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Ex. Res. 9.3: A viga AB simplesmente apoiada suporta um carregamento concentrado
P atuando a distancias a e b dos suportes esquerdo e direito, respectivamente.
Determine as equacdes da curva de deflexao, os angulos de rotacao em A e em B, a
deflexao maxima &,,,4, € a deflexao 8, no ponto médio C da viga.

Nota: a viga tem comprimento total L = a + b e rigidez flexional EI constante.

a »

08/07/2022 PME-3210/ Mecéanica dos Sélidos | / Aula #24 2



Escola Politécnica da Universidade de Séo Paulo
Departamento de Engenharia Mecdnica

Solucao:

Por conta da introducao da carga concentrada P, os momentos fletores sao
expressos por duas equacoes distintas, uma para cada parte da viga. Temos
assim duas curvas de deflexao: uma para o segmento ACD e outra para o
segmento DB (considerando que a > b).

b
A &
ARV

b :

Segmento ACD: 1 Segmento DB: 2
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D.C.L. e reacOes de apoio:

Pb
VAL - Pb Ll VA - —
| |
| N - Pa
- a =I: b—b
VA P L > VB
Pbx
Ml(x)zVAx=T (0<x<a)
Pbx
My(x) =Vyx —P(x —a) =———P(x — a) (a<x<1L)

L
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Eqgs. Diferenciais de 22 ordem para obtencao das curvas de deflexao:

Para o segmento 1:

N Pbx
Elvy (x) = M1(x) = I
P 2
Elvi(x) = oL + C;
Pbx3
Elvl(X) = 6L + Clx + C2

Para o segmento 2:

Pbx
Elvy = My,(x) =———P(x — a)

L
, Pbx? P(x — a)?
Elv,(x) = T > + Ay
Pbx® P(x—a)3
Elvz(X) = - +A1X+A2

6L 6
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Condicoes de contorno:

1 (0)=0 ) (=0
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PbL? Pb3
v (L) =0 [ 4 A L+4,=0

6 6

Condicoes de compatibilidade:

—_——

v, (a) = vy(a) |:> Cia+ Cy, = Aja + A,

vi(@) =vy(a) T C =4,
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Pb
logo: A, =C, = —6—L(L2 — b?)

Resultam:

Elv,(x) = 163_12 (x3 — x(L* — b?))

Elv,(x) = P—b(x3 — x(L? — b?) —

L(x —a)3
g )

b
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Angulos de rotacdo em A e em B:

Pb
Elvi(x) = oI (3x% — L? + b?)

6L

Pb 3L(x — a)?
Elvé(x)=—<3x2—L2+b2— ( - ) )

Resultam:

Pb
0y = —v1(0) = m(LZ — b?)

, Pb ) )
HB = UZ(L) = 6ET(ZL + b — 3Lb)
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Deflexdao 8, no ponto médio C da viga:

Pb ) )
6C = —Ul(L/Z) = M(BL —4b )

Deflexao maxima 8,4,

Como estamos considerando que a > b, a deflexdo maxima ird ocorrer no
segmento 1 da viga. Assim, analisando os pontos criticos da fungao v, (x):

Lz_bz

vx) =0 © x=x,= 3

Pb(L% — b?)3/2
9V3EIL

Omax = _vl(xcr) =
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Problem 9.3-11 A cantilever beam AB is acted upon by a uniformly distributed
moment (bending moment, not torque) of intensity m per unit distance along the

axis of the beam (see figure).
Derive the equation of the deflection curve and then obtain formulas for the
deflection 85 and angle of rotation 6 at the free end. (Nofe: Use the second-order

differential equation of the deflection curve.)

y
m
F/\/\ NN
W | X
A B
——
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Solucao:
mx=
Ehv' =M= —m(L — Xx) = ——— (3L —
’ V= T6E" x)
Elv'= —m| Lx — x_) C - _ﬂ(ﬁl_ — X)
2 2F1
B.C. 7' (0) =0 Ci=0 -
Ix° 3 op = —wWL)=—
Elv = —m( -Z )+ G 3 El
2 p L _mL”
B.C. 1(0) = C,=0 = 2EI
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Problem 9.3-12 The beam shown in the figure has a guided support
at A and a spring support at B. The guided support permits vertical

movement but no rotation.
Derive the equation of the deflection curve and determine

the deflection &5 at end B due to the uniform load of intensity g.
(Note: Use the second-order differential equation of the deflection
curve.)

’
M,

C L]

k =48EIIL?

I R3=k68
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Solucdo:
EIv" (x) = M(x) = qZLZ - q’zcz
Elv' (x) = quzx _ q’: +c,
Elv(x) = qLsz — q;; + Cix + C,
Cond. Contorno:
V(0)=0 & ¢, =0 v(L) =%<5224+C2>:—%
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5qL* C, qlL* 11qL*
24E1 TEl - T 28El —> G=- 48

Resulta:

__1 2.2 _ 9.4 _ 4
v(x) = 18E] (12L%x= — 2x* — 11L%)

/ qx
v (X) — @(3142 - Xz)

Pontos criticos de v(x):

x=0
vV'(x)=0 © x(8L?—x?)=0 / ; )
ora do dominio
o~ x/z/ﬁ?’
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11qL*
48E]

§ = |vméx| = |v(0)| =
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