Nonlinear Regression Functions

I n Chapters 4 through 7, the population regression function was assumed to be linear;
that is, it has a constant slope. In the context of causal inference, this constant slope
corresponds to the effect on Y of a unit change in X being the same for all values of the
regressors. But what if the effect on Y of a change in X in fact depends on the value of
one or more of the regressors? If so, the population regression function is nonlinear.
This chapter develops two groups of methods for detecting and modeling nonlinear
population regression functions. The methods in the first group are useful when the rela-
tionship between Y and an independent variable, X7, depends on the value of X; itself.
For example, reducing class sizes by one student per teacher might have a greater effect
if class sizes are already manageably small than if they are so large that the teacher can
do little more than keep the class under control. If so, the test score (Y) is a nonlinear
function of the student-teacher ratio (X;), where this function is steeper when X; is small.
An example of a nonlinear regression function with this feature is shown in Figure 8.1.
Whereas the linear population regression function in Figure 8.1(a) has a constant slope,
the nonlinear population regression function in Figure 8.1(b) has a steeper slope when
Xy is small than when it is large. This first group of methods is presented in Section 8.2.
The methods in the second group are useful when the effect on Y of a change
in X; depends on the value of another independent variable—say, X,. For example,
students still learning English might especially benefit from having more one-on-one
attention; if so, the effect on test scores of reducing the student-teacher ratio will be
greater in districts with many students still learning English than in districts with few
English learners. In this example, the effect on test scores (Y) of a reduction in the
student-teacher ratio (X;) depends on the percentage of English learners in the
district (X;). As shown in Figure 8.1(c), the slope of this type of population regression func-
tion depends on the value of X,. This second group of methods is presented in Section 8.3.
In the models of Sections 8.2 and 8.3, the population regression function is a nonlinear
function of the independent variables. Although they are nonlinear in the X’s, these models
are linear functions of the unknown coefficients (or parameters) of the population regression
model and thus are versions of the multiple regression model of Chapters 6 and 7. Therefore,
the unknown parameters of these nonlinear regression functions can be estimated and
tested using OLS and the methods of Chapters 6 and 7. In some applications, the regression
function is a nonlinear function of the X's and of the parameters. If so, the parameters cannot
be estimated by OLS, but they can be estimated using nonlinear least squares. Appendix 8.1
provides examples of such functions and describes the nonlinear least squares estimator.
Sections 8.1 and 8.2 introduce nonlinear regression functions in the context of
regression with a single independent variable, and Section 8.3 extends this to two
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In Figure 8.1(a), the population regression function has a constant slope. In Figure 8.1(b), the slope of the popula-
tion regression function depends on the value of X. In Figure 8.1(c), the slope of the population regression function
depends on the value of Xj.
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independent variables. To keep things simple, additional regressors are omitted in the
empirical examples of Sections 8.1 through 8.3. In practice, however, if the aim is to
use the nonlinear model to estimate causal effects, it remains important to control
for omitted factors by including control variables as well. In Section 8.4, we combine
nonlinear regression functions and additional control variables when we take a close
look at possible nonlinearities in the relationship between test scores and the
student-teacher ratio, holding student characteristics constant.

The aim of this chapter is to explain the main methods for modeling nonlinear
regression functions. In Sections 8.1-8.3, we assume that the least squares assumptions
for causal inference in multiple regression (Key Concept 6.4) hold, modified for a
nonlinear regression function. Under those assumptions, the slopes of the nonlinear
regression functions can be interpreted as causal effects. The methods of this chapter
also can be used to model nonlinear population regression functions when some of
the regressors are control variables (the assumptions in Key Concept 6.6) and when
these functions are used for prediction (the assumptions in Appendix 6.4).
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A General Strategy for Modeling
Nonlinear Regression Functions

This section lays out a general strategy for modeling nonlinear population regression
functions. In this strategy, the nonlinear models are extensions of the multiple regres-
sion model and therefore can be estimated and tested using the tools of Chapters 6
and 7 First, however, we return to the California test score data and consider the
relationship between test scores and district income.

Test Scores and District Income

In Chapter 7 we found that the economic background of the students is an important
factor in explaining performance on standardized tests. That analysis used two economic
background variables (the percentage of students qualifying for a subsidized lunch and
the percentage of students whose families qualify for income assistance) to measure the
fraction of students in the district coming from poor families. A different, broader mea-
sure of economic background is the average annual per capita income in the school
district (“district income”). The California data set includes district income measured in
thousands of 1998 dollars. The sample contains a wide range of income levels: For the
420 districts in our sample, the median district income is 13.7 (that is, $13,700 per
person), and it ranges from 5.3 ($5300 per person) to 55.3 ($55,300 per person).
Figure 8.2 shows a scatterplot of fifth-grade test scores against district income for
the California data set, along with the OLS regression line relating these two
variables. Test scores and district income are strongly positively correlated, with a
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correlation coefficient of 0.71; students from affluent districts do better on the tests
than students from poor districts. But this scatterplot has a peculiarity: Most of the
points are below the OLS line when income is very low (under $10,000) or very high
(over $40,000), but they are above the line when income is between $15,000 and
$30,000. There seems to be some curvature in the relationship between test scores
and district income that is not captured by the linear regression.

In short, it seems that the relationship between district income and test scores is
not a straight line. Rather, it is nonlinear. A nonlinear function is a function with a
slope that is not constant: The function f(X) is linear if the slope of f(X) is the same
for all values of X, but if the slope depends on the value of X, then f(X) is nonlinear.

If a straight line is not an adequate description of the relationship between dis-
trict income and test scores, what is? Imagine drawing a curve that fits the points in
Figure 8.2.This curve would be steep for low values of district income and then would
flatten out as district income gets higher. One way to approximate such a curve math-
ematically is to model the relationship as a quadratic function. That is, we could
model test scores as a function of income and the square of income.

A quadratic population regression model relating test scores and income is writ-
ten mathematically as

TestScore; = By + BiIncome; + ByIncome? + u;, (8.1)
where By, B, and B, are coefficients; Income; is the income in the i district; Income?
is the square of income in the i district; and u; is an error term that, as usual, repre-
sents all the other factors that determine test scores. Equation (8.1) is called the
quadratic regression model because the population regression function,
E(TestScore;|Income;) = By + BiIncome; + B,Income? is a quadratic function of
the independent variable, Income.

If you knew the population coefficients 3, B, and 3, in Equation (8.1), you could
predict the test score of a district based on its average income. But these population
coefficients are unknown and therefore must be estimated using a sample of data.

At first, it might seem difficult to find the coefficients of the quadratic function
that best fits the data in Figure 8.2. If you compare Equation (8.1) with the multiple
regression model in Key Concept 6.2, however, you will see that Equation (8.1) is, in
fact, a version of the multiple regression model with two regressors: The first regres-
sor is Income, and the second regressor is Income?. Mechanically, you can create this
second regressor by generating a new variable that equals the square of Income—for
example, as an additional column in a spreadsheet. Thus, after defining the regressors
as Income and Income?, the nonlinear model in Equation (8.1) is simply a multiple
regression model with two regressors!

Because the quadratic regression model is a variant of multiple regression, its
unknown population coefficients can be estimated and tested using the OLS meth-
ods described in Chapters 6 and 7 Estimating the coefficients of Equation (8.1) using
OLS for the 420 observations in Figure 8.2 yields
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/\ —
TestScore = 607.3 + 3.85Income — 0.0423 Income®, R* = 0.554,  (8.2)
(2.9) (0.27) (0.0048)

where, as usual, standard errors of the estimated coefficients are given in parentheses.
The estimated regression function of Equation (8.2) is plotted in Figure 8.3, super-
imposed over the scatterplot of the data. The quadratic function captures the curva-
ture in the scatterplot: It is steep for low values of district income but flattens out
when district income is high. In short, the quadratic regression function seems to fit
the data better than the linear one.

We can go one step beyond this visual comparison and formally test the hypoth-
esis that the relationship between district income and test scores is linear against the
alternative that it is nonlinear. If the relationship is linear, then the regression func-
tion is correctly specified as Equation (8.1) except that the regressor Income? is
absent; that is, if the relationship is linear, then Equation (8.1) holds with 8, = 0.
Thus we can test the null hypothesis that the population regression function is linear
against the alternative that it is quadratic by testing the null hypothesis that 8, = 0
against the alternative that 8, # 0.

Because Equation (8.1) is just a variant of the multiple regression model, the
null hypothesis that 8, = 0 can be tested by constructing the ¢-statistic for this
hypothesis. This t-statistic is ¢ = (8, — 0)/SE(f,), which from Equation (8.2) is
t = —0.0423/0.0048 = —8.81. In absolute value, this exceeds the 5% critical value
of this test (which is 1.96). Indeed, the p-value for the #-statistic is less than 0.01%, so
we can reject the hypothesis that 8, = 0 at all conventional significance levels. Thus
this formal hypothesis test supports our informal inspection of Figures 8.2 and 8.3:
The quadratic model fits the data better than the linear model.
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The Effect on Y of a Change in X
in Nonlinear Specifications

Put aside the test score example for a moment, and consider a general problem.
You want to know how the dependent variable Y is expected to change when the
independent variable X; changes by the amount AXj, holding constant other
independent variables X, . .., X;. When the population regression function is lin-
ear, this effect is easy to calculate: As shown in Equation (6.4), the expected change
in Yis AY = BjAX, where B, is the population regression coefficient multiplying
Xi. When the regression function is nonlinear, however, the expected change in Y
is more complicated to calculate because it can depend on the values of the
independent variables.

A general formula for a nonlinear population regression function.! The nonlinear
population regression models considered in this chapter are of the form

Y;:f(XIhXZh"'?in)+ui>i:17---7n’ (83)
where f(Xi;, X5, . . . , Xj;) is the population nonlinear regression function, a possibly
nonlinear function of the independent variables Xj;, X, . .., Xj;, and u; is the error

term. For example, in the quadratic regression model in Equation (8.1), only one inde-
pendent variable is present, so X; is Income and the population regression function is
f(Income;) = By + Bilncome; + B,Income?.

Because the population regression function is the conditional expectation of Y;

given Xy, Xo;, . . ., Xy, in Equation (8.3) we allow for the possibility that this condi-
tional expectation is a nonlinear function of Xi; that is, E(Y;| Xi;, Xois - - . » Xpi) =
f( Xy, X - . ., Xii), where fcan be a nonlinear function. If the population regression

function is linear, then f(Xy;, X5, ..., X};) = By + BiXy; + -+ + By Xy, and Equa-
tion (8.3) becomes the linear regression model in Key Concept 6.2. However, Equa-
tion (8.3) allows for nonlinear regression functions as well.

The effect on Y of a change in X;. Suppose an experiment is conducted on
individuals with the same values of X,, ..., X}, and participants are randomly
assigned treatment levels X; = x; or X; + AX; = x; + Ax;. Then the expected
difference in outcomes is the causal effect of the treatment, holding constant
X5, ..., Xi In the nonlinear regression model of Equation (8.3), this effect on Y is
AY = f(X; + AX, X, ..., X)) — f(X1, X, - . ., X}). In the context of prediction,

'The term nonlinear regression applies to two conceptually different families of models. In the first
family, the population regression function is a nonlinear function of the X’s but is a linear function of
the unknown parameters (the B’s). In the second family, the population regression function is a non-
linear function of the unknown parameters and may or may not be a nonlinear function of the X’s. The
models in the body of this chapter are all in the first family. Appendix 8.1 takes up models from the
second family.
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The Expected Change in Y from a Change in X; KEY CONCEPT

in the Nonlinear Regression Model [Equation (8.3)]

The expected change in Y, AY, associated with the change in X;, AXj, holding
X, . .., X constant, is the difference between the value of the population regres-
sion function before and after changing Xj, holding X, . . ., X constant. That is,
the expected change in Y is the difference:

AY = f(Xl aF AXI, Xz, 000 ’Xk) - f(Xl, Xz, 5000 Xk) (84)

The estimator of this unknown population difference is the difference between
the predicted values for these two cases. Let f(Xl, X5, . .., X) be the predicted
value of Y based on the estimator f of the population regression function. Then
the predicted change in Y is

8.1

AY = F(X; + AXy, X, ..., X)) — F( X X oo, Xp). (8.5)

AY = f(X; + AX, X, ..., X)) — f(X1, X5, - - ., Xi) is the predicted difference in
Y for two observations, both with the same values of X5, ..., X, but with different
values of X, specifically X; + AX; and X;.

Because the regression function fis unknown, this population causal effect is also
unknown. To estimate this effect, first estimate the regression function f. At a general
level, denote this estimated function by f; an example of such an estimated function
is the estimated quadratic regression function in Equation (8.2). The estimated effect
on Y (denoted Al?) of the change in X is the difference between the predicted value
of Y when the independent variables take on the values X; + AXj, X5,..., X, and
the predicted value of Y when they take on the values X, X5, .. ., X.

The method for calculating the predicted change in Y associated with a change
in X; is summarized in Key Concept 8.1. The computational method in Key
Concept 8.1 always works, whether A X is large or small and whether the regressors
are continuous or discrete. Appendix 8.2 shows how to evaluate the slope using cal-
culus for the special case of a single continuous regressor when AX; small.

Application to test scores and district income. What is the predicted change in test
scores associated with a change in district income of $1000, based on the estimated
quadratic regression function in Equation (8.2)? Because that regression function is
quadratic, this effect depends on the initial district income. We therefore consider two
cases: an increase in district income from 10 to 11 (i.e., from $10,000 per capita to
$11,000 per capita) and an increase in district income from 40 to 41 (i.e., from $40,000
per capita to $41,000 per capita).
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To compute AY associated with the change in income from 10 to 11, we can
apply the general formula in Equation (8.5) to the quadratic regression model. Doing
so yields

AY = (Bo+ By X 11 + B X 112) = (By + By X 10 + B, X 10%),  (8.6)

where ,éo, ,él, and ,éz are the OLS estimators.

