Spherical waves

Spherical wave solutions
Multipole expansion and partial waves
Multipole expansion of EM fields

Vector spherical harmonics
[Jackson, Ch. 9, Zangwill Ch. 20]
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Freely propagating waves

* Typically, "radiative" systems inject waves from some center where the “medium" is perturbed. After the fields
(the wave) has detached from the sources, it propagates freely.

+ Fora“scalar wave” y, the equation satisfied by the field is:
1 521// —
=———+Viy =0
Ly 2o W

* Instead of treating the most general time-dependent problem, what we usually do is to decompose the
source and the waves in frequencies:

W = Z e—ia)t W,
@

* The wave equation then becomes the Helmholtz equation:

(Vz+k2> w,=0 , where k =w/c.

* We will now study this equation assuming that the source of the waves is a small, localized region in space.
This means that we should use spherical coordinates — with the source at the origin, of course.

- In spherical coordinates, the angular modes are described by the spherical harmonic functions, Y, (6, @) :

() 4
V(. 0,0) = D\ Y f2 (1) Y6, )

=0 m=-¢
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Spherical waves: radial equation

- We can now write the equation for the radial modes /7’ (1), which we will simply call f(r) for simplicity. Using the
Laplacian in spherical coordinates we obtain:

02 20 £+ 1)
— K- =0
[01’2 r or r2 ]f(r)

- It turns out that this equation is basically the Bessel equation. Writing the radial modes as f(r) = u(r)/\/; we obtain:

0 190 £+ 1/2)?
— =+ k- ( ) u(ry=0 , whichisthe Bessel equation!
or: r or r2

* So, the solutions to the radial modes are slightly modified Bessel functions of half-integer order:

1
fo(r) = —|agdpy1nkr) + by Ny jo(kr))]
\r

Notice that this is
fundamentally different from
the solutions to the Laplace

These slightly modified Bessel functions are usually normalized in a standard way, and called Spherical Bessel
Functions — or spherical Hankel functions in the complex case:

equation, for which k — 0. In that
T case we obtained the radial
]f(x) = 2_ ‘]f+1/2(x) h;l)(x) = ‘]bﬂ(.X) + ll’ll/p(X) modes r’ and r~¢ 1,
\/ X
T (2) . .
ny(x) = x Ney1p(x) h"(x) = jo(x) — ing(x)
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Spherical Bessel functions

+ Although the Bessel functions of integer order do not have a closed, simple form, the spherical Bessel
functions can in fact be written in terms of elementary function! Here are the first few ones.

4 J¢
sin x
0]
X

SIN X — X COS X

x2

3 —3xcosx —x2sin x

x3
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—02L

04F
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—04;
—osé
—osé
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—3 —3xsinx 4+ x2cos x
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0.0}
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Spherical Bessel functions

- Like the original Bessel functions, these spherical Bessel functions have very different behaviors near the origin (x — 0) and for large arguments (x — ©0).

 Inthelimitx << Min(1,£) we have:

xl/ﬂ .x2
lim j,) = —— [1-—X 4+
lm o) = o7 T o 2027 + 3)

. - ¢ - D! - x2 N
mini{x)=-——— S EEEEE——
0 x?+1 2026 — 1)

* In the opposite limit, x > Max(1,£), we have:

1
lim j,(x) = —sin (x — £7/2)
X

X— 00
lim n,(x) = — —cos (x — £x/2)
X—00 X
- Clearly, solutions which are regular at the origin can only include the spherical Bessel functions of the first kind, j, (kr) .
+ On the other hand, if the wave has an asymptotic behavior such asy ~ ek 7 then we must combine the two solutions in the spherical Hankel
functions, such that:
ix

lim h;l)(x) = (=i)’*'— , andthe complex conjugate in the case of h;z) :
X—00 X
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The Rayleigh expansion of plane waves

