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1I.C Deep Inelastic Scattering

•  Elastic ep scattering

•  DIS kinematics

•  Inelastic ep scattering

•  Bjorken scaling

•  Parton model

•  Extracting PDFs
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Basic idea

•  Study the scattering of an elementary particle of a proton

•  Extract the information about the composite object (p)

•  From QM 
<latexit sha1_base64="EfRHgbEIRa8wJr/MkhUuUXORhBc="></latexit>
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point

|F (q)|2

form factor

•  For continuous matter/charge distributions

•  For exponential charge distribution

<latexit sha1_base64="bTtG3fly2SRIcJPDtE23KcrFSWY="></latexit>

F (q) ! 0 for q ! 1

<latexit sha1_base64="lXz0UQPcPG9GaDHk1zgi538JAl0="></latexit>

F (q) /
✓
1� q2

m2

◆�2
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Elastic ep scattering

•  We can parametrize the proton current as
<latexit sha1_base64="7XlL6ZRf2Vqlq6KVnagFTED7Zc4="></latexit>

Jµ = eū(p0)
h
F1(q

2)�µ +


2M
F2(q

2)i�µ⌫q⌫
i
u(p)

<latexit sha1_base64="XmAITp/r1SoNtLtt5odbYzJsNMo=">AAAB/HicbZBLS8NAFIUnPmt9Rbt0M1iEuilJrbYboSgUlxXsA9oQJtNpO3QyCTMTIYT6V9y4UMStP8Sd/8ZpGkGtBwY+zrmXuRwvZFQqy/o0VlbX1jc2c1v57Z3dvX3z4LAjg0hg0sYBC0TPQ5IwyklbUcVILxQE+R4jXW96Pc+790RIGvA7FYfE8dGY0xHFSGnLNQtN1y5Zp/ASNt3KAmzXLFplKxVcBjuDIsjUcs2PwTDAkU+4wgxJ2betUDkJEopiRmb5QSRJiPAUjUlfI0c+kU6SHj+DJ9oZwlEg9OMKpu7PjQT5Usa+pyd9pCbybzY3/8v6kRrVnYTyMFKE48VHo4hBFcB5E3BIBcGKxRoQFlTfCvEECYSV7iuflnBRq1fPbLgM3yV0KmX7vGzdVouNq6yOHDgCx6AEbFADDXADWqANMIjBI3gGL8aD8WS8Gm+L0RUj2ymAXzLevwBjJJGb</latexit>

F1(0) = F2(0) = 1with

• The cross section is then

<latexit sha1_base64="MnC+rFOoqLHdRYk3nHcRDGFFmg0=">AAACyXicbVFda9RAFJ3Erxq/tvroy+BSqCwsSbravghFWRVErOC2hZ1NmJ2dJENnknRmUlzj9MV/6Jtv/hQnH0LtemHgzLn3nns5d1lyprTv/3LcGzdv3b6zdde7d//Bw0eD7cfHqqgkoTNS8EKeLrGinOV0ppnm9LSUFIslpyfLszdN/uSCSsWK/Itel3QhcJqzhBGsLRUPfiNOEz2GKJGY1CukWCqwseCToCk2EEmWZvp7XH O8NPAV9LpChHmZ4Sg09QROoxDavjya9CpIZ1RbkdCYy46ZRqiUTFBTT43XTtzthd5FYTwdQaRxBRv80dTBqPkZeIlIoaLwuiYcwfBKfTc63BjtdZs/jwdDf+y3ATdB0IMh6OMoHvxEq4JUguaacKzUPPBLvaix1IxwanUrRUtMznBK5xbmWFC1qNtLGLhjmRVMCmlfrmHLXu2osVBqLayVOwLrTF3PNeT/cvNKJweLmuVlpWlOukFJxaEuYHNWuGKSEs3XFmAimd0VkgxbS7Q9vtea8HL/YLIXwE3w14TjcBy8GPufJ8PD170dW+ApeAZ2QQD2wSF4D47ADBDnrcOdyrlwP7jn7lf3W1fqOn3PE/BPuD/+ABCv3cA=</latexit>

d�

d⌦

����
lab

=
↵2

4E2 sin4 ✓
2

E0

E

✓
G2

E + ⌧G2
M

1 + ⌧
cos2

✓

2
+ 2⌧G2

M sin2
✓

2

◆

<latexit sha1_base64="yHNapbRVP+NK7SefUJ8fm3ZSeK0="></latexit>

GE = F1 +
q2

4M2
F2 ; GM = F1 + F2 ; ⌧ =

�q2

4M2

<latexit sha1_base64="5zPv0daw+ohsAOfhUWs5WIQnm9I="></latexit>

E0

E
=

1

1 + 2E
M sin2 ✓

2
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DIS kinematical variables

•  Independent Lorentz invariant variables
<latexit sha1_base64="X56m8BSUylONc7ymLI08t3A8yhY="></latexit>

q2 and ⌫ =
p · q
M

in the proton resting (lab) frame
<latexit sha1_base64="OoebedPlLPRlUJjz83O//mNxmfw=">AAAB/HicbZBLS8NAFIUn9VXrK9qlm8EiuLEkWm03QlEKLivYBzSxTKbTdujMJMxMhBDqX3HjQhG3/hB3/hvTNIJaDwx8nHMvczlewKjSlvVp5JaWV1bX8uuFjc2t7R1zd6+t/FBi0sI+82XXQ4owKkhLU81IN5AEcY+Rjje5muWdeyIV9cWtjgLicjQSdEgx0onVN4vQESG8gA14DBt3TiApJ32zZJWtVHAR7AxKIFOzb344Ax+HnAiNGVKqZ1uBdmMkNcWMTAtOqEiA8ASNSC9BgThRbpweP4WHiTOAQ18mT2iYuj83YsSViriXTHKkx+pvNjP/y3qhHtbcmIog1ETg+UfDkEHtw1kTcEAlwZpFCSAsaXIrxGMkEdZJX4W0hPNqrXJqw0X4LqF9UrbPytZNpVS/zOrIg31wAI6ADaqgDq5BE7QABhF4BM/gxXgwnoxX420+mjOynSL4JeP9CysEk2s=</latexit>

