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Preface

The aim of this book is to provide an introduction to the theory of continuum mechanics in a form which is
suitable for undergraduate students. It is based on lectures which I have given in the University of
Nottingham during the last fourteen years. I have tried to restrict the mathematical background required to
that which is normally familiar to a second-year mathematics undergraduate or a mathematically minded
engineering graduate, even though some of the theory can be developed more concisely and elegantly by
using more sophisticated mathematics than I have employed. The material covered comprises introductory
chapters on matrix algebra and on vectors and cartesian tensors, the analysis of deformation and stress,
the mathematical statements of the laws of conservation of mass, momentum and energy, and the
formulation of the mechanical constitutive equations for various classes of fluids and solids. Cartesian
coordinates and cartesian tensors are used throughout, except that in the last chapter we show how the
theory can be expressed in terms of cylindrical polar and spherical polar coordinates. I have not pursued
the various branches of the mechanics of solids and fluids, such as elasticity, Newtonian fluid mechanics,
viscoelasticity and plasticity, beyond the point of formulating their constitutive equations. To do so in any
meaningful way would have required a much longer book, and these subjects are fully dealt with in larger
and more specialized texts.

I am, of course, greatly indebted to many teachers, colleagues and students who have contributed to my
education in continuum mechanics. They are too numerous to mention individually; rather than giving a
selective list I ask them to accept a collective acknowledgement. Similarly, I have felt that in an
introductory book of this kind it would be inappropriate to give references to original work, but it is
obvious that I have made indirect use of many sources and I am glad to acknowledge the contribution of
all the authors whose work has influenced me.

Many of the problems are taken from examination papers set in the Department of Theoretical
Mechanics in the University of Nottingham, and I acknowledge the University’s permission to make use of
these.

Finally, I thank Margaret for the typing.

A.J. M. SPENCER
Nottingham, 1979



Introduction

1.1 Continuum mechanics

Modern physical theories tell us that on the microscopic scale matter is discontinuous; it consists of
molecules, atoms and even smaller particles. However, we usually have to deal with pieces of matter
which are very large compared with these particles; this is true in everyday life, in nearly all engineering
applications of mechanics, and in many applications in physics. In such cases we are not concerned with
the motion of individual atoms and molecules, but only with their behaviour in some average sense. In
principle, if we knew enough about the behaviour of matter on the microscopic scale it would be possible
to calculate the way in which material behaves on the macroscopic scale by applying appropriate
statistical procedures. In practice, such calculations are extremely difficult; only the simplest systems can
be studied in this way, and even in these simple cases many approximations have to be made in order to
obtain results. Consequently, our knowledge of the mechanical behaviour of materials is almost entirely
based on observations and experimental tests of their behaviour on a relatively large scale.

Continuum mechanics is concerned with the mechanical behaviour of solids and fluids on the
macroscopic scale. It ignores the discrete nature of matter, and treats material as uniformly distributed
throughout regions of space. It is then possible to define quantities such as density, displacement, velocity,
and so on, as continuous (or at least piecewise continuous) functions of position. This procedure is found
to be satisfactory provided that we deal with bodies whose dimensions are large compared with the
characteristic lengths (for example, interatomic spacings in a crystal, or mean free paths in a gas) on the
microscopic scale. The microscopic scale need not be of atomic dimensions; we can, for example, apply
continuum mechanics to a granular material such as sand, provided that the dimensions of the region
considered are large compared with those of an individual grain. In continuum mechanics it is assumed
that we can associate a particle of matter with each and every point of the region of space occupied by a
body, and ascribe field quantities such as density, velocity, and so on, to these particles. The justification
for this procedure is to some extent based on statistical mechanical theories of gases, liquids and solids,
but rests mainly on its success in describing and predicting the mechanical behaviour of material in bulk.

Mechanics is the science which deals with the interaction between force and motion. Consequently, the
variables which occur in continuum mechanics are, on the one hand, variables related to forces (usually
force per unit area or per unit volume, rather than force itself) and, on the other hand, kinematic variables
such as displacement, velocity and acceleration. In rigid-body mechanics, the shape of a body does not
change, and so the particles which make up a rigid body may only move relatively to one another in a very
restricted way. A rigid body is a continuum, but it is a very special, idealized and untypical one.
Continuum mechanics is more concerned with deformable bodies, which are capable of changing their
shape. For such bodies the relative motion of the particles is important, and this introduces as significant
kinematic variables the spatial derivatives of displacement, velocity, and so on.



The equations of continuum mechanics are of two main kinds. Firstly, there are equations which apply
equally to all materials. They describe universal physical laws, such as conservation of mass and energy.
Secondly, there are equations which describe the mechanical behaviour of particular materials; these are
known as constitutive equations.

The problems of continuum mechanics are also of two main kinds. The first is the formulation of
constitutive equations which are adequate to describe the mechanical behaviour of various particular
materials or classes of materials. This formulation is essentially a matter for experimental determination,
but a theoretical framework is neeeded in order to devise suitable experiments and to interpret
experimental results. The second problem is to solve the constitutive equations, in conjunction with the
general equations of continuum mechanics, and subject to appropriate boundary conditions, to confirm the
validity of the constitutive equations and to predict and describe the behaviour of materials in situations
which are of engineering, physical or mathematical interest. At this problem-solving stage the different
branches of continuum mechanics diverge, and we leave this aspect of the subject to more comprehensive
and more specialized texts.



Introductory matrix algebra

2.1 Matrices

In this chapter we summarize some useful results from matrix algebra. It is assumed that the reader is
familiar with the elementary operations of matrix addition, multiplication, inversion and transposition.
Most of the other properties of matrices which we will present are also elementary, and some of them are
quoted without proof. The omitted proofs will be found in standard texts on matrix algebra.

An m x n matrix A is an ordered rectangular array of mn elements. We denote

A i1 A 12 A In
All AZ‘Z =B AE.H
A= {Aii} = . .
ml Amz . AHH!
2.1)

so that Al-j is the element in the ith row and the jth column of the matrix A. The index i takes values 1, 2, . .

., m, and the index j takes values 1, 2, . . ., n. In continuum mechanics the matrices which occur are
usually either 3 x 3 square matrices, 3 x 1 column matrices or 1 x 3 row matrices. We shall usually denote
3 x 3 square matrices by bold-face roman capital letters (A, B, C, etc.) and 3 x 1 column matrices by
bold-face roman lower-case letters (a, b, ¢, etc.). A 1 x 3 row matrix will be treated as the transpose of a
3 x 1 column matrix (aT, bT, c', etc.). Unless otherwise stated, indices will take the values 1, 2 and 3,
although most of the results to be given remain true for arbitrary ranges of the indices.

A square matrix A is symmetric if

>
I
”.
>
I

- Ay,

2.2)

and anti-symmetric if



2.3)

where AT denotes the transpose of A.

The 3 x 3 unit matrix is denoted by I, and its elements by §;;. Thus
1=(5,) (,j=1,2,3)
(2.4)
where
011 =033 =033 =1, 8y3=083,=8,,=83,=8,3=8,,=0

(2.5)

Clearly 6;; = §;;. The symbol §;; is known as the Kronecker delta. An important property of §;; is the
substitution rule:

3 3
Z, o Ajk = A Z aifAki = Ay

-1 i=1

(2.6)

The trace of a square matrix A is denoted by tr A, and is the sum of the elements on the leading
diagonal of A. Thus, for a 3 x 3 matrix A,

3_
trA=A;+Apt+tA;=) Ay
i=1

2.7)

In particular,

3
trl=) §,=3



2.8)

With a square matrix A there is associated its determinant, det A. We assume familiarity with the
elementary properties of determinants. The determinant of a 3 x 3 matrix A can be expressed as

| i

Z. eijkemtA:rAr'r;Akl

1

wn-i$ 558

3
im] jml k=1r=1s5=1t=
(2.9)
where the alternating symbol ey is defined as:
a. ey = 1if (i, j, k) is an even permutation of (1, 2, 3) (i.e. e1p3 = €p3; = €315 = 1);

b. ey =1if (i, j, k) is an odd permutation of (1, 2, 3) (i.e. e3y; = ey3 = €13 =—1);
c. e = 0ifanytwo of i, j, k are equal (e.g. 13, = 0, €333 = 0).

It follows from this definition that e;;; has the symmetry properties
Eijie = €ki — €kij — —Crji = —Cij = — Ejike

(2.10)
The condition det A # 0 is a necessary and sufficient condition for the existence of the inverse A~! of

A.
A square matrix Q is orthogonal if it has the property

Q0 '-Q"
(2.11)
It follows that if Q is orthogonal, then
QQ'=1I, Q'Q=I
(2.12)

and

detQ==+1



(2.13)

Our main concern will be with proper orthogonal matrices, for which

det Q =1

If Q; and Q, are two orthogonal matrices, then their product Q; Q, is also an orthogonal matrix.

2.2 The summation convention

A very useful notational device in the manipulation of matrix, vector and tensor expressions is the
summation convention. According to this, if the same index occurs twice in any expression, summation
over the values 1, 2 and 3 of that index is automatically assumed, and the summation sign is omitted. Thus,
for example, in (2.7) we may omit the summation sign and write

Similarly, the relations (2.6) are written as
6jAjk = Ajlo 6k = Ay

and from (2.8),

Using this convention, (2.9) becomes

det A = {},E[jker_q:A[r/ﬁ'jsAkl

(2.14)

The conciseness introduced by the use of this notation is illustrated by the observation that, in full, the
right-hand side of (2.14) contains 3° = 729 terms, although because of the properties of ejjx only six of
these are distinct and non-zero.

Some other examples of the use of summation convention are the following:



3

a. If A=(Ay), B=(By), then the element in the ith row and jth 3 column of the product AB is k%l
A Byj, which is written as Ay By;.

b. Suppose that in (a) above, B = AT, Then B = Ajj, and so the element in the ith row and jth column of
AAT is AjAjy- In particular, if A is an orthogonal matrix Q = (Q;;) we have from (2.12)

Qi Qy. = 8y, Qi Qs = 9

(2.15)

c. Alinear relation between two column matrices x and y has the form

which may be written as
X = AyY;
(2.17)
If A is non-singular, then from (2.16), y = A~!x. In particular, if A is an orthogonal matrix Q, then

x=Qy, x; = Q¥
y=Q 'x=Q"x, ¥i = Q.

d. The trace of AB is obtained by setting i = j in the last expression in (a) above; thus
(2.18)

By a direct extension of this argument

tr ABC = Aiijkai’



and so on.
e. If a and b are column matrices with

a'=(a, a, as;), b'=(b, b, by

2

then a’bis a 1 x 1 matrix whose single element is

3.
a,b,+a,b,+asb,= ) ab,=ab

(2.19)

f. Ifaisasin(e) above, and A is a 3 x 3 matrix, then Aa is a 3 x 1 column matrix, and the element in
its ith row is

3

r=1 A, a,, which is written as A;q,.
g. Two useful relations between the Kronecker delta and the alternating symbol are

e, =28

g P

‘eiiper.sp = airais s Sisafr

e

iip

(2.20)

These can be verified directly by considering all possible combinations of values of i, j, p, g, r and
s. Actually, (2.20) are consequences of a more general relation between §;; and e;;;, which can also

be proved directly, and is

air aix 3:‘;
S, O Oy| = eyl
3k.r Sk:i akt

2.21)

From (2.14) and (2.21) we can obtain the useful relation

Empq det A = eiikAiFTiA;'pAkq

(2.22)



An index on which a summation is carried out is called a dummy index. A dummy index may be
replaced by any other dummy index, for example A; = A;;. However, it is important always to ensure that,

when the summation convention is employed, no index appears more than twice in any expression,
because the expression is then ambiguous.

In the remainder of this book it is to be assumed, unless the contrary is stated, that the summation
convention is being employed. This applies, in subsequent chapters, to indices which label vector and
tensor components as well as those which label matrix elements.

2.3 Eigenvalues and eigenvectors

In continuum mechanics, and in many other subjects, we frequently encounter homogeneous algebraic
equations of the form

Ax=Ax
(2.23)

where A is a given square matrix, x an unknown column matrix and A an unknown scalar. In the
applications which appear in this book, A will be a 3 x 3 matrix. We therefore confine the discussion to
the case in which A is a 3 x 3 matrix, although the generalization to n x n matrices is straightforward.
Equation (2.23) can be written in the form

(A=ADx=0
(2.24)
and the condition for (2.24) to have non-trivial solutions for x is
det (A—AI)=0
(2.25)

This is the characteristic equation for the matrix A. When the determinant is expanded, (2.25) becomes a
cubic equation for A, with three roots A; A,, A3 which are called the eigenvalues of A. For the present we

assume that A, A, and A, are distinct. Then, for example, the equation

(A-A\Dx=0

has a non-trivial solution X)), which is indeterminate to within a scaler multiplier. The column matrix x(V)
is the eigenvector of A associated with the eigenvalue A;; eigenvectors x® and x(®) associated with the



eigenvalues A, and A, are defined similarly.

Since Ay, Ay, A5 are the roots of (2.25), and the coefficient of A3 on the left of (2.25) is -1, we have
det (A—AD=(A; —A)As—A)A5—A)
(2.26)
This is an identity in A, so it follows by setting A = 0 that
det A = A A5,
(2.27)

Now suppose that A is a real symmetric matrix. There is no a priori reason to expect A; and x" to be

real. Suppose they are complex, with complex conjugates A ,and XD Then
Ax{l} = }‘lx{”

(2.28)

Transposing (2.28) and taking its complex conjugate gives
KUTA = X, g7
(2.29)
Now multiply (2.28) on the left by X0Tand (2.29) on the right by x(), and subtract. This gives
(A= ARV D =0
(2.30)

Since x is a non-trivial solution of (2.24), XMWTx(M 0, and so A; = A ;Hence the eigenvalues of a real
symmetric matrix are real.

Also from (2.28),



T A (1) — }L.xm}Tx“}
(2.31)
and similarly
xOTAX® = ) x W Tx@
(2.32)
Now transpose (2.31) and subtract the resulting equation from (2.32). This gives
(hz—h.)x“”xm =0
(2.33)

Hence the eigenvectors associated with two distinct eigenvalues A; and A, of a symmetric matrix A have

the property x(VTx(® = 0. Two column matrices with this property are said to be orthogonal. In general, if
the eigenvalues are distinct, then

x M Tg(s) = ) (r#s)
(2.34)

By appropriate choice of the scalar multiplier, the eigenvector x() can be normalized so that x(WTx(1) =
1. In general, we can normalize the eigenvectors so that

x"x®=1  (r=s)

(2.35)

Strictly speaking, the right-hand sides of (2.34) and (2.35) are 1 x 1 matrices, but for most purposes they
may be treated as scalars. Now construct a 3 x 3 matrix P whose rows are the transposes of the
normalized eigenvectors x(V, x(?), x©:

P'r:(xil} x2 x[.ﬂ)

(2.36)



Then it follows from (2.34) and (2.35) that PPT = I, and so P is an orthogonal matrix. Also, using (2.28)
and analogous relations for x(® and x(®,

APT=(Ax® Ax?® AxP)=(x® Ax? Ax?)

(2.37)
and hence, from (2.35), (2.36) and (2.37),
X 6 0
PAP"=|0 A, 0
0 0 A,
(2.38)

Thus PAPT is a diagonal matrix with the eigenvalues of A as the elements on its leading diagonal.

It can be shown that if A is symmetric and A; = A, # A5, then the normalized eigenvector x®® is uniquely

determined and x™" and x(® may be any two column matrices orthogonal to x®. If x(1) and x®® are chosen
to be mutually orthogonal then the results (2.33)—(2.38) remain valid. If A; = A, = A5, then A is diagonal.

Any column matrix with at least one non-zero element is an eigenvector and the results remain true, though
trivial, if x(I, x(® and x(® are chosen as any three mutually orthogonal normalized column matrices.

From (2.23) it follows that
A’x = Ax=A%x
(2.39)

Hence if A is an eigenvalue of A, and x is the corresponding eigenvector, then A? is an eigenvalue of A2,
and x is the corresponding eigenvector. More generally, A" is an eigenvalue of A", and x is the
corresponding eigenvector. If A is non-singular, this result holds for negative as well as for positive
integers n.

2.4 The Cayley—-Hamilton theorem
From (2.38), we see that

@ PAPT = A, + A, + Ay, tr (PAPT)2 = AT HAZ+A3

Now since P is orthogonal, it follows from (2.15) that



tr PAPFI: HiAjkEk — ﬁjkﬁjk = Akk =tr A
tr (PAP")” = tr PAPTPAP" = tr PAIAP”
= tr PA’PT= P, A, A, Py = 8, A Ay = A Ay =tr A2

fpt *pk
Hence
M+A+As=trA, AZ+AZ+HAZ=tr A’

(2.40)

From (2.25) and (2.26)

A—(Ay + Ay + MDA + DoAg + AgAy + A A)AAAA; =0
Hence, from (2.27) and (2.40), the characteristic equation can be expressed in the form
A=A tr A+ (tr A —tr A2} —det A=0

(2.41)

The Cayley—Hamilton theorem states that a square matrix satisfies its own characteristic equation; thus
for any 3 x 3 matrix A,

AP—ACtr A+IA{(tr A’ —trA%}—IdetA=0

(2.42)

The theorem may be proved in several ways. Proofs will be found in standard algebra texts.

2.5 The polar decomposition theorem

A matrix A is positive definite if x'Ax is positive for all non-zero values of the column matrix x. A
necessary and sufficient condition for A to be positive definite is that the eigenvalues of A are all
positive.

The polar decomposition theorem states that a non-singular square matrix F can be decomposed,
uniquely, into either of the products



F=RU, F=VR
(2.43)

where R is an orthogonal matrix and U and V are positive definite symmetric matrices. We outline the
proof for 3 x 3 matrices, which is the case we require. The generalization to n x n matrices is
straightforward.

Let C = F'F, and let X = FxThen C is symmetric, and also
xX'Cx=x"F'Fx=X" X

But X'Xis a sum of squares, and so is positive for all non-zero column matrices X. , and hence x'Cx is
positive for all non-zero x. Thus C is positive definite, and has positive eigenvalues; we denote these by

2 2 2 . . o . .
AT | A3, A3 where, without loss of generality, A{, A, and A are positive. By the results of Section 2.3, if
PT denotes the matrix whose columns are the normalized eigenvectors of C, then P is orthogonal and

i: O D
PCP'=|0 A2 0

0 0 A3

We define

kg G B
U=P"{0 A, O |P

(T ) S

(2.44)

Then U is symmetric and positive definite, and also, since P is orthogonal,

A2 0 0
V=PI 0 A O |P=C
0 0 A3
(2.45)

We further define R = FU ™!, Then in order to prove the existence of the first decomposition it is only
necessary to show that R is orthogonal. Now from (2.43) and (2.45),



R'R=UFFUl=Ulcu'l=vu'vU'=1

and so R is indeed orthogonal. The matrix V is then defined by V = RUR"

To prove uniqueness, suppose there exists another decomposition F = R;U;, where R, is orthogonal

and Uy is positive definite. Then Ui=C.and

A; 0 0
PUP"=(PUPHPUP =0 A3 0
0 0 A3

Hence

+A, 0 0 M 0 0
PU;PT=( 0 £A, O ) U, =P 0 =x, 0 |P
3 3

0 0 =A, 0 0 =\

However, the only one of these matrices U; which is positive definite is the one in which the positive
signs are taken. Hence U; = U. The uniqueness of R and V then follows from their definitions.

The above proof proceeds by constructing the matrices U, R and V which correspond to a given matrix
F. Thus, in principle it gives a method of determining U, R and V. In practice, the calculations are
cumbersome, even for a 3 x 3 matrix F. Fortunately, for applications in continuum mechanics it is usually
sufficient to know that the unique decompositions exist, and it is not often necessary to carry them out
explicitly.



Vectors and cartesian tensors

3.1 Vectors

We assume familiarity with basic vector algebra and analysis. In the first part of this chapter we define
the notation and summarize some of the more important results so that they are available for future
reference.

We consider vectors in three-dimensional Euclidean space. Such vectors will (with a few exceptions
which will be noted as they occur) be denoted by lower-case bold-face italic letters (a, b, x, etc.). We
make a distinction between column matrices, which are purely algebraic quantities introduced in Chapter
2, and vectors, which represent physical quantities such as displacement, velocity, acceleration, force,
momentum, and so on. This distinction is reflected in our use of roman bold-face type for column matrices
and italic bold-face type for vectors.

The characteristic properties of a vector are: (a) a vector requires a magnitude and a direction for its
complete specification, and (b) two vectors are compounded in accordance with the parallelogram law.
Thus two vectors a and b may be represented in magnitude and direction by two lines in space, and if
these two lines are taken to be adjacent sides of a parallelogram, the vector sum a+b is represented in
magnitude and direction by the diagonal of the parallelogram which passes through the point of
intersection of the two lines.

Suppose there is set up a system of rectangular right-handed cartesian coordinates with origin O. Let e;
e,, e denote vectors of unit magnitude in the directions of the three coordinate axes. Then e;, e, e are

called base vectors of the coordinate system. By virtue of the parallelogram addition law, a vector a can
be expressed as a vector sum of three such unit vectors directed in the three coordinate directions. Thus

a=a,e,+a,e,+ase;= qe;

3.1)

where in the last expression (and in future, whenever it is convenient) the summation convention is
employed. The quantities a; (i =1, 2, 3) are the components of a in the specified coordinate system; they

are related to the magnitude a of a by

,,
a’=a’+a2+a?=aqq,



3.2)

In particular, a vector may be the position vector x of a point P relative to O. Then the components x4, x»,
x5 of x are the coordinates of P in the given coordinate system, and the magnitude of x is the length OP.

The scalar product a - b of the two vectors a, b with respective magnitudes a, b, whose directions are
separated by an angle 0, is the scalar quantity

a-b=ab cos 8 =a,b, +a,b,+asb, = ab,

3.3)

If a and b are parallel, thena - b = ab, and if a and b are at right angles, a « b = 0. In particular,

{{l if i#j
€ €= e
1 fi=j
That is,
€ "€ =5,-,-
(3.4)

The vector product a x b of @ and b is a vector whose direction is normal to the plane of a and b, in the
sense of a right-handed screw rotating from a to b, and whose magnitude is ab sin 6. In terms of
components, a X b can conveniently be written as

€, €; &5
axb=|a, a. a;
b, b, b,

(3.5)

where it is understood that the determinant expansion is to be by the first row. By using the alternating
symbol e;;, (3.5) can be written as

axXb = e;.eab,

(3.6)



The triple scalar product (a x b) - ¢ is given in components as

ady d ds
(axb)-c=|b, by, b;|=e abg
€ €2 C3

3.7)

3.2 Coordinate transformation

A vector is a quantity which is independent of any coordinate system. If a coordinate system is introduced
the vector may be represented by its components in that system, but the same vector will have different
components in different coordinate systems. Sometimes the components of a vector in a given coordinate
system may conveniently be written as a column matrix, but this matrix only specifies the vector if the
coordinate system is also specified.

Suppose the coordinate system is translated but not rotated, so that the new origin is O’, where O’ has
position vector x, relative to O. Then the position vector x’ of P relative to O’ is

r —
X' = X—Xq.

In a translation without rotation, the base vectors e;, e,, e; are unchanged, and so the components a; of a
vector a are the same in the system with origin O’ as they were in the system with origin O.

Now introduce a new rectangular right-handed cartesian coordinate system with the same origin O as
the original system and base vectors €, €,, €;. The new system may be regarded as having been derived
from the old by a rigid rotation of the triad of coordinate axes about O. Let a vector a have components a;
in the original coordinate system and components @; in the new system. Thus

a=da;eg :ﬁi

3.8)

Now denote by M; the cosine of the angle between é; and e;, so that

(3.9)



Then M;; (i,j =1, 2, 3) are the direction cosines of é; relative to the first coordinate system, or,
equivalently, M;; are the components of €; in the first system. Thus

(3.10)

It is geometrically evident that the nine quantities M;; are not independent. In fact, since €; are mutually
orthogonal unit vectors, we have, as in (3.4) é; - & = 6;;. However, from (3.4) and (3.10),

Ei ; EJ = Mrer : Mfses = MierSEr ‘e = MrMsam = Mer
Hence
MMr = aij

3.11)

Since §;; = 6;;, (3.11) represents a set of six relations between the nine quantities M;;. Now regard M;; as
the elements of a square matrix M. Then (3.11) is equivalent to the statement

MM" =1

(3.12)

Thus M = (M) is an orthogonal matrix; that is, the matrix which determines the new base vectors in terms

of the old base vectors is an orthogonal matrix. For a transformation from one right-handed system to
another right-handed system, M is a proper orthogonal matrix. The rows of M are the direction cosines of
e; in the first coordinate system.

Since M is orthogonal, the reciprocal relation to (3.10) is
e; = M€,
(3.13)

and so the columns of M are the direction cosines of the e; in the coordinate system with base vectors é;.

Now from (3.8) and (3.13),



Thus
a; = Mjq;
(3.14)

This gives the new components @, of a in terms of its old components a;, and the elements of the

orthogonal matrix M which determines the new base vectors in terms of the old. Similarly, from (3.8) and
(3.10)

(3.15)

In particular, if a is the position vector x of the point P relative to the origin O, then

X; = Mx;, x; = Mx;

1

(3.16)

where x. and x; are the coordinates of the point P in the first and second coordinate systems respectively.

The transformation law, (3.14) and (3.15), is a consequence of the parallelogram law of addition of
vectors, and can be shown to be equivalent to this law. Thus a vector can be defined to be a quantity with
magnitude and direction which: (a) compounds according to the parallelogram law, or equivalently, (b)
can be represented by a set of components which transform as (3.14) under a rotation of the coordinate
system.

In the foregoing discussion we have admitted only rotations of the coordinate system, so that M is a
proper orthogonal matrix (det M = 1). If we also consider transformations from a right-handed to a left-
handed coordinate system, for which M is an improper orthogonal matrix (det M =—1), then it becomes
necessary to distinguish between vectors, whose components transform according to (3.14), and pseudo-
vectors, whose components transform according to the rule

aQ; = (d':t M}M‘;ia,-

(3.17)

Examples of pseudo-vectors are the vector product a x b of two vectors a and b, the angular velocity



vector, the infinitesimal rotation vector (Section 6.7) and the vorticity vector (Section 6.9). The
distinction between vectors and pseudo-vectors only arises if left-handed coordinate systems are
introduced, and it will not be of importance in this book.

It is evident from the definition of the scalar product a-bthat its value must be independent of the choice
of the coordinate system. To confirm this we observe from (3.14) that

a - b= ab, = Ma;M,b, = §;.a;b, = a;b; = ab,

I

(3.18)

A quantity such as a;b;, whose value is independent of the coordinate system to which the components are
referred, is an invariant of the vectors a and b.

As the vector product is also defined geometrically, it must have a similar invariance property. In fact,
from (2.22), (3.10) and (3.14) we have

I]'kE l‘i b = €k *I*Mqurepaqbr
= pqr {dCt M}Epaqb,_
= Epqr€plab; = €. e.a;b,

par

(3.19)

provided that det M = +1.

The reader will observe the advantages of using the summation convention in equations such as (3.18)
and (3.19). Not only does this notation allow lengthy sums to be expressed concisely (for example, the
third expression in (3.18) represents a sum of 27 terms) but it also reveals the structure of these
complicated expressions and suggests the ways in which they may be simplified.

3.3 The dyadic product

There are some physical quantities, apart from quantities which can be expressed as scalar or vector
products, which require the specification of two vectors for their description. For example, to describe
the force acting on a surface it is necessary to know the magnitude and direction of the force and the
orientation of the surface. Some quantities of this kind can be described by a dyadic product.

The dyadic product of two vectors a and b is writtena ® b. It has the properties

(ea) ®b=a @ (ab)=ala @ b)
a®@(b+e)=a®@b+a®ec, (b+c)Ra=bRPa+cRa

(3.20)



where a is a scalar. It follows that in terms of the components of a and b, a ® b may be written
a®@b=(ae) @ (be)=abe X e
(3.21)

We note that, in general,a ® b # b ® a. The form of (3.21) is independent of the choice of coordinate
system, for

a.be ® &= M,a,M,b,(M,e,) ® (Me,)

ip™pt g g
= MM, M;;M.a,b,e. D e,
= §,,0,,a,b.e, & e,
=ab.e, ® e,
= a;be; @ e

(3.22)

The dyadic products e; ® e; of the base vectors e; are called unit dyads.

In addition to (3.20), the essential property of a dyadic product is that it forms an inner product with a
vector, as follows

(a®@b)-c=alb-c), a-(b®c¢)=(a-b)c

(3.23)

Since there is no possibility of ambiguity, the brackets on the left-hand sides of (3.23) may be omitted and
we can write

a®@b-c=alb-ec), a-b®c=(a-b)c

(3.24)

Hence (3.24) can be written in terms of components as
a®b-c=bcae. ab®c=abce

(3.25)



Formally, a - b may be interpreted as the scalar product even when a or b form part of a dyadic product.
The concept of a dyadic product can be extended to products of three or more vectors. For example, a

triadic product of the vectors a, b and c is writtena ® b ® ¢ and can be expressed in component form as

apbjcre; ® e; ® ey.

3.4 Cartesian tensors

We define a second-order cartesian tensor to be a linear combination of dyadic products. As a dyadic
product is, by (3.21), itself a linear combination of unit dyads, a second-order cartesian tensor A can be
expressed as a linear combination of unit dyads, so that it takes the form

A=Ae @ e

(3.26)

As a rule, we shall use bold-face italic capitals to denote cartesian tensors of second (and higher) order.
As the only tensors which will be considered in this book until Chapter 11 will be cartesian tensors, we
shall omit the adjective ‘cartesian’. In Chapters 3-10, the term ‘tensor’ means ‘cartesian tensor’.

The coefficients A are called the components of A. (Wherever possible, tensor components will be

denoted by the same letter, in italic capitals, as is used to denote the tensor itself.) By the manner of its
definition, a tensor exists independently of any coordinate system. However, its components can only be
specified after a coordinate system has been introduced, and the values of the components depend on the
choice of the coordinate system. Suppose that in a new coordinate system, with base vectors €;, A has

components A;. Then
A=Aye, Qe =AE DE
(3.27)
However, from (3.13),
A ® = AyM,M,E, ® €= fd_‘mén ® e,
Hence

Apq = MMy A,

i

(3.28)

This is the transformation law for components of second-order tensors. It depends on the composition



rule (3.20) and can be shown to be equivalent to this rule. Thus (3.28) may be used to formulate an
alternative definition of a second-order tensor. In order to identify a second-order tensor as such, it is
sufficient to show that in any transformation from one rectangular cartesian coordinate system to another,
the components transform according to (3.28). In continuum mechanics, tensors are usually recognized by
the property that their components transform in this manner.

More generally, a cartesian tensor of order n can be expressed in components as

w

A= Aii‘...m € ®Ei ... ®e"1
Nyt N g

n indices n factors
(3.29)

and its components transform according to the rule

‘2"_‘ ...t=M}E -"'MHIAH..JH

Pq

(3.30)

Thus a vector can be interpreted as a tensor of order one. A scalar, which has a single component which
is unchanged in a coordinate transformation, can be regarded as a tensor of order zero. Nearly all of the
tensors we encounter in this book will be of order zero (scalars), one (vectors), or two.

The inverse relation to (3.28) is

=M, M_A

ij pat gt tpgr
(3.31)

and the inverse of (3.30) is

A ~=MM... M, A

if...m pit g v - trmt g, .t

(3.32)

Suppose that A = A;je; ® e; = quép ® e, is a second-order tensor, and that A;; = A;;. Then from (3.28),

Ay = MM, A; = MuMA; = ‘i:x—:

(3.33)



Thus the property of symmetry with respect to interchange of tensor component indices is preserved under
coordinate transformations, and so is a property of the tensor A. A tensor A whose components have the
property A; = A;; (in any coordinate system) is a symmetric second-order tensor. Many of the second-

order tensors which occur in continuum mechanics are symmetric.

Similarly, if A;; =A;;, then A,-j Z—Aﬁ, and A is an antisymmetric second-order tensor.

Let us denote A = A ji and Apa= AawThen from (3.28),

= A,y = MyM,A; = MuMA L

ap | i

(3.34)

Hence the set of components A;; also transform as the components of a second-order tensor. Thus from the

tensor A = Aje; ® ¢; we can forma new tensor A;.e; ® e; which we denote by AT and call the transpose

of A. The tensor A + AT is symmetric and the tensor A-AT is anti-symmetric. Since
A=3(A+A")+3(A-A")

(3.35)

any second-order tensor can be decomposed into the sum of a symmetric and an anti-symmetric tensor,
and this decomposition is unique.
3.5 Isotropic tensors

The tensor I = 6,-je,- ® e is called the unit tensor. In terms of another set of base vectors e;, we have, from
(3.13),

I = ﬁij’r""‘i[n''[.""}“rs:';"“i‘ ®E\
= MﬁMsiEr ® Es = arsér ® Es o SIJEE @ E:]

Thus the tensor I has the property that its components are §; in any coordinate system. A tensor whose

components are the same in any coordinate system is called an isotropic tensor. It can be shown that the
only isotropic tensors of order two are of the form pI, where p is a scalar. Such tensors are sometimes
called spherical tensors.

