
Eletromagnetismo
Aula de 31 de maio

Métodos especiais

⃗∇ ⋅ ⃗D =
ρ
ϵ0

⃗∇ × ⃗E = −
∂ ⃗B
∂t

⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗H = ⃗j + ϵ0
∂ ⃗D
∂t



Coordenadas esféricas
<latexit sha1_base64="fERH7+1iUWSPxQawkyG43Feoeq4="></latexit>

d~̀= dr r̂ + r d✓ ✓̂ + r sin ✓ d� �̂

<latexit sha1_base64="NBUHDNwIB4avpdcIM649osnF040="></latexit>

~rt =
@t

@r
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1

r

@t

@✓
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1

r sin ✓

@t

@�
�̂

<latexit sha1_base64="V2MfcfmuYwlyRx9RdUNP9JDEVrA="></latexit>
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1

r2
@(r2vr)

@r
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1
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r
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<latexit sha1_base64="GAE1V3k5d6niluLDC9VoC/7k6KU="></latexit>

r2t =
1

r2
@
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✓
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@t

@r

◆
+

1

r2 sin ✓

@

@✓

✓
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◆
+

1

r2 sin2 ✓
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<latexit sha1_base64="y7aBsBMuIg21RivyQ+Avxwtf9l4="></latexit>
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1
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Coordenadas cilíndricas
<latexit sha1_base64="wmpmwXa3OYVAiC3P8ERkLBonqyQ="></latexit>

d~̀= ds ŝ+ s d� �̂+ dz ẑ

<latexit sha1_base64="WGxgvgFBgVe99YHIlqFwCSCLvRg="></latexit>

~rT =
@T

@s
ŝ+

1

s

@T

@�
�̂+

@T

@z
ẑ

<latexit sha1_base64="JsZJm4xeGpv2TkKb8sfzhxv/cPY="></latexit>
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s
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<latexit sha1_base64="vjaIIb5lL1qb8b27GD/NmU5EDD0="></latexit>
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<latexit sha1_base64="yisGU2UklKFtw6nQOQZCpEaKUQI="></latexit>
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Equação de Laplace
<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0



Equação de Laplace
<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Propriedades



Equação de Laplace

Propriedades

<latexit sha1_base64="pn9Tt5NM8ZO44LPdMqZBJCjOpnc="></latexit>Z

A
V (~r ) dA = 4⇡R2V (0)1.

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0



Equação de Laplace

Propriedades

<latexit sha1_base64="pn9Tt5NM8ZO44LPdMqZBJCjOpnc="></latexit>Z

A
V (~r ) dA = 4⇡R2V (0)1.

2. Condição de contorno: V na superfície

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0



Equação de Laplace

Propriedades

<latexit sha1_base64="pn9Tt5NM8ZO44LPdMqZBJCjOpnc="></latexit>Z

A
V (~r ) dA = 4⇡R2V (0)1.

2. Condição de contorno: V na superfície

3. Condição de contorno para condutores: 

Q em cada condutor

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0



Equação de Laplace

<latexit sha1_base64="pn9Tt5NM8ZO44LPdMqZBJCjOpnc="></latexit>Z

A
V (~r ) dA = 4⇡R2V (0)1.

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Não tem máximo ou mínimo



Equação de Laplace
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<latexit sha1_base64="pn9Tt5NM8ZO44LPdMqZBJCjOpnc="></latexit>Z

A
V (~r ) dA = 4⇡R2V (0)1.

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Não tem máximo ou mínimo



Equação de Laplace

Propriedades

2. Condição de contorno: V na superfície

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

+ q

a

y

x

metal

V = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

+ q

a

y

x

metal

V = 0

Condição de contorno

<latexit sha1_base64="iarq3v7tG8AoCb7x8qoiXT5A42Q="></latexit>

V (0, y, z) = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

q�q

aa

y

x

V = 0

Satisfaz condição de contorno

<latexit sha1_base64="iarq3v7tG8AoCb7x8qoiXT5A42Q="></latexit>

V (0, y, z) = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

q�q

aa

y

x

V = 0

<latexit sha1_base64="iarq3v7tG8AoCb7x8qoiXT5A42Q="></latexit>

V (0, y, z) = 0

<latexit sha1_base64="Ed0K57txXbA5z9ewkdsv4i2zSk8="></latexit>

V (x, y, z) = Vq(x, y, z) + V�q(x, y, z) (x > 0)

