
Eletromagnetismo
Aula de 2 de junho

Métodos especiais

⃗∇ ⋅ ⃗D =
ρ
ϵ0

⃗∇ × ⃗E = −
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⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗H = ⃗j + ϵ0
∂ ⃗D
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Coordenadas cilíndricas
<latexit sha1_base64="wmpmwXa3OYVAiC3P8ERkLBonqyQ="></latexit>
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Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Duas dimensões, por exemplo

<latexit sha1_base64="NOEfl0XHHTdyCTRoJaOpO95A5nY="></latexit>
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V = 0



Equação de Laplace

Separação de variáveis
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V (x, y) = X(x)Y (y)
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Y (y) = C sin(ky) +D cos(ky)⇒
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Equação de Laplace

Separação de variáveis
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Equação de Laplace

Separação de variáveis
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Equação de Laplace

Separação de variáveis
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Separação de variáveis
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Separação de variáveis
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<latexit sha1_base64="2WfR+U8kn+BSBLtxhzNV8uLbauA="></latexit>

Vm =
2

a

R a
0 V (0, y) sin

⇣m⇡y

a

⌘
dy

0
1

2 0

0.5

0.5

1

1.5

x
y

V

m = 1,3

<latexit sha1_base64="iia89F1WTbdCKGD9QJj9xV4cnMI="></latexit>

V (x, y) =
1X

n=1

Vn exp
⇣
� n⇡x

a

⌘
sin

⇣n⇡y
a

⌘



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

x

y

a

0

V (y)

V = 0

V = 0

<latexit sha1_base64="2WfR+U8kn+BSBLtxhzNV8uLbauA="></latexit>

Vm =
2

a

R a
0 V (0, y) sin

⇣m⇡y

a

⌘
dy

0
1

2 0

0.5

0.5

1

1.5

2

x
y

V

m = 1,…,7

<latexit sha1_base64="iia89F1WTbdCKGD9QJj9xV4cnMI="></latexit>

V (x, y) =
1X

n=1

Vn exp
⇣
� n⇡x

a

⌘
sin

⇣n⇡y
a

⌘



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

x

y

a

0

V (y)

V = 0

V = 0

<latexit sha1_base64="2WfR+U8kn+BSBLtxhzNV8uLbauA="></latexit>

Vm =
2

a

R a
0 V (0, y) sin

⇣m⇡y

a

⌘
dy

0
1

2 0

0.5

0.5

1

1.5

2

x
y

V

m = 1,…,21

<latexit sha1_base64="iia89F1WTbdCKGD9QJj9xV4cnMI="></latexit>

V (x, y) =
1X

n=1

Vn exp
⇣
� n⇡x

a

⌘
sin

⇣n⇡y
a

⌘



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

x

y

a

0

V (y)

V = 0

V = 0

Em resumo

<latexit sha1_base64="Mc8RuB387tJbZgy7ViB3VTHY/Mg="></latexit>

V (x, y) = X(x)Y (y)

<latexit sha1_base64="VdHwhVcuTLT46wlIgnEhwUOWMiE="></latexit>

r2V = 0 )
(
Xn(x)

Yn(y)

<latexit sha1_base64="nYUAHKMD8vnsVd3Kr7VMG/XZVFg="></latexit>

V (x, y) =
X

n

VnXn(x)Yn(y)

<latexit sha1_base64="5AMWXX5mqhe0Tk+riYO9moGPCcY="></latexit>

Cond. contorno ) Vn

1.

2.

3.

4.



<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Em resumo

<latexit sha1_base64="Mc8RuB387tJbZgy7ViB3VTHY/Mg="></latexit>

V (x, y) = X(x)Y (y)

<latexit sha1_base64="VdHwhVcuTLT46wlIgnEhwUOWMiE="></latexit>

r2V = 0 )
(
Xn(x)

Yn(y)

<latexit sha1_base64="nYUAHKMD8vnsVd3Kr7VMG/XZVFg="></latexit>

V (x, y) =
X

n

VnXn(x)Yn(y)

1.

2.

3.

4.
<latexit sha1_base64="CvoBTgNfqL0Gv6iAxGmKPhEKKCY="></latexit>

Cond. contorno ) Vn

h
Vn =

2

a

Z a

0
V (0, y)Yn(y) dy

i

~a

x

ŷ

1.

2.

<latexit sha1_base64="l3Jl1liV2zti6QQNBi/+PssOqZM="></latexit>

Usar vetores

3.
<latexit sha1_base64="6QTQyrzAuz9vCYjV97EwEyIWHdY="></latexit>

~a = ↵x̂+ �ŷ

4.

