) . d~a =

I

C

~E . d~l
<latexit sha1_base64="0gmFoCUjWX1klOzunmsMpRB1e7g="></latexit><latexit sha1_base64="0gmFoCUjWX1klOzunmsMpRB1e7g="></latexit><latexit sha1_base64="0gmFoCUjWX1klOzunmsMpRB1e7g="></latexit><latexit sha1_base64="0gmFoCUjWX1klOzunmsMpRB1e7g="></latexit>

Usando o Teorema de Stokes 

~r⇥ ~E = 0
<latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit><latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit><latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit><latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit>

Concluimos que 

Se houverem várias cargas, usamos o princípio da superposição :

Vale para qualquer distribuição estática de cargas !!!



Potencial Elétrico 

Teorema: Se 

~r⇥ ~E = 0
<latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit><latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit><latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit><latexit sha1_base64="q3ELaa3+cBPXmwUVXToXgU43Ldk="></latexit>

Vimos que e  então 

V é uma função escalar : o potencial elétrico 



Potencial Elétrico 

Vamos apresentar V de outra maneira:

I

C

~E . d~l =

Z b

a(i)

~E . d~l +

Z a

b(ii)

~E . d~l = 0
<latexit sha1_base64="QSJ0a3D9JAyL2atxtGRnsep2A/g="></latexit><latexit sha1_base64="QSJ0a3D9JAyL2atxtGRnsep2A/g="></latexit><latexit sha1_base64="QSJ0a3D9JAyL2atxtGRnsep2A/g="></latexit><latexit sha1_base64="QSJ0a3D9JAyL2atxtGRnsep2A/g="></latexit>

Z b

a(i)

~E . d~l = �
Z a

b(ii)

~E . d~l
<latexit sha1_base64="7XTznvgBo+Auu92ZblCcbrmQp+A="></latexit><latexit sha1_base64="7XTznvgBo+Auu92ZblCcbrmQp+A="></latexit><latexit sha1_base64="7XTznvgBo+Auu92ZblCcbrmQp+A="></latexit><latexit sha1_base64="7XTznvgBo+Auu92ZblCcbrmQp+A="></latexit>

Z b

a(i)

~E . d~l =

Z b

a(ii)

~E . d~l
<latexit sha1_base64="Uy5ySorXdbQ/2noZBlQVc4UiHN8="></latexit><latexit sha1_base64="Uy5ySorXdbQ/2noZBlQVc4UiHN8="></latexit><latexit sha1_base64="Uy5ySorXdbQ/2noZBlQVc4UiHN8="></latexit><latexit sha1_base64="Uy5ySorXdbQ/2noZBlQVc4UiHN8="></latexit>

Z b

a

~E . d~l
<latexit sha1_base64="pAw/+42iKKeDT2CMSwPDoMt7ahQ="></latexit><latexit sha1_base64="pAw/+42iKKeDT2CMSwPDoMt7ahQ="></latexit><latexit sha1_base64="pAw/+42iKKeDT2CMSwPDoMt7ahQ="></latexit><latexit sha1_base64="pAw/+42iKKeDT2CMSwPDoMt7ahQ="></latexit>

A integral

não depende do caminho 
de a para b !!!

C



Então podemos definir 

O
<latexit sha1_base64="l305rIc4Yistr3ei5VVGvnraXGA="></latexit><latexit sha1_base64="l305rIc4Yistr3ei5VVGvnraXGA="></latexit><latexit sha1_base64="l305rIc4Yistr3ei5VVGvnraXGA="></latexit><latexit sha1_base64="l305rIc4Yistr3ei5VVGvnraXGA="></latexit>

é um ponto de referência arbitrário e V = V (r)
<latexit sha1_base64="XsyGPEcStd4vJW0OhgHI+5kR15c="></latexit><latexit sha1_base64="XsyGPEcStd4vJW0OhgHI+5kR15c="></latexit><latexit sha1_base64="XsyGPEcStd4vJW0OhgHI+5kR15c="></latexit><latexit sha1_base64="XsyGPEcStd4vJW0OhgHI+5kR15c="></latexit>

(do teorema fundamental do cálculo)



Comentários

1) O potencial NÃO É a energia potencial !  (mas é parente próximo...)

2) O ponto de referência é arbitrário ! Se escolhermos um outro, vamos 
apenas somar uma constante ao potencial.

A diferença de energia potencial entre dois pontos nunca muda!

A derivada das constantes dá zero e assim:

O campo elétrico não depende do ponto de referência pois



Escolha  usual do ponto de referência O = 1
<latexit sha1_base64="nDVF0DIfLDYGZRdo/stSRVIG3pY="></latexit>

V (r) = �
Z r

O

~E . d~l
<latexit sha1_base64="v/LQtuCWINjakgXWtdegM/iatBE="></latexit>

V (r) = �
Z r

1
~E . d~l

<latexit sha1_base64="Ch+S/Ibea8QvplUZlOxDzkKrqis="></latexit>

V (1) = �
Z 1

1
~E . d~l = 0

<latexit sha1_base64="ZX8dCZArkz2o6qMt8z5nt8nY1TI="></latexit>

No ponto de referência o potencial é zero ! 