Satisfaz condição de contorno



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

q�q

aa

y

x

V = 0

<latexit sha1_base64="Ed0K57txXbA5z9ewkdsv4i2zSk8="></latexit>

V (x, y, z) = Vq(x, y, z) + V�q(x, y, z) (x > 0)

<latexit sha1_base64="iarq3v7tG8AoCb7x8qoiXT5A42Q="></latexit>

V (0, y, z) = 0

Satisfaz condição de contorno

<latexit sha1_base64="z+Cz7AaoZ++582174L9ejkhXeQs="></latexit>

V (x, y, z) =
q

4⇡✏0

 
1p

(x� a)2 + y2 + z2
� 1p

(x+ a)2 + y2 + z2

!
(x > 0)



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0 a

q



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

R

P

q
Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

R

q

P

✓

Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0

a

b

�q0

R

q

P

<latexit sha1_base64="gwzVWwi6BqN3TtUptx+Lh3OKRDU="></latexit>

Vq(P ) =
1

4⇡✏0

q



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

R

q

P

✓

Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0

a

b

�q0

R

q

P

<latexit sha1_base64="gwzVWwi6BqN3TtUptx+Lh3OKRDU="></latexit>

Vq(P ) =
1

4⇡✏0

q

<latexit sha1_base64="Lg2VBwxrImac31yPNq1svKmikhU="></latexit>

=
p
a2 +R2 � 2aR cos ✓



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

✓

R

0�q0 P

b

Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0

a

b

�q0

R

q

P

<latexit sha1_base64="gwzVWwi6BqN3TtUptx+Lh3OKRDU="></latexit>

Vq(P ) =
1

4⇡✏0

q

<latexit sha1_base64="Lg2VBwxrImac31yPNq1svKmikhU="></latexit>

=
p
a2 +R2 � 2aR cos ✓

<latexit sha1_base64="TSG3kk+rEQOlJPkwxfa3PPVQpTc="></latexit>

0 =
p
b2 +R2 � 2bR cos ✓

<latexit sha1_base64="Qu5BbMFas9kxLtasHKikxgCuh6k="></latexit>

V�q0(P ) =
1

4⇡✏0

�q0

0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0 a

b

�q0

R

q

P<latexit sha1_base64="iTX/zZGoKnN/c7bhEJvXhYQ4JFA="></latexit>

1

4⇡✏0

q � 1

4⇡✏0

q0

0 = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Satisfaz condição de contorno

<latexit sha1_base64="9HE4CV7ENi4NHSqDFSR0DjQ1uGE="></latexit>

V (R, ✓,�) = 0 a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="iTX/zZGoKnN/c7bhEJvXhYQ4JFA="></latexit>

1

4⇡✏0

q � 1

4⇡✏0

q0

0 = 0



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="CeCkcpIQTRYVgUa1QvfoR2xbcKg="></latexit>

✓ = 0 ) q

a�R
=

q0

R� b



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="CeCkcpIQTRYVgUa1QvfoR2xbcKg="></latexit>

✓ = 0 ) q

a�R
=

q0

R� b

<latexit sha1_base64="b+sWTUeqnGBMxeoFxlbLCc2Qy0E="></latexit>

✓ = ⇡ ) q

a+R
=

q0

R+ b



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="CeCkcpIQTRYVgUa1QvfoR2xbcKg="></latexit>

✓ = 0 ) q

a�R
=

q0

R� b

<latexit sha1_base64="b+sWTUeqnGBMxeoFxlbLCc2Qy0E="></latexit>

✓ = ⇡ ) q

a+R
=

q0

R+ b

<latexit sha1_base64="Z6UmBAPdrj5ZNjLEr/MHfJRPcoo="></latexit>

a�R

a+R
=

R� b

R+ b

<latexit sha1_base64="X3WXkYAjbeRbMRJGzlRSD1iXmYY="></latexit>

) a

R
=

R

b



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="CeCkcpIQTRYVgUa1QvfoR2xbcKg="></latexit>

✓ = 0 ) q

a�R
=

q0

R� b

<latexit sha1_base64="b+sWTUeqnGBMxeoFxlbLCc2Qy0E="></latexit>

✓ = ⇡ ) q

a+R
=

q0

R+ b

<latexit sha1_base64="Z6UmBAPdrj5ZNjLEr/MHfJRPcoo="></latexit>

a�R

a+R
=

R� b

R+ b

<latexit sha1_base64="rY9mlDF2vUeyjA1ny2tWMy0N9Wk="></latexit>

b =
R2

a



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="CeCkcpIQTRYVgUa1QvfoR2xbcKg="></latexit>