Similarly, it can be verified that the alternating tensor
eie; ®e X e,

(3.36)



is an isotropic tensor of order three, provided that only coordinate transformations which correspond to
proper orthogonal matrices (that is, rotations) are allowed. Any third-order isotropic tensor is a multiple
of (3.36). There are three linearly independent fourth-order isotropic tensors, which may be taken to be

3“-5“8,- ®€j @Ek @EI, (ci'ikﬁj[fi & €; ® € ® €,
ai;ﬁjkﬂj ®£}®£k @Ei

and so the most general fourth-order isotropic tensor has the form

‘:haijak: #* .“*aikaﬁ + vaiiajk}'fi ®£i Qe Qe

(3.37)

where A, pand v are scalars.

3.6 Multiplication of tensors

Leta = a; e;and B = Bjje; ® e; be a vector and a second-order tensor respectively, with respective
components g; and B;; in a coordinate system with base vectors e;. Suppose that in a new system with base

vectors €; = M ..e;, a and B have components a; and B iirespectively, so that
1 l.] J mp 1 p y

&i = M:'pa'p! Eij = MrMsBrs

In addition, let Gy = a;B;y, and consider the tensor

C:Cijkei ® e; ® (9

The components of C referred to base vectors €. are Cii , where

Cijk = MerMksC =M, Mersame = ai'B-jk

prs Ep¥

(3.38)

The tensor C is called the outer product of the vector a and the tensor B (in that order), and is written a
® B. Equation (3.38) shows that the components of C are related to those of a and B in the same way in
any coordinate system.

Similarly, if A and B are second-order tensors with respective components A; and By; in the system



with base vectors e;, then the outer product D = A ® B is the fourth-order tensor with components Dy;;; =
AjjBy in this system, and under a coordinate transformation the components of D transform to
U ikl — A:_;Bki

Outer products of three or more tensors or vectors are formed in a similar way, and the extension to
tensors of higher order is direct. The outer product of a tensor of order m with a tensor of order n is a
tensor of order m + n (vectors are regarded as tensors of order one). The dyadic product of two vectors is
the outer product of those vectors.

Contraction. Now consider a third-order tensor C e, ® e; ® e;. The components Cj;; transform
according to the rule

Ci = MM, M;.C.r.

We now sum on the last two indices of G ; that is, we form the three sums

éi11+éi22+éiﬂﬂ':éijj (i=1,2,3).
Formally, this is accomplished by setting the second and third indices of Cj;; equal to each other. Then

Cyi = MigMuM;,Cprs = Miy8,Cors = MipCor

iji

(3.39)

Thus the components Cp,, transform as the components of a vector. More generally, if D;; are

ij...p...q...rs
components of a tensor of order n, and we sum on any pair of its indices so as to form, for example,

Dy p..p..rs the resulting quantities are the components of a tensor of order n—2. This operation of

reducing the order of a tensor by two by summing on a pair of indices is called contraction of the tensor.
In particular, if A; are components of a second-order tensor, then A;; is a scalar.

A contraction may be performed on indices of two tensors which are factors in an outer product. Thus

if a; are components of a vector a, and Bl-j are components of a second-order tensor B, then asz are

components of a vector, and so are Bja;. We call these vectors inner products of a and B, and write

{I,-B--f.- —=4a* B, Bifa!'ei — B b/ ]

Ui}

(3.40)

Note that a:B = B-a only if B is a symmetric tensor.



Inner products of second- and higher-order tensors are formed in a similar way. Let A and B be
second-order tensors with components A; and By; respectively. From them we can form various inner

products, which are second-order tensors; for example,

A-B=A;Bje Qe A" -B=A;Bje; Qe

(3.41)

We note, for example, that

(A-B)'=BT- AT

As a special case, the tensors A and B may be the same tensor. The tensor A - A is denoted by A2,

If there exists a tensor A~! such that

A-A =1 A t-A=1

(3.42)
then A1 is called the inverse tensor to A.
If the tensors AT and A~! are equal, so that
A‘j' — A—i
(3.43)

then A is said to be an orthogonal tensor.

By using the polar decomposition theorem (Section 2.5), the components Fj; of a second-order tensor F
can (provided that det (F;;) # 0) be decomposed uniquely in the forms

Fii = Ry Uy, Fiyj = Vi Ry

where Ry, are elements of an orthogonal matrix, and Uj; and V/; are elements of positive definite
symmetric matrices. We define the second-order tensors R, U and V to be



R=Rje;®e;, U=Uje; ®e;, V=V;e; @ ¢
Then R is an orthogonal tensor and U and V are symmetric tensors, and
R-U=RyU,e;®e =F;e ®e =F
and
V:R= VikRkjei ® e =Fl-jel. ® e =

Thus the tensor F can be decomposed into either of the inner products
F=R-U, F=V-R

(3.44)

3.7 Tensor and matrix notation

Relations between tensor quantities may be expressed either in direct form, as relations between scalars
a, B, ..., vectors a, b, ..., and tensors A, B, . . . ; or in component form, as relations between scalars a,
B, . .., vector components a;, b;, ... , and tensor components Al-j, Bl-j, . ... The direct notation has the
advantage that it emphasizes that physical statements are independent of the choice of the coordinate
system. However, this advantage is not entirely lost when the component notation is used, because
relations in component notation must be written in such a way that they preserve their form under
coordinate transformations. The component form, used in conjunction with the summation convention, is
often convenient for carrying out algebraic manipulations, and in considering specific problems it is
always necessary at some stage to introduce a coordinate system and components. Some examples of the
interchange between the different forms are given in Table 3.1. In this book we employ both notations, as

convenient.

When it is necessary to transform components from one coordinate system to another, it is often
convenient to introduce matrix notation. Suppose that a is a vector and A is a second-order tensor. Let a

and A have components a; and A;; respectively in a coordinate system with base vectors e;, and
components d; and Aj; respectively in a coordinate system with base vectors é;, where, as in (3.10), &; =
M;;e; and M; are elements of an orthogonal matrix M. Then the transformation rules (3.14) and (3.28) for
the components of a and A are

a; = M;I'ﬂ!-, }ﬁ_"ﬁ =M,_M. A

ipt " lig *pg



(3.45)
The components a; and a@; may be arranged as the elements of two 3 x 1 column matrices a and a, thus

a=(a, a, aﬂ]T: a=(a, a, aa]T

(3.46)

and the components A;; and A,-j may be arranged as elements of two 3 x 3 matrices A and A, thus
A=(A,-I-}, E:(Aij]

(3.47)

Then the transformation rules (3.45) may be written in matrix notation as
a=Ma, A=MAM"

(3.48)

Since M is orthogonal, we immediately obtain the reciprocal relations
a=M"a, A=M"AM
(3.49)

Matrix notation is also useful in carrying out algebraic manipulations which involve components of
vector and tensor products. In Table 3.1 we list a number of examples of vector and tensor equations
expressed in direct notation, component notation and matrix notation. In Table 3.1, «a is a scalar, a and b
are vectors with components a; and b; respectively, and A, B, C, D, are second-order tensors with

components Ay, By, C;, D;; respectively. Also a and b are 3 x 1 column matrices with elements g; and b;

respectively, and A, B, C, D are 3 x 3 matrices with elements A;;, B

i» Byj» Cyj» Djj respectively.

Table 3.1 Examples of tensor and matrix notation

Direct tensor notation Tensor component notation Matrix notation




o =asb

A=a®b
b=A-a
b=a-A
a = a*Ae
C=A°B
C=A+BT
D =A*B*C

a = a;b;

Aj = aibj

b; = Ayq;

b; = a;A;

a = a;A;b;

Cjj = AyBy

Cjj = AxBj

D; = AgBinCuy

(o) =a'b

A= ab!

b'=aT A
(a) =a’ Ab
C=AB

C=ABT

D = ABC

Since AA"1 = A1 A =1, it follows that if A is the matrix of components of A, then A™! is the matrix of
components of A1, in the same coordinate system. Hence the tensor A™! exists only if det A # 0.

It is important not to confuse the vector a with the column matrix a, nor the tensor A with the square
matrix A. In a given coordinate system, the matrix a serves to describe the vector a. However, the vector
is represented by different matrices in different coordinate systems, whereas the vector itself is
independent of the coordinate system. Similarly, the matrix A describes the tensor A in a given coordinate
system, but A has different matrix representations in different coordinates, although A itself is independent

of the coordinate system.

3.8 Invariants of a second-order tensor

Let A be a second-order tensor with components A;; in the coordinate system with base vectors e; and
components Al-j in the coordinate system with base vectors €; = M;e;. Also, let A = (4;), A= (Aij) and M

= (Mj;). Suppose that A is an eigenvalue of A, so that

Then A = MAM! and M is an orthogonal matrix. Therefore,

and hence

det(A-A) =0

det {M(A - A\DM"} _0



det M det (A - AI) detM =0

However, since M is an orthogonal matrix, (det M)? =1, and so

det(A-AI) =0

Hence A is also an eigenvalue of A. Thus the eigenvalues of the matrix of components of A are
independent of the coordinate system to which these components are referred. The eigenvalues are
intrinsic to the tensor A; if A is symmetric they are real numbers (cf. Section 2.3) and they are then called
the principal components or the principal values of A. We denote the principal values of A by A;, A, and

As. It A;, Ay and A; are all positive, then A is a positive definite tensor.

Suppose that A is symmetric. If A;, A, and A, are distinct, then the normalized eigenvectors x(, _(?)

and ., of A are unique and mutually orthogonal, and

Ax® = Ax0 (i =1, 2, 3; no summation)

Also, since M is an orthogonal matrix, it follows that
MAM ' Mx® = AMx" = A, Mx" (no summation)

Hence, if the vectors x; are defined as

then we have

A x; = Aix; (no summation)

Let us refer A to a coordinate system in which x; are the base vectors, so that we now identify e, with
x;. Then, from (3.50), the matrix P of the transformation from coordinates with base vectors e; to
coordinates with base vectors x; is (P;;), where



P..=x® PT=(x" x@ x®)

y I @

Therefore (cf. Section 2.3) from (2.38) and (3.48),

(3.51)

Thus there exists a coordinate system in which the matrix of components of a symmetric second-order
tensor A is a diagonal matrix whose diagonal elements are the principal values of A. This coordinate
system has base vectors x;. Its axes are the principal axes of A, and their directions are the principal

directions of A.

These results remain valid if A;, A, and A; are not all distinct. If A; = A, # A, then the vector X5 is
uniquely determined, and x; and x, may be taken to be any two unit vectors which are orthogonal to each
other and to x3. If A; = A, = A,, then the principal axes may be taken to be any three mutually orthogonal
axes, and A is a spherical tensor.

If, for example, the principal axis determined by x; coincides with the base vector es, then A;; = 0,
Ay3=0. Conversely, if A;3 = Ay3 = 0, then the direction of x5 is a principal direction.

It follows from (2.39) that the principal values of A% are A?, A3 and A3, More generally, the
principal values of A" are A1, A3 and A3, This holds for negative as well as positive integers n
provided that A;, A, and A; are all non-zero. The principal axes of A" coincide with those of A.

It was emphasized above that the principal values of A are independent of the choice of the coordinate
system; they are invariants of the tensor A. Invariants play an important role in continuum mechanics. It
can be shown that if A is symmetric then A;, A, and A; are basic invariants in the sense that any invariant

of A can be expressed in terms of them. In many applications it is more convenient to choose as the basic
invariants three symmetric functions of A;, A, and A rather than the principal values themselves. Three

such symmetric functions are

(3.52)

These three quantities are clearly invariants and they are independent in the sense that no one of them can
be expressed in terms of the other two.

The convenience of the set (3.52) results partly because they can be calculated from the tensor
components in any coordinate system without going through the tedious calculation of A;, A, and A;. We



see from (3.51) that

A, +A,+A;=trA.
However, since P is orthogonal,
tr i = "iii = Hrpi;;Ars = 3r.t;fr:kl's — Arr =tr A

(3.53)

Thus the first of the invariants (3.52) is equal, in any coordinate system, to the trace of the matrix of
components of A. Similarly,

A?-PA%-!—A%:H EZZAHH,_AM = RPPR»({ANP P Ar.'i

krt is

=8|'.m8qr‘4'qum = AP'"AFF' =1tr A-q

(3.54)

and in a similar way it follows that
A+ AZ+AI=trA®

Since tr A is independent of the choice of the coordinate system, we can without ambiguity define tr A
= tr A. Similarly, we define tr A’>= tr A% and tr A 3 = tr A3, so that the set of invariants (3.52) may be
expressed as

{tr A, tr A* tr A%}

(3.55)

Only matrix multiplications are needed in order to calculate the set (3.55).
Another set of symmetric functions of A;, A, and A, is {I;, I,, I3}, where

f,=A1+A2+A3, IE=A2A3+A3A1+A1A2, I3=A1A2A3
(3.56)

(3.56)



These are clearly invariant quantities. I, can be expressed in terms of components of A as follows:

L=3(A,+A,+A;)*—(AT+ A+ A3}
=H(tr A)®>—1tr A%}
=3{(tr A’ —tr A%}

For I; we have

I, =det A = det (PAPY)
=det P det A det P*
=det A

Hence without ambiguity we may define det A = det A = I, and a set of three independent invariants of A
(and the set usually used in practice) is {I;, I, I3}, where

By=tr4: L =Y(tr A>—tr A%}, I;=det A

(3.57)
From (2.42) we see that the Cayley-Hamilton theorem for A can be expressed as

A3_I1ﬁ?+rzA_I-;I:0

(3.58)

By taking the trace of (3.58), and remembering that tr I = 3, there follows an alternative expression for I,
= det A:

L=} A°— L, tr A’ + L tr A)
=3{tr A*—3tr A®tr A+3(tr A)’}

(3.59)

3.9 Deviatoric tensors

The tensor



A'=A-UtirA

(3.60)

has the property that its first invariant, tr A’, is zero. Thus, if A’ is symmetric, it has only five independent
components, and only two independent non-zero invariants. A tensor whose trace is zero is called a
deviatoric tensor and A’ is called the deviator of A. It is sometimes useful in continuum mechanics to
decompose a tensor into the sum of its deviator and a spherical tensor, as follows:

A=A+3Itr A

(3.61)

The two non-zero invariants of A’ are
I=-Hir AV -tr A%, Ij=detA'=1itr A"
(3.62)

After some manipulation it can be shown from (3.57) and (3.60) that

jé:—%f’f—kE, !'_;:fs_.%fl.fz+z_?'?ﬁ

(3.63)

Thus 12 and I% can be expressed in terms of I, I, and I5. Alternatively, I, and I5 can be expressed in

terms of I;. {2 and 1 3 and so {I}, I, I } may be adopted as a set of basic invariants for A which is
equivalent to the set {1y, I,, I5}.

3.10 Vector and tensor calculus

We assume familiarity with elementary vector analysis, and give only a summary, without proof, of results
which will be needed.

If (X1, Xy, x3) is a scalar function of the coordinates then

dp dd d dp
by = =i
ax, x> dx5 ax;



is the gradient of ¢ and is a vector. grad ¢ is a vector whose direction is normal to a level surface @(x;,
X, X3) = constant and whose magnitude is the directional derivative of ¢ in the direction of this normal.

If a(xy, x5, X3) = aj(x;)e; is a vector function of the coordinates then

- d d d oa;
diva=V.q=224"%2, %4 2G4
dx, dx, dxs; dx

(3.65)
is the divergence of a and is a scalar. Also
€, €; €3
d d ad aa,
curla=Vxa= = €18 ——

dx, dx, dxs

(3.66)

is the curl of a and is a vector. In the symbolic determinant in (3.66) the expansion is to be carried out by
the first row.

In continuum mechanics we make frequent use of the divergence theorem (or Gauss’s theorem) which
states that if the vector field a has continuous first-order partial derivatives at all points of a region R

bounded by a surface ¥, then
[deivadv= jja'ﬂds

9@ @

(3.67)

where dV and dS are elements of volume and of surface area respectively, and n is the outward normal to
. Interms of components, (3.67) takes the form

J[[5eav=[] anas

@ @

(3.68)

The divergence theorem can also be applied to tensors. For example, if A is a second-order tensor with



components A;; then

dA;
[[]av- [ amas
0x;
@ &

(3.69)

and analogous results hold for tensors of higher order.



Particle kinematics

4.1 Bodies and their configurations

Kinematics is the study of motion, without regard to the forces which produce it. In this chapter we
discuss the motion of individual particles (although these particles may form part of a continuous body)
without reference to the motion of neighbouring particles. The deformation, or change of shape, of a body
depends on the motion of each particle relative to its neighbours, and will be analysed in Chapters 6 and
9.

We introduce a fixed rectangular cartesian coordinate system with origin O and base vectors e;.

Throughout Chapters 4 to 10 all motion will be motion relative to this fixed frame of reference and, unless
otherwise stated, all vector and tensor components are components in the coordinate system with base
vectors e;. Time is measured from a fixed reference time t = 0. Suppose (see Fig. 4.1) that at t = 0 a fixed

region of space R, which may be finite or infinite in extent, is occupied by continuously distributed
matter; that is, we suppose that each point of R is occupied by a particle of matter. The material within
Ry att = 0 forms a body which is denoted by B. Let X be the position vector, relative to O, of a typical
point P, within R,. Then the components X of X, in the chosen coordinate system, are the coordinates of
the position occupied by a particle of B at t = 0. Each point of the region R, corresponds to a particle of
the body B, and ‘B is the assemblage of all such particles.

Suppose that the material which occupies the region R, at t = 0 moves so that at a subsequent time t it

occupies a new continuous region of space R, and that the material is now continuously distributed in R.
This is termed a motion of the body B. We make the assumption (which is an essential feature of
continuum mechanics) that we can identify individual particles of the body B; that is, we assume that we
can identify a point of R (denoted by P) with position vector x, which is occupied at t by the particle
which was at P, at the time t = 0. Then the motion of B can be described by specifying the dependence of

the positions x of the particles of ‘B at time t on their positions X at time t =0; that is, by equations of the
form

x=x(X, 1)

4.1)

for all X in R, and all x in R. If x; denote the components of x (that is, the coordinates of points in R),
then (4.1) may be written in component form as



X = xI(XR‘J t) (!? R = 11 2: 3}

4.2)

Figure 4.1 Reference and current configurations of the body ‘B

A given particle of the body B may be distinguished by its coordinates Xy at t = 0. Thus the
coordinates Xy serve as ‘labels’ with which to identify the particles of B; a particular particle retains the
same values of Xy throughout a motion. The coordinates x;, on the other hand, identify points of space
which in general are occupied by different particles at different times. Accordingly, the coordinates Xg
are termed material coordinates and the coordinates x; are termed spatial coordinates. The set of

positions of the particles of B at a given time specified a configuration of ‘B. The configuration of B at
the reference time t = 0 is its reference configuration. Its configuration at time t is its current
configuration at t.

As far as possible we shall denote scalar, vector and tensor quantities evaluated in the reference
configuration by capital letters and corresponding quantities evaluated in the current configuration by
lower-case letters. Occasionally we shall employ the index zero (as, for example, in p,) for quantities

evaluated in the reference configuration. This convention regarding the use of capital and lower-case
letters will extend also to indices of vector and tensor components. Components of vectors and tensors
which transform with the coordinates Xy will have capital letter indices (Ag, Cgs, etc.) and components
which transform with the coordinates x; will have lower-case indices (a;, Tj, etc.). Occasionally the
convention that capital and lower-case letters relate to the reference and current configurations
respectively will conflict with the notation established in Chapter 3; thus in this and subsequent chapters
X is a position vector despite the convention that vectors are normally represented by lower-case italic
letters.

For physically realizable motions it is possible in principle to solve (4.2) for Xy in terms of x; and ¢,
which gives equations of the form



X=X(x1), or X = Xg(x, 1) (R,i=1,2,3)

4.3)

Equations (4.3) give the coordinates Xy in the reference configuration of the particle which occupies the
position x; in the current configuration at time t.

Problems in continuum mechanics may be formulated either with the material coordinates Xy as

independent variables, in which case we employ the material description of the problem, or with the
spatial coordinates x; as independent variables, in which case we employ the spatial description. Often

the terms ‘Lagrangian’ and ‘Eulerian’ are used in place of ‘material’ and ‘spatial’ respectively. In the
material description attention is focused on what is happening at, or in the neighbourhood of, a particular
material particle. In the spatial description we concentrate on events at, or near to, a particular point in
space. The mathematical formulation of general physical laws and the description of the properties of
particular materials is often most easily accomplished in the material description, but for the solution of
particular problems it is frequently preferable to use the spatial description. It is therefore necessary to
employ both descriptions, and to relate them to each other. In principle it is possible to transform a
problem from the material to the spatial description or vice versa by using (4.2) or (4.3). In practice the
transition is not always accomplished easily.

4.2 Displacement and velocity
The displacement vector u of a typical particle from its position X in the reference configuration to its
position x at time ¢ is
u=x—-X
4.4)
In the material description u is regarded as a function of X and ¢, so that
u(lX,t)=x(X,t)— X
(4.5)
and in the spatial description u is regarded as a function of x and t, so that
u(x,t)=x—X(x, t)
(4.6)

The representation (4.5) determines the displacement at time t of the particle defined by the material



coordinates Xg. The representation (4.6) determines the displacement which has been undergone by the
particle which occupies the position x at time t.

The velocity vector v of a particle is the rate of change of its displacement. Since X are constant at a
fixed particle it is convenient to employ the material description so that, from (4.5),

oul(X, t) = ax(X, t)

X )=
ﬂ{ ) ot It

4.7)

where the differentiations are performed with X held constant. In terms of the components v; of v, (4.7)
may be written as

ax; (X, t
U; ( Xk, f}:%

4.8)

The result of performing the differentiation (4.7) or (4.8) is to express the velocity components as
functions of Xy and t; that is, they give the velocity at time t of the particle which was at X att = 0. We

frequently need to employ the spatial description in which we are concerned with the velocity at the point
x. To do so it is necessary to express v; in terms of x; by using the relations (4.3). This is illustrated by the

following example:

Example 4.1. A body undergoes the motion defined by

X=X (1+ a*t9), x,=X,, x3=X;

(4.9)

where a is constant. Find the displacement and velocity, in both the material and spatial descriptions.

From (4.5) we have

(4.10)

This gives the displacement at time t in the material description. To obtain the displacement in the spatial



description, we substitute for X; from (4.9) into (4.10), which gives

@.11)

For the velocity, we differentiate (4.9) with respect to t with Xj, fixed to obtain, in the material
description,

v, =2a*X,t, v, =10, v,=0

4.12)

This is the velocity of the particle which occupied X at t = 0. For the spatial description, we eliminate X,
from (4.9) and (4.12)

1
b=, 9,=0, 1,=0

0. o B
1+a*t*’

4.13)

and this gives the velocity of the particle which instantaneously occupies the point x at time t.

4.3 Time rates of change

Suppose that ¢ is some quantity which varies throughout a body in space and in time. We can regard ¢ as
a function of ¢ and of either the material coordinates Xy or the spatial coordinates x;. Thus

¢ =G(Xg, )= g(x;, 1)
4.14)

In considering rates of change of ¢ we are usually interested in how ¢ varies with time following a given
particle. For example, in Section 4.4 we shall discuss acceleration, which is the rate of change of velocity
of a particle. The appropriate quantity to measure the rate of change of ¢ following the particle Xj, is

0G(Xp, t)/0t, which gives the rate of change of ¢ with Xy held constant. On the other hand, dg(x;, t)/ot
denotes the rate of change of ¢ with constant x; (that is, at a fixed point in space) and this is a different
quantity.

We adopt the conventional notations D¢/Dt or ¢ for the rate of change of ¢ following a given particle,



so that

D¢ _ e G (Xg, 1)

Dt at

(4.15)

However, ¢ may be given in the spatial description, so it is necessary to express D¢o/Dt in terms of
derivatives of g(x;, t). From (4.2) and (4.14) we have

¢ = g{x; (X, 1), t} = g{x,(Xg, 1), X5(Xg, 1), X3(XRg, 1), t}
Hence, by differentiating with respect to t with Xy constant,

D¢ _ dg(x;, 1) 3x,(Xg, 1) +ag(x.-a t) 0x,(Xg, t)

Dt X, at 0X- at
+ag{x‘n 'f’} ax3[XR! 'r}_i_dg(xﬂ I)
Ebc_«; ot ot

By using the summation convention, this is written concisely as

Dd 2 ag(x;, t) ax;(Xg, t) i dg(x,t)
Dt X, dt at

(4.16)

Now by using (4.8), Do/Dt may be written in the simpler form

Dé_ e _E'H_g{xh t) _i_a'g{xe.-— t)

Dt ' ax at

4.17)

or alternatively, in vector notation, as

D‘i’ ag{xis t)
T —m . i 4=
Dr v - grad g(x;, t) =



(4.18)

where the gradient is taken with respect to spatial coordinates x;.

Y+o9

X;+ |'ra!J+af

Figure 4.2 The change of ¢ following a particle

The above is a formal derivation of the formula for D¢/Dt. To give it a physical interpretation we refer
to Fig. 4.2. Consider the change in ¢ following a particle. Suppose that in the time interval tto t + dt, ¢ (at
the particle with coordinates x; at t) changes its value from ¢ to ¢ + 8¢. During this time interval the

particle moves from x; to x; + v; 8t, where v is the velocity of the particle at some time between t and ¢ +

6t (any necessary continuity conditions are assumed to be satisfied). Thus we have to compare the value
of ¢ at x; and ¢, given as g(x;, t), with its value at x; + v; 6t and t + 6t, which is g(x; + V; 6t, t + 6t). Thus

8¢ =g(x;+uv, 8t t+8t)—g(x;, t)

Then by applying the mean-value theorem and proceeding to the limit 6t — 0 in the usual way, it follows
that

Dé_,. 08¢ _ glx1) 3gx1)

im —=1u
Dt &—0 8t ' 8x at

which is (4.17).
The derivative Dg/Dt is called the material derivative or the convected derivative of ¢.

Although it is logical in (4.14) to use the different symbols G and g for the two functions which
describe the dependence of ¢ on the two sets of independent variables (X, t) and (x;, t), it is found in

practice that this procedure can lead to a confusing proliferation of symbols. In future we shall adopt the
convention of using the same symbol to denote a dependent variable and a function which determines that
variable and, where there is a possibility of confusion, the arguments of functions will be explicitly
included to demonstrate which independent variables are being employed. Thus, in place of (4.15) we
shall write



Dé_3¢p(Xg, 1)
Dt ot

4.19)

and in place of (4.17) and (4.18) we shall write

Db dd(x;, t) dd(x;,t)
= 1. +
Dt 7 ax at
a(b{xi: ”
ot

1

=v - grad ¢(x;, 1)+

(4.20)

The explicit inclusion of the arguments makes it clear that in (4.19), ¢ is regarded as a function of X and t
and that in (4.20), @ is regarded as a function of x; and t.

4.4 Acceleration

The acceleration of a particle is the rate of change of velocity of that particle; that is, it is the material
derivative of the velocity. We denote the acceleration vector by f, and its components by f;.

Thus, in the material description,

— axl (XR: t
.E.' — JCE(XR, I), D‘_ — a[ L]
- 0v;(Xg, 1) i Hzxiixﬂu t)
h=""% - o

(4.21)
or, in vector notation
v=%(X1), f=0(X1)=%(X1)

4.22)

These relations give f in material coordinates. To find the acceleration in terms of spatial coordinates it is
necessary to express material coordinates Xy in terms of spatial coordinates x;. Frequently this

information is not explicitly available.



Although (4.21) give the simplest expressions for f;, they are not the most generally useful, because it is

often required to express the acceleration components in terms of derivatives of the velocity components,
when the velocity components are expressed in spatial coordinates x.. Thus, from the results of Section

4.3,

. (X, du;(x, t
DUI=_ap!{xj-I]+1}kl { 1 )
Dt ot 3,

fi=

(4.23)
The physical interpretation of this expression is as follows. In an increment of time 6, the particle which

at time ¢ has coordinates x; moves to x; + v, 6t. Hence the velocity components of this particle change
fromv;(x; t) to v(x) + vy 6t, t + 6t). Thus the change inv at a particle is given by

8v; = v;(x, + vy 81, t + 8t) — v, (%, 1)

and (4.23) follows by applying the mean-value theorem and proceeding to the limit 6t — 0. The
expression (4.23) gives f; in terms of the spatial coordinates Xx;.

Example 4.2. To illustrate the equivalence of the expressions (4.21) and (4.23) for f;, consider the motion
(4.9). This gives (Example 4.1)

-

,  2x,a°t B .
ul=2X,a“t=—1 gl v, =0, v, =0

By taking the first expression for vy, we find from (4.21) that
fi=2X,a®>, f,=0, f=0.

(4.24)

If v, is given in the spatial description as 2x,at/(1+a’t?), we obtain from (4.23),



£ = a_{ 2x, 0%t }+2x,a3t d {’leazt}
=

at \1+ a2¢2 1+a’t ax, L1+a??
=2x,a2(1_-—a2r3] 2x,a’t  2a*t  2x,4°
(1+ a?t?)? (1+a%) (1+a?® 1+a??
f2=0, =0
(4.25)

The expressions for f; given by (4.24) and (4.25) are the same because, from (4.9), x; = X;(1 + a’t?).

4.5 Steady motion. Particle paths and streamlines

A motion is said to be steady if the velocity at any point is independent of time, so that v = v(x).
Conditions approximating to steady motion are achieved in many practical situations; for example, in flow
of a fluid through a pipe at a uniform rate, or flow past a fixed obstacle with uniform velocity at a large
distance from the obstacle.

A motion may be unsteady in relation to a fixed coordinate system but steady relative to suitably chosen
moving axes. For example, the flow past an aeroplane moving at constant velocity through a uniform
atmosphere is unsteady relative to fixed coordinates, but is steady relative to axes which are fixed in
relation to the aeroplane and move with it.

The equations (4.2), x; = x; (X, t), give the successive positions x; of the particle X, with t serving as
a parameter. Thus they are parametric equations of the path of the particle Xj. In differential form, (4.2)
gives
dx; = v,(Xg, 1) dt
and this can be expressed in spatial coordinates as

dxi = U:’{XR(I;'? "'I)a I} d‘t

(4.26)

The streamlines at time t are space curves whose tangents are everywhere directed along the direction
of the velocity vector. Thus they are given, in terms of a parameter T, by the equations

dx; =v;(x;, t) dr

4.27)

In general, the particle paths and streamlines do not coincide. However, if the motion is steady, so that



v is independent of ¢, then (4.26) and (4.27) represent the same families of curves, and then the particle
paths and streamlines are coincident.

4.6 Problems
1. A motion of a fluid is given by the equations

x, =X, + X5t + X
X=X, + Xt + X, P
X3-—X3+X!!+X212

Find the velocity and acceleration of: (a) the particle which was at the point (1, 1, 1) at the reference time
t =0, and (b) the particle which occupies the point (1, 1, 1) at time t. Explain why this motion becomes
physically unrealistic as t — 1.

2. The velocity in a steady helical flow of a fluid is given by

] :_UXZ’ Vy = UXl, U3 = \%

where U and V are constants. Show that div v = 0 and find the acceleration of the particle at x. Also
determine the streamlines.

3. The velocity at a point x in space in a body of fluid in steady flow is given by

e e BT
U= € = . e
Gy 2 et

where U, V and a are constants. Show that div v =0 and find the acceleration of the particle at x. Also
determine the streamlines.

4. An electromagnetic fluid is subjected to a decaying electric field of magnitude ¢ = r''e !, where

r=x{+x3+X3 and A is constant. The velocity of the fluid is © = X1Xs€1 + X3te; + X>X3tes Determine: (a)
the rate of change of ¢ at t =1 1 of the particle which occupies the point with coordinates (2,-2, 1); (b) the
acceleration of the same particle at the same time; (c) the position of the same particle at all subsequent
times t. Write down the differential equations of the streamlines and show that at each instant x,/x5 is

constant along a given streamline.

5. Given the velocity field

a,%; +ax, b,x, +box; CX5
U =—'—’ 1‘_:] o EE—— .
: 1+t : 1+t

¥

with ay, a,, by, b, and c constants, show that the X, component of the acceleration at t = 0 is (a;b; + b;b,



—b)X; + (b% + bya, — b,)X,, where X denotes the position vector at t = 0. In the case a; = A, a, =0, by
=0, b, = 2A, ¢ = 3A, obtain the particle paths and the streamlines, and show that in this case they
coincide.



Stress

5.1 Surface traction

In this chapter we consider the forces acting in the interior of a continuous body. Suppose that part of a
body B occupies a region R which has surface & as illustrated in Fig. 5.1. Let P be a point on the surface
&, n a unit vector directed along the outward normal to & at P, and 8S the area of an element of ¥ which
contains P. We assume that & and R possess any necessary smoothness and continuity properties; for
example, it is assumed that the normal to ¥ is uniquely defined at P.

It is also assumed that on the surface element with area S, the material outside R exerts a force
5p =™ 88

(5.1)

on the material inside R. The force 8p is called the surface force and t™ the mean surface traction
transmitted across the element of area &p from the outside to the inside of R. A similar force, equal in
magnitude but opposite in direction to p, and a similar surface traction, equal in magnitude but opposite
in direction to ¢, is transmitted across the element with area §S from the inside to the outside of R.