The term in the first set of parentheses in Equation (8.6) is the predicted value of
Y when Income = 11, and the term in the second set of parentheses is the predicted
value of Y when Income = 10. These predicted values are calculated using the OLS
estimates of the coefficients in Equation (8.2). Accordingly, when Income = 10, the
predicted value of test scores is 607.3 + 3.85 X 10 — 0.0423 X 10? = 641.57. When
Income = 11, the predicted value is 607.3 + 3.85 X 11 — 0.0423 X 11%> = 644.53.
The difference in these two predicted values is AY = 64453 — 641.57 = 2.96 points;
that is, the predicted difference in test scores between a district with average income
of $11,000 and one with average income of $10,000 is 2.96 points.

In the second case, when income changes from $40,000 to $41,000, the difference
in the predicted values in Equation (8.6) is AY = (607.3 + 3.85 X 41 — 0.0423 X
41%) — (607.3 + 3.85 X 40 — 0.0423 X 40?) = 694.04 — 693.62 = 0.42 points. Thus
a change of income of $1000 is associated with a larger change in predicted test
scores if the initial income is $10,000 than if it is $40,000 (the predicted changes are
2.96 points versus 0.42 points). Said differently, the slope of the estimated quadratic
regression function in Figure 8.3 is steeper at low values of income (like $10,000)
than at the higher values of income (like $40,000).

Standard errors of estimated effects. The estimate of the effect on Y of changing X
depends on the estimate of the population regression function, f, which varies from
one sample to the next. Therefore, the estimated effect contains a sampling error.
One way to quantify the sampling uncertainty associated with the estimated effect is
to compute a confidence interval for the true population effect. To do so, we need to
compute the standard error of AY in Equation (8.5).

It is easy to compute a standard error for AY when the regression function is
linear. The estimated effect of a change in Xj is ,[§1 A X}, so the standard error of AY
is SE(AY) = SE(f3;)AX; and a 95% confidence interval for the estimated change
is BAX, T 1.96 SE(B)AX,.

In the nonlinear regression models of this chapter, the standard error of AY can
be computed using the tools introduced in Section 73 for testing a single restriction
involving multiple coefficients. To illustrate this method, consider the estimated
change in test scores associated with a change in income from 10 to 11 in Equation (8.6),
which is AY = B, X (11 — 10) + B, X (112 = 10*) = B, + 21B3,. The standard
error of the predicted change therefore is

SE(AY) = SE(B, + 21B,). (8.7)
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Thus, if we can compute the standard error of B, + 215, then we have computed the
standard error of AY.

Some regression software has a specialized command for computing the stan-
dard error in Equation (8.7) directly. If not, there are two other ways to compute it;
these correspond to the two approaches in Section 7.3 for testing a single restriction
on multiple coefficients.

The first method is to use approach 1 of Section 73, which is to compute the
F-statistic testing the hypothesis that 8; + 218, = 0. The standard error of AY is
then given by?

SE(AY) = | AY]

(AY) JF
When applied to the quadratic regression in Equation (8.2), the F-statistic testing the
hypothesis that B; + 218, = 0 is F = 299.94. Because AY = 2.96, applying Equa-
tion (8.8) gives SE(AY) = 2.96/1/299.94 = 0.17. Thus a 95% confidence interval

for the change in the expected value of Y'is 2.96 £ 1.96 X 0.17 or (2.63,3.29).
The second method is to use approach 2 of Section 7.3, which entails transform-

(8.8)

ing the regressors so that, in the transformed regression, one of the coefficients is
Bi + 21B,. Doing this transformation is left as an exercise (Exercise 8.9).

A comment on interpreting coefficients in nonlinear specifications. In the multiple
regression model of Chapters 6 and 7, the regression coefficients had a natural
interpretation. For example, B, is the expected change in Y associated with a change
in X1, holding the other regressors constant. But as we have seen, this is not generally
the case in a nonlinear model. That is, it is not very helpful to think of B; in Equation
(8.1) as being the effect of changing the district income, holding the square of the
district income constant. In nonlinear models, the regression function is best inter-
preted by graphing it and by calculating the predicted effect on Y of changing one or
more of the independent variables.

A General Approach to Modeling Nonlinearities
Using Multiple Regression

The general approach to modeling nonlinear regression functions taken in this
chapter has five elements:

1. Identify a possible nonlinear relationship. The best thing to do is to use eco-
nomic theory and what you know about the application to suggest a possible
nonlinear relationship. Before you even look at the data, ask yourself whether
the slope of the regression function relating Y and X might reasonably depend

2Equation (8.8) is derived Dby noting that the F-statistic is the square of the ¢-statistic testing this hypoth-
esis—thatis, F = 1> = [ (B, + 21B,)/SE(B; + 21B,)]*> = [AY/SE(AY)]>*—and solving for SE(AY).
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on the value of X or on another independent variable. Why might such nonlinear
dependence exist? What nonlinear shapes does this suggest? For example, think-
ing about classroom dynamics with 11-year-olds suggests that cutting class size
from 18 students to 17 could have a greater effect than cutting it from 30 to 29.

2. Specify a nonlinear function, and estimate its parameters by OLS. Sections
8.2 and 8.3 contain various nonlinear regression functions that can be estimated
by OLS. After working through these sections, you will understand the charac-
teristics of each of these functions.

3. Determine whether the nonlinear model improves upon a linear model. Just
because you think a regression function is nonlinear does not mean it really is!
You must determine empirically whether your nonlinear model is appropriate.
Most of the time you can use t-statistics and F-statistics to test the null hypoth-
esis that the population regression function is linear against the alternative that
it is nonlinear.

4. Plot the estimated nonlinear regression function. Does the estimated regres-
sion function describe the data well? Looking at Figures 8.2 and 8.3 suggests
that the quadratic model fits the data better than the linear model.

5. Estimate the effect on Y of a change in X. The final step is to use the estimated
regression to calculate the effect on Y of a change in one or more regressors X
using the method in Key Concept 8.1.

8.2 Nonlinear Functions of a Single

Independent Variable

This section provides two methods for modeling a nonlinear regression function. To
keep things simple, we develop these methods for a nonlinear regression function
that involves only one independent variable, X. As we see in Section 8.5, however,
these models can be modified to include multiple independent variables.

The first method discussed in this section is polynomial regression, an extension of the
quadratic regression used in the last section to model the relationship between test scores
and district income. The second method uses logarithms of X, of Y, or of both X and Y.
Although these methods are presented separately, they can be used in combination.

Appendix 8.2 provides a calculus-based treatment of the models in this section.

Polynomials

One way to specify a nonlinear regression function is to use a polynomial in X. In
general, let r denote the highest power of X that is included in the regression. The
polynomial regression model of degree r is

Y, = By + BiX; + BoX7 + -+ BX] + u, (8.9)



82 Nonlinear Functions of a Single Independent Variable 287

When r = 2, Equation (8.9) is the quadratic regression model discussed in Section 8.1.
When r = 3, 5o that the highest power of X included is X°, Equation (8.9) is called
the cubic regression model.

The polynomial regression model is similar to the multiple regression model of
Chapter 6 except that in Chapter 6 the regressors were distinct independent vari-
ables, whereas here the regressors are powers of the same dependent variable, X; that
is, the regressors are X, X2, X3, and so on. Thus the techniques for estimation and
inference developed for multiple regression can be applied here. In particular, the
unknown coefficients By, By, ..., B, in Equation (8.9) can be estimated by OLS
regression of Y; against X;, X7, ..., X/

Testing the null hypothesis that the population regression function is linear. If the
population regression function is linear, then the quadratic and higher-degree terms
do not enter the population regression function. Accordingly, the null hypothesis
(H,) that the regression is linear and the alternative (H;) that it is a polynomial of
degree up to r correspond to

Hy:8,=0,B3=0,...,8,=0vs. Hy:atleastone g; # 0,j = 2,...,r. (8.10)

The null hypothesis that the population regression function is linear can be tested
against the alternative that it is a polynomial of degree up to r by testing H, against
H, in Equation (8.10). Because H, is a joint null hypothesis with ¢ = r — 1 restric-
tions on the coefficients of the population polynomial regression model, it can be
tested using the F-statistic as described in Section 7.2.

Which degree polynomial should | use? That is, how many powers of X should be
included in a polynomial regression? The answer balances a trade-off between flex-
ibility and statistical precision. Increasing the degree r introduces more flexibility
into the regression function and allows it to match more shapes; a polynomial of
degree r can have up to r — 1 bends (that is, inflection points) in its graph. But
increasing r means adding more regressors, which can reduce the precision of the
estimated coefficients.

Thus the answer to the question of how many terms to include is that you should
include enough to model the nonlinear regression function adequately—but no
more. Unfortunately, this answer is not very useful in practice!

A practical way to determine the degree of the polynomial is to ask whether the
coefficients in Equation (8.9) associated with largest values of r are 0. If so, then these
terms can be dropped from the regression. This procedure, which is called sequential
hypothesis testing because individual hypotheses are tested sequentially, is summa-
rized in the following steps:

1. Pick a maximum value of r, and estimate the polynomial regression for
that r.
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2. Use the r-statistic to test the hypothesis that the coefficient on X", 8, in Equation
(8.9),1s 0. If you reject this hypothesis, then X” belongs in the regression, so use
the polynomial of degree r.

3. If you do not reject B, = 0 in step 2, eliminate X" from the regression, and
estimate a polynomial regression of degree r — 1. Test whether the coefficient
on X"~ 1is 0. If you reject, use the polynomial of degree r — 1.

4. If you do not reject 8,1 = 0 in step 3, continue this procedure until the
coefficient on the highest power in your polynomial is statistically significant.

This recipe has one missing ingredient: the initial degree r of the polynomial. In many
applications involving economic data, the nonlinear functions are smooth; that is,
they do not have sharp jumps, or “spikes.” If so, then it is appropriate to choose a
small maximum degree for the polynomial, such as 2, 3, or 4—that is, to begin with
r=72or3or4instep 1.

Application to district income and test scores. The estimated cubic regression func-
tion relating district income to test scores is

—_—

TestScore = 600.1 + 5.02 Income — 0.096 Income® + 0.00069 Income®,
(5.1) (0.71) (0.029) (0.00035)
R? = 0.555. (8.11)

The t-statistic on Income® is 1.97, so the null hypothesis that the regression function
is a quadratic is rejected against the alternative that it is a cubic at the 5% level.
Moreover, the F-statistic testing the joint null hypothesis that the coefficients on
Income® and Income® are both 0 is 377 with a p-value less than 0.01%, so the null
hypothesis that the regression function is linear is rejected against the alternative
that it is either a quadratic or a cubic.

Interpretation of coefficients in polynomial regression models. The coefficients
in polynomial regressions do not have a simple interpretation. The best way to
interpret polynomial regressions is to plot the estimated regression function and
calculate the estimated effect on Y associated with a change in X for one or more
values of X.

Logarithms

Another way to specify a nonlinear regression function is to use the natural loga-
rithm of Y and/or X. Logarithms convert changes in variables into percentage
changes, and many relationships are naturally expressed in terms of percentages.
Here are some examples:
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e A boxin Chapter 3,“Social Class or Education? Childhood Circumstances and
Adult Earnings Revisited,” examined the household earnings gap by socioeco-
nomic classification. In that discussion, the wage gap was measured in terms of
pounds sterling. However, it is easier to compare wage gaps across professions
and over time when they are expressed in percentage terms.

e In Section 8.1, we found that district income and test scores were nonlinearly
related. Would this relationship be linear using percentage changes? That is, might
it be that a change in district income of 1% —rather than $1000—is associated with
a change in test scores that is approximately constant for different values of income?

e In the economic analysis of consumer demand, it is often assumed that a 1%
increase in price leads to a certain percentage decrease in the quantity demanded.
The percentage decrease in demand resulting from a 1% increase in price is
called the price elasticity.

Regression specifications that use natural logarithms allow regression models to esti-
mate percentage relationships such as these. Before introducing those specifications,
we review the exponential and natural logarithm functions.

The exponential function and the natural logarithm. The exponential function and
its inverse, the natural logarithm, play an important role in modeling nonlinear regres-
sion functions. The exponential function of x is e* (that is, e raised to the power x),
where e is the constant 2.71828 .. . ; the exponential function is also written as exp(x).
The natural logarithm is the inverse of the exponential function; that is, the natural
logarithm is the function for which x = In(e*) or, equivalently,x = In[exp(x) ]. The
base of the natural logarithm is e. Although there are logarithms in other bases, such
as base 10, in this text we consider only logarithms in base e—that is, the natural loga-
rithm —so when we use the term logarithm, we always mean natural logarithm.

The logarithm function y = In(x) is graphed in Figure 8.4. Note that the loga-
rithm function is defined only for positive values of x. The logarithm function has a
slope that is steep at first and then flattens out (although the function continues to
increase). The slope of the logarithm function In(x) is 1/x.

The logarithm function has the following useful properties:

In(1/x) = —In(x); (8.12)
In(ax) = In(a) + In(x); (8.13)
In(x/a) = In(x) — In(a); and (8.14)
In(x") = a In(x). (8.15)

Logarithms and percentages. The link between the logarithm and percentages
relies on a key fact: When Ax is small, the difference between the logarithm of
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x + Ax and the logarithm of x is approximately Ax/x, the percentage change in x
divided by 100. That is,

A A
In(x + Ax) — In(x) = 7x <whenxxis small), (8.16)

€

where means “approximately equal to.” The derivation of this approximation
relies on calculus, but it is readily demonstrated by trying out some values of x and
Ax. For example, when x = 100 and Ax = 1, then Ax/x = 1/100 = 0.01 (or 1%),
while In(x + Ax) — In(x) = In(101) — In(100) = 0.00995 (or 0.995% ). Thus
Ax/x (which is 0.01) is very close to In(x + Ax) — In(x) (which is 0.00995). When
Ax =5, Ax/x = 5/100 = 0.05,while In(x + Ax) — In(x) = In(105) — In(100) =
0.04879.

