PGF5003: Classical Electrodynamics I
Problem Set 4

Professor: Luis Raul Weber Abramo
Monitor: Natali Soler Matubaro de Santi
(Due to June 1, 2021)

Guidelines: write down the most relevant passages in your calculations, not only the final results.
Do not forget to write the mathematical expressions that you are using in order to solve the questions.
We strongly recommended the use of the International System of Units.

1 Question (1 point)
In three dimensions the solution to the wave equation

1 0*0
2 _
VU — gﬁ = —47rf(r,t), (1)
where W (r, t) is the wave function and f(r,t) is a known source distribution, for a point source in space
and time (a light flash att' = 0 andr’ = 0) is a spherical shell disturbance of radius R = ct, namely

the retarded Green functionll]

G(r,t;r' 1) = ’ <t/ _ [t _ #D ) 2)

v — |

The solutions for fewer dimensions than three can be found by superposition in the superfluous dimen-
sion(s), to eliminate the dependence on such variable(s). For example, a flashing line source of uniform
amplitude is equivalent to a point source in two dimensions.

a) Starting with the retarded solution to the three-dimensional wave equation

@(n t) — /d37”, [f(I'/, ﬂ)]ret’ (3)

v — 1’|

where [ |..; means that the timet' is to be evaluated at the retarded timet' =t — |r — r’|/c, show that
the source f(r',t') = §(2")6(y')d(t") (which is equivalent to at = 0 point source at the origin in two
spatial dimensions), produces a two-dimensional wave

2cO(ct — p)

W('CL'7?J7Z(:) = P Y

(4)
At —p

0,x <0

where p? = 2% + y* and ©(x) is the unit step function O(y) = { 1Ly>0"

Just remember that this name is due the fact that this function exhibits the causal behavior associated to a wave
disturbance.



b) Show that a “sheet” source, equivalent to a point pulsed source at the origin in one space dimension,
produces a one-dimensional wave proportional to

U(x,t) = 2mcO(ct — |x]). (5)

1.1 Solution

a) We need to write the retarded solution in 2D. Then, we need first the source in retarded time
t' =t — |r — r'|/c. Taking a flash line source in the z axis, it becomes

f't) = 6(x")o(y)o(t)
[, 8)]rer = 6(2")0(y)o(t — [r — 1’| /c). (6)
Putting it in the retarded solution

U(r, t) = /d%’M _ /d37,/5(95/)5(y’)5(t— Ir —1'|/c)
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To solve this integral we can use

EEDY f(;) (10)

where z; are the zeros of f(z). In our case:
x =7 (11)

x)=t—/p*+(z—2)?%/c (12)
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f()=0= 2" =2+ /22 — p2, (14)

in the way that
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Coming back to ¥(r,t) we have
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This represents a cylindrical expanding shell.
b) Following the same idea from the previous item, we can write a flashing sheet source at z = 0
in the retarded time as

f 1) = o0(2")o(t')
[, 8)]ret = 6(2")0(t — & — x'| fc). (19)
And, again, taking the three dimensional retarded solution

U(r,t) = /d%’M — /d?)r/(s(i’?,)(s(t— lr —r'[/c) 0

lr — 1/ |r — /|

) /Zd /:dy, /:dz,&x')a(t—wx—x) TP,y

Vi =22+ (y—y)?+ (2 — )2
o) 0o 5 t — 2 AW _ ~I1\2
oo o V2 +(y =)+ (z = 2)
To solve this integral we need to take care that, due to symmetry, we can set the origin of the

observation point anywhere we want. Choosing “smartly” we can set that on y = z = 0. In this
way, we can even change it for polar coordinates such that p’ = (y’ )2 + (z’ )2, obtaining

L[ AR
/%de/ ap ! sz /) (24)

$2 T ( p/)z
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= 27r/ dp’p - /C (25)
0 x? + (p’)2
Here, guess what, we can use the Delta property again looking the terms:
z = (26)

x)=t— 22+ (p)?/c (27)

/

d d
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f(x) =0=p = £Vc2t? — 22 (29)

Putting all this together, we have

O 1o —N/c2t2 — 12 1o 242 2
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V()2 w24 (p')?

because the radial coordinate can only be positive! Therefore,
t _ 2
U(r,t) = 27r/ do' o/ VT + (P)*/e) (31)
0 x? + (p’ )2

o0 0|p —c2t? — 22
= 27c dp'p’ P (32)
0 N

= 27O (ct — |z|)O. (33)
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| 2me, A > |z
B 0, otherwise

This represents a plane traveling in the positive = direction and a plane traveling in the negative x
direction, both starting at x = 0.




