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Theorem EDELI Eigenvectors with Distinct Eigenvalues are Linearly Independent
Suppose that A is an n X n square matriz and S = {x1; %x3; X35 ooy Xp} is a set of
cigenvectors with eigenvalues A1, Ay, Az, ..., N\, such that \; # Aj whenever i # j.
Then S is a linearly independent set.

Proof. If p =1, then the set S = {x;} is linearly independent since eigenvectors are
nonzero (Definition EIN), so assume for the remainder that DL

We will prove this result by contradiction (Proof Technique ¢ ‘D). Suppose to the
contrary that S is a lincarly dependent set. Define $; = {x1, x2, X3, ..., x;} and
let k be an integer such that Sg_q1 = {x1, %2, x3, ..., Xk—1} is linearly independent
and Sp = {x1, X2, X3, ..., Xy} is linearly dependent. We have to ask if there is
even such an integer k? First, since eigenvectors are nonzero, the set {xy} is linearly
independent. Since we are assuming that S = S, is linearly dependent, there must
be an integer k, 2 < k < p, where the sets S; transition from linear independence to
linear dependence (and stay that way). In other words, x, is the vector with the
smallest index that is a linear combination of just vectors with smaller indices.

Since {x1, X2, X3, ..., X;} is a linearly dependent set there must be scalars,
ay, @z, as, ..., a, not all zero (Definition LI), so that

0 = a1x; + asXy + azxy + - - + apxy

Then,
0=(A-X\I,)0 Theorem 7V Sh
= (A= MeIp) (a1%1 + agXo + azxg + - - + RXp) Definition RL.D
=(A-Mlp)aix; + -+ (A - Aeln) apxy Theorem MMDAA
=ar (A= MIp)xy + -+ ap (A - Arly) X Theorem MMSMM
=ay (Ax1 — MNeLpxq) + -+ ap (Axy — Aelnxy) Theorem MMDAA
=ay (Axy — A\pxq) + -+ ay (Axp — AEXp) i Theorem MMIN
= a1 (\ixy = \ex1) + -+ ap, (Aexy — AeXr) Definition EFEM
=a1 (A1 = Ap) x4+ 4 ap (Mg — L) xp Theorem MMDAA
=ay (A= Ae) X1+ -+ ar1 (Ae—1 = M) Xe—1 +ax (0)xz  Property AICN
=a1 (M = A) x4+ A apo1 (Mem1 — M) Xj_q1 + 0 Theorem ZSSM
=a; (M = Ne) x4+ Fap_1 (A1 — Ak) Xi—1 Property 7

This equation is a relation of linear dependence on the linearly independent set
{X1, X2, X3, ..., Xg_1}, so the scalars must all be zero. That is, a; (A; — A\p) = 0 for
I <1<k —1. However, we have the hypothesis that the eigenvalues are distinct, so
Ai#F A for 1 <i<k—1 Thusa; =0for 1 <i<k—1.

This reduces the original relation of linear dependence on {x;, x2, X3, ..., X }
to the simpler equation ayx; = 0. By Theorem SMEZV we conclude that, ar =0 or
x); = 0. Eigenvectors arc never the zero vector (Definition F EA), so ap = 0. So all
of the scalars a;, 1 <1i < k are zero, contradicting their introduction as the scalars
creating a nontrivial relation of linear dependence on the set {x1%95 X, oy Xi)s
With a contradiction in hand, we conclude that S must be linearly independent. i
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