⌫ = E � E0

• Useful dimensionless variables
<latexit sha1_base64="zk0a8lCKZ2e0y8wiCuUb+l9K2Tk="></latexit>

x =
�q2

2p · q =
�q2

2M⌫
and y =

p · q
p · k

<latexit sha1_base64="e9S9HVDBlSqU6Lf6b611iXcud8Q=">AAAB9HicbZBLSwMxFIUzPmt9VV26CRbBVZnRarssunEjVLAPaIeSSe+0oZnMNMkUytDf4caFIm79Me78N6bTEdR6IPBxzr3kcryIM6Vt+9NaWV1b39jMbeW3d3b39gsHh00VxpJCg4Y8lG2PKOBMQEMzzaEdSSCBx6HljW7meWsCUrFQPOhpBG5ABoL5jBJtLBff9dq4C+OYTXCrVyjaJTsVXgYngyLKVO8VPrr9kMYBCE05Uarj2JF2EyI1oxxm+W6sICJ0RAbQMShIAMpN0qNn+NQ4feyH0jyhcer+3EhIoNQ08MxkQPRQ/c3m5n9ZJ9Z+1U2YiGINgi4+8mOOdYjnDeA+k0A1nxogVDJzK6ZDIgnVpqd8WsJVpVq+cPAyfJfQPC85lyX7vlysXWd15NAxOkFnyEEVVEO3qI4aiKIxekTP6MWaWE/Wq/W2GF2xsp0j9EvW+xebyJGV</latexit>

MX ⌘ W

•  We know that 
<latexit sha1_base64="/DdTmo5Py0RG801j5+hfXL3iLvo="></latexit>

W 2 = (p+ q)2 = M2 + 2M⌫ + q2

•  Physical range
<latexit sha1_base64="xgIi0+2M3I9mPf+vuLnylha90Vc="></latexit>

0  x  1 ; 0  y  1 ; 0  Q2  2M⌫ ; 0  ⌫  s�M2

2M
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Inelastic ep scattering <latexit sha1_base64="O67zF2mAjM89oYtQE3F9mTr4UNs=">AAAB+HicbZDLSsNAFIZP6q3WS6Mu3QwWQRBKotV2WXTjsoK9QBvKZDpph04uzEyEGvokblwo4tZHcefbOEkjqPWHgY//nMM587sRZ1JZ1qdRWFldW98obpa2tnd2y+befkeGsSC0TUIeip6LJeUsoG3FFKe9SFDsu5x23el1Wu/eUyFZGNypWUQdH48D5jGClbaGZpmiUxShgQpRSr2hWbGqVia0DHYOFcjVGpofg1FIYp8GinAsZd+2IuUkWChGOJ2XBrGkESZTPKZ9jQH2qXSS7PA5OtbOCHmh0C9QKHN/TiTYl3Lmu7rTx2oi/9ZS879aP1Zew0lYEMWKBmSxyIs50t9MU0AjJihRfKYBE8H0rYhMsMBE6axKWQiX9Ubt3EbL8B1C56xqX1St21qleZXHUYRDOIITsKEOTbiBFrSBQAyP8AwvxoPxZLwab4vWgpHPHMAvGe9f2PqRgA==</latexit>

e+ p ! e+X

• Leading to the cross section

non perturbative part

electron contribution

<latexit sha1_base64="IZvRMm+kQz+Vtr56vN18pk3oSiY="></latexit>

d�

dE0d⌦
=

4↵2M2

q4
(Le)µ⌫Wµ⌫

proton contribution

UFA!

<latexit sha1_base64="wY9iqhqZhuJVqU8CqVlZibY/aYs="></latexit>

Wµ⌫ =
1

4⇡M

X

N

1

2

X

s

Z NY

n=1

✓
d3p0n

2E0
n(2⇡)

3

◆

X

sn

hp, s|J†
µ|XihX|J⌫ |p, si�4(p+ q �

X

n

P 0
n)

<latexit sha1_base64="zXM31NEr4Jl99p4+2gcckZQAmzY="></latexit>

M = [ū(k0)(�ie�µ)u(k)]
�ie

q2
hX|Jµ|P i
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• Certainly we don’t know how to calculate
<latexit sha1_base64="enSscfGxnvDwRqQZ+Vpjjd/zgmM=">AAAB8XicbVDLSsNAFJ3UV219VF26GayCq5L4apdFNy4r2Ac2oUymk3boZBLmUSihf+HGhSJu3fsD/oE7P0TXTtMKaj1w4XDOvdx7jx8zKpVtv1uZhcWl5ZXsai6/tr6xWdjabshIC0zqOGKRaPlIEkY5qSuqGGnFgqDQZ6TpDy4mfnNIhKQRv1ajmHgh6nEaUIyUkW6ancQNtcv1uFMo2iU7BZwnzowUq/sfL6/D/GetU3hzuxHWIeEKMyRl27Fj5SVIKIoZGedcLUmM8AD1SNtQjkIivSS9eAwPjNKFQSRMcQVT9edEgkIpR6FvOkOk+vKvNxH/89paBRUvoTzWinA8XRRoBlUEJ+/DLhUEKzYyBGFBza0Q95FAWJmQcmkIZ+XKybED58l3CI2jknNasq9MGudgiizYBXvgEDigDKrgEtRAHWDAwS24Bw+WtO6sR+tp2pqxZjM74Bes5y/HYJWm</latexit>

