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1. Equações diferenciais não homogêneas

a
d2x

dt2
+ b

dx

dt
+ cx = F (t)

<latexit sha1_base64="Nhh9gb2ysO59Eb/+6vT8FcA7pHI="></latexit>

�↵v

<latexit sha1_base64="oKckMWqhTqUjHkZcnDu92sH8cEA=">AAAB8XicbVDLSgNBEOyNrxhfUREEL4NB8GLY1WhyDHjJMYJ5YLKE2ckkGTI7u8zMBsKSv/DiQQlevXn0M7z5Id6dPAQ1FjQUVd10d3khZ0rb9oeVWFpeWV1Lrqc2Nre2d9K7e1UVRJLQCgl4IOseVpQzQSuaaU7roaTY9zitef3riV8bUKlYIG71MKSuj7uCdRjB2kh3Z6iJedjDaNBKZ+ysPQVaJM6cZIrpz7fXw4NxuZV+b7YDEvlUaMKxUg3HDrUbY6kZ4XSUakaKhpj0cZc2DBXYp8qNpxeP0IlR2qgTSFNCo6n6cyLGvlJD3zOdPtY99debiP95jUh3Cm7MRBhpKshsUSfiSAdo8j5qM0mJ5kNDMJHM3IpID0tMtAkpNQ3hKl/IXThokXyHUD3POrns5Y1JowQzJOEIjuEUHMhDEUpQhgoQEHAPj/BkKevBGlvPs9aENZ/Zh1+wXr4AWXmT/w==</latexit>

v

<latexit sha1_base64="QP/2HgQ6VCaRnAJhPCCa7RNbhus=">AAAB6HicbVDJSgNBEO2JW4xb1KMgjUHwFGY0mtwMeMkxAbNAMoSeTk3SpmehuycQhhw9efGgiFe/Il/hwZvf4E/YmURwe1DweK+KqnpOyJlUpvlupJaWV1bX0uuZjc2t7Z3s7l5DBpGgUKcBD0TLIRI486GumOLQCgUQz+HQdIZXM785AiFZ4F+rcQi2R/o+cxklSku1UTebM/NmAvyXWAuSu3yd1j5uD6fVbvat0wto5IGvKCdSti0zVHZMhGKUwyTTiSSEhA5JH9qa+sQDacfJoRN8rJUedgOhy1c4Ub9PxMSTcuw5utMjaiB/ezPxP68dKbdkx8wPIwU+nS9yI45VgGdf4x4TQBUfa0KoYPpWTAdEEKp0NpkkhItiqXBm4b/kK4TGad4q5M9rZq5cQXOk0QE6QifIQkVURhVURXVEEaA79IAejRvj3ngynuetKWMxs49+wHj5BOitkbQ=</latexit>

x
�m!2

0x

<latexit sha1_base64="P1lKm47L+i9Tfjl+jL1Maa/mgd8=">AAAB+XicbZDLSgMxGIUzXmu9jbrsJliEbiwztbZdFtwUVxXsBdpxyKSZNjSZGZJMsQx9EzcuFHHrm7jzKXwF004FtR4IfJzz/+TneBGjUlnWh7G2vrG5tZ3Zye7u7R8cmkfHbRnGApMWDlkouh6ShNGAtBRVjHQjQRD3GOl446t53pkQIWkY3KppRByOhgH1KUZKW65pnnPYDzkZIte6K8H7rGvmraK1EFwFewn5eqGSuLnP66ZrvvcHIY45CRRmSMqebUXKSZBQFDMyy/ZjSSKEx2hIehoDxIl0ksXlM3imnQH0Q6FfoODC/bmRIC7llHt6kiM1kn+zuflf1ouVX3MSGkSxIgFOP/JjBlUI5zXAARUEKzbVgLCg+laIR0ggrHRZaQmVaq18YcNV+C6hXSra5eLljW6jAVJlQA6cggKwQRXUQQM0QQtgMAEP4Ak8G4nxaLwYr+nomrHcOQG/ZLx9AUaFlVU=</latexit>

F(t)m
d2x

dt2
= �m!2

0x� ↵
dx

dt
+ F (t) =) d2x

dt2
+ �

dx

dt
+ !2

0x =
F (t)

m

<latexit sha1_base64="ixGbsKGXdH6oMeyhs1eCmLPsFHM="></latexit>

Fato sobre a EDO 

a solução geral é uma solução particular somada a solução mais geral da homogênea

xp(t) tal que a
d2xp

dt2
+ b

dxp

dt
+ cxp = F (t)

<latexit sha1_base64="Mj0cJHquQRAcCLQnCWlzEoRAL6k="></latexit>

x(t) = xp(t) + c1x1(t) + c2x2(t)

<latexit sha1_base64="dDhsDfxXuRHlvF8ofswzV55bgro=">AAACEHicbVBNSwJBGJ61L7OvrY5dhiQyBNk1TS+BEJFHg/wAlWV2HHVw9oOZ2VAWf0KX/kqXDkV07ditXxH0CxpXhcoeGHg+3peZeWyfUSEN40OLLS2vrK7F1xMbm1vbO/ruXk14Acekij3m8YaNBGHUJVVJJSMNnxPk2IzU7cHFJK/fEi6o597IkU/aDuq5tEsxksqy9ONhSp7Aczi0/AlJQ2yZSphzkVUiq4SlJ42MEQEuEnNGkqX019Vl8TNfsfT3VsfDgUNciRkSomkavmyHiEuKGRknWoEgPsID1CNNRV3kENEOow+N4ZFyOrDrcXVcCSP350aIHCFGjq0mHST74m82Mf/LmoHsFtshdf1AEhdPL+oGDEoPTtqBHcoJlmykCMKcqrdC3EccYak6TEQlnBWKuVMTLpJ5CbVsxsxl8teqjTKYIg4OwCFIARMUQAmUQQVUAQZ34AE8gWftXnvUXrTX6WhMm+3sg1/Q3r4BN4GcMg==</latexit>

onde         são soluções l.i. de a
d2x

dt2
+ b

dx

dt
+ cx = 0

<latexit sha1_base64="Ilzg/IHRNkrlnnnGAeEv522Shi4="></latexit>

x1,2

<latexit sha1_base64="/ePHqE5OWUKIhvt/OBFPkdhKKp4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgKGE3JibHgIg5RjAPSJYwO5lNhsw+mJkVw5KP8OJBEa9+jze/QvALnGwiqLGgoajqprvLCTmTyjTfjdTS8srqWno9s7G5tb2T3d1ryiAShDZIwAPRdrCknPm0oZjitB0Kij2H05Yzupj6rVsqJAv8GzUOqe3hgc9cRrDSUuuuF1unhUkvmzPzZgK0SKw5yVVPPq8uKx+lei/71u0HJPKorwjHUnYsM1R2jIVihNNJphtJGmIywgPa0dTHHpV2nJw7QUda6SM3ELp8hRL150SMPSnHnqM7PayG8q83Ff/zOpFyK3bM/DBS1CezRW7EkQrQ9HfUZ4ISxceaYCKYvhWRIRaYKJ1QJgnhvFwpnllokXyH0CzkrWK+dK3TqMEMaTiAQzgGC8pQhRrUoQEERnAPj/BkhMaD8Wy8zFpTxnxmH37BeP0COXWSwQ==</latexit>
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Exemplo 2. Força externa F (t) = F0 cos(!t)