2 Question (1 point)
a) Find the fields (E and B), the charge p and the current distribution J corresponding to

—1 qt .
=T
4rrey 12

V(r,t) =0,A(r,t) = (34)

-1 gt
Admeg T

b) Use the gauge function \ = to transform the potentials and comment the result.

c) Are the potentials of the item (a) in Coulomb gauge? Are they in Lorentz gauge? (Notice that
these gauges are not mutually exclusive).

2.1 Solution

a) Given the potentials, we can find the fields E and B as follows

- 0A 1 ¢
_ _Wfo _ T 25
E= ot 47eg 2" (35)
B=V x A =0. (36)

By this we can already argument what is this object (“it is a kind of obvious”), but, computing the
charge and distribution, we have

p=¢eV-E= EV : (ﬁ) = qo(r) (37)

1= E
J:—VXB—an—ZO. (38)

Ho ot

b) Using A as our gauge function we obtain
o\ 1 ¢
I _yyo _ 27 1 39
Vi=x ot Admegr (39)
- —1 qt . —qt r

A'=A+VA= = — | =0. 40
v Areg = * (471'60) (r2> (40)

Thus, the potential ) transforms the potentials of the item (a) into just the potentials for a stationary
point of charge q.

c¢) To say anything about the chosen gauge for the potentials of the item (a) we need to compute
the following quantities:

coa-_ o (fY__¢
V- A= 4MOV (r2) = 60(S(r), (41)
V3V =0, (42)
%—Z:o. (43)

<

As all these quantities are different of Coulomb (V-A =0and V2V = —p /€0) and Lorentz (V- A =

— lo€o %—‘t/), they do not follow any one of these gauges.




3 Question (2 point)
A very long linear wire has the following current
i(t) = at,t > 0.

Determine the potentials (scalar and vectorial) and fields (electric and magnetic) generated at a distance
p from the wire. Hint: use the retarded expressions for the potentials.
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Figure 1: A long linear wire with current varying with time. It is represented a point of observation
at a distance p from the wire.

3.1 Solution

As we have a temporal dependence with the current, we can determine the potentials using the
retarded potentials

. 1 ,[p(r/, t/)]mt
(I)(I‘, t) = 47‘(‘60 /d37“ W, (44)
Ho I )] e
A(I‘, t) 47‘(‘ /d3 W (45)

As the exercise does not mention any charge, the wire is electrically neutral, then, p = 0 and, as
consequence

O(r,t) = 0.
Computing the vector potential we can write
po [ s IO )]rer
A —_ 4
e e (40

[i(t’)5($’)5(y/)2’]ret
/ da’ / ay [ az = gl W)
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47r \/332 +2+ () Am ) o 0%+ ()2

, (48)




where, for simplicity we take z = 0 (and to compute the quantities according to the coordinate p).

Here we can consider that the retarded time could be written as

R
tret 2 0=ty =t—— 20
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Therefore,
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We can solve the first integral performing the change of variables

/ /

tan92%2>—2286029d9
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= In(secl 4 tanf) = In [%+%] :

Replacing this result in the above integral we finally got
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And we compute the fields by definition