Wµ⌫

• So we introduce form factors (why this form?)
<latexit sha1_base64="kojek9lXTAam8mMGIn1hSfaq68g="></latexit>

Wµ� = W1(q
2, ⌫)

✓
�gµ� +

qµq�

q2

◆
+W2(q

2, ⌫)
1

M2

✓
pµ � p · q

q2
qµ

◆✓
p� � p · q

q2
q�

◆

we don’t know

•  Leading to

<latexit sha1_base64="e0ELLbhLkx0XjAHNzO0uDNIE9HM="></latexit>

d�

dE0d⌦

����
lab

=
↵2

4E2 sin4 ✓
2


W2(q

2, ⌫) cos2
✓

2
+ 2W1(q

2, ⌫) sin2
✓

2

�

•  For a point particle (Q=+1)
<latexit sha1_base64="+rR2JEdq8D3eKYm2XJIGbmoe0dk="></latexit>

W point
1 =

Q2

2m2
�

✓
⌫ � Q2

2m

◆
; W point

2 = �

✓
⌫ � Q2

2m

◆
; Q2 = �q2
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• Certainly we don’t know how to calculate
<latexit sha1_base64="enSscfGxnvDwRqQZ+Vpjjd/zgmM=">AAAB8XicbVDLSsNAFJ3UV219VF26GayCq5L4apdFNy4r2Ac2oUymk3boZBLmUSihf+HGhSJu3fsD/oE7P0TXTtMKaj1w4XDOvdx7jx8zKpVtv1uZhcWl5ZXsai6/tr6xWdjabshIC0zqOGKRaPlIEkY5qSuqGGnFgqDQZ6TpDy4mfnNIhKQRv1ajmHgh6nEaUIyUkW6ancQNtcv1uFMo2iU7BZwnzowUq/sfL6/D/GetU3hzuxHWIeEKMyRl27Fj5SVIKIoZGedcLUmM8AD1SNtQjkIivSS9eAwPjNKFQSRMcQVT9edEgkIpR6FvOkOk+vKvNxH/89paBRUvoTzWinA8XRRoBlUEJ+/DLhUEKzYyBGFBza0Q95FAWJmQcmkIZ+XKybED58l3CI2jknNasq9MGudgiizYBXvgEDigDKrgEtRAHWDAwS24Bw+WtO6sR+tp2pqxZjM74Bes5y/HYJWm</latexit>

Wµ⌫

• So we introduce form factors (why this form?)
<latexit sha1_base64="kojek9lXTAam8mMGIn1hSfaq68g="></latexit>

Wµ� = W1(q
2, ⌫)

✓
�gµ� +

qµq�

q2

◆
+W2(q

2, ⌫)
1

M2

✓
pµ � p · q

q2
qµ

◆✓
p� � p · q

q2
q�

◆

we don’t know

•  Leading to

<latexit sha1_base64="e0ELLbhLkx0XjAHNzO0uDNIE9HM="></latexit>

d�

dE0d⌦

����
lab

=
↵2

4E2 sin4 ✓
2


W2(q

2, ⌫) cos2
✓

2
+ 2W1(q

2, ⌫) sin2
✓

2

�

•  For a point particle (Q=+1)
<latexit sha1_base64="+rR2JEdq8D3eKYm2XJIGbmoe0dk="></latexit>

W point
1 =

Q2

2m2
�

✓
⌫ � Q2

2m

◆
; W point

2 = �

✓
⌫ � Q2

2m

◆
; Q2 = �q2

<latexit sha1_base64="I00EzVH81dm5M3utRu1Y2GsNUnE="></latexit>

qµW
µ⌫ = q⌫W

µ⌫ = 0
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<latexit sha1_base64="K3gYKd5DAWIQxH1LFHNGpGthBqY=">AAACgXiclVHBThsxEPUubYHQllCOXKxSJDgQ7S60IEVI0F56BIkQpGyIvM5sYmF7V/ZspWi1/8F/cOcjuHHgV1CdLJUo6aVjWfP03szYepPkUlgMggfPX3jz9t3i0nJj5f2Hj6vNtU8XNisMhw7PZGYuE2ZBCg0dFCjhMjfAVCKhm1z/mOrdX2CsyPQ5TnLoKzbSIhWcoaMGzZtI0e4gvCrzTGis6BGNU8N4eXYVVWWkYl1UNB 6CRBZLSHGbhnR3viQ2YjTGnUbcnp52nRpOcbOjF7P/Y9SguRm0glnQeRA+g83jk+D2ce1Onw6a9/Ew44UCjVwya3thkGO/ZAYFl1A14sJCzvg1G0HPQc0U2H45c7CiW44Z0jQz7mqkM/ZlR8mUtROVuErFcGxfa1PyX1qvwPSwXwqdFwia1w+lhaSY0ek66FAY4CgnDjBuhPsr5WPmPEG3tNqEbweH+3shnQd/TLiIWuHXVnDm3PhO6lgiG+Qz2SYhOSDH5Cc5JR3CyZP3xdv1Wv6Cv+MHflSX+t5zzzr5K/z2b7oCwmA=</latexit>

2mW point
1 =

Q2

2m⌫
�

✓
1� Q2

2m⌫

◆
; ⌫W point

2 = �

✓
1� Q2

2m⌫

◆
Bjorken scaling (DIS)

point form factors depend on a single dimensionless variable!