<latexit sha1_base64="P40h6CnubDnLXDIlgctYjH6BB8o="></latexit>

A equação de movimento é d2x

dt2
+ �

dx

dt
+ !2

0x =
F0

m
cos(!t)

<latexit sha1_base64="fgTaneL1bmSfW7dV/LPJTBPtcYo="></latexit>

note que F0 cos(!t) = Re
⇥
F0e

i!t
⇤

<latexit sha1_base64="gSt7gt6hMhqW/S5+6u7+z50EwNs="></latexit>

logo é útil escrever

como a parte real comuta com a derivada, podemos procurar z(t) que satisfaz

x(t) = Re [z(t)] =) d2

dt2
Re [z(t)] + �

d

dt
Re [z(t)] + !2

0Re [z(t)] = Re


F0

m
ei!t

�

<latexit sha1_base64="3sqkwjPfs/VQHmTrIRWHlejk7No="></latexit>

d2z

dt2
+ �

dz

dt
+ !2

0z =
F0

m
ei!t

<latexit sha1_base64="P9JDlVNQrsdcrQpNc1xAbbt2zTI="></latexit>

z(t) = x(t) + i y(t)

<latexit sha1_base64="njdxglR/24h8+/bF3GZ/xoir85o=">AAAB/XicbZDLSsNAFIYn9VbrLV52bgaLUBFKUqvtRii46bKCvUAbymQ6aYdOLsxMxDQUX8WNC0Xc+h7ufBsnaQRvB4b5+P9zOIffDhgV0jA+tNzS8srqWn69sLG5tb2j7+51hB9yTNrYZz7v2UgQRj3SllQy0gs4Qa7NSNeeXiV+95ZwQX3vRkYBsVw09qhDMZJKGuoHs5I8gZfwLvlOIYWRgqFeNMpGWvAvmBkUQVatof4+GPk4dIknMUNC9E0jkFaMuKSYkXlhEAoSIDxFY9JX6CGXCCtOr5/DY6WMoONz9TwJU/X7RIxcISLXVp0ukhPx20vE/7x+KJ26FVMvCCXx8GKREzIofZhEAUeUEyxZpABhTtWtEE8QR1iqwAppCBe1evXMhH/hK4ROpWxWy+fXlWKjmcWRB4fgCJSACWqgAZqgBdoAgxl4AE/gWbvXHrUX7XXRmtOymX3wo7S3T5aSkv4=</latexit>
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• Solução particular de 

• Já que a derivada de uma exponencial é proporcional a ela: z(t) = z0e
i!t

<latexit sha1_base64="7f9u3KWV2NQgd6Q98Apz6AGGNjY=">AAACAXicbZBLSwMxFIUzPmt9jY+F4CZYhLopM77ajVBwoUsF+4C2lkx62wYzD5I7QjvUjX/FjQtF3Pov3Ln0n5i2Cr4OBD7OuZckx4uk0Og4b9bE5NT0zGxqLj2/sLi0bK+slnUYKw4lHspQVT2mQYoASihQQjVSwHxPQsW7Oh7mlWtQWoTBBfYiaPisE4i24AyN1bQ3+lncoUe033QoXCaiHvrQYRQHTTvj5JyR6F9wPyFTzPbfTx7Xk7Om/VpvhTz2IUAumdY114mwkTCFgksYpOuxhojxK9aBmsGA+aAbyegHA7ptnBZth8qcAOnI/b6RMF/rnu+ZSZ9hV//OhuZ/WS3GdqGRiCCKEQI+vqgdS4ohHdZBW0IBR9kzwLgS5q2Ud5liHE1p6VEJh/nC/p5L/8JXCeXdnLufOzg3bZySsVJkk2yRLHFJnhTJKTkjJcLJDbkjD+TRurXurSfreTw6YX3urJEfsl4+AAQRmUI=</latexit>

• implicando que 

d2z

dt2
+ �

dz

dt
+ !2

0z =
F0

m
ei!t

<latexit sha1_base64="P9JDlVNQrsdcrQpNc1xAbbt2zTI="></latexit>

(i!)2z0e
i!t + �i!z0e

i!t + !2
0z0e

i!t =
F0

m
ei!t

(�!2 + !2
0 + i�!)z0 =

F0

m

z0 =
F0

m(!2
0 � !2 + i�!)

<latexit sha1_base64="bHIVCYaKq222FwadjuMHaMAnkfg="></latexit>
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Escrevendo z0 = Aei' =
F0

m(!2
0 � !2 + i�!)

<latexit sha1_base64="smt6OxPkstxVqwgTUpGC4eCAMXk="></latexit>

temos A2 =
F 2
0

m2((!2
0 � !2)2 + �2!2)

<latexit sha1_base64="IoFgRl+1rigDpYaL5DW1Urow4DU="></latexit>

além disso

logo xp = Re[z(t)] = A(!) cos(!t+ '(!))

<latexit sha1_base64="DG8S/OVYZ8Kq8S0pydZO395jRdk="></latexit>

Aei' =
F0

m((!2
0 � !2)2 + �2!2)

(!2
0 � !2 � i�!) =) tan' = � �!

!2
o � !2

<latexit sha1_base64="kzTnjOPO2gLMd4A776WmHJuS4lE="></latexit>

ou podemos escrever xp(t) =
F0

m((!2
0 � !2)2 + �2!2)

⇥
(!2

0 � !2) cos(!t) + �! sin(!t)
⇤

<latexit sha1_base64="idwuBJ35RztLnQXQNLyJ5vZPEzk="></latexit>
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• Efeito físico: ressonância

A2 =
F 2
0

m2((!2
0 � !2)2 + �2!2)

<latexit sha1_base64="IoFgRl+1rigDpYaL5DW1Urow4DU="></latexit>

O módulo da amplitude é máximo para !̄ =

r
!2
0 �

�2

2

<latexit sha1_base64="Huxic6XZwfGJb5xN8inIHhjLXdg="></latexit>

!

<latexit sha1_base64="J1zby0zDhZT9SDHjTimB9dEyzis=">AAAB7XicbVDLSgMxFM3UV62vqktBgkVwVWa02u4suOmyBfuAdiiZNNPGJpMhyQhl6NK9GxeKuPUX+hUu3PkN/oTptIJaD1w4nHMv997jhYwqbdsfVmppeWV1Lb2e2djc2t7J7u41lIgkJnUsmJAtDynCaEDqmmpGWqEkiHuMNL3h1dRv3hKpqAiu9SgkLkf9gPoUI22kRkdw0kfdbM7O2wngInHmJHf5Nql93h1Oqt3se6cncMRJoDFDSrUdO9RujKSmmJFxphMpEiI8RH3SNjRAnCg3Tq4dw2Oj9KAvpKlAw0T9OREjrtSIe6aTIz1Qf72p+J/XjrRfcmMahJEmAZ4t8iMGtYDT12GPSoI1GxmCsKTmVogHSCKsTUCZJISLYqlw5sBF8h1C4zTvFPLnNTtXroAZ0uAAHIET4IAiKIMKqII6wOAG3INH8GQJ68F6tl5mrSlrPrMPfsF6/QKVrZPV</latexit>