The three logarithmic regression models. There are three different cases in which
logarithms might be used: when X is transformed by taking its logarithm but Y is not;
when Y is transformed to its logarithm but X is not; and when both Y and X are
transformed to their logarithms. The interpretation of the regression coefficients is
different in each case. We discuss these three cases in turn.

Case I: X is in logarithms, Y is not. In this case, the regression model is
Yl-=,30+,31 ln()(,) +ui,i=1,...,ﬂ. (817)

Because Yis not in logarithms but X is, this is sometimes referred to as a linear-log model.
In the linear-log model, a 1% change in X'is associated with a change in Y of 0.018;.
To see this, consider the differences inbetween the population regression function at
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values of X that differ by AX: Thisis [By + B In(X + AX)] —[By + BiIn(X)] =
Bi[In(X + AX) — In(X) ] = B(AX/X), where the final step uses the approxima-
tion in Equation (8.16). If X changes by 1%, then AX /X = 0.01; thus in this model a
1% change in X is associated with a change of Y of 0.01p;.

The only difference between the regression model in Equation (8.17) and the
regression model of Chapter 4 with a single regressor is that the right-hand variable
is now the logarithm of X rather than X itself. To estimate the coefficients 3, and B;
in Equation (8.17), first compute a new variable, In(X), which is readily done using a
spreadsheet or statistical software. Then f; and 3, can be estimated by the OLS
regression of Y; on In(X;), hypotheses about 3; can be tested using the ¢-statistic, and
a 95% confidence interval for B; can be constructed as [§1 + 1.96 SE( ,él)

As an example, return to the relationship between district income and test scores.
Instead of the quadratic specification, we could use the linear-log specification in
Equation (8.17). Estimating this regression by OLS yields

— —
TestScore = 557.8 + 36.42In(Income), R> = 0.561.

(3.8)  (1.40) (8.18)

According to Equation (8.18),a 1% increase in income is associated with an increase
in test scores of 0.01 X 36.42 = (.36 points.

To estimate the effect on Y of a change in X in its original units of thousands
of dollars (not in logarithms), we can use the method in Key Concept 8.1. For
example, what is the predicted difference in test scores for districts with aver-
age incomes of $10,000 versus $11,000? The estimated value of AY is the differ-
ence between the predicted values: AY = [557.8 + 36.42In(11)] — [557.8 +
36.42 In(10)] = 36.42 X [In(11) — In(10) ] = 3.47.Similarly, the predicted differ-
ence between a district with average income of $40,000 and a district with average
income of $41,000 is 36.42 X [In(41) — In(40) ] = 0.90. Thus, like the quadratic
specification, this regression predicts that a $1000 increase in income has a larger
effect on test scores in poor districts than it does in affluent districts.

The estimated linear-log regression function in Equation (8.18) is plotted in Fig-
ure 8.5. Because the regressor in Equation (8.18) is the natural logarithm of income
rather than income, the estimated regression function is not a straight line. Like the
quadratic regression function in Figure 8.3, it is initially steep but then flattens out
for higher levels of income.

Case lI: Y is in logarithms, X is not. In this case, the regression model is
In(Y;) = By + BiX; + us. (8.19)

Because Y is in logarithms but X is not, this is referred to as a log-linear model.

In the log-linear model, a one-unit change in X(AX = 1) is associated with a
(100 X B;)% change in Y. To see this, compare the expected values of In(Y) for
values of X that differ by A X. The expected value of In(Y) given XisIn(Y) = B, + B X.
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For X + AX, the expected value is given by In(Y + AY) = B, + B;(X + AX).
Thus the difference between these expected values is In(Y + AY) — In(Y) =
[By + Bi(X + AX)] — [By + BiX] = BiAX.From the approximation in Equation
(8.16), however, if BjAX is small, then In(Y + AY) — In(Y) = AY/Y. Thus
AY/Y = BAX.If AX = 1,so that X changes by one unit, then AY/Y changes by
B;. Translated into percentages, a one-unit change in X is associated with a
(100 X B;)% change in Y.

As an illustration, we return to the empirical example of Section 3.7 the rela-
tionship between age and earnings of college graduates. Some employment con-
tracts specify that, for each additional year of service, a worker gets a certain
percentage increase in his or her wage. This percentage relationship suggests esti-
mating the log-linear specification in Equation (8.19) so that each additional year
of age (X) is, on average, associated with some constant percentage increase in
earnings (Y). By first computing the new dependent variable, In( Earnings;), the
unknown coefficients B, and B; can be estimated by the OLS regression of
In( Earnings;) against Age;,, When estimated using the 13,872 observations on col-
lege graduates in the March 2016 Current Population Survey (the data are described
in Appendix 3.1), this relationship is

— —
In(Earnings) = 2.876 + 0.0095Age, R*> = 0.033.

(0.019) (0.0004) (8.20)

According to this regression, earnings are predicted to increase by 0.95%
[ (100 X 0.0095) % ] for each additional year of age.
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Case lll: Both X and Y are in logarithms. In this case, the regression model is
In(Y;) = By + B In(X;) + u, (8.21)

Because both Y and X are specified in logarithms, this is referred to as a log-log
model.

In the log-log model, a 1% change in X is associated with a 8;% change in Y.
Thus in this specification By is the elasticity of Y with respect to X. To see this, again
apply Key Concept 8.1; thus In(Y + AY) — In(Y) = [By + Biln(X + AX) ] —
[By + BiIn(X)] = Bi[In(X + AX) — In(X) ]. Application of the approximation in
Equation (8.16) to both sides of this equation yields

AY AX
7 = 317 or
_AY/Y 100 X (AY/Y)  percentage changein Y
= AX/X 100 X (AX/X)  percentage change in X’

(8.22)

Thus in the log-log specification B; is the ratio of the percentage change in Y associ-
ated with the percentage change in X. If the percentage change in X is 1% (that is, if
AX = 0.01X),then B3, is the percentage change in Y associated with a 1% change in X.
That is, B; is the elasticity of Y with respect to X.

As an illustration, return to the relationship between district income and test
scores. When this relationship is specified in this form, the unknown coefficients are
estimated by a regression of the logarithm of test scores against the logarithm of
district income. The resulting estimated equation is

— -
In(TestScore) = 6.336 + 0.0554In(Income), R> = 0.557.

(0.006) (0.0021) (8.23)

According to this estimated regression function, a 1% increase in income is estimated
to correspond to a 0.0554% increase in test scores.

The estimated log-log regression function in Equation (8.23) is plotted in
Figure 8.6. Because Y is in logarithms, the vertical axis in Figure 8.6 is the logarithm
of the test score, and the scatterplot is the logarithm of test scores versus district
income. For comparison purposes, Figure 8.6 also shows the estimated regression
function for a log-linear specification, which is

— —
In(TestScore) = 6.439 + 0.00284 Income, R* = 0.497. (8.24)
(0.003) (0.00018) '
Because the vertical axis is in logarithms, the regression function in Equation (8.24)
is the straight line in Figure 8.6.
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As you can see in Figure 8.6, the log-log specification fits better than the log-
linear specification. This is consistent with the higher R? for the log-log regression
(0.557) than for the log-linear regression (0.497). Even so, the log-log specification
does not fit the data especially well: At the lower values of income, most of the obser-
vations fall below the log-log curve, while in the middle income range most of the
observations fall above the estimated regression function.

The three logarithmic regression models are summarized in Key Concept 8.2.

A difficulty with comparing logarithmic specifications. Which of the log regression
models best fits the data? As we saw in the discussion of Equations (8.23) and (8.24),
the R? can be used to compare the log-linear and log-log models; as it happened, the
log-log model had the higher R?. Similarly, the R? can be used to compare the linear-
log regression in Equation (8.18) and the linear regression of Y against X. In the test
score and district income regression, the linear-log regression has an R? of 0.561, while
the linear regression has an R? of 0.508, so the linear-log model fits the data better.

How can we compare the linear-log model and the log-log model? Unfortu-
nately, the R? cannot be used to compare these two regressions because their depen-
dent variables are different [one is Y, the other is In( Y)]. Recall that the R? measures
the fraction of the variance of the dependent variable explained by the regressors.
Because the dependent variables in the log-log and linear-log models are different,
it does not make sense to compare their R”’s.

Because of this problem, the best thing to do in a particular application is to
decide, using economic theory and either your or other experts’ knowledge of the
problem, whether it makes sense to specify Y in logarithms. For example, labor econo-
mists typically model earnings using logarithms because wage comparisons, contract
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Logarithms in Regression: Three Cases

Logarithms can be used to transform the dependent variable Y, an indepen-

8.2

dent variable X, or both (but the variable being transformed must be positive).

The following table summarizes these three cases and the interpretation of the

regression coefficient B;. In each case, 8 can be estimated by applying OLS after

taking the logarithm of the dependent and/or independent variable.

Case Regression Specification Interpretation of 3,

1 Y, = By + Bun(X;) + u; A 1% change in X is associated with a
change in Y of 0.01p;.

11 In(Y;)) = By + BiX; + u; A change in X by one unit (AX = 1) is
associated with a 1008;% change in Y.

111 In(Y;) = By + Bin(X;) + u; A 1% change in X is associated with a ;%

change in Y, so B is the elasticity of Y with
respect to X.

wage increases, and so forth are often most naturally discussed in percentage terms.
In modeling test scores, it seems natural (to us,anyway) to discuss test results in terms
of points on the test rather than percentage increases in the test scores, so we focus on
models in which the dependent variable is the test score rather than its logarithm.

Computing predicted values of Y when Y is in logarithms.® If the dependent vari-
able Y has been transformed by taking logarithms, the estimated regression can be
used to compute directly the predicted value of In(Y). However, it is a bit trickier to
compute the predicted value of Y itself.

To see this, consider the log-linear regression model in Equation (8.19), and
rewrite it so that it is specified in terms of Y rather than In(Y). To do so, take the
exponential function of both sides of Equation (8.19); the result is

Y= exp(fy + BiX; + u;) = ePotBiin, (825)

The expected value of Y; given X; is E(Y;|X;) = E(ePotPigti| X;) = ePotPXi
E(e"]X;). The problem is that even if E(u;|X;) = 0, E(e"|X;) # 1. Thus the
appropriate predicted value of Y; is not simply obtained by taking the exponential
function of ,éo + /§1X,-—that is, by setting IA/I- = oPr+PXi This predicted value is biased
because of the missing factor E(e" | X;).

One solution to this problem is to estimate the factor E(e" | X;) and use this
estimate when computing the predicted value of Y. Exercise 1712 works through

3This material is more advanced and can be skipped without loss of continuity.
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several ways to estimate E(e" | X;), but this gets complicated, particularly if u; is
heteroskedastic, and we do not pursue it further.

Another solution, which is the approach used in this text, is to compute predicted
values of the logarithm of Y but not transform them to their original units. In prac-
tice, this is often acceptable because when the dependent variable is specified as a
logarithm, it is often most natural just to use the logarithmic specification (and the
associated percentage interpretations) throughout the analysis.

Polynomial and Logarithmic Models
of Test Scores and District Income

In practice, economic theory or expert judgment might suggest a functional form to
use, but in the end, the true form of the population regression function is unknown.
In practice, fitting a nonlinear function therefore entails deciding which method or
combination of methods works best. As an illustration, we compare polynomial and
logarithmic models of the relationship between district income and test scores.

Polynomial specifications. We considered two polynomial specifications, quadratic

[Equation (8.2)] and cubic [Equation (8.11)]. Because the coefficient on Income® in
Equation (8.11) was significant at the 5% level, the cubic specification provided an
improvement over the quadratic, so we select the cubic model as the preferred poly-

nomial specification.

Logarithmic specifications. The logarithmic specification in Equation (8.18) seemed
to provide a good fit to these data, but we did not test this formally. One way to do
so is to augment it with higher powers of the logarithm of income. If these additional
terms are not statistically different from 0, then we can conclude that the specifica-
tion in Equation (8.18) is adequate in the sense that it cannot be rejected against a
polynomial function of the logarithm. Accordingly, the estimated cubic regression
(specified in powers of the logarithm of income) is

/\
TestScore = 486.1 + 113.4 In(Income) — 26.9[In(Income))?

(79.4) (87.9) (31.7)
+ 3.06[In(Income) ], R* = 0.560. (8.26)
(3.74)

The ¢-statistic on the coefficient on the cubic term is 0.818, so the null hypothesis that
the true coefficient is 0 is not rejected at the 10% level. The F-statistic testing the
joint hypothesis that the true coefficients on the quadratic and cubic term are both 0
is 0.44, with a p-value of 0.64, so this joint null hypothesis is not rejected at the 10%
level. Thus the cubic logarithmic model in Equation (8.26) does not provide a statisti-
cally significant improvement over the model in Equation (8.18), which is linear in
the logarithm of income.



83 Interactions Between Independent Variables 297

P
AV X: NP The Linear-Log and Cubic Regression Functions

The estimated cubic regression function Test score
[Equation (8.11)] and the estimated linear-log 740
regression function [Equation (8.18)] are nearly
identical in this sample.

