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1 Question (1 point)

Given the following vector �eld F = f ~∇g, with f and g scalar functions, prove the �rst Green identity:∫
V

dV
(
f∇2g + ~∇f · ~∇g

)
=

∮
S(V )

d~S ·
(
f ~∇g

)
. (1)

What do we need to suppose about f and g to deduce this identity?

2 Question (1 point)
Show that

∇2

(
1

r

)
= −4πδ(r). (2)

3 Question (1 point)
Using the second Green identity:∫

V

dV
(
f∇2g − g∇2f

)
=

∮
S(V )

dS ·
(
f ~∇g − g~∇f

)
, (3)

taking f = φ(x′) (for the electrostatic potential E = ~∇φ) and g = 1/R = 1/|x− x′|, show that

φ(x) =

∫
V

d3x′
ρ(x′)

R
+

1

4π

∮
S(V )

dS′ ·
[

1

R
~∇′φ(x′)− φ(x′)~∇′ 1

R

]
, (4)

where ~∇′ corresponds to di�erential operation related to x′.
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4 Question (1 point)
Consider the electric �eld

E =
Aer/r0

r
r̂. (5)

a) Determine the density of charge.

b) Determine the total charge into a radius R.

5 Question (1 point)
Consider two in�nite plates (with zero thickness) with the distributions of charge σ and−σ, respectively.
The plates are orthogonal to each other.
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Figure 1: Figure for the question 5.

a) Find the electric �eld in all the regions (I, II, III, IV and total space).

b) Draw a �gure, representing the electrical �eld.

6 Question (1 point)
A spherical shell of radius R is made with isolating material and has a surface density of charge σ
(that, in principle, we do not know). The electric potential outside the sphere is Vout(r) = V0

(
R
r

)2
cos θ,

where V0 is a constant. The electric �eld Eins(r) = −V0

R
ẑ. Compute:
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a) the electric �eld outside the sphere Eout(r) and the electric potential inside the sphere Vins;

b) the super�cial density of charge σ;

c) the force per unity of area f over the surface of the sphere;

7 Question (2 points)
Consider a potential problem in the half-space de�ned by z ≥ 0, with Dirichlet boundary conditions on
the plane z = 0 (and at in�nity).

a)Write down the appropriate Green’s function G(r, r′).

b) If the potential on the plane z = 0 is speci�ed to be Φ = V inside a circle of radius a centered
at the origin, and Φ = 0 outside that circle, �nd an integral expression for the potential at a point P
speci�ed in terms of cylindrical coordinates ρ, φ, z.

c) Show that, along the axis of the circle (ρ = 0), the potential is given by

Φ = V

(
1− z√

a2 + z2

)
. (6)

d) Show that at large distances (ρ2 + z2 � a2) the potential can be expanded in a power series in
(ρ2 + z2)−1, and that the leading terms are

Φ =
V a2

2

z

(ρ2 + z2)3/2

[
1− 3a2

4(ρ2 + z2)
+

5(3ρ2a2 + a4)

8(ρ2 + z2)2
+ . . .

]
. (7)

Verify that the result of (c) is consistent with this results.
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8 Question (2 points)
An in�nite metallic plate has a spherical overhang of radius a. This plate is grounded. A charge +q is
placed over the hemisphere of the overhang, with a distance d of the center of the sphere. Show that the
induced charge on the overhang is

q′ = −q
[
1− (d2 − a2)

d
√
d2 + a2

]
. (8)
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Figure 2: Figure for the question 8.
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