
⃗∇ ⋅ ⃗D =
ρ
ϵ0

⃗∇ × ⃗E = −
∂ ⃗B
∂t

⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗H = ⃗j + ϵ0
∂ ⃗D
∂t

Aula de 14 de junho

Métodos especiais

Eletromagnetismo



Coordenadas esféricas
<latexit sha1_base64="fERH7+1iUWSPxQawkyG43Feoeq4="></latexit>

d~̀= dr r̂ + r d✓ ✓̂ + r sin ✓ d� �̂

<latexit sha1_base64="NBUHDNwIB4avpdcIM649osnF040="></latexit>

~rt =
@t

@r
r̂ +

1

r

@t

@✓
✓̂ +

1

r sin ✓

@t

@�
�̂

<latexit sha1_base64="V2MfcfmuYwlyRx9RdUNP9JDEVrA="></latexit>

~r · ~v =
1

r2
@(r2vr)

@r
+

1

r sin ✓

@(sin ✓v✓)

@✓
+

1

r sin ✓

@v�
@�

x

y

z

r

s ⌘ r sin ✓

r
co
s
✓✓

�

r̂

✓̂

�̂

<latexit sha1_base64="GAE1V3k5d6niluLDC9VoC/7k6KU="></latexit>

r2t =
1

r2
@

@r

✓
r2

@t

@r

◆
+

1

r2 sin ✓

@

@✓

✓
sin ✓

@t

@✓

◆
+

1

r2 sin2 ✓

@2t

@�2

<latexit sha1_base64="y7aBsBMuIg21RivyQ+Avxwtf9l4="></latexit>

~r⇥ ~v =
1

r sin ✓

h @

@✓

⇣
sin ✓v�

⌘
�

@v✓
@�

i
r̂

+
1

r

h 1

sin ✓

@vr
@�

� @

@r

⇣
rv�

⌘i
✓̂ +

1

r

h @

@r

⇣
r v✓

⌘
� @vr

@✓
]�̂



Coordenadas cilíndricas
<latexit sha1_base64="wmpmwXa3OYVAiC3P8ERkLBonqyQ="></latexit>

d~̀= ds ŝ+ s d� �̂+ dz ẑ

<latexit sha1_base64="WGxgvgFBgVe99YHIlqFwCSCLvRg="></latexit>

~rT =
@T

@s
ŝ+

1

s

@T

@�
�̂+

@T

@z
ẑ

<latexit sha1_base64="JsZJm4xeGpv2TkKb8sfzhxv/cPY="></latexit>

~r · ~v =
1

s

@(svs)

@s
+

1

s

@v�
@�

+
@vz
@z

�

z

x y

z

s

ŝ

�̂

ẑ

<latexit sha1_base64="vjaIIb5lL1qb8b27GD/NmU5EDD0="></latexit>

~r⇥ ~v =

 
1

s

@vz
@�

� @v�
@z

!
ŝ+

⇣@vs
@z

� @vz
@s

⌘
�̂+

1

s

 
@(sv�)

@s
� @vs

@�

!
ẑ

<latexit sha1_base64="yisGU2UklKFtw6nQOQZCpEaKUQI="></latexit>

r2T =
1

s

@

@s

 
s
@T

@s

!
+

1

s2
@2T

@�2
+

@2T

@z2



Expansão em multipolos

P

d⌧

<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧

<latexit sha1_base64="rNMxh5DeUC3bXPSKmCgl5gbYdG0=">AAAG9Hic5VRdb9s2FJW7xmu9r3R97Au7NGiCuYIk27GDTkXRvuwx+0hbwHINiqYtIhRJkFRsV9A/GbCHoa/7P/s3u5QSJOoS7GGPo23o6p5zz+W9l2aqODM2CP7q3Pns7k7383v3e198+dXX3+w++PaNkYUm9JRILvW7FBvKmaCnlllO3ylNcZ5y+jY9e+3wt+dUGybFr3ar6CzHK8GWjGALrvnu74klqdxMQSnF5Cz+Rch12I </latexit>

1
=

1

r

P1
`=0

⇣r0

r

⌘`
P`(cos ✓0)