- 0A
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p/00 z o z /5p Yz P
4 )
<ty _Tﬁz—ﬂ_ Vertt-e
AUy SR G P b (70)
2T |:% n /6222_p21 cr/ 212 — P2
\ J
L P % P i (71)
2 |:% n ,/62;2_p2:| cr/c2t2 — p2
\ /
_ foa a TR (72)
2 /242 — pQ(Ct + /22 — p2) p cr/c2t2 — p2
At the same time, we could use the matnetic field as
B=VxA (73)
104y 0 (9 5 - z
— —_ — 0 0 - 74
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4 Question (1 point)
a) Show that the mixed form of the electromagnetic field tensor is given by
0 E,/c E,Jc E./c
] = E./c 0 B, -—B, (76)

E,Jc —B. 0 B,
E.Jc B, —B, 0
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b) Verify that the equations

O F" = poj" (77)
8ch:u,u + a;L-Fl/cr + aVFO'/.L =0 (78)
are equivalent to the Maxwell equations.
c) Verify that the Lorentz force
d
d—‘t’:q(E+va) (79)
and the rate at which the electromagnetic field imparts energy E to the particles
dE
may be brought together in the single equation
dpt
& _ qF*"u”. (81)

dr

4.1 Solution

a) Starting from the covariant form of the electromagnetic field tensor we can rising the y index just
using the Minkowski metric as a simple matrix multiplication

Fro— o F, (82)
[ -1 0 0 0 0 —-E,/Jc —E,/c —E,/c
0 100||E/) O B -B
TR x z y
FU=10 o10||E) -B. 0o B (83)
0 00 1||Ef B -B 0

0 E,/c E,Jc E,/c
| Bx/Je 0 B, -B,
=\ EJ -B. 0 B |7 (84)

| E.)Je B, —-B, 0

b) Taking all the definitions as: the electromagnetic contravariant field tensor, the current and
the derivative

0 E,/c E,/c E./c
_E,Je 0 B. -B,

) —
=1 Eje -B. 0 B (89)
_E.Je B, —-B, 0
j* = (ep,J) (86)
190 0 0 0
O = (Eav 92 Oy’ &) (87)



we can start to prove the first property taking each one of the components

—oo 10 1 (08 | OB, | OBy (88)
r= cot ¢\ Ox oy 0z - Hoep
~V-E=" (89)
€o
10E, 0B. 0B,
M_lj_g 8t+8y_8z = Hols (0)
10E, 0B. 0B,
S Y R 1)
10E, 0B, 0B,
N_3:>_E ot +8x_8y = Hols 42)
;»—16—E+€xB:HOJ, (93)
c Ot

where we have used that ¢* = 1/(uo¢o). Then, expanding the second property, but now taking the
covariant form of the electromagnetic tensor field

0 —E,/c —E,/Jc —E,/c
E./c 0 B, -B,

Fwl=1 g —B. 0 B, (%4)
E.Je B, -B, 0
we have for the indexes: (0,1,2,3) = (¢, z,v, 2)
10E, 10B, 10FE
OoFp1 + 0o Fia + 01 Fp =0= —— + - -——2=0 (95)
cdy ¢ Ot ¢ Or
10F, 10B 10F,
O3Fo1 4+ OpF13 + 01F50 =0 = —— — -t 4 =0 (96)
c 0z c Ot c Oz
10F, 10B, 10FE,
O3 Fpg + OpFoz + OaFg = 0= ———2L 4 — + - =0 (97)
c 0z ¢ Ot ¢ Oy
5 0B
E=—— 98
=V x 5 (98)
0B, 0B, 0B,
OsF1g + 01 Fos + 0o F5 =0 = + + =0 (99)
0z ox 0z
—~V.-B=0. (100)

c) To write this equation we need to take in mind the definitions of each quantity, which are:
the 4-momentum, the 4-velocity, the derivative of the 4-momentum with respect to 7 and use the
mixed form of the electromagnetic tensor field:

E
= (—,p) (101)
c
dt
ut = Ev“ =v(c,v) (102)

dpt  dtdp*  dpt <E dp>

dr dr dt  dt odt (103)