•  If there are elementary constituents at large Q2  we should have
<latexit sha1_base64="SUIxcvTAeL+TALUMyemKtrWhXc4="></latexit>

MW1(Q
2, ⌫) ! F1(x)

⌫W2(Q
2, ⌫) ! F2(x)

<latexit sha1_base64="cuZv98nl04sRyD5rNC0WbRghnpo="></latexit>

Q2 ! 1 and x =
Q2

2m⌫
fixed

•  For elastic scattering

<latexit sha1_base64="lhrMDcI+9L9Eg6STmlhh93u8OPc="></latexit>

W elastic
1 =

Q2

4M2
G2(Q2) �

✓
⌫ � Q2

2M

◆

<latexit sha1_base64="Dei+00sZxslhcqNXTFEp1/tOAHo=">AAAB8nicbVDLSgMxFM34rPVVdekmtAgVocz4ajdC0Y3LCvYBM0PJpJk2NDMJSUYYSv9CNy4UcevXuOvfmE4rqPXAhcM593LvPYFgVGnbnlhLyyura+u5jfzm1vbObmFvv6V4IjFpYs647ARIEUZj0tRUM9IRkqAoYKQdDG+mfvuBSEV5fK9TQfwI9WMaUoy0kdyyN0RCIHhlH3cLJbtiZ4CLxJmTUr3onTxO6mmjW/j0ehwnEYk1Zkgp17GF9kdIaooZGee9RBGB8BD1iWtojCKi/FF28hgeGaUHQy5NxRpm6s+JEYqUSqPAdEZID9Rfbyr+57mJDmv+iMYi0STGs0VhwqDmcPo/7FFJsGapIQhLam6FeIAkwtqklM9CuKzWzs8cuEi+Q2idVpyLin1n0rgGM+TAISiCMnBAFdTBLWiAJsCAgyfwAl4tbT1bb9b7rHXJms8cgF+wPr4A69OTkg==</latexit>

( = 0)
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x = 0.25

<latexit sha1_base64="qBeSmSYDHeB5XqUtbwCmLgoVMFM=">AAAB7nicbVDLSgNBEOz1GeMrKnjxMhgET2E3PpJjiBePCZhsIFnC7GQ2GTI7u8zMCiHkI7x4UMSrF//CL/DmxW9xsomgxoKGoqqb7i4/5kxp2/6wlpZXVtfWMxvZza3tnd3c3n5TRYkktEEiHsmWjxXlTNCGZprTViwpDn1OXX94NfXdWyoVi8SNHsXUC3FfsIARrI3kdkSC3G6xm8vbBTsFWiTOnOQrh/VP9lp9q3Vz751eRJKQCk04Vqrt2LH2xlhqRjidZDuJojEmQ9ynbUMFDqnyxum5E3RilB4KImlKaJSqPyfGOFRqFPqmM8R6oP56U/E/r53ooOyNmYgTTQWZLQoSjnSEpr+jHpOUaD4yBBPJzK2IDLDERJuEsmkIl6Xy+ZmDFsl3CM1iwbko2HWTRhVmyMARHMMpOFCCClxDDRpAYAh38ACPVmzdW0/W86x1yZrPHMAvWC9fjU6S/A==</latexit>

⌫W2
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x = 0.25

<latexit sha1_base64="qBeSmSYDHeB5XqUtbwCmLgoVMFM=">AAAB7nicbVDLSgNBEOz1GeMrKnjxMhgET2E3PpJjiBePCZhsIFnC7GQ2GTI7u8zMCiHkI7x4UMSrF//CL/DmxW9xsomgxoKGoqqb7i4/5kxp2/6wlpZXVtfWMxvZza3tnd3c3n5TRYkktEEiHsmWjxXlTNCGZprTViwpDn1OXX94NfXdWyoVi8SNHsXUC3FfsIARrI3kdkSC3G6xm8vbBTsFWiTOnOQrh/VP9lp9q3Vz751eRJKQCk04Vqrt2LH2xlhqRjidZDuJojEmQ9ynbUMFDqnyxum5E3RilB4KImlKaJSqPyfGOFRqFPqmM8R6oP56U/E/r53ooOyNmYgTTQWZLQoSjnSEpr+jHpOUaD4yBBPJzK2IDLDERJuEsmkIl6Xy+ZmDFsl3CM1iwbko2HWTRhVmyMARHMMpOFCCClxDDRpAYAh38ACPVmzdW0/W86x1yZrPHMAvWC9fjU6S/A==</latexit>

⌫W2
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•  QCD predicts scaling violation



Parton Model

12

<latexit sha1_base64="sxtfDHgoE9PaNkQyl0fB2nrnQ54="></latexit>

�(e(k)p(p) ! e(k0)X) =
X

j

Z
d! fj(!) e

2
j �̂(e(k)q(!p) ! e(k0) . . . )

there is the sum rule

<latexit sha1_base64="DkRaSyNRd1/JWsEDG3q5dID2tvU=">AAACDHicbVDLSgMxFM34aq1Vqy7dBItQN2XGV7sRim50V8E+oDOUTJpp0yYzQ5IRylD3btz4IW5cKOLWD3An+DGmnQpqPRA4nHMu9+a4IaNSmeaHMTe/sLiUSi9nVrKra+u5jc26DCKBSQ0HLBBNF0nCqE9qiipGmqEgiLuMNNzB2dhvXBMhaeBfqWFIHI66PvUoRkpL7VzelhFv96FNfQU7dsBJF9147X4hoXvwBFo6ZRbNCeAssaYkX7m4/6ykGtlqO/dudwIcceIrzJCULcsMlRMjoShmZJSxI0lChAeoS1qa+ogT6cSTz4zgrlY60AuEfvqmifpzIkZcyiF3dZIj1ZN/vbH4n9eKlFd2YuqHkSI+ThZ5EYMqgONmYIcKghUbaoKwoPpWiHtIIKx0f5lJCcel8uGBBWfJdwn1/aJ1VDQvdRunIEEabIMdUAAWKIEKOAdVUAMY3IIH8ASejTvj0XgxXpPonDGd2QK/YLx9AbBunTo=</latexit>X