A

<latexit sha1_base64="o2f/jD0J6RHTZbo0DeU+VFHDRxE=">AAAB6HicbVDLSsNAFJ3UV62vqktBBovgqiRabXdW3HTZgn1AG8pketOOnUzCzEQooUtXblwo4tav6Fe4cOc3+BOmaQVfBy4czrmXe+9xAs6UNs13I7WwuLS8kl7NrK1vbG5lt3cayg8lhTr1uS9bDlHAmYC6ZppDK5BAPIdD0xleTv3mDUjFfHGlRwHYHukL5jJKdCzVLrrZnJk3E+C/xJqT3PnrpPZxuz+pdrNvnZ5PQw+Eppwo1bbMQNsRkZpRDuNMJ1QQEDokfWjHVBAPlB0lh47xYaz0sOvLuITGifp9IiKeUiPPiTs9ogfqtzcV//PaoXZLdsREEGoQdLbIDTnWPp5+jXtMAtV8FBNCJYtvxXRAJKE6ziaThHBWLBVOLPyXfIXQOM5bhfxpzcyVK2iGNNpDB+gIWaiIyqiCqqiOKAJ0hx7Qo3Ft3BtPxvOsNWXMZ3bRDxgvn5hZkX8=</latexit>

!̄

<latexit sha1_base64="t81jrKCn/N5a2wQFjezKPamkmVY=">AAAB9HicbZC7SgNBGIVnvcZ4i1oKMhgEq7Cr0aQzYJMyAXOB7BJmJ5NkyFzWmdlAWFL6DDYWitha5yks7HwGX8LNJoIaDwx8nPP/zM/xA0a1se0Pa2l5ZXVtPbWR3tza3tnN7O3XtQwVJjUsmVRNH2nCqCA1Qw0jzUARxH1GGv7gepo3hkRpKsWNGQXE46gnaJdiZGLLc32kIldy0kNj2M5k7ZydCC6CM4fs1duk+nl3NKm0M+9uR+KQE2EwQ1q3HDswXoSUoZiRcdoNNQkQHqAeacUoECfai5Kjx/AkdjqwK1X8hIGJ+3MjQlzrEffjSY5MX//NpuZ/WSs03aIXURGEhgg8+6gbMmgknDYAO1QRbNgoBoQVjW+FuI8UwibuKZ2UcFko5s8duAjfJdTPck4+d1G1s6UymCkFDsExOAUOKIASKIMKqAEMbsE9eARP1tB6sJ6tl9nokjXfOQC/ZL1+Abo5lsQ=</latexit>

Amax =
F0

m�

1q
!2
0 �

�2

4

<latexit sha1_base64="Lrtd4NHMsJSSWjoV8QlyL6+GyZM="></latexit>

com
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• foquemos no caso e amortecimento fraco 
�

2
<< !0 =) !̄ ' !0

<latexit sha1_base64="VAAvp4h3iRlJyEBSnAT/a/PhaTA="></latexit>

na região |! � !0| << !0

<latexit sha1_base64="LhFlRg/gSsKYI0m9Rh7S6Lqcg6E=">AAACCXicbZDLSgMxFIYzXmu9jZedm2ARurHMaLVddFFwYZcV7AXaYcikmTY0cyHJCHXarRtfRQQXirj1Ddy59E1Mp1XU+kPgy3/O4SS/EzIqpGG8a3PzC4tLy6mV9Ora+samvrVdF0HEManhgAW86SBBGPVJTVLJSDPkBHkOIw2nfzauN64IFzTwL+UgJJaHuj51KUZSWbYOh7AdeKSL4OEUbGMIS6Xvi61njJyRCM6COYVMOXv9cX6/G1dt/a3dCXDkEV9ihoRomUYorRhxSTEjo3Q7EiREuI+6pKXQRx4RVpz8ZAQPlNOBbsDV8SVM3J8TMfKEGHiO6vSQ7Im/tbH5X60VSbdoxdQPI0l8PFnkRgzKAI5jgR3KCZZsoABhTtVbIe4hjrBU4aWTEE4LxfyxCWfhK4T6Uc7M504uVBoVMFEK7IF9kAUmKIAyqIAqqAEMbsAdeARP2q32oD1rL5PWOW06swN+SXv9BFSvnBo=</latexit>

!2
0 � !2 = (!0 � !)(!0 + !) ' 2!0(!0 � !)

<latexit sha1_base64="LCdDwzPmcw5y2ZJiPpRGGl1m/VU="></latexit>

temos !2
0 = !2

<latexit sha1_base64="xpZdbo5erCa50jF1DFiJN6a7ErA=">AAAB/3icbZDLSsNAFIYn9VbrLSq46WawCF2VpNa2G6HgpriqYC/QxjCZTtqhkwszE6HELnwVNy4UcetruPMpfAWnSQW1/jDwzX/O4Rx+J2RUSMP40DIrq2vrG9nN3Nb2zu6evn/QEUHEMWnjgAW85yBBGPVJW1LJSC/kBHkOI11ncjGvd28JFzTwr+U0JJaHRj51KUZSWbZ+NAg8MkK2cVOG5zD9KLT1glEyEsFlMBdQaBSrsZ3/vGzZ+vtgGODII77EDAnRN41QWjHikmJGZrlBJEiI8ASNSF+hjzwirDi5fwZPlDOEbsDV8yVM3J8TMfKEmHqO6vSQHIu/tbn5X60fSbduxdQPI0l8nC5yIwZlAOdhwCHlBEs2VYAwp+pWiMeIIyxVZLkkhGqtXjk14TJ8h9Apl8xK6exKpdEEqbIgD45BEZigBhqgCVqgDTC4Aw/gCTxr99qj9qK9pq0ZbTFzCH5Je/sCpy+Xxw==</latexit>

e

A2 =
F 2
0

m2((!2
0 � !2)2 + �2!2)

=) A2 '
✓

F0

2m!0

◆2 1⇣
(!0 � !)2 + �2

4

⌘

<latexit sha1_base64="w/JCRT1JRnT2rHeZcNoCriIiLc4=">AAACuXicbVFda9RAFJ3Er7p+dFsffblYhC3iksS1LYhQEaQPPlTodgs7mzCZnWTHziTpzERZQv6Ff0sQHwSf/CtOstlFrRcGzj3363AmLgTXxvN+Ou6Nm7du39m627t3/8HD7f7O7rnOS0XZmOYiVxcx0UzwjI0NN4JdFIoRGQs2iS/fNvXJJ6Y0z7MzsyzYTJI04wmnxFgq6n+DN2EA8Bpwogit3oVB5NWVDIPBAOeSpSTybP 05rJIw2A+DZwA4JVLabMPWgN/nWap4ujBEqfxzr12LNZfsCrBgiRl0F5r9AUhYr69xO7Xf9Hcq/LrqZjYiNhI6AW3fWkZdjdZb6qi/5w29NuA68Duwd3w22f3148vX06j/Hc9zWkqWGSqI1lPfK8ysIspwKljdw6VmBaGXJGVTCzMimZ5VrfM1PLXMHJJc2ZcZaNk/JyoitV7K2HZKYhb631pD/q82LU1yNKt4VpSGZXR1KCkFmByab4Q5V4wasbSAUMWtVqALYk0x9rN7rQkHh0ejFz5cB2sTzoOhPxq+/GDdOEGr2EKP0RM0QD46RMfoBJ2iMaLOgYMd5iTuK5e4C/fjqtV1uplH6K9w9W/V/9YJ</latexit>