Clearly ¢ will depend on the position of P and the direction of n. It is further assumed that as 6S — 0,
t( tends to a finite limit which is independent of the shape of the element with area §S. Henceforth the
symbol ¢ is used to denote the limit

M S
. alf}ﬂ'r a5

(5.2)

and we omit the adjective ‘mean’ and call ™ the surface traction at the point P on the surface with
normal n.

The assumptions made above are plausible, but they are of a physical nature and can only be justified
to the extent that conclusions based on them agree with observations of what happens to real materials. It
is possible for couples as well as forces to be transmitted across a surface. Such couples are of interest



but are beyond the scope of this book. In practice their influence is restricted to rather special situations.

Figure 5.1 Surface traction

It is important to remember that in general ! does not coincide in direction with n. The force
transmitted across a surface does not necessarily act in the direction normal to the surface.

5.2 Components of stress

At P, there is a vector t™ associated with each direction through P. In particular, given a system of
rectangular cartesian coordinates with base vectors e;, there is such a vector associated with the direction

of each of the base vectors. Let t; be the surface traction associated with the direction of e;, from the
positive to the negative side (that is, t; is the force per unit area exerted on the negative side of a surface
normal to the x;-axis by the material on the positive side of this surface; see Fig. 5.2). Surface traction
vectors t, and t; are similarly defined in relation to the directions of e, and es.

Now resolve the vectors t;, t, and t; into components in the coordinate system with base vectors e;, as
follows:

t,=T,e, +Te;+T,;e;

L=T, e, +Tse+ Trses
t;="1T;,e, +Tse;+ Tsae;

(5.3)



L

Figure 5.2 The surface traction vector t,

These equations may be written in matrix form as

f T, T, Tis\ [e

Ll =T T Taslfle

[ T:-!. 1 T32. T33 €3
(5.4)

or, using the summation convention, as
IE=T:':1'EI' [£1j=1?2'! 3}

(5.5)

Since e; - e; = §;;, it follows from (5.5) that

T, =t

ij i "€

(5.6)

The quantities Tj; are called stress components. The component T};, for example, is the component of
t, in the direction of e;. Ty, is positive if the material on the x;-positive side of the surface on which ¢,
acts (a surface normal to the x;-axis) is pulling the material on the x;-negative side. The material is then
in tension in the x; direction. The material on the negative side of the surface is pulling in the opposite

direction on the material on the positive side. If the material on each side of the surface pushes against
that on the other, T;; is negative, and the material is said to be in compression in the x; direction. The

components T, T», and T are called normal or direct stress components. The remaining components
T;5, T;3, etc., are called shearing stress components. All the stress components can be illustrated as the



components of forces acting on the faces of a unit cube, as shown in Fig. 5.3.

5.3 The traction on any surface

Suppose that the stress components Tj; are known at a given point P. We consider how we may determine

the surface traction on an arbitrary surface through P. For this we examine the forces acting on the

elementary tetrahedron illustrated in Fig. 5.4. We wish to find the traction ™ on a surface normal to n at
P. In the tetrahedron shown in Fig. 5.4, PQ,, PQ,, PQ; are parallel to the three coordinate axes, and

Q;Q,Q5 is normal to n. We denote by—t;,—t,,—t; the mean surface tractions on the faces PQ,Q;, PQ;Qy,
and PQ,Q, respectively. The minus signs arise because we wish to consider the forces acting on the
tetrahedron, so that, for example,—t, is the traction exerted on the surface PQ,Q, by material to the left of

this surface, on material to the right of the surface; that is, by the material outside the tetrahedron on the
material inside the tetrahedron. Similarly, " denotes che mean surface traction on Q,Q,Q; exerted by

material on the side towards which n is directed (the outside of the tetrahedron) onto the other side. Let
the area of Q;Q,Q; be &S and the volume of PQ;Q,Q5 be §V. Then the areas of the other faces are

SS:[:nl 35, SSZ=H2 SS, 553:”355

(5.7)

where n; are the components of n; that is, n; are the directior cosines of the direction of n.

Tt
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£

Figure 5.3 Components of the forces on three faces of a unit cube. Opposite forces act on the opposite
faces

The forces exerted on the tetrahedron across its four faces are



—t; 8S;,—ty 8Sy,—t3 8S5, ™ &S
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Figure 5.4 Forces acting on an elementary tetrahedron

It is also supposed that there is a body force whose mean value over the tetrahedron is b per unit mass, or
pb per unit volume, where p is the density. The most common example of a body force is a gravitational
force, but there are other possibilities.

We now assume that for any part of a body, and in particular for the elementary tetrahedron PQ;Q,Q5,

the rate of change of momentum is proportional to the resultant force acting. Although this is a natural
assumption to make, it is a new assumption which is stronger than Newton’s second law, for Newton’s
law applies only to bodies as a whole. Moreover, it is an assumption which cannot be verified directly by
experiment, for it is impossible to make direct measurements of internal surface tractions; their existence
and magnitudes can only be inferred from observations of other quantities. Nevertheless, the
consequences of this assumption (which is sometimes called Cauchy’s law of motion) are so well
verified that it is hardly open to question.

For the tetrahedron PQ;Q,Q5, Cauchy’s law gives



_tl 551—t2 682—t3 683 + t(n) 6S + pb oV = pf %
With (5.7), this may be written as
t"=¢.n+tn,+ r3n3+p (f b)

Now, with n and the point P fixed, let the tetrahedron shrink in size but retain its shape. Thus 6S — 0, and
in this limit all quantities are evaluated at P, so that t, t,, t; and t™ become tractions at P, and p, b and f

are evaluated at P. Also, since 8V is proportional to the cube, and &S is proportional to the square, of the

linear dimensions of the tetrahedron, 6V/6S — 0 as S — 0. Thus in this limit,

"=t +hn,+ny=nt = nTe

(5.8)

where the last relation makes use of (5.5). This gives the traction on any surface with unit normal n in
terms of the stress components Tj;. The components tj(“) of t are given by

fn‘}_nT

(5.9)

The easiest way to calculate t™ is to use (5.9) in the matrix form

t(n} T, T 13 fy

:‘2'” =Ty, T Ti)|n:

ts" Tz Tos Tis) \ns
(5.10)

A numerical example is given in Example 5.1 in Section 5.6.

5.4 Transformation of stress components

The stress components Tj; were defined in Section 5.2 in relation to the coordinate system with base
vectors e;. The choice of a different coordinate system will lead to a different set of stress components.
We now examine the relationship between the stress components Tj; associated with base vectors e;, and

stress components T at the same point but referred to a new coordinate system with base vectors é;,



where

(5.11)

and M = (M) is an orthogonal matrix.
In (5.8), we may as a special case choose n to be €;. From (5.11), the components of e, referred to

base vectors e; are M, M, and M5. We denote by {1 the traction on a surface normal to ;. Then, from
(5.8) (with n; = My;) and (5.11),

i-:'1 = M,;t; = M;; T;¢; = MM, T;;é

y=i y™a

We define ¥2 and ! in a similar way, and obtain similar relations for them. The general relation is

(5.12)

T

However, the stress components “ra referred to base vectors e, are defined by the relation analogous to

q)
so that

(5.5) as the components of %, referred to base vectors €y

Hence, by comparing (5.12) and (5.13),

Toq = MM, T;

(5.14)

This is just the transformation law (3.28) for the components of a second-order tensor. Hence there exists
a second-order tensor T = Tj; e;, ® e; whose components are T;; in the coordinate system with base

vectors e; and Ti,-j in the system with base vectors e;. T is called the Cauchy stress tensor, and it
completely describes the state of stress of a body. Some other stress tensors will be considered briefly in



Section 9.5, but we shall not use them in this book, and so we shall refer to T as simply the stress tensor.

Equation (5.14) is an important result, because it shows that Tj; are components of a tensor, so we
briefly recapitulate the steps which lead to (5.14). They are:
a. define Tj; by (5.3), using base vectors e;;

b. derive the expression (5.8) for the traction on a surface with normal n;
c. take n to be the new base vectors é;, €,, € in turn, and so obtain (5.12);
d

) resolve_the traction on the new coordinate surfaces in the directions of the new coordinate axes to
define Tra as in (5.13), and compare with (5.12).

If T = (Tj), and S (Tif), then (5.14) may be written in matrix notation as
T=MIM"
(5.15)

Thus the calculation of stress components in a new coordinate system can be carried out by matrix
multiplications, and this is usually the most convenient way to perform such calculations. A numerical
example is given in Problem 1 in Section 5.10.

Since it is now established that T}; are components of a tensor, equation (5.9) can be expressed in
direct notation as

(W =n-T

(5.16)

5.5 Equations of equilibrium

We now consider that the body B is in equilibrium. The notation of Section 5.1 is used (see Fig. 5.1). R
is an arbitrary region in B and & is the surface of R, with unit normal n. We assume that in equilibrium
the resultant force, and the resultant couple about O, acting on the material in R are zero. The forces
acting on the material in R are of two kinds: there are the surface forces acting across & whose resultant
is the integral of t™ over &, and body forces pb per unit volume whose resultant is the integral of pb
through R. Thus the condition for the resultant force to be zero is

[fi s fnav=s

o 3

(5.17)



Similarly, the resultant couple about O is zero if

ijxt‘“’ dS+J-JJpxxde=ﬂ

& =

(5.18)

where x denotes the position vector relative to O.

In terms of components, (5.17) and (5.18) may be written (with the aid of (5.9)) as

”nT dS+J-_”ph,-dV=0

(5.19)

I Ieipqxpn,Tm dS+ IJ J-peimprq dv=0

=@ it

(5.20)

We next transform the surface integrals into volume integrals by use of the divergence theorem (Section
3.10). It is assumed that Tj; have continuous first derivatives. Then (5.19) and (5.20) become

”I (%Jrﬂb;)dvzo

@

(5.21)

j ” er‘m{% (T )+ pxubq} dv =0

<3

(5.22)

However, these relations must hold in every region R which lies in B. Hence the integrands must be zero
throughout B, for if they were not, it would be possible to find a region R for which (5.21) or (5.22) was
violated. Hence, throughout B,



aT::

(5.23)
d
€ipq {E {xDTrq} 3 pprq} =4

(5.24)

However, 0n,/0n, = 8, and so (5.24) may be written as

pr

aT,
NHCINRAR

r

and, by using (5.23), this reduces to

€patpq =
which implies that

T,,=1,

P4 ap

(5.25)

Equation (5.23) is the equation of equilibrium. Equations (5.25) show that in equilibrium the stress
tensor is a symmetric tensor. In Section 7.5 it will be shown that (5.25) also holds for a body in motion;
we anticipate this result and henceforth treat T as a symmetric tensor. Equation (5.23) is given in full in

(5.37).

5.6 Principal stress components, principal axes of stress and stress

invariants

In general, the surface traction ™ associated with a direction n through a point P will not act in the
direction of the vector n; the traction will have a tangential (shearing) component on the surface normal to
n as well as a normal component. However, it may happen that for certain special directions n the

traction ™ does act in the direction n. We investigate this possibility.

If t™ and n have the same direction, then



t(n) =Tn

where T is the magnitude of ™. From (5.16), remembering that T is symmetric, this may be written as

n-T=Tn
or, in components, as
n;T; = Tn;
that is,
(TU_Téij)ni =0

Hence (Section 3.8), T is one of the three principal components T, T, and T5 of T, and n determines
the corresponding principal axis. Let the unit vectors in the directions of the principal axes be n;, n, and
n,. If these three orthogonal vectors are taken as base vectors at P then, referred to these axes, the matrix
of the stress components is a diagonal matrix with diagonal elements T, T, and T5. The principal
components are the roots of the equation

det (T;—T8;)=0
(5.26)

where Tj; are the stress components referred to any coordinate system. In general, the principal directions
vary from point to point, so that it is not usually possible to find a rectangular cartesian coordinate system
in which the matrix of stress components is a diagonal matrix everywhere.

Let T;, T, and T; be ordered so that T; > T, > T5. It is shown in Example 5.2 that, as the orientation of a
surface through P varies, T is the greatest, and T; is the least, normal component of the traction on the
surface. This property can be used to give an alternative definition of the principal stress components and
principal axes of stress.

If (5.26) has two or three equal roots, the above statements remain true, but the principal axes are not
uniquely defined.



Example 5.1. The components of the stress tensor at a point P are given in appropriate units by

LI A
= N L

Find:
(i) the traction t at P on the plane normal to the x;-axis;

(ii) the traction t at P on the plane whose normal has direction ratios 1:—1:2;
(iii) the traction t at P on the plane through P parallel to the plane 2x;—2x,—x3 = 0;

(iv) the normal component of the traction on the plane (iii);
(v) the principal stress components at P;
(vi) the directions of the principal axes of stress through P.

(i) The plane normal to the x;-axis has unit normal (1, 0, 0). Hence the traction components on this
plane are given by (5.10) as

1 2 3} f1 1
t=|2 4 6J{0)=12
3 6 1710 3
(ii) The unit normal is (1,-1, 2)/V6. Hence
1 2 3 1
=12 s s)[1}-L(0
6 B B
2 6 1 2 —1
(iii) The unit normal is 3(2: =2, —1), Hence
1 1 2 3 2 1 =3
t=§ 2 4 6 -2 ='3' -‘]{]
“\3 6 1/ \-1 =7

(iv) The required component is n-t = 5 {2x(-5)-2x(-10)-1x(-7)} = v

(v) The principal components are solutions of




which gives T; =10, T, = 0, T5 = -4.

(vi) The principal direction corresponding to, for example, T; = 10 is given by the solution of

_9n1+2ﬁ2+3ﬂ3 =0
3n, +6n,+—9n,=0

which give the directionratios ny : n, : n; = 3:6:5. Similarly, the direction ratios of the other two
principal directions are—2:1:0 and 1:2:-3 (note that these directions are mutually orthogonal).

Example 5.2. Prove that as the orientation of a surface through P varies, T; is the greatest, and T is the
least, normal component of traction on the surface (assume that Ty, T, and T; are all different).

Choose the coordinate axes to coincide with the principal axes of T, so that the matrix of stress
components takes the form

. 0 0
T={0 T, 0©
2 0 T;

The normal component of traction on a surface with unit normal n is Tl-jnl-nj, which, when T has the given
2 2 2
diagonal form, reduces to T = T;"1 + T,"2 + T5"3 . Hence we require extremal values of T for variations

2 2 2
nyt+ns+n;y:

of ny, n, and n5, subject to the constraint = 1. These extrema are given by

T1h1—0n1 _“"0
Tznz_(ff'Iz:U

Tsns—on; =0

ni+n3+ni=1

where o is a Lagrangian multiplier. The solutions of these equations are
()n==100)7%, T=Ty;
(i)n=(0+10)7, T=T,;
(iii)n=(00+1)T, T=T,.

Since T,>T,>T5, (1) gives the maximum and (iii) gives the minimum values of T.



As T is a symmetric second-order tensor, the discussion of Section 3.8 shows that T has three
independent invariants. We denote these by J;, J,, and J,;, where

.J[! = T1+T2+T3=H‘T= ']—:'E
L==(LLT:+ T.T,+ T, T,) =3{tr T?>—(tr T)*} =3:(T;T;-T; Ty (5.27)
.I3 = T1T2T3 =detT

Note that the definition of J, is not quite consistent with that of I, in (3.57), because there is a difference
of sign, which it is found convenient to introduce.

5.7 The stress deviator tensor

It is often useful to decompose T in the following way:
T=8S+i5L1I

(5.28)

where S is the stress deviator tensor. If S;; denote the components of S, then

Tj=—pd; +Sy
(5.29)
where
p==T, ==3], ==Lt T
(5.30)
and hence
Sii = T3 T8y
(5.31)

and



(5.32)

If S;; = 0, then the stress has the form Tj; =—p3d;;. This is called a pure hydrostatic state of stress, and p

is the hydrostatic pressure. The negative sign arises because we conventionally regard pressure, which
causes compression, as positive, but we define compressive stress as negative.

The principal axes of S are the same as those of T. If the principal components of S are Sy, S,, S;, then
$,+8,+8;=0

(5.33)

and

S, =':1§(2T1 — = 13), Sz=%{2T2_T3_T1),
$;=3RT:-T\-T)

(5.34)

Because Sy, S, and S; satisfy (5.33), there are only two basic invariants of S. These are taken to be J%
and J3, where

"'r'rZ:_(S‘ZS3+S3S1+SlSE =§'[T S?'
1=8,5,S;=det S =1tr §°

(5.35)

The invariants J2 and J5 can be expressed in terms of J, J, and J; by, in (3.63), replacing I, I, I, I
and!3 by J,,—J,, Ja, —J% and J5 respectively. It is sometimes convenient to adopt J;, 7% and J5 as a set of
basic invariants of T.

5.8 Shear stress

The normal stress component on a surface normal to the x;-axis is T;; (see Fig. 5.3). The shear stress on
this surface is the resultant of the other two components T;,e, and T5e; of the traction on the surface.

1
Hence the shear stress has magnitude (Th+ T?S}*-, and acts in a direction which lies in the surface.

For a general surface with unit normal vector n, the normal component of the traction ™ has magnitude



n-t®= n;n;Tj;. The shear stress on this surface is the component of t™ normal to n, namely

t™ —(n -+ tMn= Tisn, (85 — ngny)e;

Suppose that the principal stress components are ordered so that T; > T, > T5, and let the corresponding
unit vectors in the directions of the principal axes be n;, n, and n;. Then it can be shown that, as n varies

at point P, the magnitude of the shear stress on the surface normal to n reaches a maximum value ] (T -
T5) when n lies along either of the bisectors of the angle between n; and n;. The proof resembles that of

Example 5.2 and is left as an exercise (Problem 9). Note that 2 (T;-Ty) = 3 (S1-S3), and thatin a
hydrostatic state of stress T; = T, = T5, and then the shear stress is zero on any surface.

5.9 Some simple states of stress

(a) Hydrostatic pressure. Suppose that

Ty =pd;;

that is,
T =Tn=T;5=-p, T3=T5,=T;,=0

(5.36)

Then we have a state of hydrostatic pressure. The stress components take the form (5.36) in any
rectangular cartesian coordinate system, and any three mutually orthogonal directions may be regarded as
principal directions. This is the state of stress in any fluid in equilibrium (that is, in hydrostatics), or in an
inviscid fluid whether it is in equilibrium or not. The pressure p is, in general, a function of position.

In the remaining examples, body forces will be regarded as negligible and we seek stress states which
satisfy the equilibrium equations (5.23), which are

1.
aT]]+aT'2] +a 31 +pb1=ﬂ
ax; 9dx, 0Xx3
P I
LIEWLEE N 22+ pb,=0 3
dx; 0%, 0Xs
aT13+aT23+aT33+pb1:U
dx, 0X; 0X3 ’ J

(5.37)



Since these are three equations for the six components of stress, they are insufficient to determine the
solution to any problem. Nevertheless, they must be satisfied for any body in equilibrium, and it is of
interest to examine some stress states which satisfy them. When the body force is neglected, they are
satisfied if the T; are all constants, in which case the stress is homogeneous. The next two examples are

in this category.

(b) Uniform tension or compression in the x; direction is given by
Ly=wo Ty =T33=T;=T5=T,=0

(5.38)

where o is constant. This gives the stress in a uniform cylindrical bar with generators parallel to the x;-

axis, no forces applied to its lateral surfaces, and uniform forces o per unit area applied to plane ends
normal to the generators. If o is positive, the bar is in tension, and if o is negative, the bar is in
compression. The principal stress directions are the x; direction and any two directions orthogonal to

each other and to the x; direction.

(c) Uniform shear stress in the x; direction on planes x, = constant arises if

I;, =, T\,=Th=T5=T3=T; =0

(5.39)

where 1 is constant. This may occur, for example, in laminar shear flow of a viscous fluid, when the fluid
flows in the x; direction by shearing on the planes x, = constant. The principal axes of stress have the

directions of the x;-axis and the two bisectors of the x; - and x,-axes.

(d) Pure bending. Let

(5.40)

where c is constant. This approximates the stress in a prismatic beam, with generators parallel to the x;-
axis, which is bent by end couples applied to its ends and acting about axes parallel to the x;-axis. The



plane x, = 0 is chosen so that the resultant force on each end is zero. If ¢ > 0 the region x, > 0 of the beam
is in tension, and the region x, < 0 is in compression. The principal stress directions are as in (b) above.

(e) Plane stress. If
T3 =T13=T3=0

(5.41)

and Ty, T,, and T}, are functions only of x; and x,, we have a state of plane stress. In the absence of body
forces, the equilibrium equations reduce to

aTll-i-&Tai:Uj aT!.z—t_?'I:‘zz:U

ax, adx, 0x; 0x-

(5.42)

This is the approximate state of stress in a thin flat plate lying parallel to the x;-plane, and subject to
forces acting in its plane. The x5 direction is a principal direction; the other two principal directions are
in the plane of the plate.

(f) Pure torsion. Suppose that
Ty3=x,g(r), Tos =—x,8(r), T, =T = T33=T12=D
(5.43)

2 2
where r2X1 ¥ X2 This corresponds to the state of stress in a circular cylindrical bar whose axis coincides
with the x3-axis and which is twisted by couples acting about the axis of the cylinder and applied to the

ends of the cylinder, with no forces acting on the curved surfaces. The principal directions are the radial
direction and the bisectors of the tangential and axial directions.

5.10 Problems

1. The components of the stress tensor in a rectangular cartesian coordinate system X;, X,, X3 at a point P
are given in appropriate units by



[Tu) ==

ST OO S
= 2
o B I SN

Find: (a) the traction at P on the plane normal to the x;-axis; (b) the traction at P on the plane whose
normal has direction ratios 1:-3:2; (c) the traction at P on a plane through P parallel to the plane x; + 2x,
+ 3x3 = 1; (d) the principal stress components at P; (e) the directions of the principal axes of stress at P.
Verify that the principal axes of stress are mutually orthogonal.

The coordinates *1» ¥2. ¥3 are related to x;, X, X3 by

X1= %(xl = 2%+ 2% X,= %(—le + X1 2.1:3}._,
X3 =3(—2x;— 2%, — X3)

Verify that this transformation is orthogonal, and find the components of the stress tensor defined above in
the new coordinate system. Use the answer to check the answers to (d) and (e) above.

2. In plane stress (T3 = T3 = T33 = 0) show that if the *1- and *2 -axes are obtained by rotating the x;-
and x,-axes through an angle a about the x3-axis, then

Tll = é{Tl  t T:z)"‘é(Tu —Tss)cos 2a+ T55 sin 2«
Tyo =Ty + Top) — 3(Ty; — Tap) c0s 2@ — Ty, sin 2e
Ty, = =Ty — Tsp) sin 2a + T, €08 2ax

3. If, in appropriate units
I 0

{ﬂj}: 0 1
2 =

[

0

b=J

find the principal components of stress, and show that the principal directions which correspond to the
greatest and least principal components are both perpendicular to the x,-axis.

4. A cantilever beam with rectangular cross-section occupies the region—a < x; <a,~h<x,<h,0<x3< 1.
The end x5 = [ is built-in and the beam is bent by a force P applied at the free end x; = 0 and acting in the
x, direction. The stress tensor has components



0 0 0
Ty)={o o  A+Bx
0 A+ Hx% Cx2x3 .

where A, B and C are constants. (a) Show that this stress satisfies the equations of equilibrium with no
body forces provided 2B + C = 0; (b) determine the relation between A and B if no traction acts on the
sides x, = th; (c) express the resultant force on the free end x; = 0 in terms of A, B and C and hence, with

(a) and (b), show that C =—3P/4ah>.

5. The stress in the cantilever beam of Problem 4 is now given by

0 0 0
(Ty)={ 0 CGx3—h’x,-3h?) Cx3(h?—x3)
0 Cxi(h?— x3) C(x,x3—2%x3)+ Dx,

where C and D are constants. (a) Show that this stress satisfies the equations of equilibrium with no body
forces; (b) show that the traction on the surface x, =—h is zero; (c) find the magnitude and direction of the

traction on the surface x, = h, and hence the total force on this surface; (d) find the resultant force on the
surface x5 = I. Prove that the traction on this surface exerts zero bending couple on it provided that C(51°—
2h?) + 5D = 0.

6. The stress components in a thin plate bounded by x; = £L and x, = +h are given by

Ty, = Wm? cos (3mx,/L) sinh mx,,

Ty = =3 Wm?L "2 cos (37x, /L) sinh mx,
T2 =3WamL ™" sin 3x,/L) cosh mx.,,
T,

3= 133=T53=0

where W and m are constants. (a) Verify that this stress satisfies the equations of equilibrium, with no
body forces; (b) find the tractions on the edges x, = h and x; =—L; (c) find the principal stress components

and the principal axes of stress at (0, h, 0) and at (L, 0, 0).

7. A solid circular cylinder has radius a and length L, its axis coincides with the x5-axis, and its ends lie
in the planes x; =L and x5 = 0. The cylinder is subjected to axial tension, bending and torsion, such that
the stress tensor is given by

0 0 — X
(Ty=( 0 o ax,
— X, Xy {3+-yx,+5x3



where a, (3, y and 6 are constants. (a) Verify that these stress components satisfy the equations of
equilibrium with no body forces; (b) verify that no traction acts on the curved surface of the cylinder; (c)
find the traction on the end x5 = 0, and hence show that the resultant force on this end is an axial force of

magnitude aP, and that the resultant couple on this end has components (imﬁaa —gmaty, 3w ﬂ4ﬂf) about
the X;-, X,- and x3-axes; (d) for the case in which bending is absent (y = 0, 6 = 0) find the principal stress

components. Verify that two of these components are equal on the axis of the cylinder, but that elsewhere
they are all different provided that 0. Find the principal stress direction which corresponds to the
intermediate principal stress component.

8. A cylinder whose axis is parallel to the x;-axis and whose normal cross-section is the square—a < x; <
a,—a < X, < a, is subjected to torsion by couples acting over its ends x5 = 0 and x5 = L. The stress

components are given by T3 = 0W/0Xy, To3 = —0w/0Xy, T11 = T15 = Toy = T35 = 0, where ¢ = (x4, X,). (a)
Show that these stress components satisfy the equations of equilibrium with no body forces; (b) show that

the difference between the maximum and minimum principal stress components is 21(@%/dx,)* + (31/9x2)*}*
, and find the principal axis which corresponds to the zero principal stress component; (c) for the special
case ¥ = (x7—a*)(x3— a”) show that the lateral surfaces are free from traction and that the couple acting
on each end face is 32a%9.

9. Let n be a unit vector, t™ the traction on the surface normal to n, and S the magnitude of the shear stress
on this surface, so that S is the component of (") perpendicular to n. Prove that as n varies, S has
stationary values when n is perpendicular to one of the principal axes of stress, and bisects the angle

between the other two. Prove also that the maximum and minimum values of S are =2(T1— T5),



Motions and deformations

6.1 Rigid-body motions

We employ the notation introduced in Section 4.1, in which the particles of a body are labelled by their
coordinates Xy in a reference configuration at the reference time ¢t = 0. If at a later time ¢ the particle X

has coordinates x;, then the equations
X =x%(Xp, 1), or x=x(X,1)

(6.1)

describe a motion of the body; they give the position of each particle at time t. In Chapter 4 we were
mainly concerned with the kinematics of individual particles. In this chapter we consider how a particle
moves in relation to its neighbouring particles.

In a rigid-body motion the body ‘B moves without changing its shape. The distance between any two
particles of B does not change during a rigid-body motion; neither does the angle between the two lines
joining a particle to two other particles.

Translation. A translation is a rigid-body motion of a body in which every particle undergoes the same
displacement; thus the motion is described by the equations

x; = X; +¢ (1), or x=X+¢e(t)

(6.2)

where the vector c is independent of position and depends only on t.

Rotation. Consider a motion in which B rotates in the anti-clockwise direction through an angle a (which
may depend on t) about the X3-axis. Thus, in Fig. 6.1, the particle initially at a typical point P, moves to

the point P, such that NP, = NP and the angle between NP, and NP is a. Then by elementary geometry



x; =X, cos & — X, sin «, x, =X, sin a + X, cos «, x3=X;

FRr I

(6.3)

or, in tensor notation
x=0Q-X
(6.4)

where the components, referred to base vectors e;, of the tensor Q are given by
cosa —sina 0
(Qr)=|sina cosa 0
0 0 1

(6.5)

It is easily verified that Q is an orthogonal tensor, and so we also have



P

]
= W

=J

X

X
Figure 6.1 Rotation about the x5-axis

Now consider a more general rotation in which B rotates about an arbitrary axis through the origin O.
The direction of the axis is defined by a unit vector n, and the angle of rotation is o in the sense of the
rotation of a right-handed screw travelling in the direction of n. We refer to Fig. 6.2. Let OQ represent the
axis of rotation and let X be the position vector of a typical point P, in B. In the rotation, the particle

which is initially at P, moves to P, with position vector x. Hence Py and P lie in a plane normal to n;
suppose that this plane intersects OQ at N. Then NP, = NP, and a = £ P,NP, and the position vector of N
relative to O is cn, where, from Fig. 6.2,

c=n-X=n-x

6.7).



Figure 6.2 Rotation about an arbitrary axis

We also denote by y, and y the position vectors of P, and P respectively, relative to N. Thus

X =cn+y,, x=cnty

(6.8)

Since y and y, have the same magnitude, it follows from Fig. 6.2 that

Yy =ypCosa+n Xy,sina

Hence, from (6.7) and (6.8),

x=cn+(X—cn)cosa+nxX(X—cn)sin a
=Xcosa+(nxXX)sina+c(l—cosa)n
=Xcosa+(nxX)sina+(n-X)(1—cosa)n

(6.9)

In components, (6.9) may be written as



x; = X; cos a + e;gpn, Xg sin @ + (1 —cos a)Xghnghn,

(6.10)

Oor as

X; = QirXg

where
Qir = 8;g COS @ + ¢, sin a + (1 —cos a)n;ng

(6.11)

It is evident that rotating B about a given axis through a given angle is equivalent to holding B fixed and
rotating the coordinate system about the same axis through the same angle but in the opposite sense. Thus
it follows from the results of Section 3.2 that, if Q is any proper orthogonal tensor, the relation x = Q - X,
and the inverse relation X = QT - x, represent a rigid-body rotation. The components of any proper
orthogonal tensor can be represented in the form (6.11).

It can be shown that any rigid-body motion is a combination of a translation and a rotation about an axis
through any point. In particular, if the axis of rotation passes through O, then any rigid-body motion is
described by equations of the form or

x=0Q(t) - X +c(1)

X=Q't) - x+e,(t)
(6.12)

where ¢(t) =Q™(t)c(t).

6.2 Extension of a material line element

In a general motion a body will change its shape as well as its position and orientation. A motion in which
a change of shape takes place is called a deformation; a body which can change its shape is deformable,
in contrast to a rigid body which can only undergo rigid-body motions. One of the main problems in the
analysis of deformation is to separate that part of a motion which corresponds to a rigid-body motion
from the part which involves deformation.

In a deformation, there are changes in distance between particles, whereas in a rigid-body motion there
are no such changes. We therefore begin by examining the extension or stretch of a material line element.



Consider a segment P,Q, of a straight line lying in the body B in its reference configuration, such that
P,Q, has length 6L and is aligned in the direction of a unit vector A, as illustrated in Fig. 6.3. Thus if P,

has coordinates X%, then Q, has coordinates X'+ Ag 8L, The particles which lie on PyQ, at time t =0

form a segment of a material curve, and after a motion these particles will in general lie on a new curve in
space. The motion is described by the relations (6.1), and we wish to determine the length and orientation
of the material line element after the motion. Suppose that t the particles initially at P, and Q, move to P

and Q respectively, and that the line segment PQ has length 6/ and the direction of a unit vector a. Thus if
P has coordinates x{em, then Q has coordinates x{"+ a; 8l Since P was initially at P, it follows from (6.1)
that (omitting the argument t)

x{” = x;(XR)

and since Q was initially at Q,, it follows similarly that

x{¥+a, 8l = x,(XP+ Ag 8L)

0 (x " +a;dl)

s o3 Pi _r,“”}
B //
_‘-\_‘_‘_H-v..r

Figure 6.3 Extension of a material line element

Hence, by Taylor’s theorem, since the Ay are of order one,

ax[(Xi‘Et”]
0. X
3% (XQ)

5

x4+ q, 8l = x,(X®) + A 8L + O{(5L)%}

= x+ A 8L +O{(8L)?}



Thus, in the limit as 6L — 0

a0 x, (X
ME ™

(6.13)

The differential coefficient dI/dL is the ratio of the final and initial lengths of an infinitesimal material
line element initially situated at X% and initially oriented in the direction of A. This ratio is called the
extension ratio or stretch ratio of the line element and is denoted by A. Hence (6.13) becomes

- dx;(Xg)

(6.14)

where, since X isa general particle, we now replace X R by Xp. By squaring each side of (6.14) and
summing on the index i, we obtain

(kg = (ASEXL) (A ﬂxn')

A
However, a is a unit vector, so aa.= 1, and therefore
dx, dx;
A%= AgAr—t
et LT
(6.15)

When A is determined from (6.15), the orientation a of the line element in the deformed configuration is
then given by (6.14).