j

Z
d! fj(!) = 1

• Let’s apply the parton model to DIS

<latexit sha1_base64="FXbsN0nqvnJCgAXT53wqcnSmwkM="></latexit>

pj = !p ! m = !M and ⌫ =
pj · q
m

=
p · q
M

<latexit sha1_base64="g0OIAsjldMpJeaBC4xYuUjsb4IE="></latexit>

⌫W point
2 = �

✓
1� Q2

2m⌫

◆
= �

✓
1� Q2

2M⌫!

◆
= �

⇣
1� x

!

⌘

<latexit sha1_base64="AbJaJy0aocUjOT8xdbePBYYtm4g=">AAAB73icbVDLSgMxFM3UV62vqktFgkVwVZKq7XRXdOOyBfuAdiiZNG1DMw+TjFCGLv0BNy4Ucesf9Dvc+Q3+hJlWQYsHLhzOuZd773FDwZVG6MNKLS2vrK6l1zMbm1vbO9ndvYYKIklZnQYikC2XKCa4z+qaa8FaoWTEcwVruqOrxG/eMal44N/occgcjwx83ueUaCO1OoHHBgSG3WwO5RFCGGOYEFwqIkPKZbuAbYgTyyBXOZzWPu+PptVu9r3TC2jkMV9TQZRqYxRqJyZScyrYJNOJFAsJHZEBaxvqE48pJ57dO4EnRunBfiBN+RrO1N8TMfGUGnuu6fSIHqpFLxH/89qR7ttOzP0w0syn80X9SEAdwOR52OOSUS3GhhAqubkV0iGRhGoTUWYWQrFkn58lISySnxAahTy+yKOaSeMSzJEGB+AYnAIMSqACrkEV1AEFAjyAJ/Bs3VqP1ov1Om9NWd8z++APrLcvGLyT9A==</latexit>!p
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<latexit sha1_base64="g0OIAsjldMpJeaBC4xYuUjsb4IE="></latexit>

⌫W point
2 = �

✓
1� Q2

2m⌫

◆
= �

✓
1� Q2

2M⌫!

◆
= �

⇣
1� x

!

⌘

<latexit sha1_base64="cFjVNWf8FA5sIUJ8pJyYBQEGBZw="></latexit>

F2 = ⌫W2 =
X

j

Z
d! fj(!) e

2
j ⌫W point

2 =
X

j

Z
d! fj(!) e

2
j �

⇣
1� x

!

⌘

=
X

j

e2jxfj(x)

•  Analogously,
<latexit sha1_base64="3Pg0Gx77yJxPE8Ebx/LD1VQuZok="></latexit>

MW point
1 =

Q2M

4m2⌫
�

✓
1� Q2

2m⌫

◆
=

x

2!2
�
⇣
1� x

!

⌘

<latexit sha1_base64="f9apqk4X1ppBAEBFxalbf0hgNJ4="></latexit>

F1 = MW1 =
X

j

Z
d! fj(!) e

2
j MW point

1

=
1

2

X

j

e2jfj(x)
<latexit sha1_base64="O9DkaW1DH0ji8nFU8P9BD+UUPH0=">AAAB/HicbZBNS0JBFIbn2pfZ1y2XbYYksI3MmPmxCKRAWhqkCSqXueOog3M/mJkbithfadOiiLb9kHb9m+aqQUkHBt5533M4h8cNBVcaoS8rsba+sbmV3E7t7O7tH9iHR00VRJKyBg1EIFsuUUxwnzU014K1QsmI5wp2746u4/z+gUnFA/9OT0LW9cjA531OiTaWY6drTj47PoOXMA/HsOZg83HsDMohhDDGMBa4VERGVCrlPC5DHEemMmBZdcf+7PQCGnnM11QQpdoYhbo7JVJzKtgs1YkUCwkdkQFrG+kTj6nudH78DJ4apwf7gTTP13Du/p6YEk+pieeaTo/ooVrNYvO/rB3pfrk75X4YaebTxaJ+JKAOYEwC9rhkVIuJEYRKbm6FdEgkodrwSs0hFEvlwnkMYVX8QGjmc/gih24LmerVEkcSHIMTkAUYlEAV3IA6aAAKJuAJvIBX69F6tt6s90VrwlrOpMGfsj6+AeoOkp0=</latexit>

F2(x) = 2xF1(x)

Callan-Gross relation



Extracting PDFs
•  First let’s rewrite in terms of Lorentz invariant variables

<latexit sha1_base64="5qEmfVlKtckobn5HRnm3QlaQrK4="></latexit>

y =
q · p
k · p =

E0 � E

E
=) E0 = E(1� y)

<latexit sha1_base64="cFpyg4pXurqLjsto9qbVxiIaHXg="></latexit>

Q2 = �(k � k0)2 = 4EE0 sin2
✓

2
<latexit sha1_base64="+O+ylib7/cTAv4PxR86URuD9Gs0="></latexit>

x =
Q2

2p · q =
E(1� y)

My
(1� cos ✓) =) sin2

✓

2
=

Mxy

2E(1� y)