Amax =
F0

m!0�

<latexit sha1_base64="Iso+qbGn+Z/I+FbH/0PB9grGamA="></latexit>

e

�

<latexit sha1_base64="1AfIGrDxdoM/AZAFFRKvABX90Zk=">AAAB7XicbVDLSsNAFJ3UV62vqks3g6XgKiS1Nc2u4KbLCvYBbSiT6aQdO5OEmYlQQhHcunHjQhGhK//HnX/jtFXwdeDC4Zx7ufceP2ZUKst6NzIrq2vrG9nN3Nb2zu5efv+gJaNEYNLEEYtEx0eSMBqSpqKKkU4sCOI+I21/fD7329dESBqFl2oSE4+jYUgDipHSUqs3RJyjfr5gmW61UjmtQsu0LLfkOpq4rms7NrS1MkehVije3d7MZo1+/q03iHDCSagwQ1J2bStWXoqEopiRaa6XSBIjPEZD0tU0RJxIL11cO4VFrQxgEAldoYIL9ftEiriUE+7rTo7USP725uJ/XjdRQdVLaRgnioR4uShIGFQRnL8OB1QQrNhEE4QF1bdCPEICYaUDyi1COHOq5VMb/iVfIbRKpl02Kxc6jTpYIguOwDE4ATZwQA3UQQM0AQZX4B48gicjMh6MZ+Nl2ZoxPmcOwQ8Yrx+67JMu</latexit>

A2
max

2

<latexit sha1_base64="ViZRndNZogkRO3eI5K0eUqxOMko=">AAACAHicbZDLSgMxGIUzXmu9jbpw4SZYBFdlplbbZcVNlxXsBTq1ZNJMG5rMDEmmWIbZ+A4+gRsXirgVfAl3voTPYDqtoNYDgcM5/0+Szw0ZlcqyPoyFxaXlldXMWnZ9Y3Nr29zZbcggEpjUccAC0XKRJIz6pK6oYqQVCoK4y0jTHV5M+uaICEkD/0qNQ9LhqO9Tj2KkdNQ19x1PIByfXxe6sSM45OgmSeJC0jVzVt5KBeeNPTO5SuWu+Db6VLWu+e70Ahxx4ivMkJRt2wpVJ0ZCUcxIknUiSUKEh6hP2tr6iBPZidMPJPBIJz3oBUIfX8E0/bkRIy7lmLt6kiM1kH+7Sfhf146UV+7E1A8jRXw8vciLGFQBnNCAPSoIVmysDcKC6rdCPECaiNLMsimEs1K5eGLDefMNoVHI28X86aWmUQVTZcABOATHwAYlUAFVUAN1gEEC7sEjeDJujQfj2XiZji4Ys5098EvG6xcIpZqw</latexit>

A2
max

<latexit sha1_base64="8yyAFF3hUBgFE9n5zDLq3Lg1T/o=">AAAB9HicbZDLTgIxGIU7eEO8oS7ZNBITVmQGEVhi3BBXmMglgXHSKR1oaGfGtkMkE57DjQuNcevDuPMpfAXLgImKJ2ny5Zz/T/8cN2RUKtP8MFJr6xubW+ntzM7u3v5B9vCoLYNIYNLCAQtE10WSMOqTlqKKkW4oCOIuIx13fDnPOxMiJA38GzUNic3R0KcexUhpy764LTlxX3DI0f3MyebNopkIroK1hHy9UImd3OdV08m+9wcBjjjxFWZIyp5lhsqOkVAUMzLL9CNJQoTHaEh6Gn3EibTj5OgZPNXOAHqB0M9XMHF/bsSISznlrp7kSI3k32xu/pf1IuXV7Jj6YaSIjxcfeRGDKoDzBuCACoIVm2pAWFB9K8QjJBBWuqdMUkKlWiufWXAVvktol4pWuXh+rdtogIXSIAdOQAFYoArqoAGaoAUwuAMP4Ak8GxPj0XgxXhejKWO5cwx+yXj7AjBrlO8=</latexit>

!0

<latexit sha1_base64="fdc81eGF5YTxjCrHE7uIu+mNVk0=">AAAB73icbVDLSgNBEJyNrxhfUY8iDAbBU9jVaHIMeMkxgnlAsoTZyWwyZB7rzKwQl/yEFw+KePU3/ARvnvwVJ5sIaixoKKq66e4KIka1cd0PJ7O0vLK6ll3PbWxube/kd/eaWsYKkwaWTKp2gDRhVJCGoYaRdqQI4gEjrWB0OfVbt0RpKsW1GUfE52ggaEgxMlZqdyUnA9Rze/mCW3RTwEXizUmhevh2hzX7rPfy792+xDEnwmCGtO54bmT8BClDMSOTXDfWJEJ4hAakY6lAnGg/Se+dwGOr9GEolS1hYKr+nEgQ13rMA9vJkRnqv95U/M/rxCas+AkVUWyIwLNFYcygkXD6POxTRbBhY0sQVtTeCvEQKYSNjSiXhnBRrpTOPLhIvkNonha9UvH8yqZRAzNkwQE4AifAA2VQBTVQBw2AAQP34BE8OTfOg/PsvMxaM858Zh/8gvP6BeDvk9Y=</latexit>

A(!0)

A(0)
=

!0

�
= Q

<latexit sha1_base64="BRLFC4vd5jPYMzHpG8pVHqT1Ht4="></latexit>

Note 
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analogamente tan' = � �!

!2
0 � !2

=) tan' = � �

2(!0 � !)

<latexit sha1_base64="5yrFjBBPfphNZFdmb9yG7gcv2QM="></latexit>

Q =
!0

�

<latexit sha1_base64="cDd70xEZfYLUa8hY8/udNsBS/TM=">AAACBHicbZBLSwMxFIUz9VXra9RlN8EiuCozWm03QsFNly3YB3RKuZNm2tBkZkgyQhm6cONfceNCEbf+CHf+G9OHoNYDgcM595Lk82POlHacTyuztr6xuZXdzu3s7u0f2IdHLRUlktAmiXgkOz4oyllIm5ppTjuxpCB8Ttv++GbWt++oVCwKb/Ukpj0Bw5AFjIA2Ud/ON/A19gIJJPUiQYfQd6apNwQhYNq3C07RmQuvGndpCmipet/+8AYRSQQNNeGgVNd1Yt1LQWpGOJ3mvETRGMgYhrRrbAiCql46/8QUn5pkgINImhNqPE9/bqQglJoI30wK0CP1t5uF/3XdRAeVXsrCONE0JIuLgoRjHeEZETxgkhLNJ8YAkcy8FZMRGCLacMvNIVyVK6ULF6+abwit86JbKl42SoVqbYkji/LoBJ0hF5VRFdVQHTURQffoET2jF+vBerJerbfFaMZa7hyjX7LevwBDL5gk</latexit>

No limite ! ! 0 =) ' ! ��!

!2
0

basicamente em fase

No limite ! ! !̄ ' !0 =) ' ! �⇡

2

No limite ! ! 1 =) ' ! �⇡ � �

!