* We often use the fact that any wave can be decomposed into a superposition of plane waves — this is, after all, the —
basis of the Fourier transform. ’/// 1
* Any wave can then be cast in the form: , //
i \
_ d3k T Pl . 4497/1/::......\\\\§QQ5
w(X,t) = o p(k)e , withk = w/c ST
ALLALLLLLLL LR ARE
AAAAMALLLAL L
* But the expansion we have just derived is equally appropriate, but now in terms of spherical waves: \\\‘\\\ \\ 111117 Il/////
AN ///
0 4 o \ .
w(t.x0.p)= D Y > e (k) jukx) Y, (0. ) WM
w £=0m=—¢ \ k,

* For reasons that will become clear later, it is useful to define this expansion as:

00 00 4
wt, x, fc>=J dkk? e N ¥ Fon®) k) Ve ()
0

£=0 m=—¢
* These spherical waves form the basis for much of optics, interference, diffraction etc.

* We can actually make a connection between the two expressions, linking the plane waves to these spherical waves.
This was first done by Lord Rayleigh, when he was studying light. The key for this connection is the expression:

. 1) 4 . 1) 7 .
e T =an Y N i k) Yy, (k) YE R =dx ) Y i jkx) Y, (k)% ¥, (8)

=0 m=-¢ =0 m=—~¢

=) i1 Q6+ 1) jkx) Pk - %)
=0
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The Rayleigh expansion of plane waves

* Let’s start by computing the coefficients of the spherical wave expansion:

w(t,x, %) = J dk k2 e -’“’fz Z Fom(k) jo(kx) Y7, (5)

=0 m=-¢

We can compute these coefficients by using the orthogonality of the Bessel functions:

rodxx k) jok'x) = 2 6k = )
0

as well as that for the spherical harmonics,

[dz)% Yfm(je) Yf’m/(ﬁ) = 5&”’ 5mm

Integrating the left-hand side and the right-hand side of the expression above over the volume with these two basis functions
3. : * (2)T... .

d°x j(kx) Yfm(x) [---] , we obtain:

r 00 o0

dxx? j(kx) Jd% Y ®)w(t,x, %) = [
J0

dxx?j,(kx) Jd%y;m(;e)J dk' k' =i Z Z Tk j k%) Yy o(R)
0 £'=0 m'=—¢"

dk' k" f, (k') e ! [ dxx? j(kx) jf/(kx)] ”d%% V¥ (%) Yy (X)

0

r OO

2
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o
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dk' k2 F,., (k) e~ | —Z—5(k — k)] 1640/ Spum]

f~ (k) e—iwt

NI:x
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The Rayleigh expansion of plane waves

* Therefore, we found that any solution of the wave equation that is valid in all space (including the origin) can be written as:

w(t,x, %) = J dk k2 e~ Z Z For (k) j (kx) Y, (R) , where

£=0 m=—¢
y 2 [, . ” . o 2[5 . . .
Jemk) = . dxx”jkx) |d°XY} (X)y(x,X) = . d’x j(kx)Y> (%) w(x,x)
0

Notice how this is incredibly similar to the Fourier expansion in plane waves. In fact, as we will see now, the two are closely related. Let’s get back to the expression:

00 4
kX = 47:2 Z i? j(kx) Y?m(lAc) Y, (X) ., andsubstitute that into the plane wave expansion:
£=0 m=—¢
[ dk
t,? — —i(wt— - x)
w(t, X7) | G p(K)e

r d3k _ . e} A o X A
= (271_)3 1/7( k ) e_la)t X 4 Z Z lf‘]l/ﬂ(kX) Y?m(k) Y{m(x)
) £=0 m=—¢

= Z Z i Yfm(x)J K2dk e ’””[dzk g (k) j(kx) Y* (k)
* You can now recognize the coefficients in the two expansions. We find that:

1
T = jdzk () ve (i
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The Rayleigh expansion of plane waves

* We can arrive at a more enlightening expression by defining the expansions in real (configuration) and Fourier space in a symmetric way — and

below, for simplicity, we have written (¢, ?) = e"’“’ﬁp(?):