720 - Linear-log regression

700

680 -

660 -

640 |-

620

600 £ | | | | ]
0 10 20 30 40 50 60

District income

(thousands of dollars)

3.3

Comparing the cubic and linear-log specifications. Figure 8.7 plots the estimated
regression functions from the cubic specification in Equation (8.11) and the linear-
log specification in Equation (8.18). The two estimated regression functions are quite
similar. One statistical tool for comparing these specifications is the R The R? of the
logarithmic regression is 0.561, and for the cubic regression, it is 0.555. Because the
logarithmic specification has a slight edge in terms of the R* and because this speci-
fication does not need higher-degree polynomials in the logarithm of income to fit
these data, we adopt the logarithmic specification in Equation (8.18).

Interactions Between Independent Variables

In the introduction to this chapter, we wondered whether reducing the student-teacher
ratio might have a bigger effect on test scores in districts where many students are still
learning English than in those with few still learning English. This could arise, for exam-
ple, if students who are still learning English benefit differentially from one-on-one or
small-group instruction. If so, the presence of many English learners in a district would
interact with the student—teacher ratio in such a way that the effect on test scores of a
change in the student—teacher ratio would depend on the fraction of English learners.

This section explains how to incorporate such interactions between two indepen-
dent variables into the multiple regression model. The possible interaction between
the student—teacher ratio and the fraction of English learners is an example of the
more general situation in which the effect on Y of a change in one independent vari-
able depends on the value of another independent variable. We consider three cases:
when both independent variables are binary, when one is binary and the other is
continuous, and when both are continuous.
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Interactions Between Two Binary Variables

Consider the population regression of log earnings [Y;, where Y; = In( Earnings;)]
against two binary variables: whether a worker has a college degree (D,;, where
Dy; = 1if the i'"™ person graduated from college) and the worker’s sex (D,;, where
D,; = 1if the i person is female). The population linear regression of Y; on these
two binary variables is

Y, = By + BiD1; + BoDy; + ;. (827)

In this regression model, B; is the effect on log earnings of having a college degree,
holding sex constant, and (3, is the mean difference between female and male earn-
ings, holding schooling constant.

The specification in Equation (8.27) has an important limitation: The effect of
having a college degree in this specification, holding constant sex, is the same for
men and women. There is, however, no reason that this must be so. Phrased math-
ematically, the effect on Y; of Dy;, holding D,; constant, could depend on the value
of D,;. In other words, there could be an interaction between having a college
degree and sex, so that the value in the job market of a degree is different for men
and women.

Although the specification in Equation (8.27) does not allow for this interaction
between having a college degree and sex, it is easy to modify the specification so that
it does by introducing another regressor, the product of the two binary variables,
Dy; X D,,;. The resulting regression is

Y, = By + BiDy; + BoDy + B3(Dy; X Dy;) + u;. (8.28)

The new regressor, the product Dy; X Dy;, is called an interaction term or an
interacted regressor, and the population regression model in Equation (8.28) is called
a binary variable interaction regression model.

The interaction term in Equation (8.28) allows the population effect on log earn-
ings (Y;) of having a college degree (changing Dy; from Dy; = 0 to Dy; = 1) to
depend on sex (D,;).To show this mathematically, calculate the population effect of
a change in Dy; using the general method laid out in Key Concept 8.1. The first step
is to compute the conditional expectation of Y; for Dy; = 0 given a value of D,; this
is E(Y;|Dy=0,Dy=dp) =B+ B X0+ B Xdy+B3%X (0Xdy)=py+Bads,
where we use the conditional mean zero assumption, E(u; | Dy;, Dy;) = 0. The
next step is to compute the conditional expectation of Y; after the change —that is,
for D;; =1—given the same value of Dy; this is E(Y;|Dy =1,
Dy =dy) =By + B X1+ B Xdy+ B3 X (1 Xdy)=py+ B+ Bods + Bdy
The effect of this change is the difference of expected values [that is, the difference
in Equation (8.4)], which is

E(Y|Dy; =1, Dy = dy) — E(Y;|Dy; = 0, Dy = dy) = By + Bsds. (8.29)
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A Method for Interpreting Coefficients
in Regressions with Binary Variables 83

First, compute the expected values of Y for each possible case described by the
set of binary variables. Next compare these expected values. Each coefficient can
then be expressed either as an expected value or as the difference between two
or more expected values.

Thus, in the binary variable interaction specification in Equation (8.28), the effect of
acquiring a college degree (a unit change in Dy;) depends on the person’s sex [the
value of D,; which is d, in Equation (8.29)].If the person is male (d, = 0), the effect
of acquiring a college degree is By, but if the person is female (d, = 1), the effect is
Bi + Bs. The coefficient B; on the interaction term is the difference in the effect of
acquiring a college degree for women versus that for men.

Although this example was phrased using log earnings, having a college degree,
and sex, the point is a general one. The binary variable interaction regression allows
the effect of changing one of the binary independent variables to depend on the
value of the other binary variable.

The method we used here to interpret the coefficients was, in effect, to work
through each possible combination of the binary variables. This method, which
applies to all regressions with binary variables, is summarized in Key Concept 8.3.

Application to the student-teacher ratio and the percentage of English learners. Let
HiSTR; be a binary variable that equals 1 if the student—teacher ratio is 20 or more
and that equals 0 otherwise, and let HiEL; be a binary variable that equals 1 if the
percentage of English learners is 10% or more and that equals 0 otherwise. The
interacted regression of test scores against HiSTR; and HiEL; is

/\
TestScore = 664.1 — 1.9 HiSTR — 182 HiEL — 3.5( HiSTR X HIiEL),
(14) (1.9) (23) (3.1)
R? = 0.290. (8.30)

The predicted effect of moving from a district with a low student-teacher ratio to one
with a high student-teacher ratio, holding constant whether the percentage of Eng-
lish learners is high or low, is given by Equation (8.29), with estimated coefficients
replacing the population coefficients. According to the estimates in Equation (8.30),
this effect thus is — 1.9 — 3.5HiEL. That is, if the fraction of English learners is low
(HIiEL = 0),then the effect on test scores of moving from HiSTR = 0to HiSTR = 1
is for test scores to decline by 1.9 points. If the fraction of English learners is high,
then test scores are estimated to decline by 1.9 + 3.5 = 5.4 points.
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The estimated regression in Equation (8.30) also can be used to estimate the
mean test scores for each of the four possible combinations of the binary variables.
This is done using the procedure in Key Concept 8.3. Accordingly, the sample average
test score for districts with HiSTR; = 0 (low student-teacher ratios) and HiEL; = 0
(low fractions of English learners) is 664.1. For districts with HiSTR; = 1 (high
student-teacher ratios) and HiEL; = 0 (low fractions of English learners), the
sample average is 662.2 (= 664.1 — 1.9). When HiSTR; = 0 and HIiEL; = 1, the
sample average is 645.9 (= 664.1 — 18.2), and when HiSTR; = 1 and HiEL; = 1,
the sample average is 640.5 (= 664.1 — 1.9 — 182 — 3.5).

Interactions Between a Continuous
and a Binary Variable

Next consider the population regression of log earnings [ Y; = In( Earnings;) ] against
one continuous variable, the individual’s years of work experience (X;), and one
binary variable, whether the worker has a college degree (D;, where D; = 1 if the i
person is a college graduate). As shown in Figure 8.8, the population regression line
relating Y and the continuous variable X can depend on the binary variable D in
three different ways.

In Figure 8.8(a), the two regression lines differ only in their intercept. The cor-
responding population regression model is

Y, =By + BiX; + BD; + u; (8.31)

This is the familiar multiple regression model with a population regression function
that is linear in X; and D;. When D; = 0, the population regression function is
By + Bi1 X, so the intercept is B, and the slope is B;. When D; = 1, the population
regression function is B, + B X; + B, so the slope remains 3; but the intercept is
By + Bo. Thus B, is the difference between the intercepts of the two regression lines,
as shown in Figure 8.8(a). Stated in terms of the earnings example, B, is the effect on
log earnings of an additional year of work experience, holding college degree status
constant, and (3, is the effect of a college degree on log earnings, holding years of
experience constant. In this specification, the effect of an additional year of work
experience is the same for college graduates and nongraduates; that is, the two lines
in Figure 8.8(a) have the same slope.

In Figure 8.8(b), the two lines have different slopes and intercepts. The different
slopes permit the effect of an additional year of work to differ for college graduates and
nongraduates. To allow for different slopes, add an interaction term to Equation (8.31):

Y= By + X + BD; + Bs(Xi X Dy) + u, (8.32)

where X; X D;is a new variable, the product of X; and D,.To interpret the coefficients
of this regression, apply the procedure in Key Concept 8.3. Doing so shows that if



83 Interactions Between Independent Variables 301

e N
(VXX Regression Functions Using Binary and Continuous Variables
(Bo +B2)+(By +B3)X
Y | (Bo +B2)+B1X Y
Slope = B1+B3
Bo *+B;
Bo
X X
(a) Different intercepts, same slope (b) Different intercepts, different slopes
Y Bo+(B1 +B2)X
Bo
X
(c) Same intercept, different slopes
Interactions of binary variables and continuous variables can produce three different population regression functions:
(@) Bo + BiX + B,D allows for different intercepts but has the same slope, (b) By + 81X + B,D + B3(X X D) allows
for different intercepts and different slopes, and (c) By + BiX + B,(X X D) has the same intercept but allows for
different slopes.
\ J

D; = 0,the population regression function is 8y + B;X;, whereas if D; = 1, the popu-
lation regression functionis (By + ) + (B + Bs)X:. Thus this specification allows
for two different population regression functions relating Y; and X;, depending on the
value of D, as is shown in Figure 8.8(b). The difference between the two intercepts is
B, and the difference between the two slopes is ;. In the earnings example, B3, is the
effect of an additional year of work experience for nongraduates (D; = 0), and
By + B is this effect for graduates, so Bs is the difference in the effect of an additional
year of work experience for college graduates versus that for nongraduates.

A third possibility, shown in Figure 8.8(c), is that the two lines have different
slopes but the same intercept. The interacted regression model for this case is

Y, = By + BiX; + Bo(X; X D;) + u,. (8.33)

The coefficients of this specification also can be interpreted using Key Concept 8.3. In
terms of the earnings example, this specification allows for different effects of
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3.4

Interactions Between Binary and Continuous Variables

Through the use of the interaction term X; X D;, the population regression line
relating Y; and the continuous variable X; can have a slope that depends on the
binary variable D,. There are three possibilities:

1. Different intercepts, same slope (Figure 8.8a):
Y =B+ BiXi + BD; + u;;
2. Different intercepts and slopes (Figure 8.8b):
Y, = By + BiXi + BoD; + B3(Xi X D;) + ug
3. Same intercept, different slopes (Figure 8.8c):

Y, = By + BiX: + Bo(X; X D;) + u,.

experience on log earnings between college graduates and nongraduates, but it
requires that expected log earnings be the same for both groups when they have no
prior experience. Said differently, this specification corresponds to the population
mean entry-level wage being the same for college graduates and nongraduates. This
does not make much sense in this application, and in practice, this specification is used
less frequently than Equation (8.32), which allows for different intercepts and slopes.

All three specifications—Equations (8.31), (8.32), and (8.33) —are versions of
the multiple regression model of Chapter 6, and once the new variable X; X D; is
created, the coefficients of all three can be estimated by OLS.

The three regression models with a binary and a continuous independent vari-
able are summarized in Key Concept 8.4.

Application to the student-teacher ratio and the percentage of English
learners. Does the effect on test scores of cutting the student-teacher ratio depend
on whether the percentage of students still learning English is high or low? One way
to answer this question is to use a specification that allows for two different regres-
sion lines, depending on whether there is a high or a low percentage of English learn-
ers. This is achieved using the different intercept/different slope specification:

—_—
TestScore = 682.2 — 0.97STR + 5.6 HIEL — 1.28(STR X HIEL),

(11.9) (0.59) (19.5) (0.97)
R? = 0.305, (8.34)

where the binary variable HiEL; equals 1 if the percentage of students still learning
English in the district is greater than 10% and equals O otherwise.
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For districts with a low fraction of English learners ( HiEL; = 0), the estimated
regression line is 682.2 — 0.97STR,. For districts with a high fraction of Eng-
lish learners (HIEL; = 1), the estimated regression line is 6822 + 5.6 —
0.97STR; — 1.285STR; = 687.8 — 2.255STR,. According to these estimates, reducing
the student-teacher ratio by 1 is predicted to increase test scores by 0.97 points in
districts with low fractions of English learners but by 2.25 points in districts with high
fractions of English learners. The difference between these two effects, 1.28 points, is
the coefficient on the interaction term in Equation (8.34).

The interaction regression model in Equation (8.34) allows us to estimate the
effect of more nuanced policy interventions than the across-the-board class size reduc-
tion considered so far. For example, suppose the state considered a policy to reduce
the student—teacher ratio by 2 in districts with a high fraction of English learners
(HIEL; = 1) butto leave class size unchanged in other districts. Applying the method
of Key Concept 8.1 to Equations (8.32) and (8.34) shows that the estimated effect of
this reduction for the districts for which HiEL = 1 is —Z(él + é3) = 4.50. The
standard error of this estimated effect is SE(—Zﬁl - 23}) = 1.53, which can be
computed using Equation (8.8) and the methods of Section 73.

The OLS regression in Equation (8.34) can be used to test several hypotheses
about the population regression line. First, the hypothesis that the two lines are, in
fact, the same can be tested by computing the F-statistic testing the joint hypothesis
that the coefficient on HiEL; and the coefficient on the interactionterm STR; X HiEL;
are both 0. This F-statistic is 89.9, which is significant at the 1% level.

Second, the hypothesis that two lines have the same slope can be tested by
testing whether the coefficient on the interaction term is 0. The ¢-statistic,
—1.28/0.97 = —1.32, is less than 1.64 in absolute value, so the null hypothesis that
the two lines have the same slope cannot be rejected using a two-sided test at the
10% significance level.