If the deformation is described by equations of the form

Xp=Xp(x; t) or X = X(x, t)

which give the reference coordinates Xj of the particle which occupies x; at time ¢, then in a similar way

we may determine the stretch ratio A, and the orientation A in the reference configuration, of a line element
which has the direction a in the deformed configuration. In essence, it is only necessary to interchange X



and x, A and a, and 6L and 61, in the above argument. Details are left to the reader (Problem 6.1); the main
results are

d.X,

Ag= ha;a—xig
(6.16)
A= qq if’i—}f
6.17)

6.3 The deformation gradient tensor

The nine quantities 0x/0Xg, appeared naturally in the analysis of Section 6.2. They are called the

deformation gradients. It is clear that these quantities must be involved in the description of how a
particle moves in relation to neighbouring particles, and so they are of importance in the analysis of
deformation.

We denote
Fir=0x/0Xg
(6.18)

Then Fiz are components of a second-order tensor, which is called the deformation gradient tensor and
is denoted by F. To confirm that F;z are components of a tensor, we introduce a new rectangular cartesian

coordinate system by a rotation of the axes defined by the orthogonal matrix M. Then in the new system, X
and x have components Xy and x; respectively, where

Then




Since the components Fiz conform to the tensor transformation law, F is a second-order tensor. In general,

F is not a symmetric tensor. By the results of Section 3.4, FT is also a second-order tensor, and so is F~!
provided that det F#0 (we shall show in Section 7.2 that there are physical reasons for assuming that det

F # 0). Since

% 0N 05
oXp 0x;, 9%

1
Flis the tensor whose components are Fri> where

(6.19)

The main results of Section 6.2 can now be stated in direct tensor notation. Equation (6.14) may be
expressed in the form

a=\A"'F-A
(6.20)
and (6.15) as
A =A-F'-F-A
(6.21)
Similarly, (6.16) and (6.17) may be written, respectively, as
A=AF'-a
(6.22)
A 2=qg-(F)T-F1.a
(6.23)

For the calculation of a, A and A it is often convenient to use matrix notation. If, in a fixed coordinate



system, the components of A are written as a column matrix A, those of a as a column matrix a, those of F
as a square matrix F, and those of F~! as a square matrix F~!, then (6.20)-(6.23) give

a=\A"'FA, A’=ATF'FA
(6.24)

A =AF'a, A Z=a"(F")'Fa
(6.25)

If there is no motion, then X; = X, Fjr = 6;p, and F = L.
The components of the displacement vector u are given by u; = x; — X;. The displacement gradients are
auy; ox;

et g =F=§
B Ak, T B e

(6.26)

and so they are components of the tensor F—I. This tensor is called the displacement gradient tensor. If
there is no motion, then its components are all zero.

Although the tensor F is important in the analysis of deformation, it is not itself a suitable measure of
deformation. This is because a measure of deformation should have the property that it does not change
when no deformation takes place; therefore it must be unchanged in a rigid-body motion. F does not have
this property; in fact in the rigid-body motion (6.12), we have F = Q(t).

6.4 Finite deformation and strain tensors

We define a new tensor C as
C=F"-F
(6.27)
so that the components Crg of C are given by

E _0x; dx
5 iRY IS SXR ﬂXS

(6.28)



Since C is the inner product of F' and F, it is a second-order tensor; this can also be verified directly by
examining the effect of a coordinate transformation on the components Cgrg. From (6.28) it is evident that

Crs = Cgp, so that C is a symmetric tensor.
From (6.15) and (6.21) the extension ratio of a material line element with direction A in the reference
configuration is given by
A=CrAgAs=A-C- A

(6.29)

Thus a knowledge of C enables the extension ratio of any line element to be calculated. Consider an
elementary material triangle bounded by three material line elements. Knowledge of the stretch of these
line elements completely determines the shape of the triangle (though not its orientation) in a deformed
configuration. Hence the components Cgg at a particle determine the local deformation in the

neighbourhood of that particle.
For the rigid-body motion (6.12), F = Q(t) and so

C=Q"-Q=1I
(6.30)

Hence C has the constant value I throughout a rigid-body motion. Thus C is essentially connected with the
deformation, rather than the rigid motion, of a body, and is a suitable measure of the deformation. C is
called the right Cauchy-Green deformation tensor.

C is not a unique measure of deformation. Trivially, any tensor function of C (such as C? or C1) will

serve as such a measure. It is sometimes convenient to employ the measure C!, which is given in terms of
F by

C'=F". {F—l)T
(6.31)

The components Crs of C! are given by

axX,, aX,

C_le_.l,F:.l-_T _
ES Ri * 5i axi ﬂx‘-



(6.32)
Another class of deformation measures is based on the alternative expression (6.17) for A. If we denote
B=F-F", B'=(F"Y-.F!
(6.33)

then B is the left Cauchy-Green deformation tensor. If B and B! have components Bj and B;;’
respectively, then

VR A " ax, ax

(6.34)
and (6.17) becomes
A 2=gaB;'=a*B '-a
(6.35)

Hence a knowledge of B}, or equivalently of B, is sufficient to determine the local deformation in the
neighbourhood of a point in the deformed configuration. It is easy to verify that B= I in a rigid-body
motion.

The Lagrangian strain tensor y and the Eulerian strain tensor 1 are defined by?
y=3(C-1I)
(6.36)
n=3(I-B7")
(6.37)
Both of these tensors are suitable measures of deformation. They have the properties thaty =0 and n =0

in a rigid-body motion; that is, they reduce to zero tensors when there is no deformation.

If the deformation is defined by (6.1), which gives the dependence of x on X, then it is straightforward
to calculate F and natural to use C, B or y as a deformation measure. The components of these tensors



will then be obtained as functions of the material coordinates Xy, and so they describe the deformation in

the neighbourhood of a given particle. If the deformation is described by equations which give the
dependence of X on x, then it is easier to calculate F~! and the natural deformation measures are C !, B!
and n; the components of these tensors are obtained as functions of spatial coordinates x;, and so they

describe the deformation which has taken place in the neighbourhood of a given point.

The expressions for the components ygg of y and n; of n are often given in terms of the displacement
gradients. Since

u=x—X

we have

Hence, from (6.28) and (6.36),

=l(auk+ dug 2 o aui)
2VXs 0Xp 0Xg 0Xg

(6.38)

so that, for example,

duy 1{(.%“1)2 (auz)z (aug)Z}
T = + e
aX, 2L\3X, aX, X,

and
??3=1{%+§E1+ aul a“l_l_%z_ auz auj HMB}
210X, 0X, 0X,0X; 0X,0X; 0X,0X;
Similarly,
aX g
F_; = R = e
= axi " ﬂxi



and it follows from (6.34) and (6.37) that

L (2, o0y )

i =§ 0x

i ox;  9x; 0x;

(6.39)

and so, for example,

du, 1 /ou\* [ou\2 [ous\?
Y™l el s

0x; 21\dx, dx, ax,

1[ou, Jus du,du, ou,du, Jdus;dus
M2a3=5 " - = -

2 0% 8% X3 0%y Oxs 0%y 0%59X;5

The calculation of the deformation and strain tensor components for a given deformation is most easily
carried out using matrix operations. We denote

F=(Fgr) =(8x/0Xg), F '=(Fgi)=(8Xg/ox,),
C=(Crs), B=(By), C'=(Cgd), B =(B;Y,
a= {Hp s, ﬂ3]-r, A= {Ah As, AE}T

(6.40)

Then the principal formulae are

C=F"F, Cl=FYF, B=FF', B i=F1'F1,
(A®)=ATCA, (A" =a"B g, (6.41)
2(vrs)=C-1, 2("11]‘):1_3_1-

(6.41)

The tensors C, C™%, B, B, y and nj are all symmetric second-order tensors, so they all have real

principal components and orthogonal principal directions. Consideration of these is deferred to Chapter
9.

6.5 Some simple finite deformations

(a) Uniform extensions. Suppose a body, say a long bar of uniform cross-section, is extended uniformly
in the direction of the x;-axis to a length A; times its original length. Then, if the particle at the origin is



fixed in position, x; = A;X;. This defines a uniform extension in the x; direction. If the body undergoes
uniform extensions in all three coordinate directions, the deformation is described by the equations

X, =M Xy, Xz = A X, X3 = A3X;3

(6.42)
where A; A,, A5 are constants, or possibly functions of t. Some special cases of (6.42) are of interest. If A,

= A5, then the body undergoes a uniform expansion or contraction in all directions transverse to the x;
direction. If A; = A, = A3, the body undergoes a uniform expansion or contraction in all directions; this is

called a uniform dilation. If A, = A2 and Ay =1, then areas are conserved in planes normal to the x;
direction, and the deformation is a pure shear.

For the deformation (6.42), we readily obtain from (6.40) and (6.41)

Ay 00 AT 0 0
Fﬂ(n As U), B:C=(n AS (})
0 0 A 0 0 A3
AZ-1 0 0
2("!’1-’.5}:( 0 }"—%_] 0 )v
0 0 Az—-1

1=XA* 0 0
ﬂ D 1_.&.31

(6.43)

(b) Simple shear. In this deformation, parallel planes are displaced relative to each other by an amount
proportional to the distance between the planes and in a direction parallel to the planes. For example, the
simple shear deformation illustrated in Fig. 6.4 is described by the equations

x1=xl+xztﬂn Y, I2=X2, JC«;=X-3

(6.44)

Here the planes X, = constant are the shear planes and the X; direction is the shear direction. The angle y

is a measure of the amount of shear. Note that a simple shear involves no change in volume of any portion
of the body. For the deformation (6.44), we find from (6.40) and (6.41) that



1 tany 0 1 —tany 0O
F=|0 1 D), F'=|0 | 0
0 0 1 0 0 1

[ 1 tany 0 1+tan’y —tanvy 0O
C=|tany 1+tan®vy D), C'=| —tany 1 D)

\ 0 0 1 0 0 1
[1+tan*y tany O 1 —tany 0
B=| tanvy 1 U), B '=|—-tany 1+tan®y U)
K 0 0 1 0 0 L
(6.45)

The components of y and n follow from (6.41).
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Figure 6.4 Simple shear

(c) Homogeneous deformations. These are motions of the form or

x=0¢+ApXs
x=c+A-X
(6.46)

where c; and Ay are constants, or functions of time. Cases (a) and (b) above are special cases of (6.46).
In the motion (6.46), F = A. The expressions for Cgg, Bij, and so on, follow from (6.41), and we observe



that in a homogeneous deformation all the deformation and strain tensors are independent of the
coordinates Xx; or Xg.

Homogeneous deformations have a number of properties including the following:

(i) Material surfaces which form planes in the reference configuration deform into planes; two parallel
planes deform into two parallel planes.

(ii) Material curves which form straight lines in the reference configuration deform into straight lines;
two parallel straight lines deform into two parallel straight lines.

(iii) A material surface which forms a spherical surface in the reference configuration is deformed into
an ellipsoidal surface.

The proof of these and other similar results is straightforward. As an example we prove (i). The equation
satisfied by the material coordinates Xy of particles which initially lie on a plane with unit normal n and

perpendicular distance p from the origin is

nX=p

After deformation, the same particles lie on a surface such that their position vectors x are related to X by
(6.46). Hence

n-Al (x—c)=p

This is the equation of a plane whose normal is in the direction of the vector n - A~! (it is assumed that
det A # 0).

(d) Plane strain. The deformation defined by

X1 = X1(X; Xy),
Xy = X(X1, Xy),

X3:X3

is called a plane strain. The planes x5 = constant are the deformation planes. Particles which initially lie
in a given deformation plane remain in that plane, and their displacement is independent of the X5
coordinate. Deformations which approximate to plane strain occur in many problems of practical interest.

(e) Pure torsion. This deformation is most easily described in terms of cylindrical polar coordinates R,



®, Z and 1, ¢, z defined by

R=(X7+X3):  &®=tan™' (X/X,), Z=X,

r=(x3+x3}, P=tan"'(xfx;), z=2x;
(6.47)
Then a pure torsion is defined by
r=R, b =D+ Yz, z=2Z
(6.48)

where i is constant or a function of time. In this deformation, planes normal to the Z-axis rotate about the
Z-axis by an amount which is proportional to Z. The deformation is most easily visualized in terms of the
twisting of a circular cylindrical rod whose axis lies along the Z-axis. There are no volume changes and
the deformation is not homogeneous.

ot
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Figure 6.5 Pure flexure
(f) Pure flexure. The deformation illustrated in Fig. 6.5 is described by

r=f(X,), b = g(X5), z = X;

(6.49)



This represents the bending of a rectangular block into a sector of a circular cylindrical tube. The material
surfaces X; = constant, which are parallel planes in the reference configuration, become concentric

circular cylindrical surfaces in the deformed configuration, and the material planes X, = constant are
deformed from a family of parallel planes into a family of radial planes each containing the z-axis.

6.6 Infinitesimal strain

Many common materials experience only small changes of shape when forces of reasonable magnitudes
are applied to them. Such materials include the usual structural materials like metals, concrete and wood.
In applications involving materials of this kind a great simplification can be achieved by approximating
the finite and exact strain tensors introduced in Section 6.4 by the approximate infinitesimal strain tensor.

The approximation we introduce is that all components of the displacement gradient tensor (which are
dimensionless quantities) are numerically small compared to one. Thus we assume

lu/oXe|<1  (,R=1,2,3)

(6.50)

and neglect the squares and products of these quantities.

Now, since u; = xi=Xj,

However, by the binomial expansion,

I-F'=1—{I+(F—-D}"'=1—{I—(F—I) + F—D)*— (F—I)>+...}
Hence

(%)= (F—T)— (F—T2+(F—-T—. ..
o

and so, since F — I = (du/0Xy),

aur_ ﬂ'u, EJME auR ﬂu; EH.IR aus_
ax, 8X, 0Xg 0X, 0Xg 0Xs0X;

(6.51)



Therefore, to first order in the displacement gradients, 0u;/0x; = du;/0X;, and it is immaterial whether the
displacement gradients are formed by differentiation with respect to material coordinates X or to spatial
coordinates x;. To this order of approximation, it follows from (6.38) and (6.39) that

_ ,Hl(i“_ur%),_l(%J..%)
Yim M=o ox T ax,) 2\ex,  ox;
(6.52)

The tensor E whose components Ej; are defined as

& _}_(ﬂ+ﬂ)
20X, aX,

(6.53)
is called the infinitesimal strain tensor. Thus

iy l(ﬂﬂ @) 1(&+%)
91X, ek, ax,) 22X, ax,
(E;) = 1(%4_5:11) du, l(au2+%)
203X, ax, aX, 3K, 9K,

l(ﬁﬂul) 1(ﬁ+ﬂuz) o

X, axX,! 2%X, X X,

Both y and n reduce to E to the approximation in which squares, products and higher powers of the

displacement gradients are neglected. From (6.26) it follows that
E=3F+F")—-1I

(6.54)

This relation is exact and involves no approximation. Since F is a second-order tensor, E is a second-

order tensor, and clearly E is symmetric.

The tensor E cannot be an exact measure of deformation, because it does not remain constant in a rigid-
body rotation. To illustrate this, consider the rotation (6.3) through a about the X5-axis. For this motion

we find that



—(1—cos a) 0 0
{Ej_j}z( 0 _{I_CGS Ct) G)

0 0 0

Thus E;; and E,, are not zero. However, they are of second order in the small angle a, and so are
neglected in the small displacement gradient approximation.

Although the infinitesimal strain tensor is not an exact measure of deformation, it often provides an
excellent approximation to such a measure. Typically, for deformations of structural materials, Ej; are of

order 0.001 or less, and the approximation neglects this compared with one. The classical theory of linear
elasticity, with its numerous successful applications, is constructed on the basis of this approximation.
The advantage of the infinitesimal strain tensor is that, unlike ygg and n, the components Ej; are linear in

the displacement components u;. This means that the techniques of linear analysis can be applied to the
solution of boundary-value problems in, for example, the linear theory of elasticity.

The geometrical interpretation of Ey; is illustrated in Fig. 6.6. The line element P,Q, of length 6L
initially lies parallel to the X;-axis. Since the rotation of the line element is small, its extension, to first
order in 8L, is

ou
uy (X, + 6L, X5, X5)—u, (X, X5, Xe.):ﬁ oL
1

(6.55)

Hence, to first order, E;; is the extension per unit initial length of a line element which is initially parallel
to the X;-axis.

A similar geometrical interpretation of E; is illustrated in Fig. 6.7. Suppose that PyQ, and PyR, are
line elements which are initially parallel to the X,- and X5-axes. Then, by similar arguments, the angles 6,
and 0, shown in Fig. 6.7 are

0 H_% wauz
1 2 30X,

(6.56)

e VL

Hence 2E,; = (ﬂX 3 axz) is, to first order, the decrease during the deformation in the angle between the
initially orthogonal material line elements PyQ, and PyRy.

The tensor E possesses the usual properties shared by all symmetric second-order tensors. It has an
orthogonal triad of principal axes; if these are chosen as coordinate axes then the matrix of components of
E has diagonal form. The corresponding diagonal elements E, E,, E5 are principal components of



infinitesimal strain. Symmetric functions of E;, E, and E5 are invariants of the infinitesimal strain tensor.
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Figure 6.6 Geometrical interpretation of E;
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Figure 6.7 Geometrical interpretation of E 3

Because the components Ej; are derived from the three displacement components u;, the Ej; are not fully
independent, but must satisfy relations obtained by eliminating u, between them. It can be verified by
direct substitution from (6.53) that E; satisty the strain compatibility relations



Ey (BZEﬂJr&ZEH) 5

K
T"TaX,0X, \aX:  aX3

2

(6.57)

L,=

__PEn 0 (aEH_aEM_aEH)zo
D A A

aX, 0X, oXs

(6.58)

and the four similar relations obtained by cyclic permutations of the indices 1, 2, 3. These six
compatibility relations are themselves not completely independent, for it can be verified, again by direct
substitution, that

0K, 3L, 3L,
X, 90X, 0X,

(6.59)

and there are two similar relations obtained by cyclic permutation of the indices 1, 2, 3. The finite strain
components ygg and n);; are also subject to compatibility conditions, but these conditions are much more

complicated in form.

6.7 Infinitesimal rotation

In (6.9) and (6.10) we gave formulae which describe a finite rigid-body rotation through the angle o about
an axis n. For an infinitesimal rotation, sin « = o and cos a = 1, and to this order of approximation
(6.10) gives

u; = x; — X; = a;pnXp

and hence

ﬂ[.{_[. ) ﬂui 0 — {4 XM,
aXR—cre,-mnj, m =1 an, 0 —an,

—an, an, 0

(6.60)

Thus an infinitesimal rotation is described by an anti-symmetric tensor. We note that this rotation is also
described in magnitude and direction by the vector an, and observe the connections between the



components of the vector and those of the tensor.

Now consider a general infinitesimal motion with deformation gradient tensor F. We define the
infinitesimal rotation tensor £2 and its components Q;; as follows:

= 1/0u, du
Q=XF-F"), ﬂ--=—(—‘——')
2 ) * 2\aX, X

du, du, du, dus

0 L i

dX, dX; 90X; 0X|

{ﬂfij]=l a“z_?ﬂ 0 ?Hz_auj
210X, 94X, 0X; dX,

dlis 5 du, dus N du,

0

(6.61)

Clearly Q is a second-order anti-symmetric tensor, and so it can represent an infinitesimal rotation. The
displacement gradient tensor F—I is now decomposed into its symmetric and anti-symmetric parts as
follows:

F-I=5F+F")-I+3F-F)=E+Q

(6.62)

This expresses any infinitesimal motion as the sum of an infinitesimal deformation, represented by E, and
an infinitesimal rotation, represented by £2.
The infinitesimal rotation vector o is defined by
@ =5 curl u, @; = 3€, MU [0 X
(6.63)
Then it follows from (6.61) and (6.63) that
Q. = —€wy

(6.64)

e
W = —2€i Qr'k



(6.65)

Further discussion of the rotation will be given in Section 9.2.

The assumption that du;/0Xg, << 1 carries the implication that both the strain and the rotation are small.

It is possible to envisage and to realize situations in which the strain components are everywhere small
but some material elements undergo large rotations. This may occur, for example, in the bending of a long
thin flexible rod. Individual elements of the rod change shape only slightly, but the rotations and
displacements can be large. Such problems require careful formulation, and will not be discussed here.

6.8 The rate-of-deformation tensor

In many problems in continuum mechanics the kinematic property of greatest interest is not the change of
shape of a body but the rate at which this change is taking place. This is especially the case in fluid
mechanics, where it is usually required to find the fluid flow in a particular region of space, and the shape
of the body of fluid at a reference time is rarely relevant.

We therefore begin this section by investigating the rate of extension of a material line element; that is,
the rate of change of A for a fixed material line element. The starting point is equation (6.15)

2 a I a i
e JO000
0Xs 0 X

(6.66)

which gives A in terms of material coordinates Xy and the direction cosines Ay, of the line element in the

reference configuration. It is convenient to begin with (6.66) despite the fact that eventually we wish to
express DA/Dt in terms of spatial coordinates x; and the direction cosines a; of the line element at time ¢ in

the current configuration.

We differentiate (6.66) with respect to t, with X held constant. Since Dx,(Xp, t)/Dt = v/(Xg, t), this
gives

DA (ax,. ov , ox Eil'u;)

2A—= AGA
Dy Aefhr X5 0Xr 08Xy aX

(6.67)

To introduce derivatives of v; with respect to spatial coordinates we use relations of the form

Jdy; 0y, dx
aXr ax; dXp

and thereby express (6.67) in the form



DA . - Ju; : T
Ay = bAsA (o S 20y 0% ey
Dt 0Xs 0X7 dx; 90Xy 90X dx

An interchange of the dummy indices i and j in the final term then gives

DA dx; ox. (dv; dv,
A—=1A A —+—] (—*+—’)
Dt > % TaXg X, \ax  ax

Next we twice employ the relation (6.14) to introduce a; in place of Ay, and so obtain

R v, E)

ATt —=1q, .(~—-+
D %% ax;  ax;

(6.68)

Now A—! DM\/Dt is the rate of extension, per unit current length, of a material line element with current

direction cosines a;. For any given direction a this extension rate is, from (6.68), given by a;a,D;;, where

'2\3x; ax

(6.69)

The quantities D;; are the components, referred to base vectors e;, of the rate-of-deformation tensor D
(other common names are the rate-of-strain or strain-rate tensor). Note that D;; is linear in the velocity
components v;, and that this linearity is exact and we have not made any approximation in deriving it. We

also observe that the right side of (6.68) involves only quantities measured in the current configuration,
although we have made use of a reference configuration in order to derive (6.68).

The rate-of-deformation tensor D has properties which in almost every respect (but with an important
exception noted below) are analogous to those of the infinitesimal strain tensor E. It is readily verified
that D is a second-order symmetric tensor. Referred to its principal axes as coordinate axes, the matrix of
components of D has diagonal form with principal components D;, D,. and D;. The largest and smallest

of the principal components are extremal values of the extension rate for variations of the direction a.
Symmetric functions of D;, D, and D; are invariants of D. The components Dy obey compatibility

relations which are precisely analogous to the relations (6.57), (6.58) and (6.59) satisfied by Ej;, except
that differentiation must be with respect to spatial coordinates x; and these may not be replaced by
material coordinates Xp.

The tensor D differs from the tensor E in that it is an exact measure of deformation rate, whereas it was
emphasized in Section 6.6 that E can never be an exact measure of deformation. The fact that Dj; are



linear in the velocity components is a fortunate circumstance which simplifies the solution of problems in
fluid mechanics.

6.9 The velocity gradient and spin tensors

The deformation-rate tensor D can be identified as the symmetric part of the velocity gradient tensor L,
whose components L;; are given by

du
L;; SRt
0x;

(6.70)

The anti-symmetric part of L is denoted by W, and the components of W by W., so that

ijp

72 \ax, ox,

(6.71)

and
L=D+W, D=4L+L", W=4L-L"

(6.72)

It is straightforward to verify that L and W are second-order tensors.

The tensor W is called the spin or vorticity tensor, and it has properties analogous to those of the
infinitesimal rotation tensor, except that no approximation is involved in its derivation or use. It is a
measure of the rate of rotation of an element; the expressions (6.72) decompose L into the deformation
rate D and the spin W The spin may also be described by the vorticity vector w, defined by

W = ':U-I-l v, Ww; = ei'i'k ﬂkaﬂxj-
(6.73)
By relations similar to (6.64) and (6.65) we have the following connections between W and w:

ARy | : . g
“'?jk =—32Cjk Wi W = — &5 Wk



(6.74)

In a rigid-body rotation with angular speed w about an axis through O with unit vector n, the velocity is
given by

v=wnhXX, or = €1 G X,
(6.75)
Hence, in such a motion, w = 2wn, and

: 0 —n; n,
Ly = e.on, Dy =0, (Li) = (Wy) =] n, 0 _ﬁz)
_nz f’l1 “

Thus D vanishes in a rigid-body rotation. Moreover, if a general motion is modified by superposing on it
the rigid-body rotation (6.75), then D is the same in the modified motion as it was in the original motion.
This confirms that D is unaffected by superposed rotations, and is therefore a suitable measure of the
deformation rate.

The material time derivative of Fi is given by

D D / dx dJu, du, dx
R F —_ 1 - LIS et 1 — .
Dr( ®) Dt XR) aXp 0% 9Xp Lk
Thus

DF DF

——=T - g -1

D ¥ o LS

(6.76)

In the case of small displacement gradients, we have F~'= I, and then
L=DF/Dt, D =DE/Dt, W=d4/Di, w =2 Dw/Di

(6.77)

6.10 Some simple flows



(a) Simple shearing flow. If the planes x, = constant are the shear planes, and the x; direction is the
direction of shear, then

U] =SXy, U, =0,03=0

where s is constant, is a simple shearing flow. The fluid flows in straight lines in the x; direction, with
speed proportional to its distance from the plane x, = 0. For this flow

l'l

D,,=3s, Dy =Dy=D33=D,3=D; =0
Wi, =3s

'y Woa=W;, =0

Bl b=

(b) Rectilinear flow. In rectilinear flow the material flows in parallel straight lines; this may (but does not
always) occur in flow down a pipe of uniform cross-section, or in flow between parallel plates. If the
direction of flow is that of the x3-axis, then

U = O, Uy = 0, U3 = f(Xl, Xz’ X3)

and

D55 = dffoxs, DL_?:D;J:%aﬁaxla DES:D:u:%aﬂax.ﬂ.
W!A“_“{u:_éaﬂaxn Wzsz_w_u:_%aﬁaxz

and the remaining components Dy and Wj; are zero. If the velocity is independent of x, then in addition
D33 = O.

(c) Vortex flow. Flow in the neighbourhood of a vortex line lying along the x5-axis is described by

KXo KX,

- 3

— v;=0  (x3+x3#0),

] o N B
Xy o x5 +x2

where x is a constant. Particles travel in circles around the x5-axis, with speed inversely proportional to
the distance from the axis. The components of D and W are



_ 2en, _ k(3-xd)
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Diz=D3=D,;=0 Wos=W;,=W;,=0

There is a singularity on the vortex line.

(d) Plane flow. If the velocity is of the form

01 = Ul(Xl’ Xy, t), Uy = U2(X1’ Xy, t), U3 = 0

the particles move in planes parallel to x; = 0, and the velocity is independent of the x5 coordinate. The
non-zero components of D are Dy;, D,, and D;,, and these are functions of X, x, and ¢ only. The only non-
zero component of W is W, = —W,,, and the vorticity vector is in the direction of the x;-axis. The simple
shearing and vortex flows defined above are special cases of plane flow.

6.11 Problems
1. Prove the formulae (6.16) and (6.17).

2. A body undergoes the homogeneous deformation *1 = V2X,+3V2X,,

X2 ==X, +3X,+ 32X, x3= X, -3X,+5V2X;

Find: (a) the direction after the deformation of a line element with direction ratios 1:1:1 in the reference
configuration; (b) the stretch of this line element.

3. Find the components of the tensors F, C, B, F—1, C—1, B!, y and nj for the deformation

X1 = ay(X; + aXy),
Xy = apXy,

X3 = a3X3

where a;, a,, a3 and « are constants. Find the conditions on these constants for the deformation to be

possible in an incompressible material. A body which in the reference configuration is a unit cube with its
edges parallel to the coordinate axes undergoes this deformation. Determine the lengths of its edges, and



the angles between the edges, after the deformation. Sketch the deformed body.

4. A circular cylinder in its reference configuration has radius A and its axis lies along the X5-axis. It
undergoes the deformation

x1 = i X, cos (Y¥X5) + X, sin (Y X5)}
X, = p{—X sin (YX5) + X, cos (¢X5)}, X3 = AX;

Find the conditions on the constants A, p and ¢ for this deformation to be possible in an incompressible
material. A line drawn on the surface of the cylinder has unit length and is parallel to the axis of the
cylinder in the reference configuration. Find its length after the deformation. Find also the initial length of
a line on the surface which has unit length and is parallel to the axis after the deformation.

5. Show that the condition for a material line element to be unchanged in direction during a deformation is
(Fir — A0g)AR = 0. Deduce that the only lines which do not rotate in the simple shear deformation (6.44)

are lines which are perpendicular to the X,-axis. For the deformation

X; = WXy + Xy tany),
X = Xy,
X3-X3(H#1)

show that there are three directions which remain constant. Find these directions and the corresponding
stretches.

6. Prove that in the homogeneous deformation (6.46), particles which after the deformation lie on the
surface of a sphere of radius b originally lay on the surface of an ellipsoid. Prove that this ellipsoid is a
sphere of radius a if a*A;; Ay = b*y,.

7. A rod of circular cross-section with its axis coincident with the X3-axis is given a small twist so that its
displacement is given by

U = —UYPxoX3,
U = Px;Xs,
U3 = 0

where  is constant. Find the components of infinitesimal strain and infinitesimal rotation. Show that one



of the principal components of infinitesimal strain is always zero and find the other two principal
components. Find also the principal axes of the infinitesimal strain tensor.

8. For the deformation

U3 = CX3
u,= AX, +BX,(X3+ X3,

where A, B and C are constants, find the components of the tensors F, E and 2. Also find the principal
values and principal axes of E.

9. For the velocity fields given in Problems 2 and 3 of Chapter 4, find the components of the tensors L, D
and W.

10. Prove that the rate of change of the angle 8 between two material line elements whose direction in the
current configuration are determined by unit vectors a and b is given by

j' sin 9 = (aiaj + blb])Dlj COSG — 2aleDlJ

Deduce that —2Dj; (i # j) is the rate of change of the angle between two material line elements which
instantaneously lie along the x;- and x-axes.

11. An incompressible body is reinforced by embedding in it two families of straight inextensible fibres
whose directions in the reference configuration are given by A; = cos 3, A, = £sin f3, A; = 0, where 3 is

constant. The body undergoes the homogeneous deformation

Xl = K éa‘xh
X2 = I‘L_;CE_IXEJ
X3 = pX3

where a and p are constants. Show that the condition = 1 for inextensibility in the fibre direction requires
that a® cos? (3 + a2 sin? B = p. Deduce that: (a) the extent to which the body can contract in the x;

direction is limited by the inequality p>sin 2f3; (b) when this maximum contraction is achieved, the two
families of fibres are orthogonal in the deformed configuration.



Conservation laws

7.1 Conservation laws of physics

Many of the laws of classical physics can be expressed in the form of a statement that some physical
quantity is conserved; examples of such quantities are mass, electric charge and momentum. Laws of this
kind are general statements and are not restricted in their application to any particular material or class of
materials. The mathematical formulations of these laws are therefore equations which must be always
satisfied. It is important to distinguish such equations from equations (which we call constitutive
equations) which describe the properties of particular materials or classes of materials, and which are
the subject of Chapters 8 and 10.

We note in passing that the second law of thermodynamics, although it is an important general law of
physics, is rather different from the conservation laws mentioned above in that it is expressed as an
inequality. Continuum thermodynamics is outside the scope of this introductory text and we shall not
discuss it.

7.2 Conservation of mass

The law of conservation of mass will be formulated in two different forms. We first consider the effect of
a finite deformation on a volume element.

Deformation of a volume element. The notation of Sections 4.1 and 6.2-6.4 is employed. Consider an
elementary tetrahedron in the reference configuration (Fig. 7.1) such that its vertices Py, Qy, R, Sy have

position vectors X9, X + §X(D X0 + §X@) X0 + §XO), with coordinates

X“”, Xig}-l- EX{”, Xﬁn 1 axfzﬁ! X{é‘)'i" ngj

(7.1)

respectively. The volume 6V of PyQyR,S, is

SV = %axtl} ) (ﬁx(ﬁ] ¥ ax{:i}} == E!ieRST‘ E.X{é} EXIE:Z} axfﬁ}



(7.2)

Figure 7.1 Deformation of a volume element

In a deformation the particles initially at Py, Qq, Ry, So move to P, Q, R, S with position vectors x© xO+

. ©) .(0) (1
5x | etc., and coordinates i » Xi T 0X;

Sv =38xV - (5x@ x 8x®) = L 6x{P HxP 6x

The deformation is defined by equations of the form x; = x,(X, t). Hence

ax( = a—i"f 8XQ +O(8XR)?,
154

7.3)

with the derivatives evaluated at Xr = XR,

expression for 6v becomes

v =gey -3 - 8XR X 8XP + O(8Xx)"

By using the algebraic result (2.22), this can be written as

and similar relations hold for 8*” and 8xi’

» etc., respectively. The volume év of the tetrahedron PQRS is

. Therefore the



.. &(Ih Xa, x3]
© Rbra{Xli XZ‘J XS)

v SXY 8XP X +0(BXE)  (p=1,2,3)

(7.4)
where we have introduced the Jacobian

dx,/0X, 0x,/0X, 9x,/0X;
ﬂxzfﬂxl 6‘12!{3‘}(2 ﬂxzfaX3
ﬂx3f8X1 axgj'raXE ﬂx3f5X3

3(xy, X, X3) _
a(xlﬁ XZ? Xj.)