Thus, we can open the expression that we want to show that we can write, in the reverse process

dp*
B gFryy (104)

dr
0 E,/c E,Jc E./c c
E./c 0 B, -B, Uy

E.Je B, —B, 0 v,
(Eyv, + Eyv, + E,v,)/c
B E, + B.v, — Byv,
- E, — B,v, + B,v, (106)
E. + Byv, — Byv,
dp® dp® ~vdE E-v dFE
i I N —=F.v=¢E - - vl 107
o T T ea VT T voaEv (107)
dp  dp dp _
E_VE—qV(E—I—VXB):E—(E—i—VXB)D (108)

5 Question (2 points)

a) Show that under a boost in the x direction the components of the electric field intensity E and the
magnetic field induction B transform according to

E' = E, B =B,
E, =~(E,—vB.) B, =v(By+vE./¢) (109)
B, =v(E.+vB,) B, =v(B.— UEy/CQ)

b) In a certain inertial frame S, the electric field E and the magnetic field B are neither parallel
nor perpendicular, at a particular space-time point. Show that in a different inertial system S, moving
relative to S with velocity v is given by

\% E xB
1+v2/2 B2+ E2/c? (110)

the fields E and B are parallel at that point. Is there a frame in which the two are perpendicular? Hint:
choose the directions in the inertial frame S so that E points in the z direction and B in the yz plane
with ¢ angle for z.

5.1 Solution

a) The Lorentz transformation (boost in ) can be represented by

~y —yv/c 0 0

y —yvfe 00
[AI/ ] - 0 0 1 O (111)

0 0 01
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In this way, we can write

P = FOPARNY = AW FPNY (112)
[F*] = [A][F*7][AT] (113)
[ —yv/e 0 0 0 E./c E,/c E./c Y —yv/e 0 0
| /e v 00 —FE,/c 0 B, —-B, —yv/c v 00
n 0 0 10 -E,/c —B, 0 B, 0 0 10
| 0 0 01 -E.)c B, —-B, 0 0 0 01
[ 0 E./c Y(E, —vB,)/c v(E, +vBy)/c
— _EI/C 0 7(_0Ey/02 + Bz) _V(UEZ/C2 - By) (114)
| Y(=E, + Bv)/c y(vE,/¢* — B,) 0 B,
| —v(E. + By)/c ~y(vE./c* + B,) —B, 0

what exactly is the relations that we want to prove looking at each component of this result and
comparing to the electromagnetic field contracovariant tensor.

b) We can choose the directions in the inertial frame S so that, for instance, E points in the z
direction and B in the yz plane. Then,

E = (0,0, E), (115)
B = [0, B cos ¢, Bsin ¢] . (116)

Using the relations from the previous item, the fields in the S frame are

E = [0, —yvBsin ¢,y (E +vBcos¢)], (117)
B = [O,fy(BCOS(b—l—vE/cZ) ,’yBsingb] . (118)

In this way, saying that they are parallel fields is equivalent to say that these components satisfies
the fraction

E, Y
-_r _ v 119
E-5 (119)
—~yvB sin ¢ v (E+vBcos®) (120)
Y(Bcosg +vE/c?) ~vBsin ¢

—vB?sin? ¢ = EBcos ¢ +vE?/c* +vB?cos® ¢ + v*BE cos ¢/ c? (121)

2 1
0=wvB%+ EBcos¢ <1 n ”—2> +ZF? (122)

c c
2

0=v(B*+E?/c*) + EBcos¢ <1 + z—2> (123)
v _ EBcosp =~ -ExB (124)

Ar/a) B+ EE) (B + )
E xB = —FEBcos ¢z (125)

ExB

v____2X° (126)

14+0v2/c2 B2+ E?/c2

Notice that, in both reference frames we have the quantity

E-B|s = EBsing (127)
E-B|s = —7’vBsin¢ (Beos® + vE/c®) + v’ Bsin ¢ (E + vBeoso) (128)
= EBsin ¢ (129)
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is invariant! Therefore, there is no way to exist a reference frame where both fields are perpendicular
because E - B # 0!

6 Question (1 point)

A uniform charge distribution of proper density py is at rest in an inertial frame K. Show that and
observer with a velocity v relative to KK sees a charge density ypy and a current density —ypyv.