Third, the hypothesis that the lines have the same intercept corresponds to the
restriction that the population coefficient on HiEL is 0. The t-statistic testing this
restriction is t = 5.6/19.5 = 0.29, so the hypothesis that the lines have the same
intercept cannot be rejected at the 5% level.

These three tests produce seemingly contradictory results: The joint test using
the F-statistic rejects the joint hypothesis that the slope and the intercept are the
same, but the tests of the individual hypotheses using the ¢-statistic fail to reject. The
reason is that the regressors, HiEL and STR X HiEL, are highly correlated. This
results in large standard errors on the individual coefficients. Even though it is impos-
sible to tell which of the coefficients is nonzero, there is strong evidence against the
hypothesis that both are 0.

Finally, the hypothesis that the student-teacher ratio does not enter this specifi-
cation can be tested by computing the F-statistic for the joint hypothesis that the
coefficients on STR and on the interaction term are both 0. This F-statistic is 5.64,
which has a p-value of 0.004. Thus the coefficients on the student-teacher ratio are
jointly statistically significant at the 1% significance level.
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The Effect of Ageing on Healthcare Expenditures: A Red Herring?

I n Western Europe, the number of old people in
the total population is increasing on average, with
a greater proportion of the post-World War II “baby
boom” generation reaching retirement age.

This has led to researchers becoming increas-
ingly interested in the impact of ageing on healthcare
expenditures (HCE), which refers to the amount spent
on improving people’s health and on health-related
issues, in recent decades. Initial estimates published
by the Organisation for Economic Co-operation and
Development (OECD) painted a very pessimistic
picture: because older people had, on average, higher
HCE, an ageing population would place an associated
upward pressure on public finances.

Intuitively, this seems to make sense. However,
other researchers noticed a problem with this logic.
If people age more healthily, what does this mean
for HCE? A consensus emerged in the academic
literature that what determines HCE is not ageing
per se, but an individual’s proximity to death (“time-
to-death’ or TTD). In terms of these expenditures, an
80 year old who dies at age 85 is more similar to a 70
year old who dies at age 75, than to another 80 year
old who dies at the age of 100. Under this logic, age-
ing itself became termed a “red herring” in explaining
HCE —that is, something that acts as a proxy for their
actual determinants. Time-to-death is regarded as omit-
ted variable in previous regressions explaining HCE.

When carrying out regressions of healthcare
expenditures, the dependent variable employed is
generally the logarithm of HCE, or a “log-transform”
of HCE. An example of such a regression is evident
in a 2015 study that was conducted on two samples
of around 40,000 individuals each, from England, a)
who used inpatient health care during 2005-06 and
died by 2011-12 and b) who had some hospital utili-
zation since 2005-06 but died in 2011-12. Based on the

data from this study, Table 8.1 presents the results of a
regression with a dependent variable of HCE for men
in England between 2005-06 and 2011-12 (Howdon
and Rice, 2018).

How do we interpret this output? It is important to
remember that our dependent variable is not HCE, but
their log transform, and that we are dealing with age and
age! as parameters. So using the coefficients from col-
umn (1), we compute the average percentage increase
in healthcare expenditures for ageing from 80 to 81 as,
1 X —0.1459 + (817 — 80%) x 0.00010 = 0.00151, or
a 0.151% increase.

What happens when we include (the log of) TTD?
We observe in column (2) that the age and age' coeffi-
cients fall in absolute terms, there is a reduction in statis-
tical significance attached to these coefficients, and that
log(TTD) is highly significant in explaining log(HCE).
This suggests that TTD is indeed an omitted variable
in this regression. Since both of these variables are log-
transformed, our results suggest that being 1% further
away from death (a 1% increase in TTD) is associated
with an average decrease in HCE of around 0.42%.

But is this the end of the story? Further research
has pointed to TTD itself as a “red herring,” with
TTD itself merely proxying for individual morbidity.
Measures of morbidity, under this logic, would be an
omitted variable in such regressions—and this would
be important in predicting future HCE if people not
only age more healthily, but approach death more
healthily! And this is exactly what we observe in col-
umn (3) of Table 8.1: the inclusion of morbidity con-
trols reduces both the size and statistical significance
of TTD and age-related coefficients, suggesting that
TTD indeed proxies for morbidity. It is important to
remember that determining the relevant variables to
include in regression analysis depends on the exact

nature of the question you are trying to answer.

'For further reading, see CHE Research Paper 107 “Health Care Expenditures, Age, Proximity to Death and Morbidity:
Implications for an Ageing Population,” 57 (Supplement C), 60-74, by Daniel Howdon and Nigel Rice.
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p
The Relationships Between Age, TTD and Morbidities, and HCE

Dependent variable: logarithm of Healthcare expenditures.

Regressor (1) (2) (3)

Age ~0.01459" ~0.01274" ~0.00518
(0.00654) (0.00652) (0.00526)

Agé! 0.00010° 0.00009" 0.00003
(0.00004) (0.00004) (0.00003)

Log(TTD) —0.42375™ —0.14454"

(0.01467) (0.01206)
Morbidities Included (Jointly™™)

Key: *** Significant at 1% level, ** Significant at 5% level, * Significant at 10% level. Standard errors in parentheses.

&

J

Interactions Between Two Continuous Variables

Now suppose that both independent variables (X;; and X5;) are continuous. An
example is when Y; is log earnings of the i worker, X; is his or her years of work
experience, and X5; is the number of years he or she went to school. If the population
regression function is linear, the effect on wages of an additional year of experience
does not depend on the number of years of education, or, equivalently, the effect of
an additional year of education does not depend on the number of years of work
experience. In reality, however, there might be an interaction between these two
variables, so that the effect on wages of an additional year of experience depends
on the number of years of education. This interaction can be modeled by augment-
ing the linear regression model with an interaction term that is the product of Xj;
and X,;:

Y, = By + BiXy; + BoXo + Bs( Xy X Xy) + uy (8.35)
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8.5

The interaction term allows the effect of a unit change in X; to depend on X;.To see
this, apply the general method for computing effects in nonlinear regression models
in Key Concept 8.1. The difference in Equation (8.4), computed for the interacted
regression function in Equation (8.35),is AY = (B; + B3X5) AX; [Exercise 8.10(a)].
Thus the effect on Y of a change in X}, holding X, constant, is

AA; = p1 + B3Xo, (8.36)
which depends on X,. For example, in the earnings example, if 5 is positive, then the
effect on log earnings of an additional year of experience is greater, by the amount
Bs, for each additional year of education the worker has.

A similar calculation shows that the effect on Y of a change AX; in X;, holding
X, constant,is AY/AX, = (B, + B3X7).

Putting these two effects together shows that the coefficient 85 on the interaction
term is the effect of a unit increase in X; and X5, above and beyond the sum of the
effects of a unit increase in X; alone and a unit increase in X, alone. That is, if X
changes by AX; and X, changes by AX,, then the expected change in Y is
AY = (B + BXo)AX; + (B, + B3X)AX, + B3AX;AX, [Exercise 8.10(c)]. The
first term is the effect from changing Xj, holding X, constant; the second term is
the effect from changing X5, holding X; constant; and the final term, B3A X;A X5, is the
extra effect from changing both X; and X5.

Interactions between two variables are summarized as Key Concept 8.5.

When interactions are combined with logarithmic transformations, they can be
used to estimate price elasticities when the price elasticity depends on the characteris-
tics of the good (see the box “The Demand for Economics Journals” for an example).

Interactions in Multiple Regression

The interaction term between the two independent variables X; and X, is their
product X; X X;.Including this interaction term allows the effect on Y of a change
in X; to depend on the value of X; and, conversely, allows the effect of a change
in X, to depend on the value of Xj.

The coefficient on X; X X; is the effect of a one-unit increase in X| and X5,
above and beyond the sum of the individual effects of a unit increase in X; alone and
a unit increase in X, alone. This is true whether X; and/or X is continuous or binary.
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The Demand for Economics Journals

Professional economists follow the most recent

research in their areas of specialization. Most
research in economics first appears in economics
journals, so economists—or their libraries —sub-
scribe to economics journals.

How elastic is the demand by libraries for econom-
ics journals? To find out, we analyzed the relationship
between the number of subscriptions to a journal at
U.S.libraries (Y;) and the journal’s library subscription
price using data for the year 2000 for 180 economics
journals. Because the product of a journal is the ideas

it contains, its price is logically measured not in dol-

lars per year or dollars per page but instead in dol-
lars per idea. Although we cannot measure “ideas”
directly, a good indirect measure is the number of
times that articles in a journal are subsequently cited
by other researchers. Accordingly, we measure price
as the “price per citation” in the journal. The price
range is enormous, from %¢ per citation (the American
Economic Review) to 20¢ per citation or more. Some
journals are expensive per citation because they have
few citations and others because their library sub-
scription price per year is very high. In 2017 a library
print subscription to the Journal of Econometrics

e a
F[c{V{k: X ] Library Subscriptions and Prices of Economics Journals
Subscriptions In(Subscriptions)
1200 8 -
1000 T
6
800 5L
600 4+
400 3r
200 : T
: @ LF .
0 0 1 1 1 1 1 1 1 1 1 J
0 5 10 15 20 25 -6 5 4 -3 -2 -1 0 1 2 3 4
Price per citation In(Price per citation)
(a) Subscriptions and price per citation (b) In(Subscriptions) and In(Price per citation)
In(Subscriptions)
8r Demand when Age = 5
T A
6
5L There is a nonlinear inverse relation between the
4| Demand when number of U.S. library subscriptions (quantity) and
5L Age=80 the library price per citation (price), as shown in
5L Figure 8.9a for 180 economics journals in 2000. But
1L as seen in Figure 8.9b, the relation between log
0 L ° L quantity and log price appears to be approximately
6 -5 4 -3 -2-1 01 2 3 4 linear. Figure 8.9c shows that demand is more
In(Price per citation) elastic for young journals (Age = 5) than for old
(c) In(Subscriptions) and In(Price per citation) journals (Age = 80).
\ J

continued on next page
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&

s N
LU X3 Estimates of the Demand for Economics Journals
Dependent variable: logarithm of subscriptions at U.S. libraries in the year 2000; 180 observations.
Regressor (1) (2) (3) (4)
In(Price per citation) —0.533 —0.408 —0.961 —0.899
(0.034) (0.044) (0.160) (0.145)
[In(Price per citation)? 0.017
(0.025)
[In(Price per citation)]’ 0.0037
(0.0055)
In(Age) 0.424 0.373 0.374
(0.119) (0.118) (0.118)
In(Age) X In(Price per citation) 0.156 0.141
(0.052) (0.040)
In(Characters + 1,000,000) 0.206 0.235 0.229
(0.098) (0.098) (0.096)
F-Statistics and Summary Statistics
F-statistic testing coefficients on quadratic 0.25
and cubic terms (p-value) (0.779)
SER 0.750 0.705 0.691 0.688
R? 0.555 0.607 0.622 0.626
The F-statistic tests the hypothesis that the coefficients on [In(Price per citation)]? and [In(Price per citation)]? are
both 0. All regressions include an intercept (not reported in the table). Standard errors are given in parentheses under
coefficients, and p-values are given in parentheses under F-statistics.

J

cost $5363, compared to only $940 for a bundled
subscription to all eight journals published by the
American Economics Association, including the
American Economic Review!

Because we are interested in estimating elastici-
ties, we use a log-log specification (Key Concept 8.2).
The scatterplots in Figures 8.9a and 8.9b provide
empirical support for this transformation. Because
some of the oldest and most prestigious journals
are the cheapest per citation, a regression of log
quantity against log price could have omitted vari-
able bias. Our regressions therefore include two
control variables: the logarithm of age and the

logarithm of the number of characters per year in
the journal.

The regression results are summarized in Table 8.2.
Those results yield the following conclusions (see if
you can find the basis for these conclusions in the
table!):

1. Demand is less elastic for older than for newer
journals.

2. The evidence supports a linear, rather than a

cubic, function of log price.

3. Demand is greater for journals with more

characters, holding price and age constant.
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So what is the elasticity of demand for econom-
ics journals? It depends on the age of the journal.
Demand curves for an 80-year-old journal and a
5-year-old upstart are superimposed on the scat-
terplot in Figure 8.9c; the older journal’s demand
elasticity is —0.28 (SE = 0.06), while the younger
journal’s is —0.67(SE = 0.08).

This demand is very inelastic: Demand is very
insensitive to price, especially for older journals. For

libraries, having the most recent research on hand

Interactions Between Independent Variables

is a necessity, not a luxury. By way of comparison,
experts estimate the demand elasticity for cigarettes
to be in the range of —0.3 to —0.5. Economics jour-
nals are, it seems, as addictive as cigarettes but a lot

better for your health!'

!These data were graciously provided by Professor
Theodore Bergstrom of the Department of Economics
at the University of California, Santa Barbara. If you are
interested in learning more about the economics of eco-
nomics journals, see Bergstrom (2001).
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Application to the student-teacher ratio and the percentage of English learners. The
previous examples considered interactions between the student-teacher ratio and a
binary variable indicating whether the percentage of English learners is large or
small. A different way to study this interaction is to examine the interaction between
the student—teacher ratio and the continuous variable, the percentage of English
learners (PctEL). The estimated interaction regression is

/\
TestScore = 686.3 — 1.12STR — 0.67PctEL + 0.0012(STR X PctEL),
(11.8) (0.59) (0.37) (0.019)

R? = 0.422. (8.37)

When the percentage of English learners is at the median (PctEL = 8.85), the
slope of the line relating test scores and the student—teacher ratio is estimated to
be —1.11 (= —1.12 + 0.0012 X 8.85). When the percentage of English learners is
at the 75th percentile (PctEL = 23.0), this line is estimated to be slightly flatter,
with a slope of —1.09 (= —1.12 + 0.0012 X 23.0).That is, for a district with 8.85%
English learners, the estimated effect of a one-unit reduction in the student—teacher
ratio is to increase test scores by 1.11 points, but for a district with 23.0% English
learners, reducing the student—teacher ratio by one unit is predicted to increase test
scores by only 1.09 points. The difference between these estimated effects is not
statistically significant, however: The ¢-statistic testing whether the coefficient on
the interaction term is 0 is = 0.0012/0.019 = 0.06, which is not significant at the
10% level.