We now proceed to the limit 8XE —0 (p =1, 2, 3), so that the initial volume of the tetrahedron tends to
zero. Then from (7.2) and (7.4)

dv _ 8(xq, X5, X3)
dV a(X,, Xs, X5)

(7.5)

From (6.18) we recognize the above Jacobian as the determinant of the deformation gradient tensor F,
so that (7.5) can be written as

dv
d—v—dtt F

(7.6)

If the material is incompressible, then du/dV = 1, and hence det F = 1.
By expanding det F, we obtain

o, du; o, \2
th=dt(8- +—')=-+ o ( )
- e T i_a};} OaxR

Hence, in the case of small displacement gradients,

dov ou;
=det F=1+—
ay oets ax.

=1+E;



(7.7)

The quantity E;; is called the dilatation and is denoted by A. From (7.7), A is the trace of the infinitesimal
strain tensor and so is the first invariant of that tensor. Thus

AZEﬁZtl‘EZE1+E2+E3

For small deformations, A is a measure of the change of volume per unit initial volume of an element.

Conservation of mass — Lagrangian form. Now suppose that the material in the volume element
PyQyR(S, has mass ém in the reference configuration. Conservation of mass requires that the mass of the

material in the material volume element remains constant during the deformation. Hence the initial and
final densities, which we denote by p, and p respectively, are

.
Po= a",lfrﬂuﬁv= p_&:}n}{} an
Hence
po_ dv
—=—=detF
p dV =
(7.8)

and this is the required statement of the law of conservation of mass. We note that (7.8) justifies the
assumption which was made in Section 6.3 that det F # 0, for if det F = 0 then the density is either zero in
the initial configuration or infinite in the deformed configuration.

Conservation of mass - Eulerian form. Equation (7.8) expresses the law of conservation of mass in terms
of deformation gradients. For many purposes it is more convenient to express the law in terms of the
velocity components. For this we consider an arbitrary region R with surface S, fixed in space in relation
to a fixed frame of reference (see Fig. 7.2). The mass conservation law is expressed in the form that the
rate at which the mass contained in R increases is equal to the rate at which mass flows into R over S.
The rate at which mass flows over an element of surface, of area dS, is p dS multiplied by the normal
component of velocity. Hence



[[f220v=foo-nss

& ¥

(7.9)

where 0p/0t is the rate of increase of p at a fixed point in R. The negative sign on the right-hand side
appears because n denotes

Figure 7.2 The region R

the outward normal to S. By applying the divergence theorem to the surface integral, we obtain from (7.9)

JJI {i_i)+di\’ (pv]}dvzn

(7.10)

Since the region R is arbitrary, the integrand in (7.10) must be zero everywhere, for otherwise it would
be possible to construct a region for which (7.10) was violated. Hence

d .
- p+dw (pv)=0
ot

(7.11)

This equation is often called the continuity equation. By introducing the components of v and x, (7.11) is
readily expressed in the following equivalent forms:

dp :
E+U -eradp+pdive=0

(7.12)



Dp  dy
DI d.x-j

(7.14)

where, as in Section 4.3, Dp/Dt denotes the material derivative of p,

Dp dp dp
—= e v, —
Dt ot dx;

If the material is incompressible, then p is constant at any particle, so that Dp/Dt = 0. It therefore
follows from (7.14) that the incompressibility condition can be expressed in any of the following
equivalent forms:

dufax; =0, dive=0 D;=0, tr D=0

(7.15)

The device of converting a surface integral into a volume integral by the use of the divergence theorem
will be used frequently in this chapter. Naturally the results of doing this are valid only if the conditions
for the theorem to be applicable are satisfied. The most important of these is that the integrand of the
surface integral should be differentiable, and therefore continuous. Problems do arise in continuum
mechanics in which density, velocity, stress and other variables are discontinuous across certain surfaces,
which may be stationary or in motion. This situation arises particularly in stress-wave propagation
problems. It is not difficult to extend the theory to deal with such cases, and for some problems it is
essential to do so. However, in this text it is always assumed that necessary smoothness conditions are
satisfied.

7.3 The material time derivative of a volume integral

Suppose that @ is some physical quantity (such as mass or energy) associated with the particles of a body,
and ¢ is the amount of ®@ per unit mass. Then the amount of @ per unit volume is p® and the amount of ®
contained in a fixed region R at a given time t is

[[fswar

R



(7.16)

evaluated at t. In an increment of time &t, the value of ; at a given point or at a given particle in R will (in

general) change, and some particles will travel across the surface S of R, transporting (D with them. The
rate of change of the amount of (D which is associated with the particles which instantaneously occupy 91
at t is called the material time derivative of the integral (7.16) and is denoted as

2 [[Jowar

.

(7.17)

The rate of increase of the amount of 4) within the fixed region 91 is equal to the sum of the rate of
increase of associated with the particles instantaneously within R, together with the net rate of influx of ®
into R. Thus

[[[*2av=2 [[[ pav-|] don-vas

&t ] ¥

By applying the divergence theorem to the surface integral, and rearranging, we obtain

2 J[fwov= ] {42 o v
(7.18)

If ¢ = 1, the integral (7.16) represents the mass within R, and conservation of mass requires that the
material time derivative of this integral is zero. Hence the integral on the right side of (7.18) (with¢p = 1)
must have the value zero for all regions R, and so the integrand on the right side is zero. Thus we again
obtain the continuity equation in the form (7.11).

For a general quantity ¢, the integrand of the right side of (7.18) may be written as
% g } (ﬂ_ﬂ” : )
du{ar%-dw (pv) r+p ¥ +v-grad ¢

(7.19)

However, by (4.20) and the continuity equation (7.11), the expression (7.19) is just p Dg/Dt. Hence



(7.18) takes the form

D Jffamav=f[ 2o

& &

(7.20)

7.4 Conservation of linear momentum

The law of conservation of linear momentum for a particle of mass m states that the rate of change of its
linear momentum is equal to the resultant force p applied to it. Thus

D
D (mv)=p

For a continuum, this statement is generalized as follows: the rate of change of linear momentum of the
particles which instantaneously lie within a fixed region R is proportional to the resultant force applied
to the material occupying R. This resultant force consists of the resultant of the body forces b per unit

mass acting on the particles in R, together with the resultant of the surface tractions ¢ acting on the
surface of R. Hence the law is expressed in the form

D ([ yav=[[obavs [[mas

] & L d
(7.21)

In components, after making use of (5.9), this takes the form

B [[mov- ] ave s

5 i &

where n is the outward normal to S.

We now use (7.20) with ¢ replaced by v;, and apply the divergence theorem to the surface integral.
This gives



By the usual argument, the integrand is zero, and Dv;/Dt = f;, where f is the acceleration vector. Hence

oT,

(7.22)

This is the equation of motion for a continuum. It reduces to the equilibrium equation (5.23) when there is
no acceleration.

7.5 Conservation of angular momentum

For a particle, the law of conservation of angular momentum states that

D
E{m(x)(ﬂ}}=x>(p

where p is the resultant applied force and x is the position vector from an arbitrarily chosen origin. The
generalization for a continuum, analogous to (7.21), is

D ([ pexoave[[ pexbavs [[eximas

] 5 @

or, in components,

D
'E}'E J.JJ peﬁkx,-’uk dV = IJ{ peikaj-bk dV+ J-[ E'jjkxj-Tpkﬂp ds
@ & =

(7.23)

In the usual manner, we employ (7.20) with ¢ = e x;uy, transform the surface integral to a volume

integral, and equate the integrands of the resulting volume integrals on the two sides of the equation. This
gives

D d
eiikp'n_f (xjuk} = eijk{pijk +£ (xITpk}}

(7.24)



Now

E {x.'"'-“k) = xjf:.-. + vy,

and

d 7 f
— (xT) = 8, T +x;,—25 = Ty +x;
axp ( i pk) pi * pk i axp jk (] :

aT,,

Hence equation (7.24) can be written as

Qi
Eijk{Tik +x; (_.5_‘..‘5 + pby — Pfk)—ﬂﬂiﬂk} =0

P

(7.25)

However, e;;0;u, = 0, and the expression multiplied by x; in (7.25) is zero by the equation of motion, and
so (7.25) reduces to

erkT—;'k =U, or rfrl ] i

(7.26)

Thus the law of conservation of angular momentum leads to the conclusion that the stress tensor is a
symmetric tensor.

It should be mentioned that in writing down (7.23) it is implicitly assumed that no distributed body or
surface couples act on the material in R. If such body or surface couples do act, then in general the
symmetry of T no longer obtains. However, body and surface couples are of importance only in rather
specialized applications, and we shall not consider them.

7.6 Conservation of energy

The kinetic energy K of the material which instantaneously occupies a fixed region R is defined to be

K:-.j,ﬂjpv,.u,.dv

&

(7.27)



This is the natural extension to a continuum of the usual expression for the kinetic energy of a particle or
rigid body.

The kinetic energy of a continuum is only part of its energy. The remainder is called the internal energy
E, which is expressed in terms of the internal energy density e by

o f[fcav

a4

(7.28)

The statement we adopt of the law of conservation of energy is as follows: the material time derivative
of K + E is equal to the sum of the rate at which mechanical work is done by the body and surface forces
acting on R and the rate at which other energy enters R.

The ‘other energy’ may take many different forms. The most important is energy due to heat flux across
S. Other possible forms are energy arising from chemical changes inside R, energy arriving by radiation,
electromagnetic energy, and so on. We shall consider only the heat flux.

The above statement of the law is not particularly helpful on its own because it can be regarded as
being merely a definition of E. It really only becomes useful when some further properties of E or e are
specified. To do this leads into the consideration of constitutive equations, which we defer until Chapters
8 and 10.

If q; denote the components of the heat-flux vector q (that is, q * n is the amount of heat flowing in the

sense of the unit vector n across a surface normal to n, per unit area per unit time), then the mathematical
formulation of the law in the form stated above is

EDI “‘,“ PGV +e)dV = J’ JJ pbv; dV + IJ (Tyv,—q;)m; S
& ® <

o —

(7.29)

The negative sign in the last term arises because n is the outward normal to S, and we require the influx
of heat on the right of the equation. By employing (7.20) on the left side, transforming the surface integral
to a volume integral, and equating the integrands, it follows from (7.29), by the argument which is now
standard, that

D d
P a {éviﬂi +e) = pby; +é"‘£1' ('I-}I'Ull_qj')

(7.30)

Now Duy/Dt = f;. Hence, after rearrangement, (7.30) becomes



aT; De du;  dq;
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The expression in brackets is zero, by the equation of motion (7.22), and so

De du; aq;
Dt~ "ax; ax;

(7.31)

By interchanging the dummy indices i and j, we have Tj; du/0x; = T;; 0vy/Ox;, and, since T is symmetric,
T; duy0x; = Tj; dv,0X;.Hence by (6.69),

o, v, 3
T..i=§T..( 4 “)—TD

" ax; "\ox; ax e o

and (7.31) may be written as

,De_1p 24
Dt ax;

(7.32)

This is the energy equation for a continuum. The term T;Dj can be interpreted as the rate of working of the
stress.

To make further progress it is necessary to assign further properties to e and g. For example, it is often
assumed that a gas has a caloric equation of state, e = e(p, T), where T is temperature. The heat flux q is
often assumed to obey Fourier’s law of heat conduction,

q=—-—kgrad T

(7.33)

where K is the thermal conductivity. Such statements are not general laws, but are particular to certain
materials, and are certainly not universally true.

7.7 The principle of virtual work



The principle of virtual work has many applications in continuum mechanics. Although it is not a
conservation law, it is convenient to introduce it here. Suppose there is defined in the region R a stress
field with components T which satisfy the equilibrium equations

aT;
—+pb, =0
o P

Also suppose to be defined in R a velocity field with components v; which are differentiable with respect
to x;, and let

D 1 (E}Di_k_%)
T2 \ax,  ax;

be the components of the deformation-rate tensor derived from the velocity field v;.

It is emphasized that Tj and v; need be in no way connected; T; may be any equilibrium stress field and
v; any differentiable velocity field.

We form the product T;D; and integrate it over the region R. Then, using (5.23) and the symmetry

relations T;=Tj, we have

| | dv;,  dy
[ a3 [ 2o 2)ov
2 ax; 0x;
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Finally, by an application of the divergence theorem, we obtain

J”'f;imﬁdvﬁ T, v, dS 4 JH pvb, dV
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(7.34)

where n; are the direction cosines of the outward normal to the surface S of R and t" is the surface-
traction vector on S which corresponds to the stress components T

Equation (7.34) is the mathematical expression of the principle of virtual work for a continuum. It
states that the rate of working of the stress field Tj; in the velocity field v; is equal to the sum of the rates

of working of the surface and body forces associated with Tj in the same field.

An identical argument may be followed with v, replaced by infinitesimal displacement components
and Dj; replaced by the infinitesimal strain components Ej.

The relation (7.34) and its analogue in terms of infinitesimal displacement and strain form the basis of
a number of variational theorems in particular branches of continuum mechanics.

7.8 Problems

1. For an incompressible Newtonian viscous fluid in which Fourier’s law of heat conduction is satisfied,
Ty, q; and e are given by

ij
q; =—=x 0T/0x;,
e=CT

where p, k and C are constants and T is the temperature. Deduce that in this case the energy equation
(7.32) can be expressed in the form

C(—--+ :'"_):2 D.D.+x VT
& at Uﬂxi HLyly T K

2. Asingular surface is a surface across which the stress, velocity and density may be discontinuous. By
considering a thin cylindrical region which encloses part of a singular surface, show that in a body at rest

in equilibrium, ¢™ is continuous across a stationary singular surface, where n is the normal to the singular
surface.

3. Suppose a singular surface propagates through a body with speed V relative to the body, in the

direction of the normal to the surface. Prove that the quantities pV and pVo+t™ are continuous across the
singular surface.

4. A singular surface propagates in the direction of a unit vector n with speed v relative to fixed
coordinates. Show that if u is continuous across the singular surface, then v, + vn; duy0x; is also

continuous across the singular surface.



Linear constitutive equations

8.1 Constitutive equations and ideal materials

The results given so far in this book apply equally to all materials. In themselves they are insufficient to
describe the mechanical behaviour of any particular material.

To complete the specification of the mechanical properties of a material we require additional
equations, which are called constitutive equations. These are equations which are particular to
individual materials, or classes of materials, and they serve to distinguish one material from another. The
mechanical constitutive equation of a material specifies the dependence of the stress in a body on
kinematic variables such as a strain tensor or the rate-of-deformation tensor. Normally thermodynamic
variables, especially temperature, will also be involved, but we shall make only brief references to these.
Constitutive equations are also required in other branches of continuum physics, such as continuum
thermodynamics and continuum electrodynamics, but these problems are outside the scope of this book,
and we shall only discuss constitutive equations for the stress.

The mechanical behaviour of real materials is very diverse and complex and it would be impossible,
even if it were desirable, to formulate equations which are capable of determining the stress in a body
under all circumstances. Rather, we seek to establish equations which describe the most important
features of the behaviour of a material in a given situation. Such equations can be regarded as defining
ideal materials. It is unlikely that any real material will conform exactly to any such mathematical model,
but if the ideal material is well chosen its behaviour may give an excellent approximation to that of the
real material which it models. The model should be selected with the application as well as the material
in mind, and the same real material may be represented by different ideal materials in different
circumstances. For example, the theory of incompressible viscous fluids gives an excellent description of
the behaviour of water flowing through pipes, but is useless for the study of the propagation of sound
waves through water, because for sound-wave propagation a model which takes into account the
compressibility of water is essential.

Historically, the constitutive equations which define the classical ideal materials (linear elastic solids,
Newtonian viscous fluids, etc.) have been developed separately. In applications of these theories this
separation is natural. However, at the formulative stage there are advantages in a unified approach which
clarifies relations between the different special theories. Also it is possible to formulate some general
principles which should be followed in the construction of constitutive equations.

A first requirement which any constitutive equation must satisfy is that of dimensional homogeneity: the
dimensions of all terms in a constitutive equation must be the same. Since a constitutive equation always
includes constants or functions which characterize the material under consideration, and these quantities
have dimensions, the dimensional homogeneity requirement is usually not difficult to satisfy.



Constitutive equations should not depend on the choice of the coordinate system (although they may be
expressed in terms of components relative to any selected coordinate system). They therefore take the
form of relations between scalars, vectors and tensors.

An important restriction on mechanical constitutive equations is the requirement that the stress response
of a body to a deformation is not affected by rigid-body motions, so that the stress in a body depends only
on the change of shape of the body and is not affected (except for the change in orientation of the stress
field relative to fixed axes) by a superposed motion in which the body moves as a whole. To formalize
this requirement we specify that if a body undergoes two time-dependent motions, which differ from each
other by a time-dependent rigid-body motion, then the same stress results from each of these motions. This
is essentially equivalent to saying that constitutive equations are invariant under translations and rotations
of the frame of reference; two observers, even if they are in relative motion, will observe the same stress
in a given body.

Materials are usually regarded as either solids or fluids, and fluids are subdivided into liquids and
gases. We do not attempt a precise definition of this classification; the dividing lines are not always clear
and there are materials which possess both solid-like and fluid-like properties. The characteristic
property of a fluid is that it cannot support a shearing stress indefinitely, so that if a shearing stress is
applied to a body of fluid and maintained, the fluid will flow and continue to do so as long as the stress
remains. A solid, on the other hand, can be in equilibrium under a shear stress. Some solids possess a
natural configuration which they adopt in a stress-free state and to which they eventually return if a stress
is imposed and then removed; if a natural configuration exists it is usually convenient, though not
essential, to adopt it as the reference configuration. Fluids have no natural configuration and, given
sufficient time, will adapt to the shape of any container in which they are placed.

8.2 Material symmetry

Most materials possess some form of material symmetry. The commonest case is that in which the
material is isotropic; an isotropic material possesses no preferred direction and its properties are the
same in all directions. It is impossible to detect the orientation in space of a sphere of isotropic material
by performing an experiment on it. Many real materials are isotropic or nearly so; these include common
fluids like air and water, metals in their usual polycrystalline form, concrete, sand in bulk, and so on.
Other common materials have strong directional properties; an example is wood, whose properties along
its grain are quite different from the properties across the grain. Single crystals of crystalline materials
have directional properties which arise because their atoms are arranged in regular patterns, and this
gives rise to the various classes of crystal symmetry. A material which possesses a single preferred
direction at every point is said to be transversely isotropic. An example of such a material is a composite
material which consists of a matrix reinforced by fibres arranged in parallel straight lines. Over length
scales which are large compared to the fibre diameters and spacings, such a material may be regarded as
macroscopically homogeneous, and the fibres introduce a preferred direction which is a characteristic of
the composite material.

We consider material symmetries of two types; rotational and reflectional.

Rotational symmetry. Suppose a spherical volume element undergoes the homogeneous deformation
illustrated in Fig. 8.1. A typical particle initially at P, moves to P; and the deformation is described by

the equations



8.1)

where, since the deformation is homogeneous, the components F;; of F depend only on t.

Now suppose that the element undergoes a second deformation, which is similar to the first except that
the entire deformation field (but not the body) is rotated through an angle a about an axis n. Thus if Q is
the tensor defined by (6.11), the particle which is initially at Q = X moves in the second deformation to the
point Q * x, where

Q-x=F-Q-X
8.2)

The second deformation is illustrated for the case in which n = e; in Fig. 8.1(c); in it the particle initially
at Qy moves to Q,, where

LPOOQO = LPlon =a

The deformed sphere has the same shape in the two configurations, but the second is not derived from the
first by a rigid rotation. Although the two deformations (8.1) and (8.2) are related, they are distinct, and in
the absence of appropriate material symmetry they will give rise to different stress responses. For
example, the forces which accompany a given extension in the direction OP, will be different from those
associated with the same extension in the direction OQ,. However, for a given material it may happen that

for certain rotations the result of rotating the deformation field through the rotation defined by Q is to
produce the same rotation of the stress field. In this case, if the deformation (8.1) gives rise to a stress
tensor T, then the deformation (8.2) gives rise to a stress tensor Q' - T - Q. We then say that the material
has material symmetry (relative to the specified reference configuration) for the rotation determined by

Q.
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Figure 8.1 Rotational symmetry

As a simple example, the tensor Q with components Q;, where
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represents an anti-clockwise rotation of magnitude 2™ about the X5-axis. If the material has rotational
symmetry for this rotation, then the force p; required to produce a given extension in the X; direction has
the same magnitude as the force p, required to produce the same extension in the X, direction.

Reflectional symmetry. Now consider a further homogeneous deformation of the spherical volume
element which is the mirror image of the deformation (8.1), in some plane which for definiteness we take
to be the plane X; = 0. This deformation is defined by

—Xi F,, F, Fs\ [—X,
X, |=| Foy Fao E‘z:*. X5
X3 F;;, F5;, Fi; X5

(8.3)

or
Rl'x=F'R1‘X

(8.4)

=1 0 0
0 1 0
g 0 1

(8.5)

where the components of the tensor R, are

The tensor R, represents a reflection in the (X,, X53) plane. The deformation is illustrated in Fig. 8.2.

In the absence of material symmetry, the deformations (8.1) and (8.4) will give rise to two unrelated
stress responses. However, if the effect of reflecting the deformation field in the manner described is to
reverse the sign of the shear stress on the plane x; = 0, we say that the material has reflectional symmetry



with respect to this plane, relative to the chosen reference configuration. If the material has this symmetry

and the deformation (8.1) gives rise to the stress T, then the deformation (8.4) gives rise to the stress RY .
T « R, (the transposition of R; in the first factor is redundant, because R; is symmetric, but is introduced

for consistency with the corresponding result for rotational symmetries).

(a) (b) (c)

Figure 8.2 Reflectional symmetry

More generally, a reflection in the plane through 0 normal to a unit vector n is defined by a tensor R
with components Ry, where

R=I—2n ® n, Rl] = 51] — 2ninj

It is easily verified that R is a symmetric improper orthogonal tensor (that is an orthogonal tensor with
determinant equal to —1). A material has reflectional symmetry for reflections in the planes normal to n if
the deformation

R-x=F-R-X
(8.6)

gives rise to the stress RT -T-R when the deformation (8.1) gives rise to the stress T.

Reflectional symmetry with respect to planes normal to the X;-axis means that the tangential force
required to produce a simple shear in (say) the positive X, direction on the planes X; = constant, is equal

in magnitude but opposite in direction to that required to produce a shear of the same magnitude in the
negative X, direction on the same planes.

Symmetry groups. The set of tensors, such as the rotation tensors Q and the reflection tensors R, which
define the symmetry properties of a material, form a group (in the technical algebraic sense of the term)
which is called the symmetry group of the material.

For an isotropic material, the symmetry group includes all rotations about all possible axes, and
reflections in any plane; thus it is the group of all orthogonal tensors, which is the full orthogonal group in



three dimensions. A material whose symmetry group consists of all rotations but no reflections (the
rotation group or the proper orthogonal group in three dimensions) is said to be hemitropic. For our
purpose the distinction between isotropic and hemitropic materials is not important.

Materials which have fewer material symmetries than an isotropic material are said to be anisotropic.
The symmetry group for an anisotropic material is a subgroup of the full orthogonal group.

A material whose symmetry group includes all rotations about a specified axis is said to be
transversely isotropic about that axis. Various reflectional symmetries may or may not be added; again
the distinctions are not important here.

A material which has reflectional symmetry with respect to each of three mutually orthogonal planes is
said to be orthotropic. To a good approximation, wood is an example of such a material.

The symmetry group for an orthotropic material is a finite group, composed of the unit tensor, three
reflection tensors, and their inner products. Other finite subgroups of the full orthogonal group in three
dimensions are symmetry groups for materials with various kinds of crystal symmetry. The rotations

which occur in these symmetry groups are rotations through multiples of 27 and 37. Accounts of the
crystallographic groups can be found in texts on crystallography.

For the most part we shall concentrate on isotropy, which is the simplest and most important case, and
make only occasional references to anisotropic materials.

8.3 Linear elasticity

Many solid materials, and especially the common engineering materials such as metals, concrete, wood,
etc., have the property that they only undergo very small changes of shape when they are subjected to the
forces which they normally encounter. They also have a natural shape to which they will return if forces
are applied to them and then removed (provided that the forces are not too large). The theory of linear
elasticity provides an excellent model of the mechanical behaviour of such materials.

We define a linear elastic solid to be a material for which the internal energy p e per unit volume in the
reference configuration has the following properties:
a. pge is a function only of the components Ej; of the infinitesimal strain tensor and is, or may be

adequately approximated by, a quadratic function of these components;

b. if K is the kinetic energy (7.27) and E is the internal energy (7.28) in any region R, then the material
time derivative of K + E is equal to the rate at which mechanical work is done by the surface and
body forces acting on R.

It is conventional to denote p e by W, and to call W the strain-energy function. Thus (a) states that W
has the form

1% :é Efk!Eij-Ek!
8.7)

where Cy are constants. Property (b) is a restatement of the law of conservation of energy (Section 7.6)

with heat flux assumed to be absent, or neglected. Properties (a) and (b) together state that all the
mechanical work done on R either creates kinetic energy, or is stored as potential energy (which is called



the strain energy) which depends only on the deformation. The system is conservative ; in a closed cycle
of deformation the strain energy is stored and then released so that no net work is done on the body.

The more general case in which W is allowed to depend also on temperature or entropy, and in which
heat flux is permitted, leads to the theory of linear thermoelasticity. We shall not develop this theory.

It should be noted at the outset that a constitutive equation based on (8.7) will necessarily fail to satisfy
one of the requirements stated in Section 8.1 for, as was shown in Section 6.6, the components Eij do not

remain constant in a finite rotation, and so W as defined by (8.7) must change when a body rotates without
change of shape. This is not reasonable physically. However, if attention is restricted to motions in which
the rotation is small, then the change in E; is of second order in the rotation components. The theory of

linear elasticity is essentially an approximate theory which is valid for values of Ej; and Q; which are

small compared to one. The theory is nevertheless very useful because the approximation is an excellent
one in many applications. It is consistent with the approximation involved in adopting (8.7) to neglect Ej;

compared to one, and this will be done whenever it is convenient to do so.

Suppose we change from a coordinate system with base vectors e; to a new coordinate system with

base vectors € such that

and (M) is an orthogonal matrix. Then the infinitesimal strain components Ej; and Eij in the old and new
systems are related by the usual tensor transformation rule

E,=MM,E;  E;=MM;E,
(8.8)
The strain energy W can also be expressed as a quadratic function of the components Eij as
W =31CEEu
(8.9)

However W is a scalar, which is not affected by a change of coordinate system, and so the expressions
(8.7) and (8.9) are the same. Hence, using (8.8),

(T"pqrsquEurs = CifkiEl'j'Ekl = CifklMpiMmMrkhﬂIENEm

This is an identity for all values of Eij and so



Cpqm = ml\«me rkM-iICi;'ki

Hence Gy are components of a fourth-order tensor.

The 3% = 81 constants Cjyq are called elastic constants. They have the dimensions of stress and their

values characterize particular linear elastic materials. The elastic constants are not all independent. By
interchanging the dummy indices i and j in (8.7), we obtain

W= %CfiklEjiEkI

However, Ej = Ej, and so

W =3CiEiEq = H3(Cijta + Giita )} EiEia

Thus Cj may be replaced by A Gijia + Cr‘ikl), which is symmetric with respect to interchanges of i and j.
Hence, without loss of generality, Cy may be assumed to be symmetric with respect to interchanges of its
first two indices. Similarly, Cyq may be assumed to be symmetric with respect to interchanges of its third
and fourth indices. Thus

Cijkl! = Ciipg = C:'jik i 1 k,1=1,2,3)

I

(8.10)

The symmetries (8.10) reduce the number of independent elastic constants to 36. Furthermore, by
simultaneously interchanging the indices i and k and the indices j and I, there follows

W= 'lz'cktijEejEH = %{%(Cum £ Ckﬁj }}EijEkl
Hence no generality is lost by assuming that Cyq also has the index symmetries
Ca’j'kl = Ckm

(8.11)

The symmetries (8.11) further reduce the number of independent elastic constants to 21.

A further requirement on W is that the stored elastic energy must be positive, so that (8.7) is a positive
definite quadratic formin the Ej;.



Any material symmetry further reduces the number of independent elastic constants. We return to this
point below.

So far, property (b) of linear elastic solids has not been employed. From (7.31), with e replaced by W/
p,, and the heat flux terms neglected, we have

LA
4 ax; po Dt
8.12)

Since, by (7.7) and (7.8), p/p, = 1 + O(Ej), to the order of approximation used in small-deformation
theory we may replace p by p,, and write

dy,_DW
”’ax,."" Dt

It was shown in Section 7.6 that Tj; duy0x; = TDj, and so

DW
SRR

(8.13)

Now, since W depends only on E;, (8.13) gives

ij)

TyDy=
N B, Di

and (6.77) then gives, to the required order of approximation,

oW
TDy= 3E, D
This is an identity which holds for all values of Dy, and so
aw
Tii _aE”

However, from (8.7) and (8.11),
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pqr.s {Sapaj'qu + 'BirS;:Lqu)
= E(Cimem + Cpqijqu)
= CijrsErs

Hence

T" =Cijr.t;Ers

(8.14)

and this is the constitutive equation for a linear elastic solid. It is evident that the stress components are
linear functions of the infinitesimal strain components.

An alternative formulation of linear elasticity theory is based on the assumption that the stress
components T} are (or can adequately be approximated by) linear functions of the infinitesimal strain
components Ej so that (8.14) is taken as the starting point rather than as a consequence of (8.7). Insuch a
formulation there is no loss of generality in giving Cy, the index symmetries (8.10), but (8.11) does not

obtain unless further assumptions are made. A material with constitutive equation (8.14) but lacking the
index symmetry (8.11) has the unrealistic property that work can be extracted from it in a closed cycle of
deformation. We therefore prefer to base the theory on (8.7), from which (8.11) follows automatically.

The number of independent elastic constants is further reduced if the material possesses any material
symmetry. Suppose for example that the material has the reflectional symmetry with respect to the (X,, X3)

=3(F; +F) 8,,,

planes which is associated with the tensor R; which is defined by (8.5). Since E; itis

easily seen that the effect of replacing the deformation (8.1) by the deformation (8.3) is to replace E;, by
—E,, and E; 3 by —E3, while leaving the other components E;; unaltered. However, if R; belongs to the
symmetry group, W must be unchanged by this substitution. Hence, if the material has this symmetry, then

W(E”, Ezz: E33, E23, EE!I? Em) = W(En: E221 ESI&? Ez.a, “"E:us _Eu)
(8.15)

and this relation must hold identically for all Ej. By writing (8.7) in full with the above two sets of
arguments, or by considering special cases, it follows from (8.7) and (8.15) that

Ci112 = Ci113 = Ciopp = Cypp3 = Cios3 = Cygpp = Cy3p3 = Cy333=0

Other material symmetries impose further restrictions on the elastic constants. The various possibilities



are described in texts on linear elasticity. We omit the details and proceed to the case of isotropic
materials.

The symmetry group for isotropic materials includes all proper orthogonal tensors Q. Suppose, as
before, that Ej; are the components of infinitesimal strain which correspond to the deformation (8.1). Then
the corresponding stress components Tj are given by (8.14). The infinitesimal strain components which
correspond to the deformation (8.2) are

E,q = Qi GFy +3F—84) Qi = Qi Qi Ew

(8.16)
and the associated stress components are
T,s = CrpaFra
(8.17)
Now if Q belongs to the symmetry group, then
T;=0Q,Q;T,
(8.18)

and hence, from (8.16), (8.17) and (8.18),
T = Q3 Qs Qi Qg Crspa Er
(8.19)
It follows, by comparing (8.14) and (8.19), that
Gt = Qi Qi Qi Qg Crspa

(8.20)

and, if the material is isotropic, this must hold for all orthogonal tensors Q. However, (8.20) then
becomes a statement that C are components of a fourth-order isotropic tensor (Section 3.5). The most

general fourth-order isotropic tensor is given by (3.37). Hence Cj; take the form



Cifk! = Aaijak! 03 f-’l'aikajl * Vaitajk

(8.21)

and the constitutive equation (8.14) becomes
T;;=A8;Ey + LE; + vE;
Since Ej = E;; no generality is lost by setting v = p, so that
Ty =A8;Ey. +2nE;

(8.22)

or, equivalently, in tensor notation

T=MtrE + 2pE

Equation (8.22) is the constitutive equation for an isotropic linear elastic solid; such a material is
characterized by the two elastic constants A and }u.