1% 4
p(t. .2 =) Y foult.0YE , where ffm(t,x)z[dz)? YE Ryt x, %)
=0 m=-¢

) 4
ptk k=Y Y F oYK&, where f,(tk) = [d2k Y (k) (t, k, k).
=0 m=-r

* The connection between the two is obtained by using the Rayleigh expansion, resulting in:

(0]

Fot k) =4 i’ J dx x*f, (t,x)j(kx)
0

The converse relation is identical, but recall that the Fourier transforms are such that Jd3x(. L) e [dSk/(2ﬂ)3(. ..), SO we get:

Jem(t )—4ﬂifrodkk2 Tt K) j(kX)
em\ls X) = (27[)3 . € m\ls K) JARX

* You can switch between the two descriptions by using the orthogonality of the spherical Bessel functions:

6]

j dx 2 ja(kx)jok'x) = 5 6k = K) J

dk K2, (k) j(kx') = —— 5(x — )
0 0 2 x2
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The Fourier-Bessel expansion

* Now, stop for a moment to absorb this amazing result. Consider that any field configuration can
be given in real space, w(x"), or in Fourier space, r( k).

* We can now decompose the field in “spherical shells” (like the layers of an onion), in both
descriptions:

o 7 © 7
W(ta Xs 5‘\:) = Z Z ffm(t’ r)Yfm(je) , Or l/~/(t, k, k) — Z Z ffm(t’ k)Yfm(k)
£=0 m=—¢ £=0 m=—¢
- Incredibly, the angular modes f,,,, in real space are basically the same as the angular modes in

Fourier space, ffm , up to the Fourier-Bessel transformation, that takes place only along the
radial direction:

(0]

Fo it k) =4 i’ J dx xf, (t,x)j(kx)
0

(t )—4ﬂifJoodkk2 T (8 K) (k)
Jem(t, %) = 27 ), e fem(t k) j(kx

 Therefore, the angular properties of the real-space configuration are completely preserved in the

Fourier configuration: if a given mode f, ,, vanishes, then the Fourier mode f, ,, also vanishes.
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The Fourier-Bessel expansion

* This result connects back to something we derived in our last class, when we computed the potentials from sources
using the approximation that we are evaluating the fields in the radiation zone:

. Ho eikr —_—
A, =it [d3x’e_’k'x 7.(F) . and
1 eikr — .
~ d’x" e p (X) , where we identified k = k ¥ = (w/c) X
Y Admey v Po
0

* The right-hand side are in fact simply the Fourier transforms of the sources:

ikr ~
wg:‘—oe T (K=k%) , and
nr
1 eikr g A
P, = Pk = kX)
Arey 1

* This result implies that the potentials are given by the spherical wave expansion:

PET) =) ot DY, (R) , with
‘m

1 e—i(wt—kr)
Gpp(t, 1) = Psm o+ Where the fixed coefficients are:
4re r
Pom= szl%ﬁ@) v¥ (k) =4n if[ dx X2 j,(kx) gy ()
0
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The spherical (partial) wave expansion

* Notice that all these “partial waves” have exactly the same time and radial dependence:

e —i(wt—kr)

Gt 1) = Pem + i.e,and out-going spherical wave!
4re r

* In particular, this means that the amplitude of the multipole radiation fields decay as ~ 1/, e.g..

6P = Jd% Bt T) 41, F)

1 —i(wt—kr) +i(wt—kr)

e 1 e
= | d*z 0, Y, (X p* Y* (X
J * [Z 471'60 r Pem fm(X)] [Z 471'6() r p”ﬂm ”ﬂ ( )]

‘m Z'm’'

= (471’60 7‘) z Z pfmpbw /Xéff’émm

‘m 'm’

=(4ﬂ€0 ) 2 \Penl

* Although this calculation doesn't really mean anything in terms of the fields or, e.g. energy, it is basically
identical to the calculation that we perform for the Poynting vector, and indicates that the power emitted

by any radiating source decays exactly as ~ 1/r%, with an amplitude that is a sum over the multipoles.
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The multipole expansion of EM fields

* In the discussion above we made use of the fact that the spherical harmonics and the spherical Bessel functions are the eigenfunctions of the
angular and radial parts of the wave/Helmholtz equation operator in spherical coordinates.