✓ = 0 ) q

a�R
=

q0

R� b

<latexit sha1_base64="b+sWTUeqnGBMxeoFxlbLCc2Qy0E="></latexit>

✓ = ⇡ ) q

a+R
=

q0

R+ b

<latexit sha1_base64="Z6UmBAPdrj5ZNjLEr/MHfJRPcoo="></latexit>

a�R

a+R
=

R� b

R+ b

<latexit sha1_base64="rY9mlDF2vUeyjA1ny2tWMy0N9Wk="></latexit>

b =
R2

a

<latexit sha1_base64="6hmNZOYGn8jjJuGMJGoA9ZkSMlw="></latexit>

q0 =
R

a
q



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="rY9mlDF2vUeyjA1ny2tWMy0N9Wk="></latexit>

b =
R2

a

<latexit sha1_base64="6hmNZOYGn8jjJuGMJGoA9ZkSMlw="></latexit>

q0 =
R

a
q



Pratique o que aprendeu      

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

a

b

�q0

R

q

P

<latexit sha1_base64="O8gjphZZEmrLio/ptBM23rwV9rA="></latexit>

qp
a2 +R2 � 2aR cos ✓

=
q0p

b2 +R2 � 2bR cos ✓

<latexit sha1_base64="rY9mlDF2vUeyjA1ny2tWMy0N9Wk="></latexit>

b =
R2

a

<latexit sha1_base64="6hmNZOYGn8jjJuGMJGoA9ZkSMlw="></latexit>

q0 =
R

a
q



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Duas dimensões, por exemplo

<latexit sha1_base64="NOEfl0XHHTdyCTRoJaOpO95A5nY="></latexit>

@2V

@x2
+

@2V

@y2
= 0

x

y

a

0

V (y)

V = 0

V = 0



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Duas dimensões, por exemplo

<latexit sha1_base64="NOEfl0XHHTdyCTRoJaOpO95A5nY="></latexit>

@2V

@x2
+

@2V

@y2
= 0

x

y

a

0

V (y)

V = 0

V = 0

<latexit sha1_base64="2LJdXU+WUiam/eS9ViSuv0fq8WI="></latexit>

V (x, y) = X(x)Y (y)



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Duas dimensões, por exemplo

<latexit sha1_base64="NOEfl0XHHTdyCTRoJaOpO95A5nY="></latexit>

@2V

@x2
+

@2V

@y2
= 0

x

y

a

0

V (y)

V = 0

V = 0
<latexit sha1_base64="2LJdXU+WUiam/eS9ViSuv0fq8WI="></latexit>

V (x, y) = X(x)Y (y)

<latexit sha1_base64="0d1ftTBseTjJOIDMXblPvN15A9I="></latexit>

Y
d2X

dx2
+X

d2Y

dy2
= 0



Equação de Laplace

Separação de variáveis

<latexit sha1_base64="vYaed56ZnYU8HmWNhUc2DViSlZY="></latexit>

r2V = 0

Duas dimensões, por exemplo

<latexit sha1_base64="NOEfl0XHHTdyCTRoJaOpO95A5nY="></latexit>

@2V

@x2
+

@2V

@y2
= 0

x

y

a

0

V (y)

V = 0

V = 0
<latexit sha1_base64="2LJdXU+WUiam/eS9ViSuv0fq8WI="></latexit>

V (x, y) = X(x)Y (y)

<latexit sha1_base64="0d1ftTBseTjJOIDMXblPvN15A9I="></latexit>

Y
d2X

dx2
+X

d2Y

dy2
= 0

<latexit sha1_base64="9+hk6E22aGzbofUSt6KDe3HZzro="></latexit>

1

X

d2X

dx2
+

1

Y

d2Y

dy2
= 0

<latexit sha1_base64="Kyz/ovj2EuZWYa535IIJggjTork="></latexit>

1

X

d2X

dx2
= k2{

<latexit sha1_base64="WRxg85VIoBopdaCLe0NzaUgMI5s="></latexit>

1

Y

d2Y

dy2
= �k2



Equação de Laplace
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Separação de variáveis
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1

Y
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<latexit sha1_base64="MELW+dExzHEB4JqRdRdRvPINSxM="></latexit>

d2Y

dy2
+ k2Y = 0

<latexit sha1_base64="Z+90Xm94tZIY+ib3seyhJ9I2Gss="></latexit>

Y (y) = C sin(ky) +D cos(ky)⇒
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