We observe that the form (8.21) possesses the index symmetry Cyyq = Cyg; Thus for an isotropic
material we arrive at (8.22) regardless of whether we adopt (8.7) or (8.14) as the starting point.

8.4 Newtonian viscous fluids

In experiments on water, air and many other fluids, it is observed that in a simple shearing flow (Section
6.10) the shearing stress on the shear planes is proportional to the shear rate s, to an extremely good
approximation and over a very wide range of shear rates. This behaviour is characteristic of a Newtonian
viscous fluid or a linear viscous fluid. This model of fluid behaviour describes the mechanical properties
of many fluids, including the commonest fluids, air and water, very well indeed.

We consider fluids with constitutive equations of the form

Tij =—P{ﬂ= H)aij =+ B“kl{p: H)Dkt

ij

(8.23)

where 0 is the temperature. In a fluid at rest, Dy; = 0, and (8.23) reduces to



T;; :_P{P: H)aij
(8.24)

which is the constitutive equation employed in hydrostatics, with p(p, 0) representing the hydrostatic
pressure. Thus (8.23) specifies that in a fluid in motion the additional stress over the hydrostatic pressure
is linear in the components of the rate of deformation tensor.

If the fluid is isotropic, then arguments similar to those used in Section 8.3 to reduce (8.14) to (8.22)
lead to the conclusion that By, are (like Cy, for an isotropic linear elastic solid) the components of a

fourth-order isotropic tensor, and then (8.23) takes the form

T;={—p(p, 6)+ A(p, 0) Dy }8; +2u(p, 6)D;

(8.25)

or, equivalently

T = {—p(p, 0)+A(p, O)tr D +2p(p, 6)D

Here the viscosity coefficients A(p, ) and p(p, 6) are of course, not the same as the elastic constants A
and p which were introduced in Section 8.3. A particular linear viscous fluid is characterized by the two
coefficients A and p.

It was shown in Section 6.9 that D;; = 0 in a rigid-body motion and that the superposition of a rigid-
body motion on a given motion does not change the value of Dy. Hence the right-hand side of (8.25) is not

affected by a superimposed rigid-body motion. Therefore the constitutive equation (8.25) has the required
property of being independent of superimposed rigid-body motions. This is in contrast to the constitutive
equation of linear elasticity theory, which, it was emphasized in Section 8.3, is necessarily an
approximate theory and is valid only for small rotations and deformations. Equation (8.25) is a possible
exact constitutive equation for a viscous fluid. In practice, it is found that (8.25) serves extremely well to
describe the mechanical behaviour of many fluids.

In fluid mechanics texts it is usual to assume, as we have done here, that the fluid is isotropic. In fact it
can be shown that isotropy is a consequence of (8.23) and the requirement that the stress is not affected by
rigid-body motions, and so isotropy need not be introduced as a separate assumption. We shall
demonstrate this, in a more general context, in Section 10.3. It does not follow that all fluids are
necessarily isotropic. Fluids with anisotropic properties do exist, but they require more general
constitutive equations than (8.23) for their description.

Several special cases of (8.25) are of interest. If the stress is a hydrostatic pressure (see Section 5.9)
then

T =%Tkk6ij ={—p(p, 8)+(A +%|‘-L)Dkk}3,-f-



It is often assumed that in such a state of pure hydrostatic stress, the stress depends only on p and 8 and
not on the dilatation rate D,,. If this is the case then A +31 = 0, and this relation is often adopted.

If the material is inviscid, then A = 0 and p = 0, and the constitutive equation reduces to (8.24). The
stress in an inviscid fluid is always hydrostatic.
If the fluid is incompressible, then p is constant and D, = 0. Incompressibility is a kinematic constraint

which gives rise to a reaction stress. The reaction to incompressibility is an arbitrary hydrostatic pressure
which can be superimposed on the stress field without causing any deformation; this pressure does no
work in any deformation which satisfies the incompressibility constraint. Such a hydrostatic pressure is
not determined by constitutive equations but can only be found through the equations of motion or of
equilibrium, and the boundary conditions. Thus for an incompressible viscous fluid, (8.25) reduces to

T;=—pd; +2n(0)D;;, or T=—pl+2r(6)D

(8.26)

where p is arbitrary, p depends only on 8, and the term AD,, has been absorbed into the arbitrary function
p. We note that in the limit as the material becomes incompressible, D, — 0 and A - oo in such a way
that AD,, tends to a finite limit.

If the fluid is both inviscid and incompressible (such a fluid is called an ideal fluid) then
T;=—pdy, or T=-pl

(8.27)

where p is arbitrary in the sense that it is not determined by a constitutive equation.

8.5 Linear viscoelasticity

Many materials (especially materials which are usually described as ‘plastics’) possess both some of the
characteristics of elastic solids and some of the characteristics of viscous fluids. Such materials are
termed viscoelastic. The phenomenon of viscoelasticity is illustrated by creep and stress-relaxation
experiments. For simplicity, consider the case of simple tension. Suppose a tension F is rapidly applied

to an initially stress-free viscoelastic string at time t=0, and then held, constant, as illustrated in Fig.
8.3(a). The corresponding relation between the elongation e and time t may be of the form shown in Fig.
8.3(b), with an initial elongation e, (such as would occur in an elastic material) followed by an
increasing elongation under the maintained load. This illustrates the phenomenon of creep. If the material
is a viscoelastic solid, the elongation tends to a finite limit e, as t — oo; if the material is a viscoelastic

fluid, the elongation continues indefinitely.
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Figure 8.3 Creep curve

Alternatively, suppose that at t = 0 the string is given an elongation e, and held in this position (Fig.
8.4(a)). The resulting force response is shown in Fig. 8.4(b); the force rises instantaneously to F, att =0

and then decays. This is stress relaxation. For a fluid, F -~ 0 as t — oo; in a solid, F tends to a finite limit
F,ast— oo,

We consider here only infinitesimal deformations, so that the use of the infinitesimal strain tensor is
appropriate. With the behaviour illustrated in Fig. 8.4 as motivation, we assume that an increment 6Ej; in

the strain components at time T gives rise to increments 5Tij in the stress components at subsequent times t,

the magnitude of these increments depending on the lapse of time since the strain increment was applied.
Thus

8T (t) = Gy (t —7) 8E,(7)

(8.28)

where we expect Gyjy; to be decreasing functions of t—t. The superposition principle is also assumed,

according to which the total stress at time t is obtained by superimposing the effect at time t of all the
strain increments at times 7< t. Thus

db’k{ (T)

’T

T (1) = J Gl

(8.29)
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Figure 8.4 Stress-relaxation curve
This is the constitutive equation for linear viscoelasticity. The functions Gy, are called relaxation

functions. If the strain was zero in the remote past, so that E;; — 0 ast - — oo, (8.29) can be expressed
in an alternative form by carrying out an integration by parts, as follows:

T(t) = E;y(t) Gy (0) — _I:r Ey % {Gy(t—7)} dr (8.30)

(8.30)
The stress-relaxation functions Gy (t—1) have the index symmetries Gyg = Gjq = Gy, but not the

index symmetry Gy = Gyg;, unless this is introduced as a further assumption. If the material is isotropic,
then Gyq are components of a fourth-order isotropic tensor, and, for example, (8.29) reduces to

T.,.-_va,.jj; A(1—7) E”‘{T]d +2J (_T)d (T)

(8.31)

and only two relaxation functions A(t—rt) and p(t—r7) are required to describe the material.

The inverse relation to (8.29) is

clTH

Ey)= [ Jult=7)

(8.32)

The functions Jyq(t—Tt) are known as creep functions; they have the same index symmetries as Gyq(t—T)
and are components of a fourth-order isotropic tensor in the case in which the material is isotropic.



Linear viscoelasticity has the same limitations as linear elasticity : it is necessarily an approximate
theory which can only be applicable when the strain and rotation components are small.

In a sense, linear elasticity can be regarded as the limiting case of linear viscoelasticity in which the
relaxation functions are independent of t; and a Newtonian viscous fluid as the limiting case of an
isotropic linear viscoelastic material in which the relaxation functions A(t—7t) and p(t—rt) take the forms
AS(t—1) and po(t—r) respectively, where A and 1 are the viscosity coefficients and 6(t—rt) is the Dirac
delta function.

8.6 Problems

1. A linear elastic material has reflectional symmetry for reflections in the (X,, X3), (X5, X;) and (X3, X,)
planes (such a material is said to be orthotropic). Show that it has nine independent elastic constants.

2. Show that a transversely isotropic linear elastic solid has five independent elastic constants, and find
the form of W for a linear elastic solid which is transversely isotropic with respect to the X5-axis.

3. From the constitutive equation (8.22) and the equation of motion (7.22), with b = 0, derive Navier’s
equations for an isotropic linear elastic solid:

3%y Pu, Oy
A+ + =

4. In simple tension of an isotropic linear elastic solid. Ty; = EEy; Ty, = Ta3 = Ty = T3y = T1, = 0, and Ey,
= E33 = —vVE;, where E is Young’s modulus and v is Poisson’s ratio. Prove that E = p(3A + 2p)/(A + p)

and ¥ =3M(A + 1) Show that the constitutive equation (8.22) can be expressed in the form

E =é{(1+v}T— vl tr T}

5. Prove that necessary and sufficient conditions for W to be positive definite for an isotropic linear
2
elastic solid are p >0, A T3 > 0.

6. In plane stress or in plane strain, the equilibrium equations reduce to (5.42). Show that these equations
are identically satisfied if the stress components are expressed in terms of Airy’s stress function X, as Ty,

2 2
= 0°X/9x3, T, = F*XJOxX1, T, = —32X/x, Ox,. Prove that in plane stress or plane strain of an isotropic
linear elastic solid, X satisfies the biharmonic equation

2 282
V4x=(:—+a—) x=0
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7. From the constitutive equation (8.26) and the equations of motion (7.22) derive the Navier-Stokes
equations for an incompressible Newtonian fluid



ap v, (&u,- aui)
pb, ———+ . =p\—+vy—
ax; 0x; 0x; at dx;

8. A Voigt solid is a model viscoelastic material which in uniaxial tension has the stress-strain relation o
= E, (¢ +10€) where E, and t, are constants. Sketch the creep and stress-relaxation curves for this
material. Show that the relaxation function is Ey{1 + t, 8(t—71)}. Give a three-dimensional generalization
of the above constitutive equation for an incompressible isotropic material.

9. A Maxwell fluid is a model viscoelastic material which in uniaxial tension has the stress-strain relation

E,€ =06 +0a/ty gSketch the creep and stress relaxation curves. Show that the stress relaxation function is
E, exp {—(t—71)/t;}. Hence give a three-dimensional generalization for an isotropic incompressible

material in the integral form (8.31).



Further analysis of finite deformation

9.1 Deformation of a surface element

The extension of a material line element in the deformation (6.1) was discussed in Section 6.2 and the
change of volume of a material volume element was considered in Section 7.2. In some applications it is
important to know how the area and orientation of a material surface element change in a deformation; this
problem arises, for example, when specified forces are applied to the boundary of a deforming body.

Consider a triangular material surface element whose vertices Py, Q, and Ry, in the reference

configuration have position vectors X, X(0+§X( and X(©+8§X® respectively, as shown in Fig. 9.1. Let
this triangle have area S and unit normal vector N.? Then by elementary vector algebra,

N8S=15XUx5X?,  or  Ni8S=lepsr 6XY X9

9.1)

Suppose that in the deformation (6.1) the particles initially at P, Qq and R, move to the positions P, Q and
R, with respective position vectors x(9, x(©+8x() and x(©) + §x(?), and that the triangle P,QyR, has area §s
and unit normal n. Then

n &8s =15xMx 5x?, or n, 8s = hey, Sx(V 6@
(9.2)
We now introduce (7.3) and the similar relation for &x;” into (9.2), and so obtain
n, 85 = Leyy Sx( 8x2
=ia 0% 9%

““‘ax Xy
+0(8X)? (a=1,2)

ax(‘l} axfz‘l



Figure 9.1 Deformation of a surface element

Next multiply both sides of this equation by dx/0Xy This gives

ax; ax; ox; dx
n,—— 8s =3e B

X, EaX. 0k 0K

X 8XP+0(8X)?

It then follows from (2.22) and (9.1) that

dax; E!{xl, Xa, xj.)
—8s =320 or SXW §X2D 4+ O(5X 2
a[xl.'a X2, x3) 3
= Ng 85 + O(8 X'
AX. X)) T (3X&")
©9.3)

In the limit as XV = 0, and §X® - 0, (9.3) becomes

. 0X; E_ a(x,, X5, X3)
"N, a8 Al X, X))

N = (det F)Ng =%9 Ng

(9.4)

Since N is a unit vector, it follows from (9.4) that



. de, dx [dsy?
1= NgNg =(det F)nn, v &XI (H-S")
R R

2
= (det F) *>n;n,B;; (‘%)

(9.5)

and hence that

( ds )2 (et FY’
ds n; HjBif

(9.6)

In tensor notation, (9.4) and (9.6) may be written as

ds
NdetF—n-FE

9.7)

and

s

(9.8)

Equations (9.6) or (9.8) determine the area ratio ds/dS in terms of the deformation and the normal n in the
deformed configuration. The initial normal N is then given by (9.4) or (9.7). The inverse relations to (9.7)
and (9.8) are

ndetF_1=N-F_1d—S
ds

(9.9)

and



(d8)2 (det F')*

ds/ N-C*-N

(9.10)

9.2 Decomposition of a deformation

By the polar decomposition theorem (Sections 2.5, 3.6) the deformation-gradient tensor F may be
expressed in the forms

F=R-U=V-R
(9.11)

where R is an orthogonal tensor and U and V are symmetric positive definite tensors. Since det F= p/p, it

can be assumed that det F > 0, and then R is a proper orthogonal tensor. For a given tensor F, the tensors
R, U and V are unique. It follows immediately from (9.11) that

U=R"-V-R, V=R-U-R"
(9.12)
We consider first the case in which the motion is homogeneous, so that
x=F-X
(9.13)

where the components of F are constants. Suppose that the body undergoes two successive homogeneous
motions, in which the particle which initially has position vector X moves first to the point with position
vector £ and secondly to the point with position vector x, where

2=U-X x=R-Xx
(9.14)

Then from (9.11) and (9.14)



Xx=R-X =R-U'X=F-X

and the two successive motions (9.14) are equivalent to the motion (9.13). Since R is orthogonal, the
second equation of (9.14) describes a rotation of the body. The first equation of (9.14) describes a
deformation which corresponds to the symmetric tensor U. Thus the first equation of (9.11) shows that any
homogeneous deformation can be decomposed into a deformation which corresponds to the symmetric
tensor U followed by the rotation R. Similarly, the second equation of (9.11) shows that, alternatively, any
homogeneous deformation can be decomposed into the same rotation R followed by a deformation which
corresponds to the symmetric tensor V.

If the deformation is not homogeneous, (9.13) may be replaced by the relation

dx=F -dX

between the differentials dx and dX. Then the decompositions (9.11) can still be made, but R, U and V are
now functions of position. In this case the decomposition is regarded as one into a local deformation U

followed by a local rotation R, or alternatively into a local rotation R followed by the local deformation
V.

The tensor R is called the rotation tensor. The tensors U and V are called the right stretch and the left
stretch tensors respectively. The tensors U and V are closely related to the deformation tensors C and B,
for, from (6.27) and (9.11), and since U is symmetric, we have

C=F'-F=U-'R"-R-U=U?

(9.15)

and from (6.33) and (9.11) we have

B=F-F'=V-R-R"-V=V?

(9.16)

Because U is symmetric and positive definite, (9.15) determines the components of U in terms of those
of C, and conversely. Therefore U and C are measures of the deformation which are equivalent to each
other. U has the advantage of possessing the geometrical interpretation described in this section.
However, for a given F, the direct calculation of U from (9.11) is inconvenient, whereas the calculation of
C from (6.27) is straightforward. Therefore in applications the use of C is usually to be preferred to that
of U. Similar comments apply to the tensors B and V.

From (6.62) we have



F=I+E+12
9.17)

where E is symmetric and €2 is anti-symmetric. In the case of small strains and rotations, we neglect
squares and products of E and €. Then

U?2=F": F = (I+E—Q) * (I+E+Q)=I+2E

and, to the same order of approximation,
U=I+E
(9.18)

In a similar way we find that V=I+E, so that both U—I and V—I reduce to the infinitesimal strain tensor
in the case of small deformations. Also, from (9.18),

U'~I-E

(9.19)

and so from (9.11), (9.17) and (9.19)
R=F-U'=(I+E+2)-(I-E)=1+Q

(9.20)

Thus R—I reduces to the infinitesimal rotation tensor € in the case of small rotations.

9.3 Principal stretches and principal axes of deformation

Suppose that F has been decomposed into the product R * U, as in (9.11). The factor R represents a
rotation. We now concentrate on the motion which corresponds to the symmetric tensor U.

We recall the result (6.20) which gives the change of orientation of a material line element in a motion.
For the motion U, this result becomes

U-A=M\a



(9.21)

where A and a are unit vectors in the direction of the line element before and after the motion U, and A is
the stretch of the element.

Suppose a particular line element, whose initial direction is given by A, stretches but does not rotate
during the motion. Then for this line element A is equal to a, and (9.21) becomes or

U-A=AA

(U—M)-A=0

(9.22)

Thus A is a principal value of U, and A is a principal direction of U. Since U is symmetric and positive
definite, its principal values are real and positive; we denote them by A;, A, and A,, order them so that A;

> A, > A3, and call them the principal stretches. Also since U is symmetric, it has a triad of orthogonal
principal directions given by unit vectors A;, A, and A,, which are uniquely determined if A;, A, and A,
are distinct. These vectors determine the principal axes of U.

If the coordinate axes are chosen to coincide with the principal axes of U, then the matrix of the

components of U takes the diagonal form
A 000
(Ugs)={ 0 A, O
0 0 As

Hence, referred to these axes, the deformation U consists of extensions along the three coordinate
directions, with no rotation of elements which lie along these axes. Therefore the motion which
corresponds to F = R = U consists of these three extensions of magnitudes A;, A, and A5 along the three

directions A, A, and A, respectively, followed by the rotation R.

In a similar way, the decomposition F = V*R can be used to show that, alternatively, F can be regarded
as a rotation R followed by three extensions, which are given by the principal values of V; along the
directions of the principal axes of V. However, the principal values and principal axes of U and V are
related. Since R - R=I, it follows from (9.22) that

R-(U—M)*R""R-A=0

Since R - I - RT =1, this equation can be expressed as

(R'U'RT—AI) ‘R-A=0



and hence, from (9.12), as
(V=AI-R-A=0
(9.23)

Thus the principal stretches A; A, and A3 of U are also the principal values of V, and if A}, A, and A3

define the principal directions of U, then R - A}, R* A, and R * A, define the principal directions of V.

The principal directions of V are obtained by rotating the principal directions of U through the rotation R.
If the deformation is homogeneous, then U, V and R are constant tensors, and the principal stretches

and the principal directions are uniform throughout the body. In the general case of a non-homogeneous
deformation, the principal stretches A, A, and A5, and the vectors A;, A, and A3, as well as the rotation

R, are all functions of position.

Because C =U? and y = 2(C-1 ), the principal directions of C and y coincide with those of U, and
their principal values are Af and %U‘f—l) (i =1, 2, 3) respectively. Similarly, the principal directions of

B and n coincide with those of V and their principal values arer? and 2(1—A7%) (i =1, 2, 3) respectively.
For a given F it is much easier to calculate C or B than U or V, and so the easiest way to calculate the
principal stretches and principal directions is by calculating the principal values and principal directions
of C or B.

The principal stretches and principal axes of the deformation tensors can be interpreted in another way.
We recall the formula (6.29),
A% = ArAgCrs

(9.24)

For a given tensor C this determines an extension ratio A for each set of direction cosines As in the
reference configuration. We enquire for what directions A this extension ratio takes extremal values; thus
we seek extremal values of AgAgCrg, subject to the constraint AgAg = 1. These extremal values are

given by the solutions of the equations

d
A {ARAsCrs — n*(AgAr — 1)} =0
P

where u.? is a Lagrangian multiplier. Since dAg/0Ap = Szp, and dA/OAp, = 8p, this equation reduces to

(Cer — .U-zapR)AR =0



(9.25)

Hence the directions A for which A? is extremal are two of the principal directions of C. Therefore the
corresponding values of A? are the largest and smallest principal values of C, namely AT and A3 A
similar procedure applied to the tensor B shows that A takes its extremal values AT and A3 for directions

in the deformed configuration which coincide with two of the principal directions of B.
9.4 Strain invariants

It follows from the discussion of Sections 3.8 and 9.3 that the principal stretches A;, A, and A5 are
invariants which are intrinsic to the deformation. Since A;, A, and A5 are principal values of U and V,
three symmetric functions of A; A, and A3 may be chosen as the basic invariants of U and V. However, it

is preferable to make use of the fact that }‘%, A3 and A3 are principal values of C and B, and to define the
strain invariants I;, I, and I as follows:

Li=A34A2% 42, L, =AZA2+A3A3+A3A3, L=A3K32

(9.26)

The advantage of this procedure is that C and B are much more easily calculated from F than are U and V.
The choice (9.26) of the strain invariants is, of course, not unique, but it is one which has proved to be
convenient.

Since A1, A3 and A3 are the principal values of both C and B, there follow from (3.56) and (3.57):

I,=trC=tr B=Cgg = B;
, =H(tr C)*—tr C*} =3{(tr B)*—tr B?}
=1 CrrCss — CrsCrs} =3{B:B;; — B;;B;;}
I,=det C=det B

(9.27)

Alternative expressions for I, are obtained by substituting C and B for A in (3.59).

From (3.58), the Cayley—Hamilton theorem for C and for B can be expressed as

CS_IIC2+IEC#I3I=0
B*—I,B*+LB—LI=0

(9.28)



The eigenvalues of C! and of B are A1°, A2~ and A3~

Therefore
trC ' =tr B~ ' =A7>+ A2 +A57

=ATTAZZATZAZAS+HAZATHATAD)
=LI"

Hence we obtain the alternative expressions for L,

IE=I3tIC_1=I3 tr B

(9.29)

We note also that, from (7.8),

: dov\2 2
I;=det C=det F'F = (det F)2=(d—z,) = (%)

(9.30)

If the material is incompressible then (Section 7.2) det F = 1, and so I; = 1. Hence in any deformation of
an incompressible material, A;A,A3 = 1.

Example 9.1 Uniform extensions. For the uniform extensions defined by (6.42) the polar decomposition
is trivial: we have F = U =V, R =1. The principal stretches are A;, A, and A5 and the coordinate axes are

the principal axes of both C and B. The strain invariants are
Li=AT+Ac+As, L=XBE+34+2%: LE=iA3

Example 9.2 Simple shear. A simple shearing motion is defined by (6.44). From (6.45) and (9.27) the
strain invariants for this motion are

I, =3+tan’y, I, = 3+tan’y, [; = 1

Since I; = 1, a simple shearing motion is possible in an incompressible material, as is obvious from Fig.

6.4. By calculating the eigenvalues of the matrix of the components of the tensor C given in (6.45), we
find that



A{=sec P +tan B, A, = 1, Ay = sec-tan3

where tan § = > tany The principal directions of C are given by the eigenvectors of the matrix of the
components of C; these eigenvectors have the following components:

b =y o conn JF .
{Jz (1—sin B)2, JZ{I +sin )z, U} , W, & 1F,

1 i i W o2 . L

{E{H-sm Bz, —E[l—sm B, U}
Similarly, the components of the eigenvectors of B are

{i{1+~' ): i{i— in B): B}T a0 3
5 sin B)2, " sin 3 )3, 5 0 0 1),

{i“_ : 3 __i{1+ - 3 O}T

75 (1=sinB), —— (L+sin p),

The components of the tensor R can be calculated by using the property that R represents the rotation
which rotates the orthogonal triad of principal axes of C into the orthogonal triad of principal axes of B.
Thus if

L ((A-sinB)i 0 (1+sinp)
MFE((HE;;HIB); 0 *(l—sinﬁ}i)

V2 0

M2=ﬁ((‘l—sinﬁ}5 0 —(1+sinB)

(1+sinB): 0 (1—sin B}’f‘)
0 V2 0

then M, = RM,, where R is the matrix of components of R. Since M, is orthogonal, it follows that
R= MEMT, which gives

cosf3 smpB 0
R= (—sin B cosp D)
0 0 1

Thus R represents a rotation through 3 about the X5-axis. The components of the tensor U are then
determined by the equation U = RT- F, which gives



cos 3 sin 3 0
(Um):(sinﬁ sec B (1+sin® B) D)
0 0 1

An alternative procedure is to calculate U directly from the relation U2 = C and to use the relation R =
F- U to determine R.
9.5 Alternative stress measures

In Section 5.2 we defined the component Tj of the Cauchy stress tensor T as the component in the X;
direction of the surface traction on a surface element which is normal to the x; direction in the current

configuration. For some purposes it is more convenient to use a stress tensor which is defined in terms of
the traction on a material surface which is specified in the reference configuration.

Consider an element of a material surface which in the reference configuration is normal to the Xy-axis
and has area 8S. The unit normal to the surface is therefore e in the reference configuration. After the
deformation (6.1), this element has area 8s and unit normal ng where, from (9.9),

dS
ne = (det F) R Ft

(9.31)

The force on this deformed surface is denoted by mz 6S. The vector my, is resolved into components Iy,
so that

T = llRieE

(9.32)

Thus Iy, represents the component in the x; direction of the force on a surface which is normal to the Xy-
axis in the reference configuration, measured per unit surface area in the reference configuration.

To relate IIy; to T}, we note that the force on the deformed surface element is also equal to ng T$s.

Hence, from (9.31) and (9.32),

l—[REe'I 55={detF)cdl—f£R 'F_l - T 6s

(9.33)

Therefore, by equating components on either side of (9.33) and taking the limit as §S — 0, we obtain



IIg; =(det F)Fi_i; Tii'

(9.34)

Hence I1y; are components of a second-order tensor II, where
IM=(detF)F'-T

(9.35)

and conversely
T=(detF)'F-II

(9.36)

The tensor II is not symmetric. We shall call it the nominal stress tensor. It is often also called the first
Piola-Kirchhoff stress tensor, but some authors reserve this term for its transpose, IIT.

By considering the equilibrium of an elementary tetrahedron, three of whose faces are normal to the

coordinate axes in the reference configuration, it can be shown that the traction t™) (measured per unit
area in the reference configuration) on a material surface which has unit normal N in the reference
configuration is given by

(N =N-II

(9.37)

By considering the resultant surface and body forces on an arbitrary region of a body, and referred to the
body in its reference configuration, the equations of motion can be expressed in the form

a HRi
aX,,

+ pob; = pof;

(9.38)

The second Piola-Kirchhoff stress tensor P is defined as

P=I-(F" =(detF)F"'-T-(F")"



(9.39)

Hence
II=P-F", T=(detF)"'F-P-F'

(9.40)

The tensor P is symmetric. It does not have any simple direct interpretation.

The traction on a surface defined in the current configuration is not determined by II or P unless F is
also given. To leading order, IT and P reduce to T in the case of infinitesimal displacement gradients. We

shall not use II or P in" this book, except to point out in Section 10.2 that certain constitutive equations
can be expressed concisely in terms of IT and P.

9.6 Problems

1. For the deformation defined in Chapter 6, Problem 2, find: (a) the direction of the normal to a material
surface element in the deformed configuration which had normal direction (1, 1, 1) in the reference
configuration; (b) the ratio of the areas of this surface element in the reference and deformed
configurations; (c) the principal stretches; (d) the principal axes of C and of B.

2. Determine Cgg for the deformation given by

_a(X?—X%] - 2aX, X,

nToaea tToaear TR

where a and b are constants. Find the principal stretches and the principal axes of C.

3. For the deformation defined by

X;=3A(x}+x3 2= AA " tan M (xa)x,), Xo=A""x;

where A and A are constants, find Bi" Prove that the squares of the principal stretches are A? and the two
roots of the quadratic equation p2A2-p(A2r>+A2A-2r-2)+1=0 where *” = X1+ X3 Hence show that det B-1=
1.

4. For the homogeneous deformation

X1 = O(Xl + BXZ’ Xy = —O(X1 + BXz, X3= HXB



where o,  and p are positive constants, determine the components Crg and the principal stretches, and
find R and U for the polar decomposition F=R . U.

5. A fluid moves so that the particle at the point with coordinates (X, X,, X3) at time t = 0 is at the point
with coordinates (x;(1), X,(T), X3(T)) at time t = T, where

() =X+ arXo+ afr?Xs, x(1)=X,+2B7Xs,  xi(7) =X,

and o and {3 are constants. Obtain expressions for X. (1) in terms of the coordinates x; of the particle at
time t and determine the components of the tensor C(t) defined by

C‘ﬁ {T} o E_lxk (T} El'xk (T)
dx; dx

i

By expanding C(t) as a power series in's = t - T, obtain the Rivlin-Ericksen tensors A®™(t) for all values
of n, where

AM(1) = (d"C(7)/dT"),,

6. The Rivlin-Ericksen tensors A™ satisfy the relations

Sr-” A{ij'l}=2DiI'1 AEF+1}:EA{H’J+A[H} A(u)

1 )
Ay Dt PR a

_i

Evaluate these tensors for the steady flow v; = v(x,), v, = 0, v3 = 0, showing that A4~ =9 for n > 3.
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Non-linear constitutive equations

10.1 Nonlinear theories

In Chapter 8 we discussed some of the linear theories of continuum mechanics. Linearity of the governing
equations is always a great advantage in the solution of boundary-value problems, because it enables the
techniques of linear analysis to be employed. As a result of this, the linear theories of continuum
mechanics have been highly developed and applied to numerous problems. Many common materials are
adequately modelled by linear constitutive equations. However, there are also many materials whose
mechanical behaviour is strongly non-linear, and to describe this behaviour it is essential to formulate
appropriate non-linear constitutive equations. We give some examples in this chapter.

10.2 The theory of finite elastic deformations

The linear theory of elasticity which was formulated in Section 8.3 is very effective for many purposes.
However, because it is restricted to the case in which the deformation gradients are small, it has
limitations. For example, the linear theory is inadequate to describe the mechanical behaviour of
materials such as rubber, which are capable of undergoing large deformations, but (to a good
approximation) behave elastically in the sense described in Section 8.3. To model the behaviour of
rubber-like materials, and for other purposes, we require a theory of finite elastic deformations.

To formulate a theory of finite elastic deformations we postulate, as in Section 8.3, the existence of a
strain-energy function W = pye which depends only on the deformation and has the property (b) (p. 111).

Thus equation (8.12) remains valid in the finite theory of elasticity. However, it is no longer assumed that
W may be approximated by a quadratic function of the infinitesimal strain components. Instead, we permit
W to depend in an arbitrary manner on the deformation gradient components Fig, so that (8.7) is replaced

by the more general relation
W=W(Fgr)= W(F)
(10.1)
Then (6.76), (8.12) and (10.1) give

0y; p DW p aWDFg p W dx; dy,
"9x. po Dt podFr Dt  podFgdXg dx;




This relation is valid for all values of dvy/0x;, and so

p ax; aW p aW

if_f?u 0Xp E'F.'R_g = dFir
(10.2)

Equation (10.2) is a form of the constitutive equation for finite elasticity. Its apparent simplicity is
deceptive, because it requires W to be expressed as a function of the nine components Fy. It would

clearly be impracticable to perform experiments to determine this function for any particular elastic
material.

The value of the strain-energy function is not changed if a rigid-body rotation is superposed on the
deformation. Suppose that a typical particle initially has position vector X, and that in a motion it moves
to the point with position vector x. In a further superposed rigid-body rotation the particle originally at X
moves to X =M - x , where M is a proper orthogonal tensor. Let

. - . |
iR E}XR E 4 aXR
Then

(10.3)

Then we require that
W(F)=W(M - F)

(10.4)

for all proper orthogonal tensors M. Equation (10.4) is a restriction on the manner in which W may
depend on F. To make this restriction explicit we employ the polar decomposition theorem to express
(10.4) in the form

W(F)= W(M-R-U)

Since this relation holds for all proper orthogonal tensors M, it holds in particular when M = RT. Hence



w(F) = W(U)

Thus W can be expressed as a function of the six components of the symmetric tensor U. However, there is
a one-to-one correspondence between the tensors U and C (Section 9.2) and so equivalently (and more
conveniently) we may regard W as a function of the six components Crg of C. Consequently a necessary

condition for W to be independent of superposed rigid-body motions is that W can be expressed in the
form

W = W(C)

(10.5)

where of course, the function W is not the same in (10.5) as it is in (10.1). Because C does not change its
value in a superposed rigid-body motion, the form (10.5) is also sufficient to ensure that W remains
unchanged in a superimposed rigid-body motion, and so no further simplifications can be achieved in this
way.