<latexit sha1_base64="Uw0kG0T1EuvLhz231SDIavUd0cU=">AAADYXiclVLPb9MwFHaTAVthoxvHXZ6omLhQJaWwSbtM4rIDQkOi26S6VI7rJNZiO9jORhXln+TGhQv/CM6PSowhMZ6V5OX98Pe9Ty/KM25sEHzvef7Gg4ePNrf6j59s7zwd7O6dG1VoyqZUZUpfRsSwjEs2tdxm7DLXjIgoYxfR1bs6f3HNtOFKfrKrnM0FSSSPOSXWhRa7vZsDwGmkvpbwQUHGBbcMKnwMWAmWEMBWQQCAj9 15r2SieZJaorW6qUOAr4nOU96UvQIca0JLnBAhSNtfle13EXweV9BvrmnRHGlHQjDp8JiA2M1QF+D+QfP6JykcEd3+YsMF+wJroHuS7bjmvCrH1f/gchnb1X1Bcn5blbUeVX8xGAajoDG464SdM0SdnS0G3/BS0aJWjGbEmFkY5HZeEm05zZgboTAsJ/SKJGzmXOm0NfOy2ZAKXrjIEmKl3SMtNNHfO0oijFmJyFUKYlPzZ64O/i03K2x8NC+5zAvLJG2B4iIDN329brDkmlGbrZxDqOaOK9CUOEGsW8pWhLeHR5PXIdx11iKcj0fhZPTm42R4ctrJsYn20XP0EoXoEJ2gU3SGpoj2fngb3ra34/30t/yBv9eWer2u5xm6Zf7+L35fDVM=</latexit>

|! � !0| << !0

<latexit sha1_base64="LhFlRg/gSsKYI0m9Rh7S6Lqcg6E=">AAACCXicbZDLSgMxFIYzXmu9jZedm2ARurHMaLVddFFwYZcV7AXaYcikmTY0cyHJCHXarRtfRQQXirj1Ddy59E1Mp1XU+kPgy3/O4SS/EzIqpGG8a3PzC4tLy6mV9Ora+samvrVdF0HEManhgAW86SBBGPVJTVLJSDPkBHkOIw2nfzauN64IFzTwL+UgJJaHuj51KUZSWbYOh7AdeKSL4OEUbGMIS6Xvi61njJyRCM6COYVMOXv9cX6/G1dt/a3dCXDkEV9ihoRomUYorRhxSTEjo3Q7EiREuI+6pKXQRx4RVpz8ZAQPlNOBbsDV8SVM3J8TMfKEGHiO6vSQ7Im/tbH5X60VSbdoxdQPI0l8PFnkRgzKAI5jgR3KCZZsoABhTtVbIe4hjrBU4aWTEE4LxfyxCWfhK4T6Uc7M504uVBoVMFEK7IF9kAUmKIAyqIAqqAEMbsAdeARP2q32oD1rL5PWOW06swN+SXv9BFSvnBo=</latexit>

para
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• Vejamos os diversos regimes de frequência em ação

https://www.youtube.com/watch?v=FvtwYwTRJq0

https://www.youtube.com/watch?v=FvtwYwTRJq0


Solução total (caso subcrítico):

• Dadas a posição e a velocidade iniciais podemos determinar as constantes c’s 

• A solução geral do problema é 

a solução da homogênea vai a zero para tempos grandes e é chamada de transiente,


enquanto a particular é chamada de estacionária.

xp(t) =
F0

m((!2
0 � !2)2 + �2!2)

⇥
(!2

0 � !2) cos(!t) + �! sin(!t)
⇤

<latexit sha1_base64="idwuBJ35RztLnQXQNLyJ5vZPEzk="></latexit>

x(t) = xp(t) + e�
�
2 t[c1 cos(!1t) + c2 sin(!1t)]

<latexit sha1_base64="HYrU79F+a9NKixFZbocJkMHGuqY="></latexit>

!1 =

r
!2
0 �

�2

4

<latexit sha1_base64="5y94pVUhZn+82dEqxZLACNLnEk4="></latexit>

10

• Consideremos um caso bem particular: !2
0 >>

�2

4
=) !1 ' !0

<latexit sha1_base64="IgjvP4YDVjpAJNUfH1g8bd+68bI="></latexit>

e ! = !̄ ' !0

<latexit sha1_base64="EraV1eTAXUvQKhMBK384/BD9Ww4=">AAACDHicbVDLSgMxFM34rPVVdSlCsAiuyoxW241QcNNlBfuAzlAy6W0bmsyMSUaoQz/Ajb/ixoUiblz4Ae5c+SumD0GtBwLnnnMuSY4fcaa0bX9Yc/MLi0vLqZX06tr6xmZma7umwlhSqNKQh7LhEwWcBVDVTHNoRBKI8DnU/f75yK9fg1QsDC71IAJPkG7AOowSbaRWJuuGAroEn2HXJ3I6uIoJuMKTqWWblJ2zx8CzxJmSbGnv9YYq/llpZd7ddkhjAYGmnCjVdOxIewmRmlEOw7QbK4gI7ZMuNA0NiADlJePPDPGBUdq4E0pzAo3H6s+NhAilBsI3SUF0T/31RuJ/XjPWnaKXsCCKNQR0clEn5liHeNQMbjMJVPOBIYRKZt6KaY9IQrXpLz0u4bRQzB87eJZ8l1A7yjn53MmFaaOMJkihXbSPDpGDCqiEyqiCqoiiW3SPHtGTdWc9WM/WyyQ6Z013dtAvWG9fkDCeqA==</latexit>

com a condição inicial x(0) = x0 e v(0) = 0

<latexit sha1_base64="ahyCvV4gycXD6sphfn5ImeiVpqs=">AAACCHicbZDLSgMxGIUzXmu9jZedC4NFqJsyo9V2IxRc2GUFe4F2GDJp2oZmLiSZ0jp06cZXEcSFIm59BHcufRPTmQpqPRD4OOf/SXKcgFEhDeNDm5tfWFxaTq2kV9fWNzb1re2a8EOOSRX7zOcNBwnCqEeqkkpGGgEnyHUYqTv9i0leHxAuqO9dy1FALBd1PdqhGEll2fr+MGscwXM4tA0IWz3HH0aQwDEcJLZh6xkjZ8SCs2BOIVPK3nxePuxGFVt/b7V9HLrEk5ghIZqmEUgrQlxSzMg43QoFCRDuoy5pKvSQS4QVxR8Zw0PltGHH5+p4Esbuz40IuUKMXEdNukj2xN9sYv6XNUPZKVoR9YJQEg8nF3VCBqUPJ63ANuUESzZSgDCn6q0Q9xBHWKru0nEJZ4Vi/sSEs/BdQu04Z+Zzp1eqjTJIlAJ74ABkgQkKoATKoAKqAINbcA+ewLN2pz1qL9prMjqnTXd2wC9pb19wapmx</latexit>
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• Nestas condições temos que 

x(t) =
F0

m�!0
sin(!0t)

⇣
1� e�

�
2 t
⌘
+ x0e

� �
2 t cos(!0t)

<latexit sha1_base64="XtA4L+xaqLM1FBdiGmxMD9FM01k="></latexit>

total particular (azul) e transiente (amarelo) 

Para x0 = 0

<latexit sha1_base64="0PelhqCyopgyghRFFsu4E6Pjkro=">AAAB+3icbZDLSsNAGIUnXmu9xboUYbAIrkqi1XYjFNx0WcFeoA1hMp20QyeTMDOR1pBXceNCEbe+gI/gzpWv4jStoNYDA4dz/p/5+byIUaks68NYWl5ZXVvPbeQ3t7Z3ds29QkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3uhq2rdviZA05DdqEhEnQANOfYqR0pFrFnpDLxwnDSQQTOHYtS4t1yxaJSsTXDT23BRrh293WLLPhmu+9/ohjgPCFWZIyq5tRcpJkFAUM5Lme7EkEcIjNCBdbTkKiHSS7PYUHuukD/1Q6McVzNKfGwkKpJwEnp4MkBrKv900/K/rxsqvOgnlUawIx7OP/JhBFcIpCNingmDFJtogLKi+FeKhxoCVxpXPIFxUquUzGy6abwit05JdLp1faxp1MFMOHIAjcAJsUAE1UAcN0AQYjME9eARPRmo8GM/Gy2x0yZjv7INfMl6/APVHl7Q=</latexit>
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•E se não houver amortecimento?