* Namely, for the angular dependence we used the angular momentum operator,

—

L=—ixxV , and the spherical harmonics are eigenvectors of this operator in the sense of:
LYy, &) =¢¢+1)Y, () , and
LY, (X)=mY,,(X)

1 o2 L?
Remember also that V2(--+) = ——2(1’ cer) ——2('")
r or r

—

We then used these basis functions, Yfm(fc) to expand the sources (p and J') as well as the potentials (¢ and X).

N
However, the electric and magnetic fields are obtained from the potentials , in terms of operators involving V , and these are in turn related to

the angular momentum operator L .This means that the electric and magnetic fields cannot be decomposed into regular spherical harmonic

functions, but by objects such as fom .

But the spherical harmonic functions are not eigenfunctions of L :they are eigenfunctions of L 2 and L, only!In fact:

Ly

This means that the action of L on Y,,, resultin a different set of functions — called the vector spherical harmonics.
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The multipole expansion of EM fields

* Let’s go back to the basic equations that determine the free propagation of fields in empty space, assuming a fundamental
frequency w and therefore k = w/c.

- Using H instead of B , and the definition of vacuum impedance Zy =1/€yluy = 376.7 €, we have:

—_ S - —

V-E=V-H=0

+ The Helmholtz equations for these fields follows from taking the curl from either one of the two equations above:

(V24K E=0 , with H=—-—VXE , and
kZ,
(V2+K)H=0 , with E :TOV x H
* Notice the meaning of these two equations: we can imagine that, on one hand, we could have electric multipoles generating
electric fields, which then induce magnetic fields through H = — 7 VXE.
0

* OR, we could have on the other hand magnetic multipoles generating magnetic fields, which then induce electric fields through

— iZy= —
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The multipole expansion of EM fields

* We should now formalize this “guess” that there are two types of modes of electromagnetic radiation. For that, start with the Maxwell
equations:

VXE=ikZ)H , VxH=-ikE/Z, , and

—_ = =

V-E=V-H=0
from where we derived
(V2+IK)E=0 , (V?+k)H=0

* Itis a trivial matter to show that, as a consequence of these equations, the longitudinal components of the fields also obey the Helmholtz
equation, namely:

(V2+12) (F-E)=0 . (V2+&)(F-H)=0

* Here itis important to clear out a common misunderstanding: it is not true that, in general, radiating electric and magnetic fields are purely

transversal, in the sense that 7 - E — Oand/or 7 - H — 0.This is only true for plane waves! So, let’s keep in mind that, in general, we have
in principle all degrees of freedom for the electric and magnetic fields, minus two constraints (their divergence being zero).

* This motivates us to study the two possible situations:

i 7- f =0 ,  which we call “transverse magnetic” (TM)

i) 7-H=0 , whichwe call“transverse electric” (TE)
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Transverse electric and magnetic modes

* Let’s start with the transverse magnetic (™). Our multipole expansion means that we can write:

P 2 g

— £+ 1 £+ 1 .