<latexit sha1_base64="8DwTSu9KcUjJ1+YMHYvcgXbiJ88="></latexit>

V (~r) =
1

4⇡✏0

1X

n=0

1

rn+1

Z
(r0)nPn(cos ✓

0)⇢(~r0) d⌧ 0



Expansão em multipolos

P

d⌧

<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧

<latexit sha1_base64="rNMxh5DeUC3bXPSKmCgl5gbYdG0=">AAAG9Hic5VRdb9s2FJW7xmu9r3R97Au7NGiCuYIk27GDTkXRvuwx+0hbwHINiqYtIhRJkFRsV9A/GbCHoa/7P/s3u5QSJOoS7GGPo23o6p5zz+W9l2aqODM2CP7q3Pns7k7383v3e198+dXX3+w++PaNkYUm9JRILvW7FBvKmaCnlllO3ylNcZ5y+jY9e+3wt+dUGybFr3ar6CzHK8GWjGALrvnu74klqdxMQSnF5Cz+Rch12I </latexit>

1
=

1

r

P1
`=0

⇣r0

r

⌘`
P`(cos ✓0)

<latexit sha1_base64="8DwTSu9KcUjJ1+YMHYvcgXbiJ88="></latexit>

V (~r) =
1

4⇡✏0

1X

n=0

1

rn+1

Z
(r0)nPn(cos ✓

0)⇢(~r0) d⌧ 0

<latexit sha1_base64="aDfYdK7Sbh0VZrBvn6zQgdEQztE="></latexit>

n = 0 ) V (~r) =
1

4⇡✏0

Q

r

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="ZejsGpNaRMlqTZOEgvVKil1wCWg="></latexit>h
Q =

Z
⇢(~r0) d⌧ 0

i

<latexit sha1_base64="4BYcLOhWXSHSBoqKFjUW+Sdi1zo="></latexit>h
~p =

Z
~r0⇢(~r0) d⌧ 0

i



<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="8JBQ3vPL3u9Sjye3q4PcSjDfU4o="></latexit>

~E = � ~rV (r, ✓,�)

z

y~p

~r
✓

Expansão em multipolos



<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="dzHStLncNxhzmGfCtJQ69wVc4uo="></latexit>

V (~r) =
1

4⇡✏0

p cos ✓

r2

z

y~p

~r
✓

Expansão em multipolos



<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="dzHStLncNxhzmGfCtJQ69wVc4uo="></latexit>

V (~r) =
1

4⇡✏0

p cos ✓

r2

<latexit sha1_base64="8JBQ3vPL3u9Sjye3q4PcSjDfU4o="></latexit>

~E = � ~rV (r, ✓,�)

z

y~p

~r
✓

Expansão em multipolos



<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧ z

~p

~r
✓

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="dzHStLncNxhzmGfCtJQ69wVc4uo="></latexit>

V (~r) =
1

4⇡✏0

p cos ✓

r2

<latexit sha1_base64="8JBQ3vPL3u9Sjye3q4PcSjDfU4o="></latexit>

~E = � ~rV (r, ✓,�)

Expansão em multipolos



z

y~p

~r
✓

<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="dzHStLncNxhzmGfCtJQ69wVc4uo="></latexit>

V (~r) =
1

4⇡✏0

p cos ✓

r2

<latexit sha1_base64="jQX/gNKgZleAqXBuB2KXBW3fPlM="></latexit>

~E =
1

4⇡✏0

⇣2p cos ✓
r3

r̂ +
p sin ✓

r3
✓̂
⌘

Expansão em multipolos



z

y~p

~r
✓

<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="dzHStLncNxhzmGfCtJQ69wVc4uo="></latexit>

V (~r) =
1

4⇡✏0

p cos ✓

r2

<latexit sha1_base64="jQX/gNKgZleAqXBuB2KXBW3fPlM="></latexit>

~E =
1

4⇡✏0

⇣2p cos ✓
r3

r̂ +
p sin ✓

r3
✓̂
⌘

<latexit sha1_base64="Frd6BGaEbaO/NHo0bKeoT56ypRw="></latexit>

~E =
1

4⇡✏0

p

r3
(2 cos ✓r̂ + sin ✓✓̂)