x(t) =
F0

m�!0
sin(!0t)

⇣
1� e�

�
2 t
⌘
+ x0e

� �
2 t cos(!0t)

<latexit sha1_base64="XtA4L+xaqLM1FBdiGmxMD9FM01k="></latexit>

Para x0 = 0

<latexit sha1_base64="0PelhqCyopgyghRFFsu4E6Pjkro=">AAAB+3icbZDLSsNAGIUnXmu9xboUYbAIrkqi1XYjFNx0WcFeoA1hMp20QyeTMDOR1pBXceNCEbe+gI/gzpWv4jStoNYDA4dz/p/5+byIUaks68NYWl5ZXVvPbeQ3t7Z3ds29QkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3uhq2rdviZA05DdqEhEnQANOfYqR0pFrFnpDLxwnDSQQTOHYtS4t1yxaJSsTXDT23BRrh293WLLPhmu+9/ohjgPCFWZIyq5tRcpJkFAUM5Lme7EkEcIjNCBdbTkKiHSS7PYUHuukD/1Q6McVzNKfGwkKpJwEnp4MkBrKv900/K/rxsqvOgnlUawIx7OP/JhBFcIpCNingmDFJtogLKi+FeKhxoCVxpXPIFxUquUzGy6abwit05JdLp1faxp1MFMOHIAjcAJsUAE1UAcN0AQYjME9eARPRmo8GM/Gy2x0yZjv7INfMl6/APVHl7Q=</latexit>
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2. Oscilações acopladas!
• Consideremos dois osciladores acoplados:

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

x

m1 = m2 = m

<latexit sha1_base64="j58CQbog/ZFD04raawp1BwtKd6E=">AAAB9HicbVDLSgNBEOyNrxhfUY8iDAbBU9iN0eQiBLzkGME8IC5hdjKbDJnZXWdmAzHkO7x4UMSrH+EnePPkrzjZRFBjQTdFVTfdlBdxprRtf1ippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7ic+s0hlYqFwbUeRdQVuBcwnxGsjeSKjoMukOgUkp7N2Xk7AVokzpzkKodvd0Txz1on+37TDUksaKAJx0q1HTvS7hhLzQink8xNrGiEyQD3aNvQAAuq3HHy9AQdG6WL/FCaCjRK1J8bYyyUGgnPTAqs++qvNxX/89qx9svumAVRrGlAZof8mCMdomkCqMskJZqPDMFEMvMrIn0sMdEmp0wSwnmpXDx10CL5DqFRyDvF/NmVSaMKM6ThAI7gBBwoQQWqUIM6ELiFe3iEJ2toPVjP1stsNGXNd/bhF6zXL0qYlHY=</latexit>

• Dois métodos de solução: 1. Mudança de variáveis e 2. Matrizes!

sistema acoplado de equações diferenciais!

m
d2x1

dt2
= �k(x1 � `) + k(x2 � x1 � `)

m
d2x2

dt2
= �k(x2 � 2`)� k(x2 � x1 � `)

<latexit sha1_base64="pAKSRhxHgdgXOLl79NXx8YIQoRQ="></latexit>

• agora definimos:

x0
1 = x1 � ` e x0

2 = x2 � 2`

<latexit sha1_base64="qB+SFvybr7evLZ0j6CfNQliiS/0="></latexit>

m
d2x0

1

dt2
= �kx0

1 + k(x0
2 � x0

1)

m
d2x0

2

dt2
= �kx0

2 � k(x0
2 � x0

1)

<latexit sha1_base64="GjKOoaCZS0gUNqEeFTS33CzasyA="></latexit>

=)

<latexit sha1_base64="Ltw8iAdMmBdvsrbyg/uZ/7iQIGM=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXJUZrbbLgpsuXFSwD2iHkkkz09BMMiQZpQ79JW5cKOLWn+LOf2M6HUGtBwIf59xLLsePGVXacT6tldW19Y3NwlZxe2d3r2TvH3SUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/cnVPO/eEamo4Ld6GhMvQiGnAcVIG2tolwbXgoeShmONpBT3Q7vsVJxMcBncHMogV2tofwxGAicR4RozpFTfdWLtpUhqihmZFQeJIjHCExSSvkGOIqK8NDt8Bk+MM4KBkOZxDTP350aKIqWmkW8mI6TH6m82N//L+okO6l5KeZxowvHioyBhUAs4bwGOqCRYs6kBhCU1t0I8RhJhbboqZiVc1urVcxcuw3cJnbOKW61c3FTLjWZeRwEcgWNwClxQAw3QBC3QBhgk4BE8gxfrwXqyXq23xeiKle8cgl+y3r8AaJyT2A==</latexit>

3l



14

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

x

m1 = m2 = m

<latexit sha1_base64="j58CQbog/ZFD04raawp1BwtKd6E=">AAAB9HicbVDLSgNBEOyNrxhfUY8iDAbBU9iN0eQiBLzkGME8IC5hdjKbDJnZXWdmAzHkO7x4UMSrH+EnePPkrzjZRFBjQTdFVTfdlBdxprRtf1ippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7ic+s0hlYqFwbUeRdQVuBcwnxGsjeSKjoMukOgUkp7N2Xk7AVokzpzkKodvd0Txz1on+37TDUksaKAJx0q1HTvS7hhLzQink8xNrGiEyQD3aNvQAAuq3HHy9AQdG6WL/FCaCjRK1J8bYyyUGgnPTAqs++qvNxX/89qx9svumAVRrGlAZof8mCMdomkCqMskJZqPDMFEMvMrIn0sMdEmp0wSwnmpXDx10CL5DqFRyDvF/NmVSaMKM6ThAI7gBBwoQQWqUIM6ELiFe3iEJ2toPVjP1stsNGXNd/bhF6zXL0qYlHY=</latexit>

 1. Mudança de variáveis:

somando e subtraindo estas equações: 

3l

m
d2x0

1

dt2
= �kx0

1 + k(x0
2 � x0

1)

m
d2x0

2

dt2
= �kx0

2 � k(x0
2 � x0

1)

<latexit sha1_base64="GjKOoaCZS0gUNqEeFTS33CzasyA="></latexit>

m
d2

dt2
(x0

1 + x0
2) = �k(x0

1 + x0
2)

m
d2

dt2
(x0

2 � x0
1) = �3k(x0

2 � x0
1)

<latexit sha1_base64="Aa933XW/l4DNMfi55c2BGKVlu1Y="></latexit>

Defino q1 =
x0
1 + x0

2

2
e q2 =

x0
2 � x0

1

2

<latexit sha1_base64="CAbRoYC8474VIukqJ3m21BC7PxU="></latexit>

m
d2q1
dt2

= �kq1

m
d2q2
dt2

= �3kq2

<latexit sha1_base64="X5fiHUy3x8TLPf5TxhgBk46qNvQ="></latexit>
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=)