7. HO = Z%ﬂfm(kr) Y, (&) , with %ﬂfm(kr) - Jd% [r-
‘m

where the pre-factor (£ + 1)/k was introduced for later convenience.
* Now, the constraint between the magnetic and electric fields imply that:

—

—_— l — e — l N — l N —
HA = - — VX EW = 7. HBD=_ 7. VXEH=—_—(FxV)-
Zok k Z, k Z,

= ;:.ﬁ(%):Lz’.f(%)
Z

* Therefore, for these ™ modes we have that:
> L-EY0=2, Y HC+1) My kD) Yy (R = Zg Y My, (kr) L Yy, (5)
‘m ‘m
* From this it is obvious that the solution for the electric field in this case is given by:

E“D =7y 3 My, kr) L Yy,,(®)
‘m

FI’V%)] Y* (%)

)
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Transverse electric and magnetic modes

- The exact same argument applies for the TE modes. Our multipole expansion means that we can write:

2. H® =0

=~

_ £(C+1) )
ED=—7,% & k1) Y1)
‘m

* Now, the constraint between the magnetic and electric fields imply that:

—_— iZ > > —> iZ > > iZ > >
E<%>=70 VXxH® = F. E<%>=T°7. v xH(%)=TO(7>< V) -H®

- Using the definition above and the same argument as before we obtain that:

H® =% &,,(kr) L Y,,(%)
‘m
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Vector spherical harmonics

* Itis now completely clear that the vector fields L Y,,, play a key role in the multipole expansion of
the electric and magnetic fields. We in fact define the vector spherical harmonics as:

— 1 — R
X (X)) = LY, (X

V& + 1)

[Notice that )700 = ( identically — which should be obvious, since there is no spherically
symmetric vector on the 2D unit spherel]

* These functions obey orthogonality relations and are normalized just as the regular (scalar) spherical
harmonics:

2 A — — _
Jd X Xbﬂm ° X;f,m, —_ 6ff’ 5mm’
- Moreover, because of the factthat L = — ir¥ X V ,itisclearthat7 - X ,,, = 0, so the vector

harmonics should form a basis over the 2D unit sphere.

* However, a vector basis in the 2D surface of the needs two components, like 6 and @ . Therefore, in
order to complete the description of vectors we need to complement the basis functions X ,,, with

functionssuchas 7 X X, .In fact,

Xy X X% )=0
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Vector spherical harmonics

Spherical multipoles
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Multipole expansion of EM fields

* We can now collect the TM and TE fields and write the complete solution as a superposition of the two modes.

* In general the radial modes can include both the regular spherical Bessel functions j.(kr) as well as the functions of the second kind, n,(kr) — but if the origin is
included in the description, then only the functions of the first kind appear. In full generality we write then:

M, (kr) — a%q [af Jolkr) + ﬁfnf(kr)] , and analogously for the TE modes .

* Itis almost always the case that the radiation is produced in terms of spherical waves that propagate outwards from the source, e @k 1 which means that
M, (kT) — a;’%n h}l)(kr) , and &, (kr) = a;gm h;l)(kr)

* Itis better to redefine the coefficients to allow for the normalizations of the vector spherical harmonics, and in this way we write the multipole expansions:

EY = 7@ 7, af hiV(kr) X 1, (%)
‘m

k

H) = p=iot <—é V x ) Y a hD(kr) X, (&) = — e - Y af ¥V x [h,gl)(kr) ?_(}m(fc)]
‘m ‘m

H® = ot Y af, h(kr) X, &)
‘m

k

. (= — i _ o
@) — gion <; V x ) 3 aZ BN X @) = e =Y aF T x [hg)(kr) Xfm(x)]
‘m ‘m

* The multipole expansions of the total electric and magnetic fields are, therefore:
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Multipole expansion of EM fields

* Finally, we can go back to our multipole expansion of the sources, and try to write the coefficients of the
multipole expansion of the EM fields in terms of the sources.

* The exercise is not too hard (see Jackson, Ch. 9.10) to show that:

ot = _ i K Jd3x Y (®)jkr) V - [7>< T(?)]
om £+ 1) Z0edd
k*c 0 [r jf(kr)] .
% — 3 A —_— . . —>. —_—
a, = lf(f+1)Jd xY?m(x){ o p(xX)+iwjkr)r J(x)}

* Obs: in order to derive this result we need an expansion similar to the Rayleigh expansion of plane waves:

ik| x=x"| o0
e

=47i Y hWkx)j(kx)P(% - &
=5 2 100k) j(kx) P (% - &)

=0
(In fact, this expression can be obtained from the Rayleigh expression.)