Expansão em multipolos



<latexit sha1_base64="P/TOZ6dS9nDDA+dWsUoP85B647E="></latexit>

V (~r) =
1

4⇡✏0

Z
⇢(~r 0)

d⌧ z

y~p

~r
✓

<latexit sha1_base64="AZZdJ04gRWv6k6jAdB9Yjkw9mNg="></latexit>

n = 1 ) V (~r) =
1

4⇡✏0

~p · r̂
r2

<latexit sha1_base64="dzHStLncNxhzmGfCtJQ69wVc4uo="></latexit>

V (~r) =
1

4⇡✏0

p cos ✓

r2

<latexit sha1_base64="jQX/gNKgZleAqXBuB2KXBW3fPlM="></latexit>

~E =
1

4⇡✏0

⇣2p cos ✓
r3

r̂ +
p sin ✓

r3
✓̂
⌘

<latexit sha1_base64="Frd6BGaEbaO/NHo0bKeoT56ypRw="></latexit>

~E =
1

4⇡✏0

p

r3
(2 cos ✓r̂ + sin ✓✓̂)

Expansão em multipolos



⃗∇ ⋅ ⃗D =
ρ
ϵ0

⃗∇ × ⃗E = −
∂ ⃗B
∂t

⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗H = ⃗j + ϵ0
∂ ⃗D
∂t

Dielétricos

Eletromagnetismo



Polarização
<latexit sha1_base64="u8XkTa16j0ziikUnxDFrMltpFjE="></latexit>
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Polarização
<latexit sha1_base64="u8XkTa16j0ziikUnxDFrMltpFjE="></latexit>
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~P =

P
j ~pj

�⌧
(Polarização)



Polarização
<latexit sha1_base64="u8XkTa16j0ziikUnxDFrMltpFjE="></latexit>
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<latexit sha1_base64="3zGznOiwFvQGLB8x6y1nKX2OEwg="></latexit>

~P =

P
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V (~r ) =
1

4⇡✏0

Z

S

�b dA0 +
1

4⇡✏0

Z

V

⇢b d⌧ 0



Polarização
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Interpretação física σb<latexit sha1_base64="/S+G0x42WAXOUpeUZw5FExtmcCE="></latexit>

V (~r ) =
1

4⇡✏0

Z

S

�b dA0 +
1

4⇡✏0

Z

V

⇢b d⌧ 0

<latexit sha1_base64="AmxfVua2uB8s12j6hB7wFT1OKIA="></latexit>

�b ⌘ ~P · n̂



Polarização
Interpretação física

++

++++++++ ++
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+
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+
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+

+ +

+

ρb

<latexit sha1_base64="EQG8VeomEE6Dkouw1ZSUVcDp0qk="></latexit>

⇢b ⌘ � ~r · ~P

<latexit sha1_base64="/S+G0x42WAXOUpeUZw5FExtmcCE="></latexit>

V (~r ) =
1

4⇡✏0

Z

S

�b dA0 +
1

4⇡✏0

Z

V

⇢b d⌧ 0



Vetor deslocamento
<latexit sha1_base64="rRHPU66eHtcZxrF+WKMItAymSXE="></latexit>

⇢ = ⇢f + ⇢b



Vetor deslocamento
<latexit sha1_base64="rRHPU66eHtcZxrF+WKMItAymSXE="></latexit>

⇢ = ⇢f + ⇢b

<latexit sha1_base64="6SxdlczoH2PLNDGq4FL9TEXsqAQ="></latexit>

✏0 ~r · ~E = ⇢f + ⇢b



Vetor deslocamento
<latexit sha1_base64="rRHPU66eHtcZxrF+WKMItAymSXE="></latexit>

⇢ = ⇢f + ⇢b

<latexit sha1_base64="6SxdlczoH2PLNDGq4FL9TEXsqAQ="></latexit>

✏0 ~r · ~E = ⇢f + ⇢b

<latexit sha1_base64="EQG8VeomEE6Dkouw1ZSUVcDp0qk="></latexit>

⇢b ⌘ � ~r · ~P



Vetor deslocamento
<latexit sha1_base64="rRHPU66eHtcZxrF+WKMItAymSXE="></latexit>