O melhor é usar a expressão geral e escolher o ponto de referência depois !

V (b)� V (a) = �
Z b

a

~E . d~l
<latexit sha1_base64="xSPOl9lVy0f71Smy4RhiqVmWT8U="></latexit>



3) O potencial obedece o princípio da superposição 

4) As unidades :

~F
<latexit sha1_base64="hzDibGr4yI0cIQwPwo4beovJVh8="></latexit> Newton

Q
<latexit sha1_base64="DCvj8g5IHu/b8PJHwSfGtqDqWoU="></latexit>

Coulomb

~E =
~F

Q
<latexit sha1_base64="dqnMnvWPsgbbg+ShvY9AkHTjulA="></latexit>

Newton / Coulomb

V (r) = �
Z r

O

~E . d~l
<latexit sha1_base64="v/LQtuCWINjakgXWtdegM/iatBE="></latexit>

Newton metro / Coulomb =  Joule/Coulomb = Volt



Exemplo 2.6

a) Fora da casca (r>R):

V (r) = �
Z r

1
~E . d~l

<latexit sha1_base64="Ch+S/Ibea8QvplUZlOxDzkKrqis=">AAAC9nicjVHLSsQwFD3W93vUpZvgICjo0KqgG0EUwaWCMwqODm0mo8FOW9JUHIb5DnfuxK0/4FY/QfwD/QtvYgUfiKYkPTn3npPc3CAJZapd97nL6e7p7esfGBwaHhkdGy9MTFbSOFNclHkcxuow8FMRykiUtdShOEyU8JtBKA6C8y0TP7gQKpVxtK9biThu+qeRbEjua6JqBa8yp+bZOltkVRnpWpvWhm51ThRj1QvB29sdVl1gJZp1uw87tULRLbl2sJ/Ay0ER+diNC0+ooo4YHBmaEIigCYfwkdJ3BA8uEuKO0SZOEZI2LtDBEGkzyhKU4RN7Tusp7Y5yNqK98UytmtMpIU1FSoZZ 0sSUpwib05iNZ9bZsL95t62nuVuL/kHu1SRW44zYv3Qfmf/VmVo0GlizNUiqKbGMqY7nLpl9FXNz9qkqTQ4JcQbXKa4Ic6v8eGdmNamt3bytb+MvNtOwZs/z3Ayv5pbUYO97O3+CylLJWy4t7a0UNzbzVg9gGjOYo36uYgM72EWZvK9wjwc8OpfOtXPj3L6nOl25ZgpfhnP3BjaCoWg=</latexit>

Calcule o potencial dentro e fora de uma casca esférica de raio R 
com carga q uniformemente distribuída.

1
<latexit sha1_base64="r5JA3hmaDQFGpofXKk8ZRGR4tDM="></latexit>



a) Dentro da casca (r<R):

r

1
<latexit sha1_base64="r5JA3hmaDQFGpofXKk8ZRGR4tDM="></latexit>

E =
1

4⇡ ✏0

q

r2
<latexit sha1_base64="MgBWLTt3ESlPgE61E50tafSNj34="></latexit>

E = 0
<latexit sha1_base64="RCJHu9mmp9eqLUetCjOhMWvv/SY="></latexit>

V (r) = �
Z r

1
~E . d~r = �

Z R

1
~E . d~r �

Z r

R

~E . d~r
<latexit sha1_base64="ykihEBnRy6zACq8H9cZBTWahs6I="></latexit>

O campo elétrico é 
zero pela lei de Gauss

0



r

V(r)

R

V (r) =
1

4⇡ ✏0

q

r
<latexit sha1_base64="IdNDCRr8dlB6MIMB/Y/EbBAQKf8="></latexit>

V (r) =
1

4⇡ ✏0

q

R
<latexit sha1_base64="X6yLqjmswfkqrnsB40ZGpU9sWcw="></latexit>

O gráfico



Coordenadas cilíndricas

Campo elétrico de uma casca cilíndrica carregada infinita

z



Potencial de uma casca cilíndrica de raio a com densid. sup. de carga �<latexit sha1_base64="MGjVSXjJBshxwjrr3/sGfhsxXVk="></latexit>

~E
<latexit sha1_base64="5yHYN5VbaPbkxeaVpzOVY83XAwg="></latexit>

a
L

Campo elétrico: r > a
<latexit sha1_base64="atSXPyrFm7id3DzxF4lEfXIpTQw="></latexit>

I

A

~E . n̂ da =
Qe

✏0
<latexit sha1_base64="aL0gK20gh2mrA+rZ7Tn+tOs/tbI="></latexit>

L

n̂
<latexit sha1_base64="LUnS9EjiS6FeewznJppgGjbkuII="></latexit>

r̂
<latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit>

r

superfície gaussiana
Nas tampas 

o fluxo é zero !