<latexit sha1_base64="Ltw8iAdMmBdvsrbyg/uZ/7iQIGM=">AAAB+HicbZBLSwMxFIUzPmt9dNSlm2ARXJUZrbbLgpsuXFSwD2iHkkkz09BMMiQZpQ79JW5cKOLWn+LOf2M6HUGtBwIf59xLLsePGVXacT6tldW19Y3NwlZxe2d3r2TvH3SUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/cnVPO/eEamo4Ld6GhMvQiGnAcVIG2tolwbXgoeShmONpBT3Q7vsVJxMcBncHMogV2tofwxGAicR4RozpFTfdWLtpUhqihmZFQeJIjHCExSSvkGOIqK8NDt8Bk+MM4KBkOZxDTP350aKIqWmkW8mI6TH6m82N//L+okO6l5KeZxowvHioyBhUAs4bwGOqCRYs6kBhCU1t0I8RhJhbboqZiVc1urVcxcuw3cJnbOKW61c3FTLjWZeRwEcgWNwClxQAw3QBC3QBhgk4BE8gxfrwXqyXq23xeiKle8cgl+y3r8AaJyT2A==</latexit>

• q1 e q2 oscilam  com frequências diferentes


• q1 e q2 são chamados de modos/coordenadas normais


• x1 e x2 são superposições de osciladores harmônicos simples

m
d2q1
dt2

= �kq1

m
d2q2
dt2

= �3kq2

<latexit sha1_base64="X5fiHUy3x8TLPf5TxhgBk46qNvQ="></latexit>

d2q1
dt2

= �!2
0q1

d2q2
dt2

= �3!2
0q2

<latexit sha1_base64="B206rx2f91qFPdymcX0p06hqCas="></latexit>

x1 = q1 � q2

x2 = q1 + q2

<latexit sha1_base64="DxT9M3nwp0XtcCOAmjh4G+C+JM0=">AAACD3icbZDLSgMxFIYz9VbHW9Wlm2CxCGKZqdV2IxTcdFnBXqAzlEyatqGZzJhkpGXoG7jxVdy4UMStW3e+jZm2glp/yOHnO+eQ5PdCRqWyrE8jtbS8srqWXjc3Nre2dzK7ew0ZRAKTOg5YIFoekoRRTuqKKkZaoSDI9xhpesOrpN+8I0LSgN+ocUhcH/U57VGMlEadTC4HRx0bXsJbXU91LUDTcczcSJsZPElgJ5O18tZUcNHYc5MFc9U6mQ+nG+DIJ1xhhqRs21ao3BgJRTEjE9OJJAkRHqI+aWvLkU+kG0//M4FHmnRhLxD6cAWn9OdGjHwpx76nJ32kBvJvL4H/9dqR6pXdmPIwUoTj2UW9iEEVwCQc2KWCYMXG2iAsqH4rxAMkEFY6QnMawkWpXDyz4aL5DqFRyNvF/Pl1MVupzuNIgwNwCI6BDUqgAqqgBuoAg3vwCJ7Bi/FgPBmvxttsNGXMd/bBLxnvX96Ul8o=</latexit>

com
q1 = A1 cos(!0t+ '1)

q2 = A2 cos(
p
3!0t+ '2)

<latexit sha1_base64="5HhOAJRzHGMgB7b6pu7Etujqb4c="></latexit>
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x1 = q1 � q2

x2 = q1 + q2

<latexit sha1_base64="DxT9M3nwp0XtcCOAmjh4G+C+JM0=">AAACD3icbZDLSgMxFIYz9VbHW9Wlm2CxCGKZqdV2IxTcdFnBXqAzlEyatqGZzJhkpGXoG7jxVdy4UMStW3e+jZm2glp/yOHnO+eQ5PdCRqWyrE8jtbS8srqWXjc3Nre2dzK7ew0ZRAKTOg5YIFoekoRRTuqKKkZaoSDI9xhpesOrpN+8I0LSgN+ocUhcH/U57VGMlEadTC4HRx0bXsJbXU91LUDTcczcSJsZPElgJ5O18tZUcNHYc5MFc9U6mQ+nG+DIJ1xhhqRs21ao3BgJRTEjE9OJJAkRHqI+aWvLkU+kG0//M4FHmnRhLxD6cAWn9OdGjHwpx76nJ32kBvJvL4H/9dqR6pXdmPIwUoTj2UW9iEEVwCQc2KWCYMXG2iAsqH4rxAMkEFY6QnMawkWpXDyz4aL5DqFRyNvF/Pl1MVupzuNIgwNwCI6BDUqgAqqgBuoAg3vwCJ7Bi/FgPBmvxttsNGXMd/bBLxnvX96Ul8o=</latexit>

com
q1 = A1 cos(!0t+ '1)

q2 = A2 cos(
p
3!0t+ '2)

<latexit sha1_base64="5HhOAJRzHGMgB7b6pu7Etujqb4c="></latexit>

!0

<latexit sha1_base64="7NC20JUoH9RaJsg1TCinVKmUyFQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9nVansseOmxgv2AdinZNNuGJtk1yQql9E948aCIV/+ON/+N6XYFtT4YeLw3w8y8IOZMG9f9dHJr6xubW/ntws7u3v5B8fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuVn4nQeqNIvknZnG1Bd4JFnICDZW6vYjQUd44A6KJbfspkCrxMtICTI0B8WP/jAiiaDSEI617nlubPwZVoYRTueFfqJpjMkEj2jPUokF1f4svXeOzqwyRGGkbEmDUvXnxAwLracisJ0Cm7H+6y3E/7xeYsKaP2MyTgyVZLkoTDgyEVo8j4ZMUWL41BJMFLO3IjLGChNjIyqkIVxXa5VLD62S7xDaF2WvUr66rZTqjSyOPJzAKZyDB1WoQwOa0AICHB7hGV6ce+fJeXXelq05J5s5hl9w3r8A4IeQIA==</latexit>

p
3!0

<latexit sha1_base64="+2MuS+seOYSJGuDS5dtVC6xrZ5w=">AAAB+XicbZBLSwMxFIUz9VXra9Slm2ARXJUZW22XBTddVrAP6AxDJk3b0GQyJplCGfpP3LhQxK3/xJ3/xnQ6gloPBD7OuZdcThgzqrTjfFqFjc2t7Z3ibmlv/+DwyD4+6SqRSEw6WDAh+yFShNGIdDTVjPRjSRAPGemF09tl3psRqaiI7vU8Jj5H44iOKEbaWIFte+pB6rS68AQnYxQ4gV12Kk4muA5uDmWQqx3YH95Q4ISTSGOGlBq4Tqz9FElNMSOLkpcoEiM8RWMyMBghTpSfZpcv4IVxhnAkpHmRhpn7cyNFXKk5D80kR3qi/mZL879skOhRw09pFCeaRHj10ShhUAu4rAEOqSRYs7kBhCU1t0I8QRJhbcoqZSXc1Bu1qgvX4buE7lXFrVWu72rlZiuvowjOwDm4BC6ogyZogTboAAxm4BE8gxcrtZ6sV+ttNVqw8p1T8EvW+xetkJPy</latexit>