* Now this essentially closes the issue of the multipole expansion: how to go from the sources to the fields, and
vice-versa. All that is left for us to do is to explore a bit more the power of this spherical wave expansion.
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Polarization of EM radiation

* The discussion above means that we have two “modes" of radiation, which we called TE and TM..

* Let’s look again at the electric field from the two modes:

EY = 7 7, af hV(kr) X 4, (%)
‘m
E@==fmzzp2VxP§mem@)
‘m

- We already know that the vector spherical harmonics X ,,, ~ LY, is orthogonal to the direction of propagation, X - X ,,, = 0, so it is obvious that the TM mode is
transverse.

* Now consider the orientation of the TE term. In the radiation zone we have that:

ikr

ikr
— — R — e
V x [hg)(kr) Xfm(x)] ~V x [ p

— — e
X, X)) ~VX
fm(x)] [ k

) Yfm(fc)]

r r

* Opening up this last expression we get:

. eikr . . eikr . eikr N
Vx | Ty, ®| =V x [L Yfm(fc)] + [V ) Yfm()e)]
k kr kr

r
. Butrememberthat L = —i¥ X V is basically an operator like Vx 0V X f(---) is basically an operator like (1/r) V}% . Therefore,
_ eikr . eikr .
V x Ly, ®| = ikz x [L Yfm(fc)] + 00
kr kr

— —
* Therefore, in the radiation zone the two modes are orthogonal to i: the TM modes are oriented according to X ,,,,, and the TE modes are oriented accordingto X X X ,,,, .
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Polarization of EM radiation

* But what are these two independent modes? These are the two independent degrees
of freedom of the polarization of the waves!

* The polarization is given by the directions of the electric field (the magnetic field is

given implicitly, by the condition that E X H ~ %)

 These expressions are then telling us that in general we can have any superposition of
the two independent ("linear") polarizations, each one with their own phases, —
amplitudes, etc.

* In the radiation zone we can choose any orthogonal basis in the 2D unit sphere to
describe the polarization — the vector spherical harmonics may be too complicated!
E.g., we can use the Cartesian base as represented in this figure.

* The two modes propagate as:

. e —i(wt—kr) e —i(wt—kr)

E~— &6, +——Mé
r r

e

* This is in general what we call “elliptic polarization”. Particular cases are linear
polarization (only one of the components is non-zero), and circular polarization (the

two components have equal amplitudes and a phase difference of 7/2).
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Energy of the multipole fields

* We are now in a position where we can compute quantities such as the energy in the EM fields in terms of the multipole expansion. In particular, the energy density is:

—

0= —= —
pEM=—|E|+ O\ H? = 4[E-E*+Z§H-H*]

* In the radiation zone the two terms above are equal, and they fallas ~ 1/r.

* Consider first just the transverse electric radiation modes. The energy density in a shell of radius 7 is given by:

47zr2pg=dU%— szA [Zagy ] [261*% ] = 2| |
dr — 2k2 fm o om S| T g £ | S

‘m 'm’

The same for the energy in the transverse magnetic modes:

47rr2 M — 7 _2k22|

* The cross-terms are zero because of the orthogonality of the vector spherical harmonics, so the total energy is simply the sum of the two:

R N (AR
dr 2k2fm

But this is basically the same result we obtained before for the potential of the multipole radiation fields!

r2|¢|2: <4ﬂ 0> Z |me

So, we have come “full circle”: basically, the multipole expansion allows us to write something like the Parseval Theorem.

In practice, it means that we can expresses the power of a source of radiation in terms of the sum of the powers of each multipole.
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Next class:

More on radiation

Field lines and reconnection

Antennas

Angular momentum

Zangwill, Ch. 20
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