•  From this we have

<latexit sha1_base64="a0OM41iuPIVPYYqZbdngJOADaLI="></latexit>

d�

dxdy
=

2⇡My

1� y

d�

dE0d⌦

����
lab

14



•  Starting from
<latexit sha1_base64="e0ELLbhLkx0XjAHNzO0uDNIE9HM=">AAACrHicbVHdbtMwGHXC3wh/HVxyYzEhNjFVSShsN0gTMIm7DWldi+IkchwnsWY7me0gVSE8AS/A8/AG3PE2uGmRxsonWTo653w/Os4azrTx/d+Oe+Pmrdt3tu569+4/ePhotP34XNetInRKal6reYY15UzSqWGG03mjKBYZp7Ps4v1Sn32hSrNanplFQ2OBS8kKRrCxVDr6iTgtzBiiQmHS5UizUuC+y48T1CgmKMzRiaAl7i FSrKzM17TjOOvfrhsQ5k2Fk7DvJvA4CaHtl8lkrZmKGjsr7Ptv3rAm8mZpuHuZhPsQyXYPIlLrJLzuhi9hCGdpcNW4HLth9FYnxeloxx/7Q8FNEKzBztGHFwvyY//7aTr6hfKatIJKQzjWOgr8xsQdVoYRTu3cVtMGkwtc0shCiQXVcTeE3cPnlslhUSv7pIEDe7Wjw0LrhcisU2BT6evakvyfFrWmOIw7JpvWUElWi4qWQ1PD5c/BnClKDF9YgIli9lZIKmwjMfZ/vSGENweHk1cB3AR/QzgPx8Hrsf/JpvEOrGoLPAXPwC4IwAE4Ah/BKZgC4uw5J87c+eyO3TM3cuOV1XXWPU/AP+UWfwBL8dSP</latexit>

d�

dE0d⌦

����
lab

=
↵2

4E2 sin4 ✓
2


W2(q

2, ⌫) cos2
✓

2
+ 2W1(q

2, ⌫) sin2
✓

2

�

we get
<latexit sha1_base64="nTFzpXouXtgKvrvD2IGWfjkuHZ4="></latexit>

d�

dxdy
=

4⇡↵2s

Q4

⇢
F1xy

2 + F2(1� y) =
xM

2E
F2

�

with
<latexit sha1_base64="kVFsf0oF7x4N1FMQmgu/OqFuF1M="></latexit>

F1 = MW1 and F2 = ⌫W2

<latexit sha1_base64="5X5OrLahtCgGWa5SMil9q29u8Ms="></latexit>

F1 =
1

2

X

j

e2jfj(x) =
1

2


4

9
(u(x) + ū(x) + c(x) + c̄(x)) +

2

9
(d(x) + d̄(x) + s(x) + s̄(x))

�

F2 =
X

j

e2jxfj(x) = x


4

9
(u(x) + ū(x) + c(x) + c̄(x)) +

2

9
(d(x) + d̄(x) + s(x) + s̄(x))

�
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•  Starting from
<latexit sha1_base64="e0ELLbhLkx0XjAHNzO0uDNIE9HM=">AAACrHicbVHdbtMwGHXC3wh/HVxyYzEhNjFVSShsN0gTMIm7DWldi+IkchwnsWY7me0gVSE8AS/A8/AG3PE2uGmRxsonWTo653w/Os4azrTx/d+Oe+Pmrdt3tu569+4/ePhotP34XNetInRKal6reYY15UzSqWGG03mjKBYZp7Ps4v1Sn32hSrNanplFQ2OBS8kKRrCxVDr6iTgtzBiiQmHS5UizUuC+y48T1CgmKMzRiaAl7i FSrKzM17TjOOvfrhsQ5k2Fk7DvJvA4CaHtl8lkrZmKGjsr7Ptv3rAm8mZpuHuZhPsQyXYPIlLrJLzuhi9hCGdpcNW4HLth9FYnxeloxx/7Q8FNEKzBztGHFwvyY//7aTr6hfKatIJKQzjWOgr8xsQdVoYRTu3cVtMGkwtc0shCiQXVcTeE3cPnlslhUSv7pIEDe7Wjw0LrhcisU2BT6evakvyfFrWmOIw7JpvWUElWi4qWQ1PD5c/BnClKDF9YgIli9lZIKmwjMfZ/vSGENweHk1cB3AR/QzgPx8Hrsf/JpvEOrGoLPAXPwC4IwAE4Ah/BKZgC4uw5J87c+eyO3TM3cuOV1XXWPU/AP+UWfwBL8dSP</latexit>

d�

dE0d⌦

����
lab

=
↵2

4E2 sin4 ✓
2


W2(q

2, ⌫) cos2
✓

2
+ 2W1(q

2, ⌫) sin2
✓

2

�

we get
<latexit sha1_base64="nTFzpXouXtgKvrvD2IGWfjkuHZ4="></latexit>

d�

dxdy
=

4⇡↵2s

Q4

⇢
F1xy

2 + F2(1� y) =
xM

2E
F2

�

with
<latexit sha1_base64="kVFsf0oF7x4N1FMQmgu/OqFuF1M="></latexit>

F1 = MW1 and F2 = ⌫W2

<latexit sha1_base64="5X5OrLahtCgGWa5SMil9q29u8Ms="></latexit>

F1 =
1

2

X

j

e2jfj(x) =
1

2


4

9
(u(x) + ū(x) + c(x) + c̄(x)) +

2

9
(d(x) + d̄(x) + s(x) + s̄(x))

�

F2 =
X

j

e2jxfj(x) = x


4

9
(u(x) + ū(x) + c(x) + c̄(x)) +

2

9
(d(x) + d̄(x) + s(x) + s̄(x))

�

15We need further information to extract PDFs
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• Let’s use neutrino scattering