⇢ = ⇢f + ⇢b

<latexit sha1_base64="6SxdlczoH2PLNDGq4FL9TEXsqAQ="></latexit>

✏0 ~r · ~E = ⇢f + ⇢b

<latexit sha1_base64="EQG8VeomEE6Dkouw1ZSUVcDp0qk="></latexit>

⇢b ⌘ � ~r · ~P

<latexit sha1_base64="yvvClWx7NBvJ5pQ59FbwSaSmW7o="></latexit>

✏0 ~r · ~E = ⇢f � ~r · ~P



Vetor deslocamento
<latexit sha1_base64="rRHPU66eHtcZxrF+WKMItAymSXE="></latexit>

⇢ = ⇢f + ⇢b

<latexit sha1_base64="6SxdlczoH2PLNDGq4FL9TEXsqAQ="></latexit>

✏0 ~r · ~E = ⇢f + ⇢b

<latexit sha1_base64="EQG8VeomEE6Dkouw1ZSUVcDp0qk="></latexit>

⇢b ⌘ � ~r · ~P

<latexit sha1_base64="yvvClWx7NBvJ5pQ59FbwSaSmW7o="></latexit>

✏0 ~r · ~E = ⇢f � ~r · ~P

<latexit sha1_base64="UXBZzCyPoznwXtlcwgJpVDsbHRA="></latexit>

~r ·
⇣
✏0 ~E + ~P

⌘
= ⇢f



Vetor deslocamento
<latexit sha1_base64="rRHPU66eHtcZxrF+WKMItAymSXE="></latexit>

⇢ = ⇢f + ⇢b

<latexit sha1_base64="6SxdlczoH2PLNDGq4FL9TEXsqAQ="></latexit>

✏0 ~r · ~E = ⇢f + ⇢b

<latexit sha1_base64="EQG8VeomEE6Dkouw1ZSUVcDp0qk="></latexit>

⇢b ⌘ � ~r · ~P

<latexit sha1_base64="yvvClWx7NBvJ5pQ59FbwSaSmW7o="></latexit>

✏0 ~r · ~E = ⇢f � ~r · ~P

<latexit sha1_base64="UXBZzCyPoznwXtlcwgJpVDsbHRA="></latexit>

~r ·
⇣
✏0 ~E + ~P

⌘
= ⇢f

<latexit sha1_base64="celf2CXacGljgvN8Q7eJDKnM6bo="></latexit>

~D ⌘ ✏0 ~E + ~P

<latexit sha1_base64="qk/9U6dtrQGjqHuZpEBzxB0SaPw="></latexit>

~r · ~D = ⇢f



Vetor deslocamento
<latexit sha1_base64="rRHPU66eHtcZxrF+WKMItAymSXE="></latexit>

⇢ = ⇢f + ⇢b

<latexit sha1_base64="6SxdlczoH2PLNDGq4FL9TEXsqAQ="></latexit>

✏0 ~r · ~E = ⇢f + ⇢b

<latexit sha1_base64="EQG8VeomEE6Dkouw1ZSUVcDp0qk="></latexit>

⇢b ⌘ � ~r · ~P

<latexit sha1_base64="yvvClWx7NBvJ5pQ59FbwSaSmW7o="></latexit>

✏0 ~r · ~E = ⇢f � ~r · ~P

<latexit sha1_base64="UXBZzCyPoznwXtlcwgJpVDsbHRA="></latexit>

~r ·
⇣
✏0 ~E + ~P

⌘
= ⇢f

<latexit sha1_base64="celf2CXacGljgvN8Q7eJDKnM6bo="></latexit>

~D ⌘ ✏0 ~E + ~P

<latexit sha1_base64="qk/9U6dtrQGjqHuZpEBzxB0SaPw="></latexit>

~r · ~D = ⇢f

<latexit sha1_base64="1ab4+ohALGPqwqRZKsSf8uWQWy8="></latexit>Z

A
~D · n̂ dA = Qf



Pratique o que aprendeu      


a
b

~P
=
k
r
r̂

<latexit sha1_base64="Zgn4q+ETtvnay+XF/VLecuYIHpw="></latexit>

~E =?