q1 6= 0 e q2 = 0

<latexit sha1_base64="03V/KLYVtfnLCwj/TpL+aHH4Tjo=">AAACBHicbZBLSwMxFIUzPmt9jbrsJlgEV2WmVtuNUHDTZQX7gE4ZMumdNjSTmSYZsQxduPGvuHGhiFt/hDv/jdOHoNYDgY9z7iXJ8SLOlLasT2NldW19YzOzld3e2d3bNw8OmyqMJYUGDXko2x5RwJmAhmaaQzuSQAKPQ8sbXk3z1i1IxUJxo8cRdAPSF8xnlOjUcs3cyLWxIwBb2Bl44V2CAU/wyC3iS8s181bBmgkvg72APFqo7pofTi+kcQBCU06U6thWpLsJkZpRDpOsEyuICB2SPnRSFCQA1U1mn5jgk9TpYT+U6REaz9yfGwkJlBoHXjoZED1Qf7Op+V/WibVf6SZMRLEGQecX+THHOsTTRnCPSaCaj1MgVLL0rZgOiCRUp71lZyVclCulMxsvw3cJzWLBLhXOr0v5am1RRwbl0DE6RTYqoyqqoTpqIIru0SN6Ri/Gg/FkvBpv89EVY7FzhH7JeP8CSAKWNA==</latexit>

q1 = 0 e q2 6= 0

<latexit sha1_base64="T0sxBLMUsvaKQNWy/yNfPshLeO8=">AAACBXicbZBLSwMxFIUzPmt9VV3q4mIRXJWZWh8boeCmywrWFtphyKR3bGgmM00yYhm6ceNfceNCEbf+B3f+G6e1gq8DgY9z7iXJ8WPBtbHtd2tmdm5+YTG3lF9eWV1bL2xsXuooUQwbLBKRavlUo+ASG4Ybga1YIQ19gU2/fzbOm9eoNI/khRnG6Ib0SvKAM2oyyyvsDDwHTsGGTs+PblJAGMHAK0NHItheoWiX7IngLzhTKJKp6l7hrdONWBKiNExQrduOHRs3pcpwJnCU7yQaY8r69ArbGUoaonbTyS9GsJc5XQgilR1pYOJ+30hpqPUw9LPJkJqe/p2Nzf+ydmKCEzflMk4MSvZ5UZAIMBGMK4EuV8iMGGZAmeLZW4H1qKLMZMXlJyUcHZ9UDhz4C18lXJZLTqV0eF4pVmvTOnJkm+ySfeKQY1IlNVInDcLILbknj+TJurMerGfr5XN0xprubJEfsl4/AJ7+ll4=</latexit>

interpretação física
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• Video interessante

https://www.youtube.com/watch?v=YyOUJUOUvso

https://www.youtube.com/watch?v=YyOUJUOUvso
https://www.youtube.com/watch?v=YyOUJUOUvso
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Generalização

somando e subtraindo estas equações: Defino q1 =
x0
1 + x0

2

2
e q2 =

x0
2 � x0

1

2

<latexit sha1_base64="CAbRoYC8474VIukqJ3m21BC7PxU="></latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

(k, `)

<latexit sha1_base64="U/wqnZRFZkMSVle+gESselgZqHw=">AAAB73icbVDJSgNBEO2JW4xbXG5eGoMQQcKMRpNjwIM5RjALJEPo6dQkTXoWu3uEOOQnvHhQxKsXP8abR//EziSCGh8UPN6roqqeE3ImlWl+GKmFxaXllfRqZm19Y3Mru73TkEEkKNRpwAPRcogEznyoK6Y4tEIBxHM4NJ3hxcRv3oKQLPCv1SgE2yN9n7mMEqWlVn543AHOj7rZnFkwE+B5Ys1IrpK/+7x824tr3ex7pxfQyANfUU6kbFtmqOyYCMUoh3GmE0kICR2SPrQ19YkH0o6Te8f4UCs97AZCl69wov6ciIkn5chzdKdH1ED+9Sbif147Um7ZjpkfRgp8Ol3kRhyrAE+exz0mgCo+0oRQwfStmA6IIFTpiDJJCOelcvHUwvPkO4TGScEqFs6udBpVNEUa7aMDlEcWKqEKqqIaqiOKOLpHj+jJuDEejGfjZdqaMmYzu+gXjNcvltWS8A==</latexit>

x

m1 = m2 = m

<latexit sha1_base64="j58CQbog/ZFD04raawp1BwtKd6E=">AAAB9HicbVDLSgNBEOyNrxhfUY8iDAbBU9iN0eQiBLzkGME8IC5hdjKbDJnZXWdmAzHkO7x4UMSrH+EnePPkrzjZRFBjQTdFVTfdlBdxprRtf1ippeWV1bX0emZjc2t7J7u711BhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7ic+s0hlYqFwbUeRdQVuBcwnxGsjeSKjoMukOgUkp7N2Xk7AVokzpzkKodvd0Txz1on+37TDUksaKAJx0q1HTvS7hhLzQink8xNrGiEyQD3aNvQAAuq3HHy9AQdG6WL/FCaCjRK1J8bYyyUGgnPTAqs++qvNxX/89qx9svumAVRrGlAZof8mCMdomkCqMskJZqPDMFEMvMrIn0sMdEmp0wSwnmpXDx10CL5DqFRyDvF/NmVSaMKM6ThAI7gBBwoQQWqUIM6ELiFe3iEJ2toPVjP1stsNGXNd/bhF6zXL0qYlHY=</latexit>

3l

(k0, `)

<latexit sha1_base64="PVt8kcoGyyDS1MvcOXedJKtcj/o=">AAAB+HicbZBLSwMxFIUz9VXro/WxcxMsQgUpM1ptlwUXdlnBPqAzlkx624ZmHiQZoR36S9y4UMSNC3+KO5f+E9OHoNYDgY9z7iWX44acSWWaH0ZiaXlldS25ntrY3NpOZ3Z26zKIBIUaDXggmi6RwJkPNcUUh2YogHguh4Y7uJzkjTsQkgX+jRqG4Hik57Muo0Rpq51J5wa3diiYByc2cH7czmTNvDkVXgRrDtlybvR59bofV9uZd7sT0MgDX1FOpGxZZqicmAjFKIdxyo4khIQOSA9aGn3igXTi6eFjfKSdDu4GQj9f4an7cyMmnpRDz9WTHlF9+TebmP9lrUh1S07M/DBS4NPZR92IYxXgSQu4wwRQxYcaCBVM34ppnwhCle4qNS3holgqnFl4Eb5LqJ/mrUL+/Fq3UUEzJdEBOkQ5ZKEiKqMKqqIaoihC9+gRPRkj48F4Nl5mowljvrOHfsl4+wJ87JY+</latexit>

m
d2x0

1

dt2
= �kx0

1 + k0(x0
2 � x0

1)

m
d2x0

2

dt2
= �kx0

2 � k0(x0
2 � x0

1)

<latexit sha1_base64="S+EJpTezyAx17IlfniVT9KxcYtg="></latexit>

m
d2

dt2
(x0

1 + x0
2) = �k(x0

1 + x0
2)

m
d2

dt2
(x0

2 � x0
1) = �(k + 2k0)(x0

2 � x0
1)

<latexit sha1_base64="iZ9Xrq/smA0AI7vQobo0kA2OZiE="></latexit>

m
d2q1
dt2

= �kq1

m
d2q2
dt2

= �(k + 2k0)q2

<latexit sha1_base64="egK3atGNZtjfEeYAX3FK9RsLtes="></latexit>
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• Exemplos de ressonância mecânica

https://www.youtube.com/watch?v=joS6kfjuKQo