~E = E r̂
<latexit sha1_base64="Fcb56+JEgwwQuOCbeVLM5fFmQiI="></latexit>

n̂ = r̂
<latexit sha1_base64="khL2rNgSHgbh/zfTa39Yz9plCmQ="></latexit>

~E . n̂ = E
<latexit sha1_base64="lBLaJKHy7O9as43eJQaVOgPtr2A="></latexit>

A1 A2

A3

Z

A3

E da =
�Ac

✏0
<latexit sha1_base64="lsXJV6Cdz3CD+s7zl8R1Z3bvzhs="></latexit>

2⇡ r LE =
2⇡ aL�

✏0
<latexit sha1_base64="o9sCK9rp07oIZbIq3ThFR6y3FAo="></latexit>

~E =
�

✏0

a

r
r̂

<latexit sha1_base64="2CzsjDanQ5+j16dAc+1juErgtqA="></latexit>



L

L

r

Potencial de uma casca cilíndrica de raio a com densid. sup. de carga �<latexit sha1_base64="MGjVSXjJBshxwjrr3/sGfhsxXVk="></latexit>

Campo elétrico: r < a
<latexit sha1_base64="tC0da8g+nlvpX7UamaXa7ueYftg="></latexit>

A carga envolvida (“dentro”) pela sup. Gaussiana é zero o campo elétrico 
é zero ! 

~E = 0
<latexit sha1_base64="mYVdMvCHAb2bI3Om4b+ILqu7cvY="></latexit>

V (b)� V (a) = �
Z b

a

~E . d~l
<latexit sha1_base64="xSPOl9lVy0f71Smy4RhiqVmWT8U="></latexit>

Nas regiões onde 
o campo elétrico é nulo
o potencial não muda !



Potencial de uma casca cilíndrica de raio a com densid. sup. de carga �<latexit sha1_base64="MGjVSXjJBshxwjrr3/sGfhsxXVk="></latexit>

r

E = 0
<latexit sha1_base64="RCJHu9mmp9eqLUetCjOhMWvv/SY="></latexit>

~E =
�

✏0

a

r
r̂

<latexit sha1_base64="2CzsjDanQ5+j16dAc+1juErgtqA="></latexit>

r̂
<latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit><latexit sha1_base64="0MbEmGdu8WhkltNOFqAjoJZVkv8="></latexit>

~E
<latexit sha1_base64="KBu3TFyz80mORPx0ytMovFzGYBE="></latexit>

a
d~l = d~r

<latexit sha1_base64="8xVVC4otHetxQSgU9vghxBtJysc="></latexit>

V (b)� V (a) = �
Z b

a

~E . d~l
<latexit sha1_base64="xSPOl9lVy0f71Smy4RhiqVmWT8U="></latexit>

Ponto de referência:  r  =  a  onde V = 0
a = a

<latexit sha1_base64="lvRmFwq1SojswiMS00Za59EOYO0="></latexit>

Ponto de interesse:  r  =  r  onde V(r) 

b = r
<latexit sha1_base64="1PhY9VLRBtdNSOd+2w4RXdLEE5w="></latexit>

d~r = dr r̂
<latexit sha1_base64="q1ffCxcoqCfCYtZcJi0NbpfjKbA="></latexit>

V (r) = �
Z r

a

� a

✏0 r
r̂ . r̂ dr

<latexit sha1_base64="41ItYKJKFtIrcPwvwfxur4Uhjkg="></latexit>

= �� a

✏0

Z r

a

1

r
dr

<latexit sha1_base64="xWoB7Yxcgnmc/IQ1XRxYvqe1++s="></latexit>

= �� a

✏0
(lnr � lna)

<latexit sha1_base64="m0DieMzvwHLIhStb+LZoajhan7k="></latexit>

V (r) = �� a

✏0
ln

r

a
<latexit sha1_base64="TaN6u7OVTputS3m361qB9etnXWM="></latexit>



r

V(r)

a

O gráfico

V (r) = �� a

✏0
ln

r

a
<latexit sha1_base64="TaN6u7OVTputS3m361qB9etnXWM="></latexit>

0

V (r) = 0
<latexit sha1_base64="eOpHQnM943dlF/HkVIBVno9v2EI="></latexit>



FIM



A equação de Poisson

Multiplicamos dos dois lados por ~r .
<latexit sha1_base64="TXHKcr/3eVz+jbrvg4ppKUoJhTo="></latexit>

Lembramos da lei da Gauss na forma diferencial 

Chegamos em Equação de Poisson



xa b0

Z b

a
d~l =

Z b

a
dx(�x̂) = (b� a)(�x̂)

<latexit sha1_base64="h1a4CpzvLqa37alLw/IjYzrk+Ps="></latexit>