To keep the discussion focused on nonlinear models, the specifications in
Sections 8.1 through 8.3 exclude additional control variables such as the students’
economic background. Consequently, these results arguably are subject to omitted
variable bias. To draw substantive conclusions about the effect on test scores of
reducing the student—teacher ratio, these nonlinear specifications must be augmented
with control variables, and it is to such an exercise that we now turn.



310

CHAPTER8 Nonlinear Regression Functions

8.4

Nonlinear Effects on Test Scores
of the Student-Teacher Ratio

This section addresses three specific questions about test scores and the student—
teacher ratio. First, after controlling for differences in economic characteristics of
different districts, does the effect on test scores of reducing the student-teacher ratio
depend on the fraction of English learners? Second, does this effect depend on the
value of the student—teacher ratio? Third, and most important, after taking economic
factors and nonlinearities into account, what is the estimated effect on test scores of
reducing the student-teacher ratio by two students per teacher, as our superinten-
dent from Chapter 4 proposes to do?

We answer these questions by considering nonlinear regression specifications of
the type discussed in Sections 8.2 and 8.3, extended to include two measures of the
economic background of the students: the percentage of students eligible for a sub-
sidized lunch and the logarithm of average district income. The logarithm of district
income is used because the empirical analysis of Section 8.2 suggests that this speci-
fication captures the nonlinear relationship between test scores and district income.
As in Section 76, we do not include expenditures per pupil as a regressor, and in so
doing, we are considering the effect of decreasing the student-teacher ratio, while
allowing expenditures per pupil to increase (that is, we are not holding expenditures
per pupil constant).

Discussion of Regression Results

The OLS regression results are summarized in Table 8.3. The columns labeled (1)
through (7) each report separate regressions. The entries in the table are the coeffi-
cients, standard errors, certain F-statistics and their p-values, and summary statistics,
as indicated by the description in each row. In addition, the middle block presents
95% confidence intervals for the estimated effect of reducing the class size by two,
the question asked by the superintendent. Because some of the specifications are
nonlinear, the confidence intervals are worked out for various cases, including reduc-
ing the size of a larger class (22 to 20) or of a moderately-sized class (20 to 18), and
for the case of high or low fractions of English learners, where the specific cases
depend on the specifications.

The first column of regression results, labeled regression (1) in the table, is regres-
sion (3) in Table 71 repeated here for convenience. This regression does not control
for district income, so the first thing we do is check whether the results change
substantially when log income is included as an additional economic control variable.
The results are given in regression (2) in Table 8.3. The log of income is statistically
significant at the 1% level, and the coefficient on the student-teacher ratio becomes
somewhat closer to 0, falling from — 1.00 to — 0.73, although it remains statistically
significant at the 1% level. The change in the coefficient on STR is large enough
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p
LI 53 Nonlinear Regression Models of Test Scores

Dependent variable: average test score in district; 420 observations.

Regressor (1) (2) (3) (4) (5) (6) o)
Student-teacher ratio (STR) -1.00  -0.73 -0.97 —0.53 64.33 83.70 65.29
(0.27) (0.26) (0.59) (0.34) (24.86) (28.50) (25.26)
STR? —-3.42 -4.38 —-3.47
(1.25) (1.44) (1.27)
STR3 0.059 0.075 0.060
(0.021) (0.024) (0.021)
% English learners -0.122 —0.176 —0.166
(0.033)  (0.034) (0.034)
% English learners = 10%? 5.64 5.50 —5.47 816.1
(Binary, HiEL) (19.51) (9.80) (1.03) (3277)
HIiEL X STR —128 —0.58 —1233
(0.97) (0.50) (50.2)
HIiEL X STR? 6.12
(2.54)
HIiEL X STR® —0.101
(0.043)

Included Economic Control Variables

% eligible for subsidized lunch Y Y N Y Y Y Y
Average district income (logarithm) N Y N Y Y Y Y

95% Confidence Intervals for the Effect of Reducing STR by 2

No HiEL interaction [0.93,3.06] [0.46,2.48]

221020 [0.61,3.25] [0.54,3.26]
20 to 18 [1.64,4.36] [155,4.30]
HIiEL = 0 [—038,4.25][~0.28,2.41]

221020 [0.40,3.98]

20 to 18 [1.22,4.99]

HIiEL = 1 [1.48,750] [0.80,3.63]

2210 20 [—0.98,2.91]

20 to 18 [—0.72,4.01]

F-Statistics and p-Values on Joint Hypotheses

All STR variables 5.64 5.92 6.31 4.96 591
and interactions = 0 (0.004) (0.003) (< 0.001) (<0.001) (0.001)
STR?, STR> = 0 6.17 5.81 5.96

(< 0.001) (0.003) (0.003)

continued on next page
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(1 ) (3) (4) (5) (6) 7)

HIiEL X STR, HiEL X STR’, 2.69

HIiEL X STR* = 0 (0.046)

SER 9.08 8.64 15.88 8.63 8.56 8.55 8.57
R? 0773 0.79% 0305  0.795 0.798 0.799 0.798

These regressions were estimated using the data on K-8 school districts in California, described in Appendix 4.1. Regressions
include an intercept and the economic control variables indicated by “Y” or exclude them if indicated by “N” (coefficients
not shown in the table). Standard errors are given in parentheses under coefficients, and p-values are given in parentheses

under F-statistics.
-

J

between regressions (1) and (2) to warrant additionally controlling for the logarithm
of income in the remaining regressions as a deterrent to omitted variable bias.

Regression (3) in Table 8.3 is the interacted regression in Equation (8.34) with
the binary variable for a high or low percentage of English learners but with no eco-
nomic control variables. When the economic control variables (percentage eligible
for subsidized lunch and log income) are added [regression (4) in the table], the class
size effect is reduced for both high and low English learner classes; however, the
confidence intervals are wide in both cases in both regressions. Based on the evi-
dence in regression (4), the hypothesis that the effect of STR is the same for districts
with low and high percentages of English learners cannot be rejected at the 5% level
(the t-statistic is t = —0.58/0.50 = —1.16).

Regression (5) examines whether the effect of changing the student-teacher
ratio depends on the value of the student-teacher ratio by including a cubic specifica-
tion in STR, controlling for the economic variables in regression (4) [the interaction
term, HiEL X STR,is notincluded in regression (5) because it was not significant in
regression (4) at the 10% level]. The estimates in regression (5) are consistent with
the student—teacher ratio having a nonlinear effect. The null hypothesis that the rela-
tionship is linear is rejected at the 1% significance level against the alternative that
it is a polynomial up to degree 3 (the F-statistic testing the hypothesis that the true
coefficients on STR? and STR? are 0 is 6.17, with a p-value of < 0.001). The effect of
reducing the class size from 20 to 18 is estimated to be greater than if it is reduced
from 22 to 20.

Regression (6) further examines whether the effect of the student-teacher ratio
depends not just on the value of the student—teacher ratio but also on the fraction of
English learners. By including interactions between HiEL and STR, STR?, and STR?,
we can check whether the (possibly cubic) population regressions functions relating
test scores and STR are different for low and high percentages of English learners.
To do so, we test the restriction that the coefficients on the three interaction terms
are 0. The resulting F-statistic is 2.69, which has a p-value of 0.046 and thus is signifi-
cant at the 5% but not at the 1% significance level. This provides tentative evidence
that the regression functions are different for districts with high and low percentages
of English learners; however, comparing regressions (6) and (4) makes it clear that
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these differences are associated with the quadratic and cubic terms. Moreover, the
confidence intervals are quite wide in all cases for regression (6).

Regression (7) is a modification of regression (5), in which the continuous vari-
able PctEL is used instead of the binary variable HiEL to control for the percentage
of English learners in the district. The coefficients on the other regressors do not
change substantially when this modification is made, indicating that the results in
regression (5) are not sensitive to what measure of the percentage of English learners
is actually used in the regression.

In all the specifications, the hypothesis that the student-teacher ratio does not
enter the regressions is rejected at the 1% level.

The nonlinear specifications in Table 8.3 are most easily interpreted graphically.
Figure 8.10 graphs the estimated regression functions relating test scores and the
student—teacher ratio for the linear specification (2) and the cubic specifications (5)
and (7), along with a scatterplot of the data.* These estimated regression functions
show the predicted value of test scores as a function of the student-teacher ratio,
holding fixed other values of the independent variables in the regression. The esti-
mated regression functions are all close to one another, although the cubic regres-
sions flatten out for large values of the student-teacher ratio.

Regression (6) suggests that the cubic regression functions relating test scores
and STR might depend on whether the percentage of English learners in the district
is large or small. Figure 8.11 graphs these two estimated regression functions so that

“For each curve, the predicted value was computed by setting each independent variable, other than STR,
to its sample average value and computing the predicted value by multiplying these fixed values of the
independent variables by the respective estimated coefficients from Table 8.3. This was done for various
values of STR, and the graph of the resulting adjusted predicted values is the estimated regression function
relating test scores and the STR, holding the other variables constant at their sample averages.
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we can see whether this difference, in addition to being statistically significant, is of
practical importance. As Figure 8.11 shows, for student-teacher ratios between 17
and 23 —a range that includes 88% of the observations—the two functions are sepa-
rated by approximately 10 points but otherwise are very similar; that is, for STR
between 17 and 23, districts with a lower percentage of English learners do better,
holding constant the student—teacher ratio, but the effect of a change in the student-
teacher ratio is essentially the same for the two groups. The two regression functions
are different for student—teacher ratios below 16.5, but we must be careful not to read
more into this than is justified. The districts with STR < 16.5 constitute only 6% of
the observations, so the differences between the nonlinear regression functions are
reflecting differences in these very few districts with very low student—teacher ratios.
Thus, based on Figure 8.11, we conclude that the effect on test scores of a change in
the student-teacher ratio does not depend on the percentage of English learners for
the range of student-teacher ratios for which we have the most data.

Summary of Findings

These results let us answer the three questions raised at the start of this section.

First, after controlling for economic background, there is at most weak evidence
that the effect of a class size reduction depends on whether there are many or few
English learners in the district. While a class size reduction is estimated to be more
effective in districts with a high fraction of English learners, the difference in effects
between high and low English learner districts is imprecisely estimated. Moreover,
as shown in Figure 8.11, the estimated regression functions have similar slopes in the
range of student—teacher ratios containing most of the data.
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Second, after controlling for economic background, there is evidence of a non-
linear effect on test scores of the student-teacher ratio. The nonlinear estimates sug-
gest that the effect of reducing the student-teacher ratio is greatest in moderately
sized classes and is less for very small or very large classes. The null hypothesis of
linearity can be rejected at the 1% level.

Third, we now can return to the superintendent’s problem that opened Chapter 4.
She wants to know the effect on test scores of reducing the student-teacher ratio by
two students per teacher. In the linear specification (2), this effect does not depend
on the student-teacher ratio itself, and the estimated effect of this reduction is to
improve test scores by 1.46 (= —0.73 X —2) points. In the nonlinear specifications,
this effect depends on the value of the student-teacher ratio. If her district currently
has a student—teacher ratio of 20 and she is considering cutting it to 18, then based
on regression (5), the estimated effect of this reduction is to improve test scores by
3.00 points, with a 95% confidence interval of (1.64,4.36). If her district currently has
a student—teacher ratio of 22 and she is considering cutting it to 20, then based on
regression (5), the estimated effect of this reduction is to improve test scores by 1.93
points, with a 95% confidence interval of (0.61, 3.25). [Similar results obtain from
regression (7).] These estimates from the nonlinear specifications thus allow a more
nuanced answer to her question, based on the characteristics of her district.

Conclusion

This chapter presented several ways to model nonlinear regression functions. Because
these models are variants of the multiple regression model, the unknown coefficients
can be estimated by OLS, and hypotheses about their values can be tested using ¢-
and F-statistics as described in Chapter 7 In these models, the expected effect on Y
of a change in one of the independent variables, Xj, holding the other independent
variables X;, . . ., X} constant, in general, depends on the values of X, X5, ..., X}.

There are many different models in this chapter, and you could not be blamed for
being a bit bewildered about which to use in a given application. How should you analyze
possible nonlinearities in practice? Section 8.1 laid out a general approach for such an
analysis, but this approach requires you to make decisions and exercise judgment along
the way. It would be convenient if there were a single recipe you could follow that would
always work in every application, but in practice data analysis is rarely that simple.

The single most important step in specifying nonlinear regression functions is to “use
your head.” Before you look at the data, can you think of a reason, based on economic
theory or expert judgment, why the slope of the population regression function might
depend on the value of that, or another, independent variable? If so, what sort of depen-
dence might you expect? And, most important, which nonlinearities (if any) could have
major implications for the substantive issues addressed by your study? Answering these
questions carefully will focus your analysis. In the test score application, for example, such
reasoning led us to investigate whether hiring more teachers might have a greater effect
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in districts with a large percentage of students still learning English, perhaps because
those students would differentially benefit from more personal attention. By making the
question precise, we were able to find a precise answer: After controlling for the eco-
nomic background of the students, the estimated effect of reducing class size effectively
does not depend on whether there are many or few English learners in the class.

Summary

1. In a nonlinear regression, the slope of the population regression function
depends on the value of one or more of the independent variables.