<latexit sha1_base64="NYoZzB9jm3ehMDSARt8qnc4ixTs="></latexit>

⌫µ + nucleon ! µ� + hadrons

⌫̄µ + nucleon ! µ+ + hadrons

•  We parametrize the cross section as

<latexit sha1_base64="zyLacHkB3AH+1JIVPIGBGFo2WaA="></latexit>

d�⌫

dxdy
=

G2
FME

⇡

✓
1� y � M

2E
xy

◆
F ⌫
2 + xy2 F ⌫

1 +

✓
y +

y2

2

◆
xF ⌫

3

�

d�⌫̄

dxdy
=

G2
FME

⇡

✓
1� y � M

2E
xy

◆
F ⌫̄
2 + xy2 F ⌫

1 +

✓
y � y2

2

◆
xF ⌫̄

3

�

with
<latexit sha1_base64="k3b0fkxOxhuVtSuKHwu/omh5BR8="></latexit>

F ⌫
2 = 2x [d(x) + s(x) + ū(x) + c̄(x)]

xF ⌫
3 = 2x [d(x) + s(x)� ū(x)� c̄(x)]

F ⌫̄
2 = 2x

⇥
u(x) + c(x) + d̄(x) + s̄(x)

⇤

xF ⌫̄
3 = 2x

⇥
u(x) + c(x)� d̄(x)� s̄(x)

⇤
<latexit sha1_base64="Gf3uKIkZcK2LiD2GrZlEeDhFqF0=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFZI0NnUhFIXisoJ9QBrCZDpph04ezEzEUvoZblwo4tavceffOGkraPHAhcM593LvPUHKqJCG8aUV1tY3NreK26Wd3b39g/LhUUckGcekjROW8F6ABGE0Jm1JJSO9lBMUBYx0g/FN7ncfCBc0ie/lJCVehIYxDSlGUkmu9dj0TXgFm77llyuGflmvWXYNGrphOKZl5sRy7KoNTaXkqIAlWn75sz9IcBaRWGKGhHBNI5XeFHFJMSOzUj8TJEV4jIbEVTRGERHedH7yDJ4pZQDDhKuKJZyrvyemKBJiEgWqM0JyJFa9XPzPczMZ1r0pjdNMkhgvFoUZgzKB+f9wQDnBkk0UQZhTdSvEI8QRliql0jyEmlO3q/nvq+QnhI6lmxe6cWdXGtfLOIrgBJyCc2ACBzTALWiBNsAgAU/gBbxqUnvW3rT3RWtBW84cgz/QPr4Bf76QVg==</latexit>

2xF1 = F2
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•  There is data
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•  There is data
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Doing the job
•  Variable count 6: 

<latexit sha1_base64="bVHQBXgBGXlxiik/rTW7HmG4uVU=">AAACRnicbZBLSwMxFIXv1Fetr6pLN8EiVJAyo/UBRSi6cVnB2kJnKJlMWkMzD5KMWIb+Ojeu3fkT3LhQxK3pWLW2HggcvnMvNxw34kwq03wyMjOzc/ML2cXc0vLK6lp+feNahrEgtE5CHoqmiyXlLKB1xRSnzUhQ7LucNtze+TBv3FIhWRhcqX5EHR93A9ZhBCuN2nknLt7tIruyZ1eQ7WKRxINf4E1k3lgmtT1NqRyj5IeSIW3nC2bJTIWmjTUyBRip1s4/2l5IYp8GinAsZcsyI+UkWChGOB3k7FjSCJMe7tKWtgH2qXSStIYB2tHEQ51Q6BcolNLxjQT7UvZ9V0/6WN3IyWwI/8taseqcOAkLoljRgHwd6sQcqRANO0UeE5Qo3tcGE8H0XxG5wQITpZvPpSUcHZ+UDyw0bb5LuN4vWYcl87JcqJ6N6sjCFmxDESw4hipcQA3qQOAenuEV3owH48V4Nz6+RjPGaGcT/igDnxBBq+w=</latexit>

u(x) , ū(x) , d(x) , d̄(x) , s(x) = s̄(x) , c(x) = c̄(x)

•  Some constraints:
<latexit sha1_base64="PH41WUWkPOGE5rM7H6Oo7TQfK/o="></latexit>R 1
0 dx[u(x)� ū(x)] = 2 ;

R 1
0 dx[d(x)� d̄(x)] = 1

R 1
0 dx[s(x)� s̄(x)] = 0 ;

R 1
0 dx[c(x)� c̄(x)] = 0

•  Reasonable hypothesis
<latexit sha1_base64="7QwdzEFi8bMty//lSDRvJw8GKy4="></latexit>

u(x) = uv(x) + us(x) ; d(x) = dv(x) + ds(x) ; us(x) = ds(x)
<latexit sha1_base64="CWGUnj0OxsX/K5JCu+voUWK34Ow="></latexit>

ū(x) = us(x) ; d̄(x) = ds(x) Now we can fit! 
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Further tests

•  The neutron PDF is obtained from the p ones by
<latexit sha1_base64="3KCaTJaECPKKJz05WxEan649Hf8=">AAACBnicbZDLSgMxGIUz9V5vVZciBItQEcqM92XRjQsXCrYW2lIyaaYNZpIh+UcdBldufABfwo0LRdz6DO76NqYXQa0HAodz/p8knx8JbsB1u05mbHxicmp6Jjs7N7+wmFtarhgVa8rKVAmlqz4xTHDJysBBsGqkGQl9wS79q+Nef3nNtOFKXkASsUZI2pIHnBKwUTO3FhduN3H9VMm2YAFo3u4A0Vrd4JYtmrm8W3T7wqPGG5p8ab2+9dgtJWfN3Ge9pWgcMglUEGNqnhtBIyUaOBXsLluPDYsIvSJtVrNWkpCZRtr/xh3esEkLB0rbIwH3058bKQmNSULfToYEOuZv1wv/62oxBIeNlMsoBibp4KIgFhgU7jHBLa4ZBZFYQ6jm9q2YdogmFCy5bB/C/sHh7o6HR803hMp20dsruueWxhEaaBqtonVUQB46QCV0gs5QGVF0j57QC3p1Hpxn5815H4xmnOHOCvol5+MLhFObuw==</latexit>

u(x) () d(x)
<latexit sha1_base64="hJsDWGqN6BIRSaXt8JBzvUODD2A="></latexit>

F ⌫n
2 = 2x

⇥
u(x) + s(x) + d̄(x) + c̄(x)