<latexit sha1_base64="JLfwLLCvsh1SPXDAdGUTCP5Q2TU="></latexit>

Base: {x̂, ŷ}

<latexit sha1_base64="4YILLNRHDGXcOMVkX/lg8kHeVbU="></latexit>(
↵ = ~a · x̂

� = ~a · ŷ

x

y

a

0

V (y)

V = 0

V = 0



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Simetria esférica
<latexit sha1_base64="erfyE+1xhEEDZUqkQFAsavMAekQ="></latexit>

V (r, ✓,�) = R(r)⇥(✓)



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Simetria esférica
<latexit sha1_base64="erfyE+1xhEEDZUqkQFAsavMAekQ="></latexit>

V (r, ✓,�) = R(r)⇥(✓)



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Simetria esférica
<latexit sha1_base64="erfyE+1xhEEDZUqkQFAsavMAekQ="></latexit>

V (r, ✓,�) = R(r)⇥(✓)

<latexit sha1_base64="GAE1V3k5d6niluLDC9VoC/7k6KU="></latexit>

r2t =
1

r2
@

@r

✓
r2

@t

@r

◆
+

1

r2 sin ✓

@

@✓

✓
sin ✓

@t

@✓

◆
+

1

r2 sin2 ✓

@2t

@�2



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Simetria esférica
<latexit sha1_base64="erfyE+1xhEEDZUqkQFAsavMAekQ="></latexit>

V (r, ✓,�) = R(r)⇥(✓)

<latexit sha1_base64="GAE1V3k5d6niluLDC9VoC/7k6KU="></latexit>

r2t =
1

r2
@

@r

✓
r2

@t

@r

◆
+

1

r2 sin ✓

@

@✓

✓
sin ✓

@t

@✓

◆
+

1

r2 sin2 ✓

@2t

@�2

<latexit sha1_base64="27lOKgq/arOzYlo6geNFdkSpL38="></latexit>

⇥(✓)
1

r2
d

dr

⇣
r2

dR

dr

⌘
+R(r)

1

r2 sin ✓

d

d✓

⇣
sin ✓

d⇥

d✓

⌘
= 0



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Simetria esférica
<latexit sha1_base64="erfyE+1xhEEDZUqkQFAsavMAekQ="></latexit>

V (r, ✓,�) = R(r)⇥(✓)

<latexit sha1_base64="GAE1V3k5d6niluLDC9VoC/7k6KU="></latexit>

r2t =
1

r2
@

@r

✓
r2

@t

@r

◆
+

1

r2 sin ✓

@

@✓

✓
sin ✓

@t

@✓

◆
+

1

r2 sin2 ✓

@2t

@�2

<latexit sha1_base64="27lOKgq/arOzYlo6geNFdkSpL38="></latexit>

⇥(✓)
1

r2
d

dr

⇣
r2

dR

dr

⌘
+R(r)

1

r2 sin ✓

d

d✓

⇣
sin ✓

d⇥

d✓

⌘
= 0

<latexit sha1_base64="riuMkjb2EX4pizYChRfXoxfahRM="></latexit>

1

R

d

dr

⇣
r2

dR

dr

⌘
+

1

⇥

1

sin ✓

d

d✓

⇣
sin ✓

d⇥

d✓

⌘
= 0



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Simetria esférica
<latexit sha1_base64="erfyE+1xhEEDZUqkQFAsavMAekQ="></latexit>

V (r, ✓,�) = R(r)⇥(✓)

<latexit sha1_base64="riuMkjb2EX4pizYChRfXoxfahRM="></latexit>

1

R

d

dr

⇣
r2

dR

dr

⌘
+

1

⇥

1

sin ✓

d

d✓

⇣
sin ✓

d⇥

d✓

⌘
= 0

<latexit sha1_base64="Ve1BLZHq4aYGRvLQnurMzPG6Sbs="></latexit>

d

dr

⇣
r2

dR

dr

⌘
= `(`+ 1)R



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Simetria esférica
<latexit sha1_base64="erfyE+1xhEEDZUqkQFAsavMAekQ="></latexit>

V (r, ✓,�) = R(r)⇥(✓)

<latexit sha1_base64="riuMkjb2EX4pizYChRfXoxfahRM="></latexit>

1

R

d

dr

⇣
r2

dR

dr

⌘
+

1

⇥

1

sin ✓

d

d✓

⇣
sin ✓

d⇥

d✓

⌘
= 0

<latexit sha1_base64="Ve1BLZHq4aYGRvLQnurMzPG6Sbs="></latexit>

d

dr

⇣
r2

dR

dr

⌘
= `(`+ 1)R

<latexit sha1_base64="FhofyzkU1WSPKszQaIvuLXlIK6k="></latexit>

R(r) = Ar` +
B

r`+1