2. The effect on Y of a change in the independent variable(s) can be computed by
evaluating the regression function at two values of the independent variable(s).
The procedure is summarized in Key Concept 8.1.

3. A polynomial regression includes powers of X as regressors. A quadratic
regression includes X and X 2 and a cubic regression includes X, X 2 and X°.

4. Small changes in logarithms can be interpreted as proportional or percentage
changes in a variable. Regressions involving logarithms are used to estimate
proportional changes and elasticities.

5. The product of two variables is called an interaction term. When interaction
terms are included as regressors, they allow the regression slope of one variable
to depend on the value of another variable.

Key Terms

quadratic regression model (280) log-linear model (291)

nonlinear regression function (282) log-log model (293)

polynomial regression model (286) interaction term (298)

cubic regression model (287) interacted regressor (298)

elasticity (289) interaction regression model (298)
exponential function (289) nonlinear least squares (327)

natural logarithm (289) nonlinear least squares

linear-log model (290) estimators (327)
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Review the Concepts

8.1

8.2

8.3

8.4

8.5

8.6

A researcher states that there are nonlinearities in the relationship between
wages and years of schooling. What does this mean? How would you test for
nonlinearities in the relationship between wages and schooling? How would
you estimate the rate of change of wages with respect to years of schooling?

A Cobb-Douglas production function relates production (Q) to factors of
production —capital (K), labor (L), and raw materials (M)—and an error
term u using the equation Q = AKPILPMPe", where A, By, B,, and B; are
production parameters. Suppose you have data on production and the factors
of production from a random sample of firms with the same Cobb-Douglas
production function. How would you use regression analysis to estimate the
production parameters?

How is the slope coefficient interpreted in a log-linear model, where the
independent variable is in logarithms but the dependent variable is not? In a
linear-log model? In a log-log model?

Suppose the regression in Equation (8.30) is estimated using LoSTR and
LoEL in place of HiSTR and HiEL,where LoSTR = 1 — HiSTR is an indi-
cator for a low-class-size district and LoEL = 1 — HiEL is an indicator for
a district with a low percentage of English learners. What are the values of the
estimated regression coefficients?

Suppose that in Exercise 8.2 you thought that the value of 3, was not constant
but rather increased when K increased. How could you use an interaction
term to capture this effect?

What types of independent variables—binary or continuous —might interact
with one another in a regression? Explain how you would interpret the coef-
ficient on the interaction between two continuous regressors and between two
binary regressors.

Exercises

8.1

Sales in a company are $243 million in 2018 and increase to $250 million in 2019.

a. Compute the percentage increase in sales, using the usual formula

Sales: — Sales; . . .
100 X W Compare this value to the approximation

100 x [ln(SaleSZOlg) - ln(Saleszmg)}.
b. Repeat (a), assuming that Sales,y 9 = 255, Sales,g9 = 260, and
Sales2019 = 265

c¢. How good is the approximation when the change is small? Does the
quality of the approximation deteriorate as the percentage change
increases?
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8.2 Suppose a researcher collects data on houses that have sold in a particular

8.3

neighborhood over the past year and obtains the regression results in the fol-
lowing table.

a. Using the results in column (1), what is the expected change in price of
building a 1500-square-foot addition to a house? Construct a 99% confi-
dence interval for the percentage change in price.

b. How is the coefficient on In(Size) interpreted in column (2)? What is the
effect of a doubling of the size of a house on its price?

c. Using column (2), what is the estimated effect of view on price? Con-
struct a 99% confidence interval for this effect. Is the effect statistically
different from 0?

d. Using the results from the regression in column (3), calculate the effect
of adding two bedrooms to a house. Is the effect statistically significant?
Which of the two variables—size or number of bedrooms—do you think
is relatively more important in determining the price of a house?

e. Is the coefficient on condition significant in column (4)?

f. Is the interaction term between Pool and View statistically significant in
column (5)? Find the effect of adding a view on the price of a house with
a pool, as well as a house without a pool.

After reading this chapter’s analysis of test scores and class size, an educa-
tor comments, “In my experience, student performance depends on class
size, but not in the way your regressions say. Rather, students do well when
class size is less than 20 students and do very poorly when class size is
greater than 25. There are no gains from reducing class size below 20 stu-
dents, the relationship is constant in the intermediate region between 20
and 25 students, and there is no loss to increasing class size when it is
already greater than 25.” The educator is describing a threshold effect, in
which performance is constant for class sizes less than 20, jumps and is
constant for class sizes between 20 and 25, and then jumps again for class
sizes greater than 25. To model these threshold effects, define the binary
variables

STRsmall = 1if STR < 20, and STRsmall = 0 otherwise;

STRmoderate = 1if 20 = STR = 25, and STRmoderate = 0 otherwise; and
STRlarge = 1if STR > 25, and STRlarge = 0 otherwise.

a. Consider the regression TestScore; = By + B1STRsmall; + B,STRlarge; + u,.
Sketch the regression function relating 7estScore to STR for hypothetical
values of the regression coefficients that are consistent with the educator’s
statement.
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&

s N
Regression Results for Exercise 8.2
Dependent variable: In(Price)
Regressor (1) (2) (3) (4) (5)
Size 0.00042
(0.000038)
In(Size) 0.69 0.68 0.57 0.69
(0.054) (0.087) (2.03) (0.055)
In(Size) ]? 0.0078
[in( )] (0.14)
Bedrooms 0.0036
(0.037)
Pool 0.082 0.071 0.071 0.071 0.071
(0.032) (0.034) (0.034) (0.036) (0.035)
View 0.037 0.027 0.026 0.027 0.027
(0.029) (0.028) (0.026) (0.029) (0.030)
Pool X View 0.0022
(0.10)
Condition 0.13 0.12 0.12 0.12 0.12
(0.045) (0.035) (0.035) (0.036) (0.035)
Intercept 10.97 6.60 6.63 7.02 6.60
(0.069) (0.39) (0.53) (7.50) (0.40)
Summary Statistics
SER 0.1026 1.023 1.020
R? 0.0710 0.0761 0.0814
Variable definitions: Price = sale price ($); Size = house size (in square feet); Bedrooms = number of bedrooms; Pool =
binary variable (1 if house has a swimming pool, 0 otherwise); View = binary variable (1 if house has a nice view, 0 other-
wise); Condition = binary variable (1 if real estate agent reports house is in excellent condition, 0 otherwise).

J

b. A researcher tries to estimate the regression TestScore; = By +
BiSTRsmall; + B,STRmoderate; + B3STRlarge; + u; and finds that the
software gives an error message. Why?

8.4 Read the box “The Effect of Ageing on Healthcare Expenditures: A Red
Herring?” in Section 8.3.

a. Consider a male aged 60 years. Use the results from column (1) of

Table 8.1 and the method in Key Concept 8.1 to estimate the expected

change in the logarithm of health care expenditures (HCE) associated

with an additional year of age.

b. Repeat (a), assuming a man aged 70 years.

c. Explain why the answers to (a) and (b) are different.
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d. Is the difference in the answers to (a) and (b) statistically significant at
the 5% level? Explain.

e. How would you change the regression if you suspected that the effect of
age on HCE was different for men than for women?

8.5 Read the box “The Demand for Economics Journals” in Section 8.3.

a. The box reaches three conclusions. Looking at the results in the table,
what is the basis for each of these conclusions?

b. Using the results in regression (4), the box reports that the elasticity of
demand for an 80-year-old journal is —0.28.

i. How was this value determined from the estimated regression?

ii. The box reports that the standard error for the estimated elasticity
is 0.06. How would you calculate this standard error? (Hint: See the
discussion in “Standard errors of estimated effects” on page 284.)

¢. Suppose the variable Characters had been divided by 1000 instead of
1,000,000. How would the results in column (4) change?

8.6 Refer to Table 8.3.

a. A researcher suspects that the effect of % Eligible for subsidized lunch
has a nonlinear effect on test scores. In particular, he conjectures that
increases in this variable from 10% to 20% have little effect on test
scores but that changes from 50% to 60% have a much larger effect.

i. Describe a nonlinear specification that can be used to model this
form of nonlinearity.

ii. How would you test whether the researcher’s conjecture was better
than the linear specification in column (7) of Table 8.3?

b. A researcher suspects that the effect of income on test scores is different
in districts with small classes than in districts with large classes.

i. Describe a nonlinear specification that can be used to model this
form of nonlinearity.

ii. How would you test whether the researcher’s conjecture was better
than the linear specification in column (7) of Table 8.3?

8.7 This problem is inspired by a study of the gender gap in earnings in top cor-
porate jobs (Bertrand and Hallock, 2001). The study compares total com-
pensation among top executives in a large set of U.S. public corporations in
the 1990s. (Each year these publicly traded corporations must report total
compensation levels for their top five executives.)
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a. Let Female be an indicator variable that is equal to 1 for females and 0
for males. A regression of the logarithm of earnings on Female yields

/\
In (Earnings) = 6.48 — 0.44 Female, SER = 2.65.

(0.01) (0.05)

i. The estimated coefficient on Female is —0.44. Explain what this value
means.

ii. The SER is 2.65. Explain what this value means.

iii. Does this regression suggest that female top executives earn
less than top male executives? Explain.

iv. Does this regression suggest that there is sex discrimination? Explain.

b. Two new variables, the market value of the firm (a measure of firm size,
in millions of dollars) and stock return (a measure of firm performance,
in percentage points), are added to the regression:

/\
In( Earnings) = 3.86 — 0.28 Female + 0.37In( MarketValue) + 0.004 Return,

(0.03) (0.04) (0.004) (0.003)
n = 46,670, R* = 0.345.

i. The coefficient on In(MarketValue) is 0.37. Explain what this value
means.

ii. The coefficient on Female is now —0.28. Explain why it has changed
from the regression in (a).

c. Are large firms more likely than small firms to have female top

executives? Explain.

8.8 X is a continuous variable that takes on values between 5 and 100. Z is a
binary variable. Sketch the following regression functi(A)ns (with values of X
between 5 and 100 on the horizontal axis and values of Y on the vertical axis):
a. ¥ =20+ 3.0 X In(X).

b. ¥ =20 - 3.0 X In(X).

¢ i Y=20+30XxIn(X)+40Z withZ = 1.
ii. Same as (i), but with Z = 0.

d. i Y=20+30X In(X) +4.0Z — 1.0 X Z X In(X),with Z = 1.
ii. Same as (i), but with Z = 0.

e. Y =10+ 125.0X — 0.01X2.

8.9 Explain how you would use approach 2 from Section 73 to calculate the confi-
dence interval discussed below Equation (8.8). [Hint: This requires estimating
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8.10

8.11

8.12

a new regression using a different definition of the regressors and the depen-
dent variable. See Exercise (79).]

Consider the regression model Y; = By + BiX|; + BoXo; + B3(Xy; X Xy;) + u;
Use Key Concept 8.1 to show that

a. AY/AX, = B, + BX; (effect of change in Xj, holding X constant).
b. AY/AX, = B, + B3X (effect of change in X, holding X, constant).

c. If Xj changes by AX; and X, changes by AX,,then AY =
(B1 + B:Xo) AX) + (B + B3 X1)AX; + BAXAX,.

Derive the expressions for the elasticities given in Appendix 8.2 for the linear
and log-log models. (Hint: For the log-log model, assume that u and X are
independent, as is done in Appendix 8.2 for the log-linear model.)

The discussion following Equation (8.28) interprets the coefficient on inter-
acted binary variables using the conditional mean zero assumption. This
exercise shows that this interpretation also applies under conditional mean
independence. Consider the hypothetical experiment in Exercise 711.

a. Suppose you estimate the regression Y; = vy, + vy Xj; + u; using only
the data on returning students. Show that vy, is the class size effect
for returning students—that is, that y; = E(Y;|X}; = 1, X5, = 0) —
E(Y;| Xi; = 0, X5; = 0). Explain why ¥, is an unbiased estimator of vy;.

b. Suppose you estimate the regression Y; = §, + 6;Xj; + u; using only
the data on new students. Show that §; is the class size effect for new
students—that is,that & = E(Y;|X;; = 1, Xo; = 1) — E(Y;| X;; = 0,
X,; = 1). Explain why 51 is an unbiased estimator of §;.

c. Consider the regression for both returning and new students,
Y, = By + BiXy; + BoXy + B3(Xy; X X5;) + u;. Use the conditional
mean independence assumption E (u; | Xy;, Xo;) = E(u;| X)) to show
that B; = vy, B; + B3 = 8;,and B3 = §; — vy, (the difference in the class
size effects).

d. Suppose you estimate the interaction regression in (c) using the com-
bined data and E (u; | Xy;, X5;) = E(u; | X5;). Show that B, and 3; are
unbiased but that j, is, in general, biased.

Empirical Exercises

E8.1

Lead is toxic, particularly for young children, and for this reason, government
regulations severely restrict the amount of lead in our environment. But this
was not always the case. In the early part of the 20th century, the under-
ground water pipes in many U.S. cities contained lead, and lead from these
pipes leached into drinking water. In this exercise, you will investigate the
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effect of these lead water pipes on infant mortality. On the text website
http://www.pearsonglobaleditions.com, you will find the data file Lead_
Mortality, which contains data on infant mortality, type of water pipes (lead or
nonlead), water acidity (pH), and several demographic variables for 172 U.S.
cities in 1900.°> A detailed description is given in Lead_Mortality_Description,
also available on the website.

a. Compute the average infant mortality rate (/nf) for cities with lead pipes

and for cities with nonlead pipes. Is there a statistically significant differ-
ence in the averages?

b. The amount of lead leached from lead pipes depends on the chemistry of

the water running through the pipes. The more acidic the water is (that

is, the lower its pH), the more lead is leached. Run a regression of /nf on
Lead,pH, and the interaction term Lead X pH.

i

ii.

iii.

iv.

VI.