Pratique o que aprendeu      


a
b

~P
=
k
r
r̂

<latexit sha1_base64="Zgn4q+ETtvnay+XF/VLecuYIHpw="></latexit>

~E =?
<latexit sha1_base64="Rj2YKsuT/NPWXqSz/eOG4sNkZuM="></latexit>

~D = 0



Pratique o que aprendeu      


a
b

~P
=
k
r
r̂

<latexit sha1_base64="Zgn4q+ETtvnay+XF/VLecuYIHpw="></latexit>

~E =?
<latexit sha1_base64="Rj2YKsuT/NPWXqSz/eOG4sNkZuM="></latexit>

~D = 0
<latexit sha1_base64="sJJfC0e2WzT21F51ZafmJrRzqZw="></latexit>

)✏0 ~E + ~P = 0



Pratique o que aprendeu      


a
b

~P
=
k
r
r̂

<latexit sha1_base64="Zgn4q+ETtvnay+XF/VLecuYIHpw="></latexit>

~E =?
<latexit sha1_base64="Rj2YKsuT/NPWXqSz/eOG4sNkZuM="></latexit>

~D = 0
<latexit sha1_base64="sJJfC0e2WzT21F51ZafmJrRzqZw="></latexit>

)✏0 ~E + ~P = 0

<latexit sha1_base64="JSpwHjuAdx8AqhK6odzPZnQGPqo="></latexit>

)

8
<

:

~E = 0 (r < a e r > b)

~E = � k

✏0r
r̂ (a < r < b)



Meios lineares
<latexit sha1_base64="UOD7Ua3A0nIbhccImKvwgi0f9iU="></latexit>

~P = �e✏0 ~E

Susceptibilidade
⃗P

⃗E



Meios lineares
<latexit sha1_base64="UOD7Ua3A0nIbhccImKvwgi0f9iU="></latexit>

~P = �e✏0 ~E

Susceptibilidade
⃗P

⃗E

<latexit sha1_base64="xoYprhA7nRZ6VJAHPk2vVa7sOHo="></latexit>

~D = ✏0 ~E + �e✏0 ~E



Meios lineares
<latexit sha1_base64="UOD7Ua3A0nIbhccImKvwgi0f9iU="></latexit>

~P = �e✏0 ~E Susceptibilidade

⃗P

⃗E<latexit sha1_base64="xoYprhA7nRZ6VJAHPk2vVa7sOHo="></latexit>

~D = ✏0 ~E + �e✏0 ~E

<latexit sha1_base64="Zh4ly70XkMm1YHVkX4Hoy7Chnno="></latexit>

~D = (1 + �0)✏0 ~E

<latexit sha1_base64="Wscl5I26Gl71u0Fjs+BuApKIAQE="></latexit>

✏ = (1 + �0)✏0 Permissividade

<latexit sha1_base64="YcTJWJ2n5pMN/Hp6EJ0iENlEgFY="></latexit>

✏r = 1 + �0 Constante dielétrica

<latexit sha1_base64="uIsMxt6WD9GtyxfxOi1aAG8V8qY="></latexit>

~D = ✏ ~E = ✏r✏0 ~E



Meios lineares
<latexit sha1_base64="UOD7Ua3A0nIbhccImKvwgi0f9iU="></latexit>

~P = �e✏0 ~E Susceptibilidade

⃗P

⃗E<latexit sha1_base64="YcTJWJ2n5pMN/Hp6EJ0iENlEgFY="></latexit>

✏r = 1 + �0

<latexit sha1_base64="uIsMxt6WD9GtyxfxOi1aAG8V8qY="></latexit>

~D = ✏ ~E = ✏r✏0 ~E



Meios lineares
<latexit sha1_base64="UOD7Ua3A0nIbhccImKvwgi0f9iU="></latexit>

~P = �e✏0 ~E Susceptibilidade

⃗P

⃗E<latexit sha1_base64="YcTJWJ2n5pMN/Hp6EJ0iENlEgFY="></latexit>

✏r = 1 + �0

<latexit sha1_base64="uIsMxt6WD9GtyxfxOi1aAG8V8qY="></latexit>

~D = ✏ ~E = ✏r✏0 ~E



Pratique o que aprendeu      


ba

Q
✏<latexit sha1_base64="Zgn4q+ETtvnay+XF/VLecuYIHpw="></latexit>

~E =?