⇤

xF ⌫n
3 = 2x

⇥
u(x) + s(x)� d̄(x)� c̄(x)

⇤

F ⌫̄n
2 = 2x [d(x) + c(x) + ū(x) + s̄(x)]

xF ⌫̄n
3 = 2x [d(x) + c(x)� ū(x)� s̄(x)]

F emn
2 = x


4

9
(d(x) + d̄(x) + c(x) + c̄(x)) +

2

9
(u(x) + ū(x) + s(x) + s̄(x))

�

•  Consider
<latexit sha1_base64="NpoYj4WRo30yibxv8IxJn8pk7UQ="></latexit>R
dx [F ⌫p

2 (x) + F ⌫n
2 (x)]R

dx [F ep
2 (x) + F en

2 (x)]
=

2

Q2
u +Q2

d

=
18

5

• Gargamelle collaboration:
<latexit sha1_base64="lKDNrdOy4c6FkCAKjPlfnpftJ/Q=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFRJbbZdFNy4r2AekoUymk3boPMLMRCiln+HGhSJu/Rp3/o3TNIJaD1w4nHMv994TJYxq43mfTmFtfWNzq7hd2tnd2z8oHx51tEwVJm0smVS9CGnCqCBtQw0jvUQRxCNGutHkZuF3H4jSVIp7M01IyNFI0JhiZKwUVN0a7Cccem59UK54rpcBrhI/JxWQozUof/SHEqecCIMZ0jrwvcSEM6QMxYzMS/1UkwThCRqRwFKBONHhLDt5Ds+sMoSxVLaEgZn6c2KGuNZTHtlOjsxY//UW4n9ekJq4Ec6oSFJDBF4uilMGjYSL/+GQKoINm1qCsKL2VojHSCFsbEqlLISreqNW9eEq+Q6hc+H6l653V6s0r/M4iuAEnIJz4IM6aIJb0AJtgIEEj+AZvDjGeXJenbdla8HJZ47BLzjvX9N4j+M=</latexit>

3.4± 0.7

ignoring s, c..

evidence for fractional charges
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•  Gross Llewellyn Smith sum rule: 
<latexit sha1_base64="Z4DAHhe+aDE6hF38uGjZIt11isc="></latexit>Z

dx F ⌫N
3 (x) =

Z
dx [u(x) + d(x) + s(x)� ū(x)� d̄(x)� s̄(x)]

• Gargamelle:  
<latexit sha1_base64="GkHrUBKwcvwnO1WAEDtCa2ULuts=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwFZK2tl0W3bisYB+QhjKZTtqhM5MwMxFK6Ge4caGIW7/GnX/jNI2g1gMXDufcy733BDGjSjvOp1XY2Nza3inulvb2Dw6PyscnPRUlEpMujlgkBwFShFFBuppqRgaxJIgHjPSD2c3S7z8QqWgk7vU8Jj5HE0FDipE2klezq3AYc+jYjVG54thOBrhO3JxUQI7OqPwxHEc44URozJBSnuvE2k+R1BQzsigNE0VihGdoQjxDBeJE+Wl28gJeGGUMw0iaEhpm6s+JFHGl5jwwnRzpqfrrLcX/PC/RYctPqYgTTQReLQoTBnUEl//DMZUEazY3BGFJza0QT5FEWJuUSlkIjWarXnPhOvkOoVe13SvbuatX2td5HEVwBs7BJXBBE7TBLeiALsAgAo/gGbxY2nqyXq23VWvBymdOwS9Y71/O3I/g</latexit>

3.2± 0.6

•  Momentum sum rule:
<latexit sha1_base64="if3CG1JM+JBxnBBW2f24pGptY1U="></latexit>Z

dx [F ⌫p
2 (x) + F ⌫n

2 (x)] =

Z
dx x[u(x) + d(x) + s(x) + ū(x) + d̄(x) + s̄(x)]

• Gargamelle:  
<latexit sha1_base64="lzSk6ogtZBY7l7hnmSodWgcqMKY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0i02norevFYwX5AG8pmu2mXbjZxd1Mopb/DiwdFvPpjvPlv3KYR1PpgmMd7M8zw/JgzpR3n08qtrK6tb+Q3C1vbO7t7xf2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80c3cb42pVCwS93oSUy/EA8ECRrA2kufY5SvUjUPk2E6lVyyZlgItEzcjJchQ7xU/uv2IJCEVmnCsVMd1Yu1NsdSMcDordBNFY0xGeEA7hgocUuVN06dn6MQofRRE0pTQKFV/bkxxqNQk9M1kiPVQ/fXm4n9eJ9FB1ZsyESeaCrI4FCQc6QjNE0B9JinRfGIIJpKZXxEZYomJNjkV0hAuK9XyuYuWyXcIzTPbvbCdu3Kpdp3FkYcjOIZTcKECNbiFOjSAwAM8wjO8WGPryXq13hajOSvbOYRfsN6/AL0fkF0=</latexit>

0.49± 0.07
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