When W is expressed in the form (10.5), we have

DW W DCgrs W 2( ax; ﬂ_%)
Dt 9Crs Dt  9Cgrs Dt \0Xg X5

_aW [ay ax " ax; _agl_)
BCRS XR SXS HXR an

By interchanging the dummy indices R and S in one of the terms on the right-hand side, this gives

DW ( aW aW) ax; dy, aWw " aW) dx; 9% Ay,
Dt

+ =
GCRS E!CSR ELKR HXS CRS BCSR IIHXR aXs &xj
(10.6)

In (10.6), and subsequently, W is regarded as a symmetric function of Crg and Cgp, although these
components are equal to each other. Since dvy/0x; is arbitrary, (8.12) and (10.6) now give

p ox; ﬂxj(aW EIW)

= +
" ppdXg 0Xs \9Crs 0Csg

(10.7)



This is the required general form of the constitutive equation for a finite elastic solid.

We note in passing that the constitutive equations (10.2) and (10.7) take simpler forms when they are
expressed in terms of the nominal or Piola-Kirchhoff stress tensors. Since py/p = det F, we have from

(9.35) and (10.2),

g, - OW/OF

and from (9.39) and (10.7)

AW AW
ol T

Pg

Any material symmetries which the material possesses will restrict the manner in which W may depend
upon C. Suppose, for example, that the proper orthogonal matrix Q defines a rotational symmetry of the
material. The effect of replacing the deformation (8.1) by the deformation (8.2) is to replace F by QT -F -

Q, and so to replace C= FT -F by Q' -C - Q. However, when Q defines a rotational symmetry, this
replacement leaves the value of W unchanged. Thus

w(C)=w(Q"-C-Q)
(10.8)
for all rotational symmetries Q. Similarly, if R defines a reflectional symnetry, then
W(C)=W(R"-C-R)

(10.9)

If the material is isotropic, then (10.8) holds for all rotations Q. Then (10.8) can be interpreted as a
statement that W, regarded as a function of Cgg, takes the same form in any coordinate system, so that

(Section 3.8) Wis an invariant of C. Three independent invariants of C are the strain invariants I;, I, and
I; defined by (9.26) or (9.27); it can be shown that any invariant of C can be expressed as a function of I;
I, and I5. Hence, for an isotropic material, W can be expressed in the form

W= W(L.: I‘.'-‘.? Is)

(10.10)



where again the function W is a different function from that in (10.1) and (10.5). It can be verified that if
W has the form (10.10), it also satisfies the condition (10.9) for all reflections R.

When W has the form (10.10), we have

oW _oW al,  aW oL, A aW ol
3Crs OI, 3Crs 0L, 8Crs 0I5 dCgs

(10.11)

From (9.27), it follows that

= = =g
3Cgrs 9 I = dprdps R”S
al, 1 9
= %{‘SPREPSCQD T CPPERD‘SSQ "ZCPQSPR'SQS}
= I,8gs — Cgrs
(10.12)

The expression for 015/0Cgg is most easily obtained by taking the trace of (9.28), which gives
=HtrC*-Ltr C*+ L tr C}
(10.13)

and from this it follows that

oL,

= IL,8gs — I; Crs + CrpCsp

(10.14)

By substituting from (10.11), (10.12) and (10.14) into (10.7), we obtain

8 d
T,=22 p dx; dx;
Po aX aX

oW
: 15 )ons (oL, Hh T ) Ces 5 CurCor)
{(af afz e afz Yol af3 CreCsp



This is a form of the constitutive equation for an isotropic finite elastic solid. It may be expressed more
concisely using tensor notation as

T =2(I,):F - {{W, + I, W, + L W)I — (W, + I, W,)C + W,C?} - F*
(10.15)

where we have used the relation I3 = (py/p)?, and for brevity we have introduced the notations
W, =aWjal,, W, =aW/al,, W5 =aWjal,

(10.16)

Equation (10.15) may be further simplified by noting, from (6.27) and (6.33) that

F-F'= B, F-CF'= B’, F-C*F'= B

and hence that (10.15) may be written as

T = 2(I3) {(W; + W2 + [,W5)B-(W, + [;W5) B>+ W,B%}

We now use (9.28) to eliminate B3, This gives
T =2(L,) I, W,I + (W, + I, W,)B— W, B?}
(10.17)
Also, by multiplying the second equation of (9.28) by B!, we have
B*—-I,B+LI-L,B'=0
and so B? can be eliminated from (10.17) in favour of B-%, which gives

T =2(L,) (I, W, + LW,)I + W,B— LW,B ™'}



(10.18)

In practice, (10.17) and (10.18) are the forms of the constitutive equation for an isotropic elastic solid
which are found to be most convenient.

Further simplification arises if the material is incompressible. In this case I; = 1, but it is not sufficient
to set I3 = 1 in the constitutive equation, because in the limiting case of an incompressible material certain
derivatives of W tend to infinity. The difficulty is most easily avoided by introduced an arbitrary
Lagrangian multiplier ~2and writing W in the form

W=W(,, I,)-3p(Is—1)

(10.19)

The analysis leading to (10.17) and (10.18) then goes through as before, but I, takes the value one and W,

is replaced by —3P. Since p is undetermined, the other terms multiplying I in (10.17) and (10.18) may be
absorbed into p, so that for an incompressible isotropic finite elastic solid the constitutive equation can
be expressed in either of the forms

T = —pI+2(W, +I,W,)B—2W,B’
T=—pl+2W,B—2W,B™"

(10.20)

Incompressibility is an example of a kinematic constraint. The mechanical effect of such a constraint
is to give rise to a reaction stress which does no work in any motion which is compatible with the
constraint. In the case of incompressibility, the reaction stress is an arbitrary hydrostatic pressure -pl,
which is not given by a constitutive equation but can only be determined by using equations of motion (or
equilibrium) and boundary conditions. Such an arbitrary hydrostatic pressure must always be included as
part of the stress in a body of any incompressible material.

The equations of linear elasticity theory can be recovered from (10.7) by expanding all quantities in
powers of the displacement gradients and discarding terms on the right-hand side of (10.7) which are of
degree higher than the first in these gradients.

10.3 A non-linear viscous fluid

In Section 8.4 we considered fluids with constitutive equations of the form (8.23), in which T + pI is
linear in the rate-of-strain components. This theory proves to be very satisfactory for describing the
behaviour of many fluids, including the commonest fluids, air and water, over a very wide range of rates
of strain. However, there are also fluids, including blood and many fluids which are important in
chemical engineering processes, which exhibit phenomena (which in some cases are quite spectacular),
which cannot be explained on the basis of the linear model. Such fluids are described as non-Newtonian
fluids. For non-Newtonian fluids the assumption that the stress depends linearly on rate of strain is



inadequate. Therefore in this section we discard linearity and begin with the assumption that T depends in
a general way on density, temperature, and the velocity-gradient tensor. Thus

T;'j = T}j (aufﬂfaxqa P ﬂ)
(10.21)

or, in tensor notation

T="T(L,p, 0)

(10.22)

We first consider whether the requirements that T is independent of superposed rigid-body motions
places any restrictions on (10.22). Since, by (6.72), L= D + W, we can replace (10.22) by

T=T(D,W,p,0)

(10.23)

where T represents a different function on the right-hand side of (10.23) from the function which it
represents on the right-hand side of (10.22).

Suppose a body undergoes the motion
x=x(X, 1), v=uvi(x,1)

(10.24)

Consider a new motion which differs from (10.24) only by a superposed time-dependent rigid rotation, so
that at time ¢ the position * of the particle initially at X is given by

x=Mit) - x(X, 1)

(10.25)
where M is a time-dependent proper orthogonal tensor. Then in the second motion the velocity is

DE . .
ﬁ=D—’:-—-M-x+M-f:M-x+M-u



(10.26)

The velocity-gradient components in the second motion are given by

av;  JdU; Ix (
X; E}xk OX;

auv
M pOpk M,, a—")Mf-k

I =
L1} xk
or, in tensor notation, as

L=(M+M-L)-M"

Tt follows that the rate-of-strain tensor D and the spin tensor W for the second motion are given by

D=YL+LY =M -M"+M-M")+iM-(L+L")-M"
W=XL-L"=M-M"-M-M"+iM-(L-L")-M"

(10.27)

However, since M is orthogonal, M - MT = I, and it follows that M-MT+M-M*=0. Hence (10.27) may be
written as

D=M-D-M", W=M-(M"-M+W)-M"
(10.28)

If T is the stress which arises from the first motion, then independence of superposed rotations requires
that the second motion gives rise to the stress T=M + T - M" However, from (10.23)

T=T(D,W,p,0)
(10.29)
Hence from (10.23), (10.28) and (10.29),

TM-D-M"M-(M"-M+W)-M", p, 6}
=M -T{D,W,p,0}-M"



(10.30)

and the function T must satisfy this condition identically for all proper orthogonal tensors M.
To make (10.30) explicit, we suppose first that M=I, M#0. Then (10.30) becomes

T{D,M+ W, p, 6} =T{D, W, p, 6}

Hence the value of T is independent of the value of W. Therefore the arguments W and W may be omitted
in (10.23) and (10.29). Dependence of the stress on the nine components of L can be replaced by
dependence on the six components of D (this result was implicitly assumed in Section 8.4). When the
argument W is omitted, (10.30) reduces to the form

TM-D-M",p,0)=M-T(D,p,0)-M"

(10.31)

for all orthogonal tensors M. A tensor function T with the property (10.31) is said to be an isotropic
tensor function of D. If T is a linear function of D, as in Section 8.4, then (10.31) implies that the stress is
of the form (8.25), so that the fluid is necessarily isotropic. This justifies the statement made in Section
8.4 that it is not essential to introduce isotropy as a separate assumption. The same is true in the general
case, for (10.31) can be interpreted as a statement that the material is isotropic.

It is shown in the Appendix that the most general tensor function T which satisfies (10.31) is of the
form

T =—pl+aD + BgD?

(10.32)

where p, a and 3 are functions of p, 8 and invariants of D, namely

tr D, Hr DY?—tr D?, detD

A material with the constitutive equation (10.32) is called a Reiner-Rivlin fluid. If the fluid is
incompressible then p is constant and tr D = 0, so that « and 8 depend only on 8 and the second two
invariants of D, and p represents an arbitrary pressure.

Although the result (10.32) is of mathematical interest, in practice it has been found that markedly non-
Newtonian fluids have a more complex behaviour than is permitted by the model defined by (10.21). We
discuss a more general class of materials briefly in the next section.



10.4 Non-linear viscoelasticity

In Section 8.5 we outlined the linear theory of viscoelasticity. In a viscoelastic material (which may be a
solid or a fluid) the stress depends not only on the current deformation but also on the past history of
deformation. The material may be said to have a ‘memory’. Linear viscoelasticity is governed by the
superposition principle, according to which the effects of past deformations may be superposed to give
the present stress. Many non-Newtonian fluids, and many solids (especially polymers) are viscoelastic in
that the stress depends on the deformation history, but this dependence is more complicated than a direct
superposition of the form (8.29). The modelling of such materials requires the nonlinear theory of
viscoelasticity.

In a non-linear viscoelastic material the stress at a particle depends not only on the current
deformation, but also on the history of the deformation. Thus formally, the constitutive equation may be
written as

T(t) =.s*r{axi{7ff_é}fﬁ}

T=—00

(10.33)

It can be shown that if T is independent of superposed rigid-body motions, then (10.33) can be reduced to
T(t)=F - f{ c;;'iT}} - F"

(10.34)

and further reductions can be made if the material has any material symmetry.

In the non-linear case it is no longer possible to use the superposition principle which leads to the
comparatively simple integral representation (8.29) for T. The functional in (10.34) can be represented,
either exactly or approximately, in various ways, but the resulting thoeries are too advanced for
consideration here.

10.5 Plasticity

Many materials, particularly metals, conform well to the linear theory of elasticity provided that the stress
does not exceed certain limits, but if they are subjected to stress beyond these limits they acquire a
permanent deformation which does not disappear when the stress is removed. Since elasticity is a
reversible phenomenon, this is clearly inelastic behaviour. It is not a viscoelastic phenomenon, because
the viscoelastic stress depends on the rate of deformation, and to a good approximation it is found that
although the stress in a metal depends on the previous deformation, it is independent of the rate at which
that deformation took place. The phenomenon is called plasticity; characteristically
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Figure 10.1 Typical stress-strain curve for a plastic solid

it occurs in crystalline materials, and in particular it occurs in the solid metals which are in everyday use,
such as steel, aluminium and copper.

Figure 10.1 illustrates the main features of the stress-strain curve in uniaxial tension of a typical metal;
the axial stress is denoted by o and the axial strain by €. For simplicity it is assumed that the strain is
sufficiently small for the infinitesimal strain measure to be adequate.

For the deformation which corresponds to the section OA of the curve, the relation between o and € is,
to a good approximation, linear. If the stress is removed before o reaches the value o4, the strain returns

to zero. In this range, the behaviour is that of linear elasticity theory. For stress greater than o, the curve
departs from a straight line. The stress o, is called the initial yield stress in tension. The change of slope
at A may be abrupt or gradual. If the stress is increased to og > 0, and then reduced to zero, the

unloading curve BC is followed; to a good approximation, BC is parallel to OA. When the stress is zero
there remains a residual strain represented by OC; this is an example of a plastic deformation. On
reloading the path will, closely, retrace CB and eventually continue the curve OAB.

It is clear from Fig. 10.1 that for this material there is, in general, no unique relation between the stress
and the strain, so the theory of elasticity is inappropriate. The discrepancy cannot be explained as a
viscous effect, because the behaviour is (except at very high rates of strain) almost independent of the
speed at which the deformation is performed. Figure 10.1 also suggests that two phenomena are involved,
one being essentially elasticity and involving deformations which vanish on unloading, and the other,
called plasticity, giving rise to rate-independent permanent deformations. This idea is supported by the
description of the phenomena on the microscopic scale. Materials which exhibit this kind of behaviour
are usually crystalline solids. Elastic deformation on the microscopic scale is explained as small
recoverable displacements of the atoms which form the crystal lattice from their equilibrium positions.
Plastic deformation is caused mainly by permanent slip of neighbouring planes of atoms relative to each



other.

To formulate a three-dimensional theory of plasticity we require:

a. ayield condition, which decides whether an element of material is behaving elastically or
plastically at a given time;

b. stress-strain relations for elastic behaviour;

c. stress—strain relations for plastic behaviour.

Yield condition. This is an inequality of the form
f(Ty=<k?
(10.35)

where f(Tj) is the yield function, and k is a parameter which, in general, depends on the deformation
history. If f(T}) < k?, then the material behaves elastically; if f (Ty = k? then plastic deformation may
occur. The equation f(Ty) = k? can be regarded as representing a surface (the yield surface) in the six-
dimensional space of the stress components Tj. Plastic stress states lie on this surface, elastic states in its
interior, and stress states outside the yield surface are not attainable for the current value of k.

Any material symmetry restricts the form of f(Ty). For example, for an isotropic material the yield
function must be expressible as a function of the stress invariants J;, J, and J5.

For many materials, particularly metals, it is found that to a good approximation the yielding of the
material is not affected by a superposed hydrostatic stress. The components Sy of the stress deviator

tensor (Section 5.7) are independent of the hydrostatic part of the stress, and for these materials (10.35)
may be replaced by

f(Sy)=<k?

(10.36)

In the case of an isotropic material, the yield function may now be expressed as a function of the two
invariants 72 and J5 of S.

Elastic stress—strain relations. Before any plastic deformation has occurred, as for example on the
section OA of the stress—strain curve in Fig. 10.1, the usual elastic relations apply; for example, for
small deformations of an isotropic material we have equations (8.22),

Tij = haifEkk + ZME”

(10.37)



For small elastic deformations following a plastic deformation, the relation between T and E is again
linear, but the state of zero stress does not correspond to one of zero strain. Thus, for an isotropic
material,

Til- =A5ij(Ekk - EEE) g3 2”—-(E“ o EE?}L

(10.38)

E{m

where *ii represents the residual strain which would result from unloading to zero stress, and which

depends on the previous deformation history. The introduction of E§” canbe avoided by expressing the
elastic stress-strain relation in terms of stress and strain increments or stress and strain rates. Thus
(10.37) and (10.38) can be replaced by

8T;=A8; SE +2u OE;
(10.39)
or by
T, = A8, B + 2pE; = A8; Dy +2uD;;
(10.40)

where the superposed dot denotes an appropriate time derivative. For finite deformations, these time
derivatives are not unambiguous and they require careful definition. No such difficulty arises if attention
is restricted to infinitesimal deformations. The inverse of (10.40) is

| A

D|=_'1—|I_ F.f‘
T 2u Y 2u(BA+2p)

5,-,-

(10.41)

Plastic stress—strain relations. The formulation of these is more difficult and controversial, and will not
be pursued in detail. The classical approach is to assume that the rate of deformation can be decomposed

. . {e) . (p)
into an elastic part D" and a plastic part Dy,
— Tyled (p)

(10.42)



The elastic part is related to the stress rate Tij by (10.41). For the plastic part the simplest theory
postulates (with some justification) that the yield function serves as a plastic potential, in the sense that

D® = AafldT,

(10.43)

where A is a scalar factor of proportionality which depends on the deformation history. Then, by
combining (10.41) and (10.43), we obtain the complete stress-strain relations for an isotropic plastic
material, namely

1 4 A . af(T;)
D,=—T,~ T8 +A—L
720" 2uBAa4¥2u) " oT;
(10.44)

where f can be expressed as a function of J2 and J5.

10.6 Problems

1. The unit cube 0 < X; <1,0< X, <1, 0 < X5<1 of incompressible isotropic elastic material undergoes

the deformation y; = AX; + aX5, X, = A"! X, X3 = X3, where A and « are constants. Sketch the deformed

cube, noting the lengths of its edges. Find the stress, and show that p can be chosen so that no forces act on
the surfaces X5 =0 and X5 = 1. Find the force which must be applied to the face initially given by X, = 1

to maintain the deformation. Determine the normal in the deformed configuration to the face X; = 1, and
the traction which must be applied to this face to maintain the deformation.

2. A unit cube of incompressible isotropic elastic material undergoes the finite deformation

X1 = }\Xl, Xy = }\_1X2 X3 = X3

where A is constant. The strain-energy function is

W= C1(11_3)+C2(12_3)

where C; and C, are constants. Sketch the deformed cube, noting the lengths of its edges. Find the stress
and hence determine the total loads F, F, and F; acting on the faces normal to the X;, X, and X5



directions. Show that when C; > 3C, > 0, there are three values of A for which the body is in equilibrium
with F; = F, = F3, and find these values.

3. Show that the constitutive equation for an elastic solid can be expressed in the form

1 p dx; 9x (6W+6W)

T,=5£ %

4. For a particular transversely isotropic elastic solid, with preferred direction that of the X;-axis, W has
the form

where a, 3, y and § are constants. Find the constitutive equation for T, and hence find the stress in a body
of this material subjected to the uniform expansion

Xl = }\Xl,
X2 = }\Xz,
X3 = }\X3

5. Suppose that the stress in a solid is given by a relation of the form T= x(F). Show that if the stress is
independent of rotations of the deformed body, then X must satisfy the relation x(M - F) = M -X(F) - MT
for all proper orthogonal tensors M. Verify that a sufficient condition for this relation to be satisfied is
that X can be expressed in the form X = F - W(C) « FT . Use the representation theorem given in the
Appendix to obtain the most general such form for x in the case in which the material is isotropic.

6. Derive the constitutive equation T = — pI + 2uE, for incompressible isotropic linear elasticity, as a
first approximation, for small displacement gradients, to equation (10.20).

7. Show that the most general incompressible Reiner—Rivlin fluid (10.32) for which the stress
components are quadratic functions of the components Dj has the constitutive equation T = — pI + oD +
B,D?, where o, and B, are constants.

8. Show that a velocity field v; = v(x,), v, = 0, v3 =0, is a possible flow in every incompressible Reiner-
Rivlin fluid (10.32). If this flow takes place between infinite parallel plates at x, = +d, determine the
pressure gradient (that is, —0T;/0x,) required to maintain this flow and the tangential forces acting on unit
area of each of the plates.

9. The stress in a certain Reiner—Rivlin fluid is given by T = —pI + p(1+a tr D?)D + BD?, where o, B and
p are constants. Determine the stress in the fluid arising from the velocity field v;= —x,0(X3), v, =



X;0(X3), b3 = 0. Show that if w = Ax; + B, where A and B are constants, the equations of motion are

satisfied only if A = 0 or if the acceleration terms can be neglected. In the latter case, find values of A and
B corresponding to flow between parallel plates at x = 0 and x5 = h, the former being at rest and the latter

rotating about the x5-axis with angular speed €.

10. The behaviour of certain viscous fluids is often modelled by the constitutive equation

T;=-pd; + ZH(KZ}DU'-.. where K, = 2D;Dy;, u(K;)= kK(zn_mz

and k and n are positive constants (and n = 1 corresponds to a Newtonian fluid). Such a power-law fluid
undergoes simple shearing flow between two large parallel plates a distance h apart, such that one plate
is held fixed and the other moves with constant speed U in its plane. Find the shearing force per unit area
on the plates and the apparent viscosity p as a function of the shear rate U/h.

11. The constitutive equation T =—pI + 2p(2 tr D?)°D, where p, and o are constants, models a class of
Reiner—Rivlin fluids. Show that these fluids can undergo the steady rectilinear shear flow v; = v(x5), vy
=0, v3 =0, provided p = py + kx;, where p, and k are constants.

12. Determine the tensors C(t) and A®™(t) which are defined in Problem 5 of Chapter 9 for the motion
x1(T) = Xy, X(T) = Xy, X3(1) = X3 + y' tan” ! (X,/X;), where y is a constant. The stress in a fluid is given by
T = —pI + pAD + 6A®@, where p and o are functions of tr A® and p is arbitrary. Show that if p is a
function of r only ('”2 =i+ xé), then the equations of motion are satisfied provided that

dp_ 2y

dr re

13. The stress in a particular incompressible non-Newtonian fluid is given by

T =—pI+p [5 exp (—ks{C(7)— I} ds, where s = t—1 and C(7) is defined in Problem 5 of Chapter 9.
Determine the stress in the fluid due to the displacement field

x,(7) = x; — f(x,)(cos wt —cos wt) — g(x,)(sin wt —sin w7)

X5(7) = X3, X3(T) = X3

if df/dx, and dg/dx, are small enough for their squares to be neglected.



11

Cylindrical and spherical polar coordinates

11.1 Curvilinear coordinates

So far we have used only rectangular cartesian coordinates, and this is the simplest way to formulate the
general equations of continuum mechanics and the constitutive equations of various ideal materials.
However, for the solution of particular problems, it is often preferable to work in terms of other systems
of coordinates. In particular, it is usually desirable to use cylindrical polar coordinates for configurations
which have an element of symmetry about an axis, and to use spherical polar coordinates when there is
some symmetry about a point. It is therefore useful to express the main equations in terms of these other
coordinate systems.

It is possible to develop elegantly the equations of continuum mechanics in terms of general curvilinear
coordinates. Results in any particular coordinate system can then be obtained by making the appropriate
specializations. However, this procedure requires extensive use of general curvilinear tensor analysis,
which we prefer to avoid in this introductory text. Also, it is only very rarely that coordinate systems
other than rectangular cartesian, cylindrical polar and spherical polar coordinates can be employed
profitably. Accordingly, we shall derive directly some results in cylindrical and spherical polars, even
though these results could be obtained more concisely by the use of general tensor analysis.

11.2 Cylindrical polar coordinates

Cylindrical polar coordinates r, ¢, z (0 <p< 2n) are related to cartesian coordinates Xy, X,, X3 by

X, =Trcos ¢, X, =rsin ¢, X3=2
(11.1)
r=(x3+x38, o¢=tan'(x/x,), z=xa
(11.2)

The base vectors of the r, @, z coordinate system are unit vectors directed in the radial, tangential and
axial directions, as illustrated in Fig. 11.1. They are denoted by e,, e, and e,, and they are mutually

orthogonal. Thus



e, = e, Ccos ¢ +e,sin @,
e, =—e; Sin ¢ +e, cos ¢,

€, = €3

(11.3)

e, =e, COS P —e, Sin ¢,
e, =e, sin ¢ +e, COS P,

€3 =€,

(11.4)

.1"_]_
.-"u']

Figure 11.1 Base vectors for cylindrical polar coordinates

We define the matrix R to be
cosd sing 0O
R=|-sin¢ cos¢d 0
0 0 1

(11.5)



and then (11.3) and (11.4) may be written as
(e, e &V =R(e, e &), (e, e e)'=R'(e, e, e,)"

(11.6)

It is easily verified that R is an orthogonal matrix.

Suppose a vector a has components g, in the coordinate system x; and components a,, d,, d, in the

(p)
systemT, @, z, so that

a=a;e;, =qa.e +d,e, ta.e,
(11.7)

Let

a=(a, a, ay", a*=

|

{ar attr . }T

(11.8)

be the column matrices formed from the components of a in the two coordinate systems. Then from (11.4)
and (11.7)

a*=Ra, a=R"a*
(11.9)

A second-order tensor A = Aye; ® e; can be written as

A=AeRe+AeRe,+A,.e,Re,
+A¢rf¢, ® [ - +A¢¢,E¢, ® £¢ +A¢Ze¢ @ fz
+Ae, Qe +A e, Ve, +A, e, De,

or, more concisely, in matrix notation as

A=(e, e, e)RA%e, e, e)"

(11.10)



where

(11.11)

is the matrix of components of A referred to r, @, z coordinates. From (11.6) and (11.10) there follow
A=R"AR, and A*=RAR"
(11.12)

where A = (Ay) is the matrix of components of A referred to x; coordinates. From (11.12), it follows that

if A is a symmetric matrix, then so is A*, and if A is an anti-symmetric matrix, then so is A*. Since R is
orthogonal, the eigenvalues of A and A* are the same, so the principal values of A are the roots of the
equation

det (A*—-AI) =0
Moreover, the invariants I; I, and I3 of A may be written as
IL=tr A%,  L=}{({trA*’—trA*?}, IL=detA*

(11.13)

Referred to cylindrical polar coordinates, the gradient of a scalar y(r, ¢, z) and the divergence of a
vector a(r, ¢, z) are, respectively

L +1ﬂe¢ +-:'i_¢:£

gradi,t;:VLp:Ee, r 3d Py

z

1ad(ra,) 1da, da,
ivVA=V-a=— b by
divA=V-a r ar rodp az

(11.14)

The material derivative of y(r, @, z, t) is then given by (4.18) as



0, S By O

l"[J_nflr O or ra¢p oz

(11.15)

Ifv=u.e, +v,e,+v,e,is the velocity vector, then from (4.23) the acceleration vector f is given by

v ( d vy 0 d
et 1 | s e )1
ar r

E) (v,e, +vgey + ve.)

(11.16)

Suppose that the matrix of components of the stress tensor referred to r, ¢, z coordinates is T*, where

Frrr Tnb T‘}'z
T = (Trbr Tyg Td:z)

T:r Tz-tl r'rzz

(11.17)

and that T = (Tj). Then
T=R'T*R, T*=RTR’

(11.18)

Because (11.18) are important relations, we give them in full, as follows:

T =T, cos®> d—2T,, cos ¢ sin ¢ + Ty, sin® ¢ i
T,,=T, sin? ¢ +2T,, cos ¢ sin ¢ + T, cos® ¢

T, =(T, — T,4) cos ¢ sin ¢ + T,, (cos® ¢ —sin® ¢)
T,;=T,,cosd—T,, sin¢

T,;=T,, sin ¢+ T, cos ¢, Ts3=T,,
T,=T,,cos’ ¢+ 2T, cos ¢ sin ¢ + T,, sin” ¢

T,y = Ty, sin? ¢ — 2T, cos ¢ sin ¢ + T, cos® ¢

T, = —(T;, — T5,) cos ¢ sin ¢ + T,,(cos* ¢ —sin® ¢)
T,, = T3 cos ¢ + T55 sin ¢,

Ty, =—T,5sin ¢ + T,; cos ¢, T,.,=Ts; J




(11.19)

Let a surface have normal n, where
n=n.e; = n.e, +ng,e,+n.e,

(11.20)

Then by (5.9), the traction vector on the surface is n;Tje;, and using (11.18) and (11.20) this can be
expressed as

(nr ny nz)T*(er € ez)T
From (5.27) and (11.18), the stress invariants J;, J, and J; can be written in the forms

J=trT", I =3{tr T**—(tr T%)?}, Ja=det T*

(11.21)

Now consider a finite deformation in which a typical particle which in the reference configuration has
cylindrical polar coordinates R, @, Z moves to the position with cylindrical polar coordinates r, ¢, z,
where

X,=R cos ®, X, =R sin d, X;=2Z
(11.22)
X, =rcos ¢ X, =rsIn ¢, X3=2
(11.23)
The motion can be described by equations of the form
r=r(R, o, 7), ¢ =¢(R, D, Z) z=z(R, P, Z)

(11.24)



Let
F=(Fg)=(9x,/0Xg)

(11.25)

and, in addition to the matrix R defined by (11.5), introduce an orthogonal matrix R, where

cos® sind 0
Ry=| —sin® cos® U)

0 0 1

(11.26)

We also observe, from (11.22), that

i:cosfbi-l—sinfb—g—,

dR aX, aX,
1 a i 0 0 d d
S ==—sin®—+cos d— —=
Rad o X 92 ik
(11.27)

Then it can be shown from (11.5), (11.23), (11.25), (11.26) and (11.27), after a little manipulation, that

ar 1 ar ar
3R Rod aZ
00 rap  ad
"SR Rod oz
dz 19z oz
dR Rad aZ

F*=RFR; =

(11.28)

Suppose that B = (By)) = FF' is the matrix of components of B, referred to x, coordinates, and let B* be
the matrix of components of B referred to r, ¢, z coordinates. Then

B*=RBR" = RFF'R" = RFR;R,F'R' =F*F*"



(11.29)
Hence B* is readily calculated from (11.24) and (11.28). Similarly, if C = (Cgs) = F'F is the matrix of

components of C referred to X coordinates, and C* is the matrix of components of C referred to R, @, Z
coordinates, then

C* =R,CR; =RF'FR; =R F'R'RFR; = F*'F*
(11.30)
We also note, for future reference, that
RB 'R"=R(F )RR, F 'R" = (F*") (F*) ' =(B¥)"'
(11.31)

For a small displacement u = u,e, + ugeq + u, e,, we have u, = u; cos ¢ + u, sin @, u, =—u; sing + u,
COS @, U, = Us

Then du;lox; = 0u;l0X;, and it follows from (6.26) and (11.5) that

iy 1 jaup, .y 0l
ar r\ d¢ °l o

i RFRT — dug 1 o dus\ due
£ ki ST ar o r\" 0 3] 4z
du;  13ug dug
ar rog dz

(11.32)

and, in the small-displacement approximation, there is no need to distinguish between R, ¢, Zand r, ¢, z
in (11.32). The matrix E” of infinitesimal strain components, and the matrix * of infinitesimal rotation
components, referred to cylindrical polar coordinates, are then given by

E* =3 + FH—1, Q*=3(F—F")

(11.33)

Similarly the matrix L* of the components of the velocity gradient tensor L, referred to coordinates (T,



0, 2), is

dv, 1 f du, dv,
.5 —vg) ==
ar r\ ad 0z
. \ d
pe=| e 1f , ) 3%
ar r dp | 0z
dv, 1 du, du,
ar I do az
(11.34)

The expression (11.34) is exact. The matrices D* and W* of the components, referred to r, ¢, z
coordinates, of the rate-of-deformation tensor D and the vorticity tensor W are then given by

D* =4L*+L*"), W*=LL*—L*T)

(11.35)

From (11.28) we have det F = det F*. Hence from (7.8),

g5 00
p dV

(11.36)

and in an incompressible material, det F* = 1 . The Eulerian form of the mass-conservation equation is
given by (7.11), and can be expressed in terms of the components of v referred to cylindrical polar
coordinates by expressing div (pv) in these coordinates.

The equation of motion (7.22) can be expressed in terms of cylindrical polar coordinates by resolving
the body force and acceleration into components referred to these coordinates. Let (b,, bg, b,) be
components of b, and let (b,, by, b,) be components of f, in cylindrical polar coordinates. Then, from
(7.22) and (11.9)



e cos¢d singd O\ /f,—b,

foe —bs|=p|—sind cosd (J) (ﬁ,— bz)

f.—b, 0 g 1=
a‘TH_'_aTzl_*_aTm
riJCl axa ﬁx;
0Tz _}_*:}_Tzz_kf}’r:sz

cosd  sing O

=| —sin COs 0
¢ i dx, 0x; 0Xx;
0 o 1) \{e, 3T 9Ts
dx, 0x, dx;

(11.37)

From (11.1) we have

a B it g @
—=cos ¢ _——r sind—
axy ¢ar d)&d:
0 ad d d d

—=sin¢—+rtecosg—, —=—
L Va5' I Be

(11.38)

By introducing (11.19) and (11.38) into (11.37) it follows, after some manipulations, that

=T
{?_,I:r_‘r+_];aTr¢+aTrz+ L dhefs
ar r d¢p 9z
0T , 19T40 , T4 2T
ar r d¢ 0z

aTrz_‘.'_l‘aT-cbz_i_aTzz_l_E_i_ b, = f
ar rap oz v P=TPE:

+pb, = pf,

+pby, = pfy

(11.39)

Equations (11.39) are the equations of motion referred to r, ¢, z coordinates. These equations can also be
derived by considering the forces acting on an elementary region bounded by the coordinate surfaces

r=ro, r=rﬂ+3r‘! d"':‘i'ﬂ? ¢'=¢’{]+a¢’

zZ=2, and Z=2Zy+ 82



Constitutive equations are most easily expressed in terms of cylindrical polar coordinates by
multiplying the appropriate expression for the matrix T = (T};) of stress components on the left by R and

on the right by RT. For example, for an isotropic linear elastic solid, we obtain from (8.22)

RTRT = ARR" tr E + 2uRER”
However, RTRT = T*, RRT = I, tr E = tr E* and RER"! = E*, and so

T*=M tr E¥+2uE*
(11.40)

where A and p are elastic constants. Similarly, the constitutive equation (8.25) for a Newtonian viscous
fluid can be expressed in the form

T*=(—p+A tr DI+ 2uD*
(11.41)
where the pressure—p and the viscosity coefficients A and p are functions of the density and the

temperature.