The regression includes four coefficients (the intercept and the three
coefficients multiplying the regressors). Explain what each coefficient
measures.

Plot the estimated regression function relating /nfto pH for Lead = 0
and for Lead = 1. Describe the differences in the regression functions,
and relate these differences to the coefficients you discussed in (i).

Does Lead have a statistically significant effect on infant mortality?
Explain.

Does the effect of Lead on infant mortality depend on pH? Is this
dependence statistically significant?

What is the average value of pH in the sample? At this pH level,
what is the estimated effect of Lead on infant mortality? What is
the standard deviation of pH? Suppose the pH level is one standard
deviation lower than the average level of pH in the sample: What is
the estimated effect of Lead on infant mortality? What if pH is one
standard deviation higher than the average value?

Construct a 95% confidence interval for the effect of Lead on infant
mortality when pH = 6.5.

c. The analysis in (b) may suffer from omitted variable bias because it

neglects factors that affect infant mortality and that might potentially be

correlated with Lead and pH. Investigate this concern, using the other
variables in the data set.

E8.2 On the text website http://www.pearsonglobaleditions.com, you will find
a data file CPS2015, which contains data for full-time, full-year workers,

SThese data were provided by Professor Karen Clay of Carnegie Mellon University and were used in
her paper with Werner Troesken and Michael Haines, “Lead and Mortality,” Review of Economics and
Statistics, 2014, 96(3).
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ages 25-34, with a high school diploma or B.A./B.S. as their highest degree. A
detailed description is given in CPS2015_Description, also available on the web-

site. (These are the same data as in CPS96_15, used in Empirical Exercise 3.1,

but are limited to the year 2015.) In this exercise, you will investigate the rela-

tionship between a worker’s age and earnings. (Generally, older workers have

more job experience, leading to higher productivity and higher earnings.)

a.

S I S

Run a regression of average hourly earnings (AHE) on age (Age), sex
(Female), and education (Bachelor). If Age increases from 25 to 26, how
are earnings expected to change? If Age increases from 33 to 34, how are
earnings expected to change?

Run a regression of the logarithm of average hourly earnings, In(AHE),
on Age, Female, and Bachelor. If Age increases from 25 to 26, how are
earnings expected to change? If Age increases from 33 to 34, how are
earnings expected to change?

Run a regression of the logarithm of average hourly earnings, In(AHE),
on In(Age), Female, and Bachelor. If Age increases from 25 to 26, how
are earnings expected to change? If Age increases from 33 to 34, how are
earnings expected to change?

Run a regression of the logarithm of average hourly earnings, In(AHE),
on Age, Age?, Female, and Bachelor. If Age increases from 25 to 26, how
are earnings expected to change? If Age increases from 33 to 34, how are
earnings expected to change?

Do you prefer the regression in (c) to the regression in (b)? Explain.
Do you prefer the regression in (d) to the regression in (b)? Explain.
Do you prefer the regression in (d) to the regression in (c)? Explain.

Plot the regression relation between Age and In(AHE) from (b), (c),
and (d) for males with a high school diploma. Describe the similarities
and differences between the estimated regression functions. Would your
answer change if you plotted the regression function for females with
college degrees?

Run a regression of In(AHE) on Age, Age?, Female, Bachelor, and the
interaction term Female X Bachelor. What does the coefficient on the
interaction term measure? Alexis is a 30-year-old female with a bache-
lor’s degree. What does the regression predict for her value of In(AHE)?
Jane is a 30-year-old female with a high school diploma. What does the
regression predict for her value of In(AHE)? What is the predicted dif-
ference between Alexis’s and Jane’s earnings? Bob is a 30-year-old male
with a bachelor’s degree. What does the regression predict for his value
of In(AHE)? Jim is a 30-year-old male with a high school diploma. What
does the regression predict for his value of In(AHFE)? What is the pre-
dicted difference between Bob’s and Jim’s earnings?
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j- Isthe effect of Age on earnings different for men than for women? Specify
and estimate a regression that you can use to answer this question.

k. Is the effect of Age on earnings different for high school graduates than
for college graduates? Specify and estimate a regression that you can use
to answer this question.

I. After running all these regressions (and any others that you want to
run), summarize the effect of age on earnings for young workers.

Regression Functions That Are Nonlinear
in the Parameters

The nonlinear regression functions considered in Sections 8.2 and 8.3 are nonlinear functions
of the X’s but are linear functions of the unknown parameters. Because they are linear in the
unknown parameters, those parameters can be estimated by OLS after defining new regressors
that are nonlinear transformations of the original X’s. This family of nonlinear regression func-
tions is both rich and convenient to use. In some applications, however, economic reasoning
leads to regression functions that are not linear in the parameters. Although such regression
functions cannot be estimated by OLS, they can be estimated using an extension of OLS called

nonlinear least squares.

Functions That Are Nonlinear in the Parameters

We begin with two examples of functions that are nonlinear in the parameters. We then pro-

vide a general formulation.

Logistic curve. Suppose you are studying the market penetration of a technology, such as the
adoption of machine learning software in different industries. The dependent variable is the
fraction of firms in the industry that have adopted the software, a single independent
variable X describes an industry characteristic, and you have data on n industries. The depen-
dent variable is between 0 (no adopters) and 1 (100% adoption). Because a linear regression
model could produce predicted values less than 0 or greater than 1, it makes sense to use
instead a function that produces predicted values between 0 and 1.

The logistic function smoothly increases from a minimum of 0 to a maximum of 1. The

logistic regression model with a single X is

1

Y= G (8.38)

The logistic function with a single X and positive values of 3, and 3, is graphed in Figure 8.12a.

As can be seen in the graph, the logistic function has an elongated “S” shape. For small values
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Figure 8.12a plots the logistic function of Equation (8.38), which has predicted values that lie between 0 and 1.
Figure 8.12b plots the negative exponential growth function of Equation (8.39), which has a slope that is always
positive and decreases as X increases and an asymptote at 3y as X tends to infinity.
\ J

of X, the value of the function is nearly 0, and the slope is flat; the curve is steeper for moderate

values of X;and for large values of X, the function approaches 1, and the slope is flat again.

Negative exponential growth. The functions used in Section 8.2 to model the relation between
test scores and income have some deficiencies. For example, the polynomial models can
produce a negative slope for some values of income, which is implausible. The logarithmic
specification has a positive slope for all values of income; however, as income gets very large,
the predicted values increase without bound, so for some incomes the predicted value for a
district will exceed the maximum possible score on the test.

The negative exponential growth model provides a nonlinear specification that has a
positive slope for all values of income, has a slope that is greatest at low values of income and
decreases as income rises, and has an upper bound (that is, an asymptote as income increases

to infinity). The negative exponential growth regression model is
Y, = By[1 — e PB4y, (8.39)

The negative exponential growth function with positive values of 8y and B, is graphed in Figure 8.12b.

The slope is steep for low values of X, but as X increases, it reaches an asymptote of 3.

General functions that are nonlinear in the parameters. The logistic and negative exponential
growth regression models are special cases of the general nonlinear regression model

K:f()(li"~-’xki; BOs---’Bm) +uia (840)

in which there are k independent variables and m + 1 parameters, B, . . . , 3,,- In the models
of Sections 8.2 and 8.3, the X’s entered this function nonlinearly, but the parameters entered

linearly. In the examples of this appendix, the parameters enter nonlinearly as well. If the
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parameters are known, then predicted effects can be computed using the method described in
Section 8.1. In applications, however, the parameters are unknown and must be estimated from
the data. Parameters that enter nonlinearly cannot be estimated by OLS, but they can be esti-

mated by nonlinear least squares.

Nonlinear Least Squares Estimation

Nonlinear least squares is a general method for estimating the unknown parameters of a regres-
sion function when those parameters enter the population regression function nonlinearly.

Recall the discussion in Section 5.3 of the OLS estimator of the coefficients of the linear
multiple regression model. The OLS estimator minimizes the sum of squared prediction mis-
takes in Equation (5.8), 3} _|[Y; — (b + b1 Xy; + - -+ + biXy;) % In principle, the OLS esti-
mator can be computed by checking many trial values of b, . . . , b, and settling on the values
that minimize the sum of squared mistakes.

This same approach can be used to estimate the parameters of the general nonlinear
regression model in Equation (8.40). Because the regression function is nonlinear in the coef-

ficients, this method is called nonlinear least squares. For a set of trial parameter values

by, by, ..., b,,, construct the sum of squared prediction mistakes:
; Y = f(Xis ooy Xpiy b1y ooy b)) 12 (841)
The nonlinear least squares estimators of 3, 3y, . . ., B, are the values of by, by, ..., b,, that

minimize the sum of squared prediction mistakes in Equation (8.41).

In linear regression, a relatively simple formula expresses the OLS estimator as a function
of the data. Unfortunately, no such general formula exists for nonlinear least squares, so the
nonlinear least squares estimator must be found numerically using a computer. Regression
software incorporates algorithms for solving the nonlinear least squares minimization prob-
lem, which simplifies the task of computing the nonlinear least squares estimator in practice.

Under general conditions on the function fand the X’s, the nonlinear least squares estima-
tor shares two key properties with the OLS estimator in the linear regression model: It is con-
sistent, and it is normally distributed in large samples. In regression software that supports
nonlinear least squares estimation, the output typically reports standard errors for the esti-
mated parameters. As a consequence, inference concerning the parameters can proceed as
usual;in particular, t-statistics can be constructed using the general approach in Key Concept 5.1,
and a 95% confidence interval can be constructed as the estimated coefficient, plus or minus
1.96 standard errors. Just as in linear regression, the error term in the nonlinear regression

model can be heteroskedastic, so heteroskedasticity-robust standard errors should be used.

Application to the Test Score-District Income Relation

A negative exponential growth model, fit to district income (X) and test scores (Y), has the desir-
able features of a slope that is always positive [if 8; in Equation (8.39) is positive] and an asymp-
tote of By as income increases to infinity. Estimating f3,, B, and 3, in Equation (8.39) using the
California test score data yields Bo = 703.2 (heteroskedasticity-robust standard error = 4.44),
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B = 0.0552 (SE = 0.0068), and 3, = —34.0 (SE = 4.48). Thus the estimated nonlinear

regression function (with standard errors reported below the parameter estimates) is

/\
TestScore = 703.2[1 — ¢ 0:0332(Income + 33.0)7
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8.42
(4.44) (0.0068) (4.48) (842)
This estimated regression function is plotted in Figure 8.13, along with the logarithmic regres-
sion function and a scatterplot of the data. The two specifications are, in this case, quite similar.
One difference is that the negative exponential growth curve flattens out at the highest levels

of income, consistent with having an asymptote.

Slopes and Elasticities for Nonlinear
Regression Functions

This appendix uses calculus to evaluate slopes and elasticities of nonlinear regression functions
with continuous regressors. We focus on the case of Section 8.2, in which there is a single X.
This approach extends to multiple X’s, using partial derivatives.

Consider the nonlinear regression model, Y; = f(X;) + u;, with E(u;|X;) = 0. The
slope of the population regression function, f(X), evaluated at the point X = x, is the
derivative of f; that is, df(X)/dX | x=,. For the polynomial regression function in Equation
(8.9), (X) =By + BX + BX*+ -+ + BX and dX*/dX = aX® ~! for any constant a, so
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df(X)/dX | x—, = By + 2Box + - -+ + rBx"~'. The estimated slope at x is df (X) /dX | y—, =
,él + Zﬁzx + 0+ r/§,x’_1. The standard error of the estimated slope is SE(,él + Z,ézx +
ot B! ); for a given value of x, this is the standard error of a weighted sum of regression
coefficients, which can be computed using the methods of Section 73 and Equation (8.8).

The elasticity of Y with respect to X is the percentage change in Y for a given percentage
change in X. Formally, this definition applies in the limit that the percentage change in X goes
to 0, so the slope appearing in the definition in Equation (8.22) is replaced by the derivative
and the elasticity is

Y X _dny
dX Y dinX’

elasticity of Y with respect to X =

In a regression model, Y depends both on X and on the error term u. It is conventional to
evaluate the elasticity as the percentage change not of Y but of the predicted component of
Y —that is, the percentage change in E(Y | X). Accordingly, the elasticity of E(Y | X) with
respect to X is

dE(Y|X) X _dnE(Y|X)
dx E(Y|X) dln X

The elasticities for the linear model and for the three logarithmic models summarized in
Key Concept 8.2 are given in the table below.

( Population Regression Elasticity of E(Y | X) with h
Case Model Respect to X
BiX

linear Y=B+pBX+u By + BiX

. Bk
linear-log Y =B+ Bin(X) +u By + Biln(X)
log-linear In(Y) =8+ B X +u BiX

log-log In(Y) = By + BuIn(X) + u B
k J

The log-log specification has a constant elasticity, but in the other three specifications, the
elasticity depends on X.

We now derive the expressions for the linear-log and log-linear models. For the linear-log
model, E(Y|X) = By + B; In(X). Because dIn(X)/dX = 1/X, applying the chain rule
yields dE(Y|X)/dX = B;/X. Thus the elasticity is dE(Y|X)/dX X X/E(Y|X) =
(Bi/X) X X/[By + Biln(X)] = B1/[Bo + BiIn(X) ], as is given in the table. For the log-
linear model, it is conventional to make the additional assumption that # and X are indepen-

dently distributed, so the expression for E(Y | X) given following Equation (8.25) becomes
E(Y|X) = cePr™ X where c = E(e") is a constant that does not depend on X because of
the additional assumption that « and X are independent. Thus dE(Y | X) /dX = cePrtPAp,,
and the elasticity is dE(Y | X) /dX X X/E(Y|X) = cePr" PXB, X X /(cePrtPX) = B,X.The

derivations for the linear and log-log models are left as Exercise 8.11.