6.1 Solution

We can write the general 4-current vector as

j* = (cp,J).
For a charge with pg in K we have
= (CPU, 6)
and for an observer in K’ with v we got
7 = (cp, ).
We can do the Lorentz transformation as
=AY
taking, for simplicity v = (v, 0, 0):
v —yv/e 00 cpo Yepo
I E
0 0 01 0 0

Therefore, the observer sees

/

J* = (vepo, —vpov)

which means
« Charge density: vpg

« Current density: —ypyV .

7 Question (1 point)

Verify that Ohm’s law J = oE can be written as
. 1 Y v
"+ S utu, = ou, P
c

where o is the conductivity and u* is the 4-velocity.
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7.1 Solution

We know that
j* = (cp,J)

and that the electromagnetic contravariant tensor field is

0 E,/c E,/c E./c
_E,Je 0 B. -B,

ny
[FH] _BE,Je -B. 0 B (131)
-E.)Jc B, —-B, 0
(132)
Taking the rest frame of the electrons we can write the 4-velocity as
ut = (c, 6) U, = (—c, 6) .
In this way, expanding the expression that we need to prove into the components, we get
. 1 37 v 1

M:0:>]0+§U,OUV] = ou, F° :>cp+§(—02pc+0):>0:0 (133)
p=1i=j' — ;7" = ou, F" = j' = o F (134)
J =0cELL (135)

8 Question (1 point)

An electromagnetic plane wave of frequency w is traveling in the x direction through the vacuum. It is
polarized in the y direction and the amplitude of the electric field is L.

a) Write down the electric E(r,t) and magnetic fields B(r, ).

b) This same wave is observed from an inertial system S moving in the x direction with speed v
relative to the original system S. Find the electric and magnetic fields in S and express them in terms

of the S coordinates: E(¥,t) and B(T, 7).

c) What is the frequency w of the wave in S ? Interpret this results. What is the wavelength A of the
wave in S? From w and )\, determine the speed of the waves in S. Is it what you expected? Why?

d) What is the ratio of the intensity in S to the intensity in S? And what about the amplitude,
frequency and intensity of the wave, as v approaches c?

8.1 Solution

a) In a general way, we can write the plane waves, in the reference S as
E(z,y, 2,1) = Ege'™ "y (136)

Eq .
B(z,y,2,t) = —Oez(kx_w)é, (137)
c



where we obtain the direction of B using: By = & x Eq/c and w = kc.

b) Using the equations of the exercise 5 we obtain

where here

In other lines,

E= ,_)/Eoei(kx—wt) <1 . %) @
B = yEyeithe—t) (1 — B) z.
C

But we still need to change the space and time variables using Lorentz transformations:

r = (T +vt)
tzy(f—i—%f)
kx—wtzy[k(x—i-vf)—w(f—i-%i)]
:7[<k—%>j—(w—kv)f]
= ko — &t,

where, of course,

c
Finally,
E = vEOeZ(’E‘T”_a’D (1 — %) 0
B = vFEe (kz—~00) (1 — 2) zZ,
c

with the parameters explained above.

c) As already showed in the previous item, but doing some beautification

v

a):’y(w—kv):’yw(l—z>

(1-2’° (1-9

=W = W

(1=2) (1+3) (1+2)
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E, =~(E,—vB.) B, =7(B,+vE./c)
. =7 (EZ + UBy) B, =7

(B, —vE, /)

(138)

(139)
(140)

(141)

(142)

(143)

(144)
(145)

(146)

(147)
(148)

(149)

(150)

(151)

(152)

(153)

(154)



This is the something like the Doppler shift for light!
The wavelength is computed as following

- 27 2w A
S T (e e} o

In this way, the velocity in this new reference is

_ A v
o |amee | e =2

522 _ [7(1 /)} o= 2)] =c. (156)
2 2w

It is very good to obtain the result, exactly because we hope that light does not change its value
independently of the reference frame!
d) The ratio of the intensities if given by

T (B s vy (3
Taking the limit
lim R = 0. (158)
v—C

Then, the ratio of the intensity goes to zero in this limit! The same happens to the amplitude and
the frequency.
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