From (9.27), (9.29), (11.29) and (11.30), it follows that the strain invariants I;, I, and I5 can be
expressed as

I,=trC*=uB*
L =Y{(tr C*)?>—tr C**} ={(tr B*)*>—tr B*?}
= LtrC*'= I, tr B*"'
I, =det C* =det B*
(11.42)
The constitutive equation (10.18) for an isotropic elastic solid gives

RTR" = 2(L,) (I, W, + , W,)I+ W,RBR" — I, W,RB'R"}

which, after using (11.18), (11.29) and (11.31), takes the form



T* = 2(L,y H(L, W, + L, W)l + W, B* — I, W,B*" '}
(11.43)
If the material is also incompressible, this becomes
T* = —pI+2 W, B* —2W,B*"!
(11.44)

In a similar manner, the constitutive equation (10.32) for a Reiner—Rivlin fluid can be expressed in the
form

T* =—pl+aD*+ gD*?

(11.45)

where p, a and f8 are functions of density, temperature, and of tr D*, 3{(tr D¥)* —3tr D**} and det D*,

11.3 Spherical polar coordinates

Spherical polar coordinates s, 8, ¢ (0 <8 <m, 0 < ¢ < 2n) are related to cylindrical polar coordinates r,
@, z by

r=ssin 6, ¢ =, z=scos @
(11.46)
s =(r*+z2), 0 =tan ' (r/z), b=4d
(11.47)

and to cartesian coordinates xy, X,, X3 by

Xy =5 sin 6 cos ¢, X, = § sin @ sin ¢, X;=scos 6

(11.48)



s=(x3+x2+x20,  0=tan™ {(x3+x3)¥fx,}
¢ =tan™’ (x,/x,)

(11.49)

Vector and tensor equations can be expressed in terms of spherical polar coordinates in a similar
manner to that which was employed in Section 11.2 for cylindrical polar coordinates, although the algebra
involved is slightly more complicated. It is often convenient to employ cylindrical polar coordinates as an
intermediate stage between cartesian coordinates and spherical polar coordinates. As the approach is
analogous to that of Section 11.2, we omit some details of the derivations of the results presented below.

The base vectors of the s, 8, ¢ system are denoted e, ey and €y, and are illustrated in Fig. 11.2. They
are mutually orthogonal. Then

(e, ey eé).r:R'{er €y ez}r:R"{ﬁ € *33]1.

(11.50)
where
sinf 0 cosé
R'=|cosf® 0 -—sin H) )

0 1 0
(sin Bcosd sinfsing cos H)
R" —

cosBcosd cosfsingd —sinf
—sin ¢ COS ¢ 0

(11.51)

The matrices R’ and R” are orthogonal matrices and, of course, R” = R’R.
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Figure 11.2 Base vectors for spherical polar coordinates

If the vector a has components ag, ag, a, in the system s, 0, ¢, then

a = age + ageg+ a,e,

and, if a** denotes the column matrix (a, ag ag)’. we have
ok : /T, ; T,
a*=R'a*=R"a; a=R"a™, a*=R"a™*

(11.52)

The second-order tensor A can be expressed in the form
A=(e, e e,) DA (e, € e,)'

(11.53)

where



(11.54)

is the matrix of the components, referred to spherical polar coordinates, of the tensor A. Then

A:".*‘ __RHA:}RFTZR"AR"T; A e Rr.'TA**R”, A* = R'-IAE:*R‘

(11.55)

The principal values of A are the roots of det (A**~AI) = 0, and the invariants I, I, and I; of A may be

written as
I, =tr A**, =H(tr A**)2 —tr A**%}, I =idet A*®

(11.56)

Referred to spherical polar coordinates, the gradient of the scalar y(s, 8, ¢) and the divergence of the

vector a(s, 0, @) are

o, 1o 1 o

T e G e T

grad g =V¢ ':e aﬁ‘ s sin A do <
(11.57)

1 id d 1 da
diva=V+a=——(sa, in
i " xzas(s %) n g ao i s sin 6

(11.58)

The material derivative of s is given by (4.18) as

Y'=0y/ot + v -grad ¢

and the acceleration vector f is given in terms of the velocity vector v as



) ) a’
= dofot + (uk——i-——' —-){Le + vg€y T Uge
f ds s df ssinfdd s +€s)
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Let the matrix of components, referred to base vectors e, ey, €, , of the stress tensor T be T**, where
s’ €0
Tss T:tﬁ Tsd:
T = Tos Teo Teg
Td:s T:bﬁ )
(11.59)
Then, from (11.55),
T =RT*RT=R'TR"", T=R™T**R", T*=R'TYR’
(11.60)
and the stress invariants J;, J, and J; can be written as
=T, L=HorT"-(cT**)?}, J=detT**
(11.61)

Now consider a finite deformation in which a typical particle which initially has spherical polar
coordinates S, ®, ® moves to the position with spherical polar coordinates s, 8, ¢. The motion can be
described by equations of the form

s=5(S,0,0),0=0(S, 0,D), =0, 0, D)

In addition to the matrices R and R“ defined by (11.51) we introduce orthogonal matrices R’y and R”,
where



sin® 0 cos®
b=lcos® (0 -—sin @)
0 1 0

sin®cos® sin®sind®  cos @
Ry = (ms Ocos® cos@sind —sin @)

—sin @ cos @ 0
(11.62)
Then, after some manipulation, we obtain

as los 1 &
dS S a0 S sin @ ad
i e § D sa0 s a0
RESER, =Ry = aS S80  Ssin® b
E H&_tf) ssinfadp ssinf dd
s S 90 Ssin®d

(11.63)

Then the matrices of the components, referred to spherical polar coordinates, of B and C are
B** oo RrﬂlécRrT: R"BRHTz F**F**T
(11.64)
C*$ == RE}C*RE;T s RECRET . F**TF**

(11.65)

For a small displacement u = u, e, + ug ey + u, e, we have

U, = u,sinf + u,cosf, u; = u,cosf — u,sin@

(11.66)

Hence, for small displacements F—I =R’ FR'T - I =



g 1(3;4,? ) 1( 1 -a3u, )
—— - —|———=u
ds s \af = s \sinf d¢ .

dug 1 /ou 1/ 1 du
o Lo V1L e
5

as 5\ a6 sin @ dd

duy lou 1/ 1 ou
—2 . —(—,~——¢+us+uﬂcatﬁ)
ds  sds s \sinf ¢

(11.67)

Then the matrix E** of infinitesimal strain components, and the matrix ** of infinitesimal rotation
components, referred to spherical polar coordinates, are given by

E¥* = S@F + F)—1, @ = LF—F)
(11.68)
Similarly, the matrix L** of the components, referred to s, 0, ¢ coordinates, of the velocity gradient
\/
tensor L is obtained from (11.67) by replacing F**~1 by L**, u, ug and u, by v, vy and v, respectively,

and S, ® and ® by s, 6 and ¢ respectively. The expression is exact. The matrices D** and W** of the
components, referred to s, 0, ¢ coordinates, of the rate-of-deformation tensor D and the vorticity tensor W

are then given by
D#i'— s %{L#* + Lﬂ-:*'l‘] w## - E(L** _L**T]
(11.69)
From (11.63), det F = det F**, and so from (7.8)

Po_dv _ sk
o av detF

(11.70)

By resolving the body force and acceleration into components referred to base vectors e, ey and e, the

equations of motion can be expressed as



AT 181, 1 T
+— 4
ds s 06 ssinf do
+5_1{2Tss*_Tae_T¢¢+'I:.ﬂ cot 8) + pb; = pf;
ds s 880 ssmO o
+ 5 1(Ty cot 0—T,, cot 6 + 3T4)+ pb, = pf
aTerl &TM+ 1 0T
ds s 90 ssinf dd
+ 571 (3 T, +2 o cot 0)+ pfy, = pfy

(11.71)

Alternatively, these equations can be derived by considering the forces acting on an elementary region
bounded by the surfaces

5 =8, § = 5o+ 85, 6=20,, 0 = 0,+ &0
b=d, and b=do+5b

By arguments analogous to those which lead to (11.40) and (11.41), the constitutive equations for an
isotropic linear elastic solid, and for a Newtonian viscous fluid, can be expressed as

T** =\ tr E¥* + 2 E**
(11.72)
and

T =(—p+A tr D*)I+2uD**

(11.73)

respectively, where in (11.72) A and p are elastic constants, and in (11.73) p, A and p have the same
meaning as in (11.41).

The strain invariants I;, I, and I; can be expressed as



L= T =g R**
L, =X(tr C**)2 —tr C**?} = H{(tr B**)*>—tr B**?}
=LtrC* =Lt B*™

I, =det C** =det B**

(11.74)
The constitutive equation for an isotropic elastic solid can be written as
T** = 2(L) H(LW, + LW,)I+ W,B** — [, W,B**~1}

(11.75)

or, in the case of an incompressible material, as

T** = —pIl+2 W,B** —2W,B** !

(11.76)

The constitutive equation for a Reiner-Rivlin fluid can be expressed in the form
T* = —pl+ aD** + gD**?
(11.77)

where p, a and 3 can be expressed as functions of density, temperature, tr D** 2 {(tD**)°—rD**?} and
det D**,

11.4 Problems
1. Steady helical flow is defined by the equations

r=R, 9 = ®+tw(R), z = Z + ta(R)

where w and «a are functions only of R.

(a) Sketch the path followed by typical particle; (b) find the velocity of the particle at (r, ¢, z) at time t;
(c) find the velocity of the particle which was at (R, @, Z) att = 0; (d) find the acceleration of the particle

at (r, ¢, z) at time t; (e) find the divergence of the velocity vector; (f) find the components of L, D and 2
referred to (r, @, z) coordinates.



2. Ifv, = u(r, 1), vy =0,0,=0, show that the acceleration vector is directed in the r direction, and has
magnitude ov/0t + vov/or.

3. If, in cylindrical polar coordinates,

r=R{1+}(t)%, &=,

-]
Il
N

find the velocity and acceleration in terms of r, ¢, z and t.

4. For the deformation defined by

r=AR, é=Blog R+Cd, Z-Tfiaf

where A, B and C are constants, determine the matrix B*, and show that the invariants I, I,, I are
constants.

5. If A is the unit vector Ageg + Apeq + Ase,, and A* is the matrix (Ag Ap A)T, show that the extension of

a line element which has the direction A in the reference configuration is given by (A%) = A*TC*A*,
Hence determine the initial directions of all the line elements whose length does not change in the pure
torsion deformation

r=R,p=®+yZ z=7, where ¢ is constant.

6. Prove that the eigenvalues of C* are the same as those of C, and that if y is an eigenvector of C, then
Ry is an eigenvector of C*. Hence find the principal stretches for the pure torsion deformation of
Problem 5.

7. Prove that if F; = RF, then

X, 90X, 9X;
dp dp d
90X, 90X, 49X,
dz dz 0z
X, 90X, 09X,

and that B* = FlFlT, C*= FlTFl

8. Prove that the stress resulting in a compressible isotropic elastic solid from the pure torsion



deformation of Problem 5 will not, in general, satisfy the equations of equilibrium.

9. A circular cylinder of isotropic incompressible material undergoes the extension and torsion
deformation

Z=AN,r=A"iR, =0+ yzZ

where A and ¢ are constants. Find the stress component T, and hence determine the end couple required
to maintain the deformation if W = C;(I;-3) + C,(I,-3), where C; and C, are constants.

10. The matrix F, is defined as F, = FR,,". Prove that B = F,F,” C = F,'F,, and that

dax; 19x, ox,
dR Rod oZ
dxy 1 0x; 9x;
dR Ro® oZ
dx; 1dx;3 0x;
dR Rad aZ

An isotropic incompressible elastic body is initially bounded by the surfaces R=A R=v2A , ® = +a, Z
= +B, where A, B and a are constants. It undergoes the deformation

X, =4RZ/A, = AP, Xa=2Z
Sketch the body in its reference and deformed configurations.

Show that the deformation is possible in an incompressible material, and determine the stress in the
deformed body.

11. The behaviour of an incompressible non-Newtonian fluid is governed by the constitutive equation

T =—pI+2u(1-2¢ tr D?)D+43D?

where p, € and 3 are constants with € « 1. Determine the stress components in cylindrical polar
coordinates when the fluid is undergoing the flow



v, = w(r)

Verify that this is compatible with the incompressibility condition and show that in order to satisfy the
equations of motion, w(r) is given by

dw[ (dw 2] c kr
Fl-¢50) | =555
dr dr r 2u
where c is an arbitrary constant and k =—0p/0z. By writing

w(r) = wy(r)+ew(r)+&2wy(r)+...

obtain an expression for w(r), correct to terms of order &, which gives the velocity distribution for axial
flow along a circular pipe of radius a, under a constant pressure gradient k.

12. The relations

s>ad=(s>A%,0=1-0,9p=0

where A and a are constants, describe the eversion (turning inside-out) of a sphere. Find F** and B** for
this deformation. Hence determine the stress in an incompressible isotropic elastic solid with strain-
energy function W = C(I;—3), where C is constant.



Appendix

Representation theorem for an isotropic tensor
function of a tensor

Suppose that T and D are second-order tensors, such that the components of T are functions of the
components of D, thus

T = T(D)
Then if
TM-D-M")=M-T(D)-M"
(A1)

for all orthogonal tensors M, we say that T(D) is an isotropic tensor function of D. We consider the case
in which T and D are symmetric tensors, and denote

T=M-T-M", D=M-D-M"
A2)
Theorem. T is an isotropic tensor function of D if and only if
T(D) = ol + BD + yD*
(A3)

where a, 3, y are scalar functions of tr D, tr D? and tr D°.
Proof (a) Sufficiency. Since M is orthogonal, tr D = tr D, rD? = tr D2, and tr D? = tr D3. Hence a, 8 and



y are unchanged if Dj; are replaced by f)ij.
Assume (A.3) holds. Then from (A.2),
M-T(D)-M"'=M - (al+BD+vyD?) -M"
=al+pM-D-M"'+yM-D -M"-M-D -M"

=al +BD +vyD*=T(D)

(b) Necessity. Assume that (A.1) is satisfied, and choose the x; coordinate system so that the coordinate
axes are the principal axes of D. Then, in these coordinates,

D, 0 0
(D;) =( 0 D, 0 )
0 & D,

(A4)
and
T,;=T4D,, D,, D3)
(A.5)
Choose
1. 0 @
M= (M.,)=(D -1 n)
) O =1
Then
D, = D,, and
(A.6)

” Tl] _T‘lz _le
(Tif)= _Tu T, T

T Tl 3 T23 T33



(A7)

However, (A.1) and (A.6) require that Tii = T Hence Ty, = 0, T3 = 0. Similarly, by another choice of M,
it can be shown that T»3=0. Thus if (D)) is a diagonal matrix, so is (Tj); that is, D and T have the same
principal axes. Therefore we can now write

T,,=T,=F(D,, D,, D,), Ty, =T, = F,(D,, D,, Ds)
Ti=T= F:s(D}: D, D’s}

(A.8)
Next choose
0 1 0
M={Mﬁ)=(n 0 1)
1 0 0
Then

DI 0 0 Tz 0 0
MDM'=| 0 D; 0 ) ’ MIM'=| 0 T, {])
0 0 D, 0 0 T,
and so (A.1) gives
F(D,, D, D,)= FE{DI.-— D,, D),
F,(D,, D, D,) = F5(D,, D,, D),
F5(D,, Ds, D,) = F(D,, D,, D5)
(A.9)
Hence T;, T, and T5 can be expressed in terms of the single function F(D;, D,, D5) as
T1=F(D11D2!D3]? T2=F[D2=D35Di}a T3=F{D3?D17D2]
(A.10)

Finally, choose



Then

D, 0 0 & 0 B
mmM"=(n D, D), MIM =| 0 T, n)
3

0O 0 D 0 0 T,

and then (A.1) gives
F(D,, Dy, D;) = F{DZ: D, D,)

(A11)

Now the equations

a+BD, +vyDi=F(D,, D,, Ds)
Q+SD2+TD%=F(D2, DB! Dl)
¥ +|'3D3+’Y.D_2 =F(D3, Dli Dz}

(A.12)

have solutions for a, f and y as functions of D, D, and D5. Also, because F(D;, D,, D) has the symmetry
expressed by (A.11), equations (A.12) are unaltered if any pair of D; D, and D5 are interchanged. Hence
@,  and y are symmetric functions of D; D, and Dj. It follows from a theorem in the theory of symmetric
functions that a, § and y can be expressed as functions of

D,+D,+D;=trD, D +Di+Di=trD?
D;+D3+D3=tr D?

(A13)

Also, from (A.10) and (A.12),



T, 0 0 100
0 T, 0)=a010)
0 0 T, oo 1

D, 0 0 Dz 0 0
+f3(0 D, 0)+T(U Dz D),

0 0 D, 0 0 D3

which, with (A.13), is equivalent to (A.3).



Answers



Chapter 4
L (@u=0=03=1+2t, f1 =f=f3=2
(b) vy = vy = V3= (1+=2t)/(1-0), f; = f, = f3 = 2(1-OI(1-7)

Ast -1, all particles approach the same line x; = x, = x3
2. fi=-U, [, =-U, f3=0

Helices given parametrically by x; = A cos Ut + B sin Ut, x, = A sin Ut—Bcos Ut, x5 =Vt + C,
where A, B and C are constants

3. —2U2a%(x2 + x,2)3(x,e, + X,e,); streamlines r = rysin 6, Viy3(0—2 sin 20) = 2Ua?(z—z,) where x, =
rcos 0, x,=rsin0

4. (a)-(3A-3)e~™ (b) f =—2e,~12e, + 6e,
(€) x; = 2exp(1-t™1), xp =272, xy=t2

dx;: dx,: dx3 = x1X3: X3t . Xox5t. Hence dx,/dx3 = x5/X3
5. % = X (1+0)% % = Xp(1 + )4, x3 = X5(1 + )™



Chapter 5
1.

(a) 3e; +2e5,2e5 (b) (e;—10e, + 6e3)/(14):
(c) (13e; + 10e, + 8e3)/(14): (d) 0, 3, 6
(e) direction ratios 2:—1:—2, 1:—2:2, 2:2:1

3 0
a={o 0 o)
0 0 6

3. Principal components 2, 1, -3. Direction ratios of principal directions 2:0:1, 0:1:0, 1:0:-2
4.

(b) A+ Bh? = 0 (c)—4ah(A+3Bh?)e,
5.

(c)-3Ch3e,, —5Calh’e,
(d) 3Calh’e,
6. (b) 2 WamL-le, sin (2 my,/L) cosh mh — sWm”L "€, cos (37x,/L) sinh mh, > WamL€> cosh mx
1 X1 2
7. (c) -axqe tax ey (Bryx;+ox;)es

(d) 0, B+ (B> +4a’xT+4a’x3)*} Principal stress direction for intermediate principal stress
direction is the radial direction
8. (b) direction ratios 0y/0xy: 0yY/0x, :0 (i.e. the normals to the surfaces ¢ = constant)



Chapter 6
2. (a) direction ratios 7v2:v2-1:v2+1 1 (b)~/(13/6)

3.
a, aa; 0 a’ aa? 0
(Fip) =( 0 a, D') : (Crs)=| @a? aZ%a?+ai 0

0 0 & 0 0 a3
(1 +a2}ﬂ.f adqd, 0
(By) = ad,a a; 0 ) ;
0 0 a3

a;' —aa;' 0
(F.-RJ“=(0 az’' D-)

0 0 as
ay’+a’a;®> —aay® 0
(Cos) =l —aaz? P 0 ) ,
2

0 0 a3
i —aa7laz;' 0
(By) '=|-aar'a;' az*(l+a® 0
0 0 as5>

(TRS) = %(CRS) i 'lz"(ans): {7?.';] == %('Sif) _%[Bij}_] , Q0,05 =1

Lengths a,, (@”ai+a3)} g, angles 37 37 cos't {aai/(a®ai+ a3’}
402 =1, W +pPPPAD A1+ A%

5. Stretches p, 1, p~L. Direction ratios 1:0:0, 0:0:1, g tany: p™' - p : 0
7.

1 0 0 —uYx, 0 —Px;  —3Px,
(E,} = E 0 'D '\b‘x; 3 (ﬂij) = '!*‘x?. 0 %"i‘x‘l )

—yx; Yx; 0 U,  —3Ux, 0

- L2 x2W .« 3i s : - 24 oo
Principal components 0, 2¥(x1+x3)* ; direction ratios of principal axes x;:X,:0, -x, : x; : (¥1+x2)
2 241
Xyt -xp s (KT x2)
8.



 B(X3-X3) 2BX, X,

AToarxar Togexr °
_ . al _ 2BX, X, B{X‘%'_X%)
0 0 e

(Qp)=0; A£B(Xi+X3)™" | C; direction ratios of principal axes X, :-X;:0, X;: X,:0,0:0: 1
9.

0 -U 0
{L.-,-)=(“i,-}=(u 0 n), (D,)=0
0O 0 0

2uar  [TGiT3x) —xBxi-x3) 0
'[L.-,-]=(Di,-)=m —x2{3xf—x§) x(x3=3x3) 0

0 0 0
{wij) =0



Chapter 8
2.2W=AE;E;; + 2uEEy + 2aE;;Ess + 4BEsE S + vE3; (several equivalent alternative forms exist)
8.5, = 2uo(E; + £oDij)

9_ Tl] = _pé‘l] + 2]11 r—m Exp {_(I = T}ftl}-E."[j{T) dT



Chapter 9
1.

V2 1 1
(a) ﬁﬁ-l"v’!z : —E'i‘\fz

S ol
(b) 13 (¢) 72°2

1

(d)1:0:0,0:1:0,0:0: 1; 0:3v2:3v2 3V2:-3:3, V2:3:-
2.

bl

(Grs)=gz| —3%:X, 4X3+X3 0 ) R?*=X2+ X2,
0 0 b2’R?/a*

Principal stretches a, 2a, b. Direction ratios of principal axes X;: X,:0,-X,:X;:0,0:0:1
3.

(By)™
AP E A2 AP -AT Nk 0
=] APy = A %%  APS+HATFAxG 0
0 0 ) i

2¢% 0 0 | 1 1 0
0 0 u? 0 0 V2

V2aa 0 0
(Ugs)=| 0 JZB 0 | ; principal stretches V2a, JZ,B, w
0 0



X (T)=x—a(t—7)x,+aB(t—7)°x;
X(T)=%x,—2B(t — 7)x3, X3(T) = X3

1 —as
(Cu{T]} =( -8 1+ EEZSZ
aBs>  —2Bs—a’Ps’

G &« D
AE?j':aijr {AE;”}:(D-’ 0 28]},

0 28 0

afs?

—2Bs— azﬂf' )
1+4B%s%+ a>ps*

0 0 af 0
{AE?}}=2({} > 0 ) (AP)=6]0
af 0 4p2 0

00 0
{Ag;“*)=24(n 0 n), AP=0 (n

ﬂ D {IEBZ

0 1

0
(A‘}jﬂ’):U’(xz)(l 0 g), (AE,??'}=2u’(xz}2(0
0 0 0

0
0

2

=5)

44

0

2

0

)



Chapter 10

1.

4.

Edge lengths A, (@”+A P

Ty = -p + 2Wi(A%+a?)-2WoA2, Ty =2(W + Wo)ad™l,
Ti3=0

Ty, = -p + 2WA2-2Wy(A2+a?), Ty3 = 0,

Tyy =-p + 2(W, - Wy);

A(Tppe; + Tpey); (LA

{(T-0ATp)e; + (1F+ A%

. Edge lengths A, A", 1

Tll =-p + 2)\2 Cl - 2)\_2 C2, T22 =-p + 2)\_2C1 - 2)\2C2,
T33=-p+2C;-2Cy, Ty3=T5 = T15, = 0;

F;=X1Tyy, Fy = ATy, F3=Txy

A=1,2CA = C, - Cyt UG — G —4C3¥

Tj = (p/po)(0xy/0XR)(0x;/0X){4aCpplrs + 4BCrs + 4YC1161r615
+6(C1261R075 + C1261567k + C1361R035 + C1361553r) }

Ty3 =4\ Ba + B +y), Ty, = T3 = 4A Ba+p),

Ty3=T531=T1,=0

. x =al + BB + yB?, where a, 3, y are functions of tr B, tr B and tr B>

L ot

. dx, , +a(v’?)v’, where « is a function of v’?

2

Ty = —p+iBxie”, Ty = —p+iBxio”, Ty =-p+iB(xi+x3)o”
T, = 3{l 4300 " (i +xx 0"
Ty = 2l +ia0"(xi+ )i’

T,y = ~aBX:1X20" ; A= Q/h, B=0

10. k(U/h)" ; k(U/h)(*-D
12.

—4_2

1+v28%r™*x3 —3s%r~*x,x,  ysr3x,
(Ci@N=| —v*s*r*x %, 1+9y3s%r %2 _Tsr—le)

—2 -
VST x5 —ysr2x, 1

g 0 0 —x 242 %
(AE;” =—1 0 0 x|, {AEE})=? —X1X2

J 0

—X2 Xy U

13. Tyy = Ty = T3z = -p, 15571370

X1 Xa
X3

0

0
0
0

|



Tu:_&_
k(k*+?) )=
@ COS
wt + k sin wt)
—g'(x,)(w si
SIn

+ k cos wt)}



Chapter 11
1.

(b) re(r)e, + a(ie,
(e)0

() Ro(R)e,t a(R)e,
(d) -r&’(r)e,

)

3. 0= rte (G +10%), f=re/(+1)
4.

A? A°B 0
B*=| A2B AZB*+C3 0 )

0 0 A-E

5. A, =0 or Aal Az =—3RY

6. L {L+3r7¢> £ rp(1+5r°¢7)

9. Ty, = 2(AC,+Cyry, na*y(AC, + C,), where a is the final radius

10. Ty; = -p + AW x;/A- WoA/xg, T33 = -p + 2(W;-W,), Toy = -p + Wy Alxy - AWrxi/A, Thz = T3 =
T, =0;1; =1, = 2x;/A + A2x,;

11. Trr = TZZ =-p+ BW‘2;

Top = - P,
T, =T, =0,

T, = u(1- ew)w’ w = -k(r? - a®)/4u - ek3(r* - a*)/32p



12.

—-S%s2 0 0
F**=( 0 —s/S 0 ), E**=(
0 0 s/S

T, =—p+2CS*/s*, Ty, =Ty, =T =0,

Toe = Tyq,

—p +2Cs?/S?

S4ls*
0
0

0
s/82
0

0
n )
s[5



Further reading

Chadwick, P. Continuum Mechanics, Concise Theory and Problems, George Allen and Unwin, 1976.
Eringen, A. C. Mechanics of Continua, Wiley, 1967.

Hunter, S. C. Mechanics of Continuous Media, Ellis Horwood, 1976.

Malvern, L. E. Introduction to the Mechanics of a Continuous Medium, Prentice Hall, 1969.

Rivlin, R. S. Non-linear Continuum Theories in Mechanics and Physics and Their Applications,
Edizioni Cremonese, 1970.

Truesdell, C. S. The Elements of Continuum Mechanics, Springer, 1966.

In addition to the above texts, which are concerned with continuum mechanics in general, there are
many books which deal with particular branches of continuum mechanics, such as elasticity, viscous fluid
mechanics, viscoelasticity and so on.



Index

acceleration

Airy’s stress function
alternating symbol
alternating tensor
angular momentum
angular velocity vector
anisotropic material
area ratio

base vectors
bending

biharmonic equation
body

body force

caloric equation of state
cantilever beam

cartesian tensor, see tensor
Cauchy stress tensor
Cauchy-Green deformation tensors
Cauchy’s law of motion
Cayley-Hamilton theorem
characteristic equation
compatibility relations
compression

configuration

conservation

laws

of angular momentum

of energy

of linear momentum

of mass
constitutive equations
continuity equation
contraction
convected derivative
coordinate transformation
creep functions crystal symmetry
curvilinear coordinates
cylindrical polar coordinates

decomposition of a deformation
deformable body
deformation

gradient tensor
gradients
homogeneous
tensors

density

determinant



deviator

dilatation

dilation

dimensional homogeneity
direct stress components
direction cosines
displacement

gradients
gradient tensor
divergence

of a vector

theorem
dummy index
dyadic product

eigenvalues
eigenvectors

normalized
elastic constants
elasticity
energy

conservation of
equation
internal
kinetic
equation of motion
equilibrium equations
Eulerian

description

strain tensor
eversion
extension

rate of
ratio

finite

deformation tensors
elastic deformations
strain tensors
flexure
fluids
Fourier’s law of heat conduction

gases
Gauss’s theorem
gradient of a scalar

heat

conduction

flux
helical flow
hemitropic material
homogeneous deformation
hydrostatic pressure
hydrostatics

ideal



fhuid

materials
incompressible material
index symmetries
infinitesimal

rotation
rotation tensor
rotation vector
strain
initial yield stress
inner product
internal energy
invariant
inverse tensor
inviscid fluid
isotropic

material
tensor
tensor function

kinematic constraint
kinematics

kinetic energy
Kronecker delta

Lagrangian

description
strain tensor
left Cauchy-Green deformation tensor
left stretch tensor
linear elasticity
linear momentum
linear thermoelasticity
linear viscoelasticity
linear viscous fluid
liquids

material

coordinates

curve

derivative

description

symmetry
matrix

algebra
antisymmetric
column
diagonal
element of
inverse of
normalized column
orthogonal
positive definite
row

square
symmetric
trace of
transpose of
unit



Maxwell fluid
motion

equation of
steady

Navier-Stokes equations
Navier’s equations
Newton’s second law
Newtonian viscous fluid
nominal stress tensor
non-linear viscoelasticity
non-linear viscous fluid
non-Newtonian fluid
normal stress components

orthogonal

matrix

tensor

vectors
orthogonality
orthotropic material
outer product

particle

kinematics

paths
Piola-Kirchhoff stress tensors
plane

flow

strain

stress
plastic

deformation
potential
plasticity
polar decomposition
power-law fluid
pressure
principal

axes of deformation
stretches
principle of virtual work
pseudo-vectors
pure shear

rate-of-deformation tensor
rate-of-strain tensor
reaction stress

rectilinear flow

reference

configuration
time
reflectional symmetry
Reiner-Rivlin fluid
relaxation functions
residual strain
right Cauchy-Green deformation tensor
right stretch tensor



rigid body

motion

rotation
Rivlin-Ericksen tensors
rotation

of coordinate system
tensor
vector

rotational symmetry

scalar product

shear direction plane

shearing flow stress

simple shear

singular surface

solids

spatial coordinates description
spherical polar coordinates tensor
spin tensor

steady motion

strain

compatibility relations
energy
invariants
plane
tensors
strain-rate tensor
streamlines
stress

components of
deviator tensor
homogeneous
plane

stress tensor

invariants of
principal axes of
principal components of

symmetry of
stress relaxation

function
stretch

ratio

tensors
summation convention
superposition principle
surface

element

force

traction
symmetric functions

symmetry

group
reflectional

rotational



tension
tensor

alternating
anti-symmetric
components
contraction of
deviatoric
inner product
invariants of
inverse
isotropic
multiplication
notations
orthogonal
outerproduct
positive definite
principal axes
principal components
principal directions
principal values
second-order
spherical
symmetric
transformation law
transpose
unit

thermal conductivity

thermoelasticity

time rates of change

torsion

trace

of a matrix

of a tensor
traction
transformation

of coordinates

of stress components

of tensor components

of vector components
translation
transversely isotropic material
triadic product
triple scalar product

uniform

compression
extensions
shear stress
tension

unit

dyad
tensor
vector

vector

base
components
orthogonal



product
unit
velocity

gradient tensor
virtual work
viscoelasticity
viscosity coefficients
viscous fluid
Voigt solid
volume element
vortex flow
vorticity tensor
vorticity vector

yield

condition
function
stress
surface



1 The use of A to denote a vector in the reference configuration is another exception to our general rule
that vectors are denoted by lower-case letters.

2 The use of y and 1 to denote strain tensors is a departure from our convention of denoting second-order
tensors by bold-face italic capital letters.

3 The use of N to denote a vector is another departure from the convention that vectors are denoted by
lower-case letters.
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